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COMPLEX, SYMPLECTIC AND KÄHLER STRUCTURES
ON FOUR DIMENSIONAL LIE GROUPS

GABRIELA OVANDO

Abstract. In this paper we deal with left invariant complex and symplectic

structures on simply connected four dimensional solvable real Lie groups. We
parametrize such structures and we make use of this information to determine

all left invariant Kähler structures. Finally, as an appendix we present explicitly

the authomorphisms group of Lie algebras admitting complex structures.

1. Introduction

The study of complex and symplectic manifolds has attracted the attention of
many authors interested in different fields in mathematics and physics since complex
and symplectic structures have proved to be an important tool in the description
and geometrization of several phenomena. A complex manifold posseses a complex
structure on the underlying real manifold M , that is a differential tensor J defined
on TM such that: (1) J2 = − Id and (2) NJ(X, Y ) = 0 for all X, Y ∈ Ξ(M), the
so-called Nijenhuis condition. It is also known that the existence of such a tensor J on
a real manifold M , which satisfies condition (1) and (2) allows to construct complex
coordinates on M .

If the manifold is homogeneous, the list of articles related with complex and/or
symplectic questions is quite large. Existence conditions of symplectic forms on ho-
mogeneous spaces were found by Chu [Ch] in the beginning 1970s. On the other hand
homogeneous complex manifolds for example were classified in different stages [O-R]
[Wi].

From the point of view of Lie groups the existence problem of left invariant complex
structures was treated by Samelson [Sm] and Wang [Wa] in the compact case and by
Morimoto [Mo] in the non compact case. Detailed classifications of left invariant
complex structures when the Lie group is GL(2, R), U(2), SL(3, R) were given by
Sasaki [Ss1], [Ss2], and when G is a simply connected solvable Lie algebra of dimension
four by Snow [Sn] and the author [O1]. The last two works had the following goals:
the classification of left invariant complex structures and the determination of the
underlying complex manifold.

The addition of an extra assumption such as the compatibility condition between
a complex structure and a symplectic structure introduces a new tool to be handled
on the investigation of these objects.
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56 GABRIELA OVANDO

The purpose of this article is to parametrize complex, symplectic and Kähler struc-
tures in the four dimensional case. This results will be useful in the future to solve
other problems such as the description of the moduli spaces of these structures, or
the construction of manifolds with determined properties. In fact four dimensional
solvable Lie groups provide an important source of applications in geometry. Invari-
ant structures on the group, for instance special metrics [Al], [An] [B2], [D-S], [F], [J],
complex and/or Kähler structures [A-C-F-M], [A-F-G-M], [F-G-G] [F-G], hypercom-
plex structures [B1], can be read off in R4, the universal covering group.

Our proofs are based in a case by case study, which make use of the classification
of solvable real Lie algebras in dimension four. In sections III and IV by using explicit
computations we describe the general form of complex and symplectic structures. As
we said the classification of complex structures was given in [Sn] and [O1]. However
in these papers neither parametrizations of complex subalgebras nor authomorphisms
were given in all cases. Four dimensional symplectic Lie algebras were found in [M-R],
however no symplectic structure was shown explicitely on any case. Thus our paper
try to complete in some sense these works.

As a corollary we get exact symplectic structures in dimension four, which were
also found by Campoamor [Ca] who related the existence of these kind of structures
with the existence of invariants. In the last section we search for Kähler structures
on four dimensional Lie algebras, that is compatible pairs (J, ω) where J is a complex
structure and ω a symplectic structure.

Our study provide many examples of Lie algebras with different structures. In
particular we get many Lie algebras with both complex and symplectic structures
but no compatible pair (J, ω).

As an appendix we compute the authomorphisms group of Lie algebras admitting
complex structures, which acts on the set of complex structures on each case.

The author thanks I. Dotti for useful comments and general supervision and spe-
cially M. Fernández for her valuable contributions and for suggesting the subject of
this article.

If G is a Lie group then its Lie algebra will be denoted with a greek letter g and
identified as usual with the left invariant vector fields of G. Throughout this paper
we assume that Lie groups are simply connected and real.

2. Four dimensional Lie algebras

Since our classifications follow a case by case study, we need the classification of
four dimensional solvable Lie algebras. Hence in this section all four dimensional
solvable Lie algebras are exposed (see for example [A-B-D-O] for a proof). Notations
used in all of this paper are compatible with the exposed in the following paragraph.

Proposition 2.1. Let g be a solvable four dimensional real Lie algebra. Then if
g = span{e1, e2, e3, e4} is not abelian, it is equivalent to one and only one of the Lie
algebras listed below:
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rh3 : [e1, e2] = e3

rr3 : [e1, e2] = e2, [e1, e3] = e2 + e3

rr3,λ : [e1, e2] = e2, [e1, e3] = λe3 λ ∈ [−1, 1]
rr′3,γ : [e1, e2] = γe2 − e3, [e1, e3] = e2 + γe3 γ ≥ 0
r2r2 : [e1, e2] = e2, [e3, e4] = e4

r′2 : [e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3

n4 : [e4, e1] = e2, [e4, e2] = e3

r4 : [e4, e1] = e1, [e4, e2] = e1 + e2, [e4, e3] = e2 + e3

r4,µ : [e4, e1] = e1, [e4, e2] = µe2, [e4, e3] = e2 + µe3 µ ∈ R
r4,α,β : [e4, e1] = e1, [e4, e2] = αe2, [e4, e3] = βe3,

with − 1 < α ≤ β ≤ 1, αβ 6= 0, or − 1 = α ≤ β ≤ 0
r′4,γ,δ : [e4, e1] = e1, [e4, e2] = γe2 − δe3, [e4, e3] = δe2 + γe3 γ ∈ R, δ > 0
d4 : [e1, e2] = e3, [e4, e1] = e1, [e4, e2] = −e2

d4,λ : [e1, e2] = e3, [e4, e3] = e3, [e4, e1] = λe1, [e4, e2] = (1− λ)e2 λ ≥ 1
2

d′4,δ : [e1, e2] = e3, [e4, e1] = δ
2e1 − e2, [e4, e3] = δe3, [e4, e2] = e1 + δ

2e2 δ ≥ 0
h4 [e1, e2] = e3, [e4, e3] = e3, [e4, e1] = 1

2e1, [e4, e2] = e1 + 1
2e2

Remark 2.2. Observe that r2r2 is the Lie algebra aff(R)×aff(R), where aff(R) is the
Lie algebra of the Lie group of affine motions of R, r′2 is the real Lie algebra underlying
on the complex Lie algebra aff(C), rr3,−1 is the trivial extension of e(1, 1), the Lie
algebra corresponding to the Lie group of rigid motions of the Minkowski 2-space; r′3,0

is the trivial extension of e(2), the Lie algebra of the Lie group of rigid motions of R2;
rh3 is the trivial extension of the three-dimensional Heisenberg Lie algebra denoted
by h3.

A Lie algebra is called unimodular if tr(adx)=0 for all x ∈ g, where tr denotes the
trace of the map. The unimodular four-dimensional solvable Lie algebras algebras are:
R4, rh3, rr3,−1, rr′3,0, n4, r4,−1/2, r4,µ,−1−µ (−1 < µ ≤ −1/2), r′4,µ,−µ/2, d4, d′4,0.

Recall that a solvable Lie algebra is completely solvable when adx has real eigen-
values for all x ∈ g.

Remark 2.3. For an explanation concerning the Lie groups which admit a cocompact
quotient, see for example the work of Oprea and Tralle [O-T]. In particular if G admits
a discrete subgroup Γ with compact quotient, then the corresponding Lie algebra is
unimodular [Mi].

3. Complex structures

In this section we recall basic definitions related to complex structures and the
classification of these structures on four dimensional solvable real Lie algebras. Fur-
thermore we parametrize any complex structure on a four dimensional solvable Lie
algebra.

An invariant complex structure on a real Lie group G is a complex structure on
the underlying manifold such that left multiplication `g, g ∈ G (but not necessarily
right multiplication) by elements of the group are holomorphic with respect to this
structure. Because of the Newlander-Niremberg theorem [N-N] we have the following
equivalent definition:
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Definition 3.1. An invariant complex structure on a real Lie group G is an endo-
morphism J of g the Lie algebra of G, such that:

(i) J2 = −Id;
(ii) 0 = NJ(X, Y ) where NJ(X, Y ) = [JX, JY ] − [X, Y ] − J [JX, Y ] − J [X, JY ]

∀X, Y ∈ g

Condition ii) is called the integrability condition of J , that is NJ(X, Y ) = 0 for all
X, Y ∈ g.

By extending J in a natural way to gC = g⊗R C, the complexification of the real
Lie algebra g, it is possible to have an equivalent condition to that given in Definition
3.1. If we denote by σ the conjugation in gC with respect to the real form g, that is,
σ(X + iY ) = X − iY , X, Y ∈ g, then a real Lie algebra g has a left invariant complex
structure if and only if gC admits a decomposition as a direct sum of vector spaces:

gC = q⊕ σq (1)

where q is a complex subalgebra of gC. In fact, condition (i) in Definition 3.1 gives a
decomposition of gC into a direct sum of subspaces (the eigenspaces of J). Condition
(ii) is equivalent to the fact that these subspaces are subalgebras. Conversely, given
a complex subalgebra q satisfying (1), let J be the almost complex structure defined
on gC by JX = −iX, JσX = iσX, for X ∈ q. Since Jσ = σJ , it is possible to define
J on g. Using the fact that q is a subalgebra, it is not hard to see that J is integrable.

Thus there exists a one to one correspondence between left invariant complex
structures J and subalgebras q satisfying (1), which are called (invariant) complex
subalgebras.

Two invariant complex structures J1 and J2 on a real Lie group are said to be
equivalent if there exists x ∈ Aut(g) such that xJ1 = J2x. Thus x : (g, J1) → (g, J2)
is a a complex isomophism. In terms of invariant complex subalgebras, a complex
isomorphism is an authomorphism y ∈ Aut(gC) such that yσ = σy and yq1 = q2,
where q1 and q2 are complex subalgebras.

In a more general setting one defines the equivalence relation of Lie algebras ad-
mitting complex structure, say an isomorphism α : (g1, J1) → (g2, J2) is complex if
α ◦ J1 = J2 ◦ α.

Invariant complex structures were classified by J. Snow [Sn] and G. Ovando [O1]
in the four dimensional solvable case. In the respective papers we find only particular
examples in which all complex structure were parametrized. In this section we present
a parametrization of all complex structures on any four dimensional solvable real Lie
algebra, which could be used in the future for a study of the correponding moduli
space. We also compute the respective authomorphisms that can be found in the
Appendix.

Proposition 3.2. Let G be a simply connected four dimensional solvable real Lie
group. Then in the notation of Proposition 2.1, the following table shows the non-
equivalent classes of complex subalgebras q ([Sn], [O1]),and the general form of any
such complex subalgebra, denoted by Q, only in those cases when they exist:
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Case q Q
rh3 : 〈e1 + ie2, e3 + ie4〉 〈e1 + b1e2 + d1e4, e3 + d2e4〉,

Im b1 Im d2 6= 0

rr3,0 : 〈e1 + ie2, e3 + ie4〉 〈e1 + b1e2 + d1e4, e3 + d2e4〉
Im b1 Im d2 6= 0

rr3,1 : 〈e1 + ie4, e3 + ie2〉 〈e1 + b1e2 + d1e4, b2e2 + e3〉
Im b2 Im d1 6= 0

rr′3,0 :

rr′3,γ :

γ 6= 0

〈e1 + ie4, e2 + ie3〉
〈e1 + ie4, e2 − (2γ + i)e3〉,
〈e1 + ie4, e2 − (2γ − i)e3〉

9=; 〈e1 + c1e3 + d1e4, e2 − (2γ + εi)e3〉
ε = ±1, Im d1 6= 0

r2r2 : 〈e1 + ie2, e3 + ie4〉 〈e1 + b1e2 + d1e4, e3 + d2e4〉
Im b1 Im d2 6= 0

r′2

〈e1 + ie3, e2 + ie4〉
〈e1 + b1e2, e3 + ie4〉,

Im b1 6= 0

8>>>><>>>>:
〈e1 + c1e3 + d1e4, e2 − d1e3 + c1e4〉

(Im c1)2 + (Im d1)2 6= 0

〈e1 + εie2 + d1e4, e3 − εie4〉, ε = ±1
〈e1 + b1e2 + d1e4, e3 + εie4〉

ε = ±1, Im b1 6= 0

r4,1 : 〈e4 + ie3, e1 + ie2〉 〈e4 + b1e2 + c1e3, e1 + b2e2〉
Im c1 Im b2 6= 0

r4,α,1 : 〈e4 + ie2, e1 + ie3〉 〈e4 + b1e2 + c1e3, e1 + c2e3〉
α 6= 1 Im b1 Im c2 6= 0
r4,α,α : 〈e4 + ie1, e2 + ie3〉 〈e4 + a1e1 + c1e3, a2e1 + e2 + c2e3〉
α 6= 0, 1 Im c1 Im a2 − Im a1 Im c2 6= 0

r′4,γ,δ :
〈e4 + ie1, e2 + ie3〉,
〈e4 + ie1, e2 − ie3〉

ff
〈e4 + a1e1 + c1e3, e2 + εie3〉

ε = ±1, Im a1 6= 0

d4 :
〈e1 − ie3, e4 + ie2〉,

〈e4 + i(e2 + e3), e1 − ie3〉

ff
〈e4 + b1e2 + c1e3, e1 − b1e3〉 Im b1 6= 0
〈e4 + a1e1 + c1e3, e2 − a1e3〉 Im a1 6= 0

d4,1 〈e4 − ie1, e2 + ie3〉 〈e4 − c2e1 + c1e3, e2 + c2e3〉
Im c2 6= 0

d4,1/2

〈e4 + ie3, e1 + ie2〉
〈e4 + ie3, e1 − ie2〉
〈e4 + ie1, e2 − 2ie3〉

8>><>>:
〈e4 + b1e2 + c1e3, e1 + b2e2 + 2b1e3〉

2 Im2 b1 − Im c1 Im b2 6= 0

〈e4 + a1e1 + c1e3, a2e1 + e2 − 2a1e3〉
2 Im2 a1 + Im c1 Im a2 6= 0

d4,λ

λ 6= 1/2, 1

〈e4 − λie1, e2 + ie3〉
〈e4 + (1− λ)ie2, e1 + ie3〉

8<:
〈e4 − λc2e1 + c1e3, e2 + c2e3〉

〈e4 + (1− λ)c2e2 + c1e3, e1 + c2e3〉
Im c2 6= 0

d′4,0
〈e4 − ie3, e1 + ie2〉
〈e4 + ie3, e1 + ie2〉

ff 〈e4 + c1e3 − εic2e2, c2e3 + e1 + εie2〉
〈e4 + c1e3 − εic2e2, c2e3 + e1 + εie2〉

ε = ±1, Re c2 Im c2 + Im c1 6= 0

d′4,δ

δ > 0

〈e4 + ie3, e1 − ie2〉,
〈e4 − ie3, e1 + ie2〉,
〈e4 + ie3, e1 + ie2〉,
〈e4 − ie3, e1 − ie3〉

9>>=>>;
〈e4 + c1e3 + (δ/2− εi)c2e2,

e1 + εie2 + c2e3〉, ε = ±1,

ε Im c1 + Im c2(− δ
2

Im c2 − ε Re c2) 6= 0

h4 〈e4 + ie2, e1 + 2ie3〉 〈e4 + b1e2 + c1e3, 2b1e3 + e1〉
Im b1 6= 0

Proof. The following reasoning must be applied to each case. If there exists q an
invariant complex subalgebra of gC, then there are elements U, V ∈ gC of the form:

U = e4 + a1e1 + b1e2 + c1e3, V = a2e1 + b2e2 + c2e3
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(by changing subindices if necessary) which are a basis of q and

[U, V ] = βV β ∈ C (2)

From (2) we get a system of equations, such that, the existence of solutions (that
is, the existence of coefficients ai, bi, ci and β) is equivalent to the existence of complex
subalgebras,when we imposed an extra condition to make of the set {U, V, σU, σV }
a basis of gC. The equivalence classes can be obtained by the action of the autho-
morphisms group of these Lie algebras. These technical computations are done by
following the theory of the introduction of this section. The authomorphisms group
can be found in the Appendix.

Examples of special classes of complex structures are the abelian ones and those
that determine a complex Lie bracket on g. The following propositions show examples
of these structures in dimension four. The proofs are implicit in the table 3.2.

A complex structure J is said to be abelian if it satisfies [JX, JY ] = [X, Y ] for all
X, Y ∈ g, or in terms of complex subalgebras, if q (or σq) is abelian. The following
proposition shows all Lie algebras admitting such structure, making use of notations
of (2.1) and (3.2).

Proposition 3.3. If g is a four-dimensional Lie algebra admitting an abelian complex
structure, then g is isomorphic to one of the following Lie algebras R4, R× h3, R2 ×
aff(R), aff(R)× aff(R), aff(C), d4,1.

A complex structure J introduces on g a structure of complex Lie algebra if J ◦
adX = ad ◦ JX for all X ∈ g, and so (g, J) is a complex Lie algebra, and that means
that the corresponding simply connected Lie group is also complex, that is, left and
right multiplication by elements of the Lie group are holomorphic maps.

Proposition 3.4. Let g be a four dimensional Lie algebra such that (g, J) is a complex
Lie algebra, then g is either R4 or aff(C) = r′2.

4. Symplectic structures on four dimensional Lie algebras

A symplectic structure on a 2n-dimensional Lie algebra g is a closed 2-form ω ∈
Λ2(g∗) such that ω has maximal rank, that is, ωn is a volume form on the corre-
sponding Lie group. Lie algebras (groups) admitting symplectic structures are called
symplectic Lie algebras (resp. Lie groups).

Our aim now is to study the existence of left invariant symplectic structures on
a four dimensional solvable real Lie group. It is known [Ch] that four dimensional
symplectic Lie algebras are solvable.

Left invariant symplectic structures are those which are invariant by left translation
of elements of the group, that is,

`∗gω = ω ◦ `g∗

The left invariance property allows to work on the Lie algebra g.
Denoting by {ei} the dual basis on g∗ of the basis {ei} on g (see(2.1)), the Propo-

sition 4.1 describes symplectic structures in the four dimensional case.

Proposition 4.1. Let g be a symplectic real Lie algebra of dimension four. Then g
is isomorphic to one of the following Lie algebras equipped with a symplectic form as
follows:
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rh3 : ω = a12e
1 ∧ e2 + a13e

1 ∧ e3 + a14e
1 ∧ e4 + a23e

2 ∧ e3 + a24e
2 ∧ e4

a14a23 − a13a24 6= 0
rr3,0 : ω = a12e

1 ∧ e2 + a13e
1 ∧ e3 + a14e

1 ∧ e4 + a34e
3 ∧ e4,

a12a34 6= 0
rr3,−1 : ω = a12e

1 ∧ e2 + a13e
1 ∧ e3 + a14e

1 ∧ e4 + a23e
2 ∧ e3,

a14a23 6= 0
rr′3,0 : ω = a12e

1 ∧ e2 + a13e
1 ∧ e3 + a14e

1 ∧ e4 + a23e
2 ∧ e3

a14a23 6= 0
r2r2 : ω = a12e

1 ∧ e2 + a13e
1 ∧ e3 + a34e

3 ∧ e4,
a12a34 6= 0

r′2 : ω = a12e
1 ∧ e2 + a13−24(e1 ∧ e3 − e2 ∧ e4) + a14+23(e1 ∧ e4 + e2 ∧ e3)

a2
14+23 + a2

13−24 6= 0
n4 : ω = a12e

1 ∧ e2 + a14e
1 ∧ e4 + a24e

2 ∧ e4 + a34e
3 ∧ e4,

a12a34 6= 0
r4,0 : ω = a14e

1 ∧ e4 + a23e
2 ∧ e3 + a24e

2 ∧ e4 + a34e
3 ∧ e4,

r4,−1 : ω = a13e
1 ∧ e3 + a14e

1 ∧ e4 + a24e
2 ∧ e4 + a34e

3 ∧ e4,
a13a24 6= 0

r4,−1,β : ω = a12e
1 ∧ e2 + a14e

1 ∧ e3 + a24e
2 ∧ e4 + a34e

3 ∧ e4,
a14a23 6= 0, β 6= −1, 0, 1

r4,−1,−1 : ω = a12e
1 ∧ e2 + a13e

1 ∧ e3 + a14e
1 ∧ e4 + a24e

2 ∧ e4 + a34e
3 ∧ e4,

a12a34 − a13a24 6= 0
r4,α,−α : ω = a14e

1 ∧ e4 + a23e
2 ∧ e3 + a24e

2 ∧ e4 + a34e
3 ∧ e4,

a14a23 6= 0, α 6= −1, 0
r′4,0,δ : ω = a14e

1 ∧ e4 + a23e
2 ∧ e3 + a24e

2 ∧ e4 + a34e
3 ∧ e4,

a14a23 6= 0, δ 6= 0
d4,1 : ω = a12−34(e1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4,

a12−34 6= 0
d4,2 : ω = a12−34(e1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a23e
2 ∧ e3 + a24e

2 ∧ e4,
−a2

12−34 + a14a23 6= 0
d4,λ : ω = a12−34(e1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4,

a12−34 6= 0, λ 6= 1, 2
d′4,δ : ω = a12−δ34(e1 ∧ e2 − δe3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4

a−12+δ34 6= 0, δ 6= 0
h4 : ω = a12−34(e1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4

a12−34 6= 0

Proof. As all cases should be worked out in a similar way, we will give as example
the proof of the case r′2, that is the Lie algebra which corresponds to aff(C).

From the definition of the Lie bracket it follows that de1 = 0 = de2 and simple
computations following the properties mentioned at the beginning of the section allow
to get −de3 = e1 ∧ e3 − e2 ∧ e4, and −de4 = e1 ∧ e4 + e2 ∧ e3. At the next level we
have:

d(e1 ∧ e3) = −e1 ∧ e2 ∧ e4, d(e1 ∧ e4) = e1 ∧ e2 ∧ e3, d(e2 ∧ e3) = −e1 ∧ e2 ∧ e3

d(e2 ∧ e4) = −e1 ∧ e2 ∧ e4, d(e3 ∧ e4) = −2e1 ∧ e3 ∧ e4
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62 GABRIELA OVANDO

Thus any 2-form ω that is closed has the form ω = a12e
1 ∧ e2 + a13−24(e1 ∧ e3 −

e2 ∧ e4) + a14+23(e1 ∧ e4 + e2 ∧ e3). Now ω is symplectic if it satisfies the conditions
mentioned at the Table (4.1) for r′2.

Exact symplectic structures in dimension four were found in [Ca]. From the pre-
vious table we also determined as corollary this kind of structures.

Corollary 4.2. A four dimensional solvable Lie algebra admits an exact symplectic
structure if and only if g is one of the following attached with the respective symplectic
structure

Case ω Condition

r2r2 a12e
1 ∧ e2 + a34e

3 ∧ e4 a12a34 6= 0

r′2 a13−24(e
1 ∧ e3 − e2 ∧ e4) + a14+23(e

1 ∧ e4 + e2 ∧ e3) a2
14+23 + a2

13−24 6= 0

d4,1 a12−34(e
1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 a12−34 6= 0

d4,λλ 6= 1 a12−34(e
1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4 a12−34 6= 0

d′4,δδ 6= 0 a−12+δ34(−e1 ∧ e2 + δe3 ∧ e4) + a14e
1 ∧ e4 + a24e

2 ∧ e4 a−12+δ34 6= 0

h4 a12−34(e
1 ∧ e2 − e3 ∧ e4) + a14e

1 ∧ e4 + a24e
2 ∧ e4 a12−34 6= 0

5. Kähler structures

In this section we search for (left invariant) Kähler structures on a four dimensional
Lie group G, that is for symplectic forms ω on g such that there exists a complex
structure J , which is compatible with ω:

ω(JX, JY ) = ω(X, Y ) for all X, Y ∈ g .

To this end it is necessary to compare the results in Tables (3.2) and (4.1).
Notice that the existence problem of compatible pairs (ω, J) is set up to complex

isomorphism. In fact, assume that there is a complex structure J1 such that there
is a symplectic structure ω satisfying ω(J1X, J1Y ) = ω(X, Y ) for all X, Y ∈ g and
assume that J1 is equivalent to J2. Hence there exists an automorphism σ ∈ Aut(g)
such that J2 = σ−

1

∗ J1σ∗. Then it holds

ω(X, Y ) = σ∗−
1

σ∗ω(X, Y ) = σ∗−
1

ω(J1σ
∗X, J1σ

∗Y ) = ω(J2X, J2Y ).

In the following table for a given complex structure we describe the general form
of a compatible symplectic structure when it exists.

Proposition 5.1. Let G be a solvable real Lie group of dimension four. Then the
following Table shows for a given left invariant complex structure the general form of
a compatible left invariant symplectic structure ω on G, when it exists (the so defined
complex structure must be extended by imposing J2 = − Id):
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Case Complex structure Kähler structure

rr3,0 Je1 = e2, Je3 = e4 a12e
1 ∧ e2 + a34e

3 ∧ e4

a12a34 6= 0

a12e
1 ∧ e2 + a13e

1 ∧ e3 + a14e
1 ∧ e4−

rh3 Je1 = e2, Je3 = e4 −a14e
2 ∧ e3 + a13e

2 ∧ e4

a2
13 + a2

14 6= 0

rr3,0 Je1 = e2, Je3 = e4 a12e
1 ∧ e2 + a34e

3 ∧ e4

a12a34 6= 0

rr′3,0 Je1 = e4, Je2 = e3 a14e
1 ∧ e4 + a23e

2 ∧ e3

a14a23 6= 0

r2r2 Je1 = e2, Je3 = e4 a12e
1 ∧ e2 + a34e

3 ∧ e4

a12a34 6= 0

r′2 J1e1 = e3, J1e2 = e4 a13−24(e
1 ∧ e3 − e2 ∧ e4)+

+a14+23(e
1 ∧ e4 + e2 ∧ e3), a2

13−24 + a2
14+23 6= 0

J2e1 = −e2, J1e3 = e4 a12(e
1 ∧ e2) + a13−24(e

1 ∧ e3 − e2 ∧ e4)+
+a14+23(e

1 ∧ e4 + e2 ∧ e3), a2
13−24 + a2

14+23 6= 0

r4,−1,−1 Je4 = e1, Je2 = e3 a12e
1 ∧ e2 + a13e

1 ∧ e3 + a14e
1 ∧ e4+

−a13e
2 ∧ e4 + a12e

3 ∧ e4, a2
12 + a2

13 6= 0

r′4,0,δ J1e4 = e1, J1e2 = e3, a14e
1 ∧ e4 + a23e

2 ∧ e3

J2e4 = e1, J2e2 = −e3 a14a23 6= 0

d4,1 J1e1 = e4, J1e2 = e3 a12−34(e
1 ∧ e2 − e3 ∧ e4) + e14(e

1 ∧ e4)
a12−34 6= 0

d4,2 J1e4 = −e2, J1e1 = e3 a14e
1 ∧ e4 + a14e

2 ∧ e3 + a24e
2 ∧ e4

a14 6= 0

J2e4 = −2e1, J2e2 = e3 a14e
1 ∧ e4 + a23e

2 ∧ e3

a14a23 6= 0

d4,1/2 J1e4 = e3, J1e1 = e2 a12−34(e
1 ∧ e2 − e3 ∧ e4)

a12−34 6= 0

J2e4 = e3, J2e1 = −e2 a12−34(e
1 ∧ e2 − e3 ∧ e4)

a12−34 6= 0

J1e4 = e3, J1e1 = e2

d′4,δ J2e4 = −e3, J2e1 = e2 a12−δ34(e
1 ∧ e2 − δe3 ∧ e4)

J3e4 = −e3, J3e1 = −e2

δ 6= 0 J4e4 = e3, J4e1 = e2 a12−34 6= 0

Table 5.1

Rev. Un. Mat. Argentina, Vol 45-2



64 GABRIELA OVANDO

Proof. We will give the proof in the case r′2 since all cases should be handled in a
similar way. As we can see on the Table (3.2) the complex structures on r′2 are given
by: J1e1 = e3, J1e2 = e4; and for the other type of complex structures, denoting
a1 ∈ C by a1 = µ + iν, with ν 6= 0; we have Jµ,νe1 = µ

ν e1 + (ν2+µ2

ν )e2, Jµ,νe3 = e4.
On the other hand any sympletic structure has the form: ω = a12(e1∧e2)+a13−24(e1∧
e3 − e2 ∧ e4) + a14+23(e1 ∧ e4 + e2 ∧ e3), with a2

14+23 + a2
13−24 6= 0. Assuming that

there exists a Kähler structure it holds ω(JX, JY ) = ω(X, Y ) for all X, Y ∈ g and
this condition produces equations on the coefficients of ω which should be verified in
each case.

Hence for J1 we need to compute only the following:

ω(e1, e2) = a12 = ω(e3, e4) and ω(e1, e4) = a14+23 = ω(e3,−e2)

Thus these equalities impose the condition a12 = 0. And so any Kähler structure
corresponding to J1 has the form ω = a13−24(e1∧e3−e2∧e4)+a14+23(e1∧e4+e2∧e3)
with a2

13−24 + a2
14+23 6= 0.

For the second case correspondig to Jµ,ν , by computing ω(e2, e4), ω(e1, e3), we get
respectively:

i) (1 + 1
ν )a24−13 = µ

ν a14+23

ii) (1 + µ2+ν2

ν )a24−13 = −µ
ν a14+23

By comparing i) and ii) we get:

(1 + 1
ν )a24−13 = −(1 + µ2+ν2

ν )a24−13

and this equality implies iii)a24−13 = 0 or iv)1+ 1
ν +1+µ2+ν2

ν = 0. As a24−13 6= 0 (since
in this case we would also get a14+23 = 0 and this would be a contradiction) then it
must hold iv), that is 1+µ2+ν2 = −2ν and that implies µ2 = −2ν−1−ν2 = −(ν+1)2

and so that is possible only if µ = 0 and ν = −1. For this complex structure J , given
by Je1 = −e2 Je3 = e4, it is not difficult to prove that for any symplectic structure
ω it always holds ω(JX, JY ) = ω(X, Y ), that is, any symplectic structure on g is
compatible with J . In this way we have completed the proof of the assertion.

Remark 5.2. Compare the results of (3.2) (4.1) and (5.1) to get Lie algebras having
complex and symplectic structures but no Kähler structures. This occurs in h4, d4,λ

λ 6= 1, 2, 1/2.

6. Appendix: Authomorphisms of four dimensional solvable Lie
algebras

In this section we compute the authomorphisms of the four dimensional Lie algebras
admitting a complex structure (3.2).

The authomorphisms group of many of these Lie algebras were computed in [O2],
e.g. for all four dimensional solvable real Lie algebras with a three dimensional com-
mutator.

We list the respective authomorphisms groups using matricial representations in
the ordered basis {e1, e2, e3, e4} of (2.1). In all cases the matrix must be non singular.
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rh3 :

0B@a11 a12 0 0
a21 a22 0 0
a31 a32 a33 a34
a41 a42 0 a44

1CA rr3,0 :

0B@ 1 0 0 0
a21 a22 0 0
a31 0 a33 a34
a41 0 a43 a44

1CA
a33 = a11a22 − a12a21

r3,1 :

0B@ 1 0 0 0
a21 a22 a23 0
a31 a32 a33 0
a41 0 0 a44

1CA r′3,γ :
γ 6= 0

0B@ 1 0 0 0
a21 a22 a23 0
a31 −a23 a22 0
a41 0 0 a44

1CA

rr′3,0 :

0B@ 1 0 0 0
a21 a22 a23 0
a31 −a23 a22 0
a41 0 0 a44

1CA or

0B@−1 0 0 0
a21 a22 a23 0
a31 a23 −a22 0
a41 0 0 a44

1CA

r2r2 :

0B@ 1 0 0 0
a21 a22 0 0
0 0 1 0
0 0 a43 a44

1CA or

0B@ 0 0 1 0
0 0 a23 a24
1 0 0 0

a41 a42 0 0

1CA

r′2 :

0B@ 1 0 0 0
0 1 0 0

a31 a32 a33 a34
a41 a42 −a34 a33

1CA or

0B@ 1 0 0 0
0 −1 a23 a24

a31 a32 a33 a34
a41 a42 a34 −a33

1CA

r4,1 :

0B@a11 0 a13 a14
a21 a22 a23 a24
0 0 a22 0
0 0 0 1

1CA r4,ε :

0B@a11 0 0 a14
0 a22 a23 a24
0 0 a22 a34
0 0 0 1

1CA
a32 = a44a21, a33 = a2

44a11 ε = 0,−1

r4,α,1 :
α 6= 0, 1

0B@a11 0 a13 a14
0 a22 0 a24

a31 0 a33 a34
0 0 0 1

1CA r4,α,α :
α 6= 0

0B@a11 0 0 a14
0 a22 a23 a24
0 a32 a33 a34
0 0 0 1

1CA
r′4,γ,δ :
γ ∈ R,
δ > 0

0B@a11 0 0 a14
0 a22 a23 a24
0 −a23 a22 a34
0 0 0 1

1CA h4 :

0BB@
a11 a12 0 a14
0 a22 0 a24

2a11a24 a32 a2
11 a34

0 0 0 1

1CCA
a32 = 2(a24(2a11 + a12) − a14a11)

d4

0B@ a11 0 0 a14
0 a22 0 a24

−a24a11 −a14a22 a11a22 a34
0 0 0 1

1CA or

0B@ 0 a12 0 a14
a21 0 0 a24

a14a21 a24a12 −a12a21 a34
0 0 0 −1

1CA

d4,1/2 :

0B@a11 a12 0 a14
a21 a22 0 a24
a31 a32 a33 a34
0 0 0 1

1CA d4,λ :

0B@a11 0 0 a14
0 a22 0 a24

a31 a32 a11a22 a34
0 0 0 1

1CA
a31 = 2(a11a24 − a14a21), λ > 1/2 a31 =

a11a24
1−λ , iff λ 6= 1

a32 = 2(a12a24 − a22a14), a32 = − a14a22
λ

a33 = a12a21 − a22a11

d
′
4,δ :

0BB@
a11 a12 0 a14
−a12 a11 0 a24

a31 a32 a2
11 + a2

22 a34
0 0 0 1

1CCA

with

„
a31
a32

«
=

1

(δ/2)2 + 1

„
δ/2 1
−1 δ/2

« „
a12 a11
−a11 a12

« „
a14
a24

«
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COMPLEX, SYMPLECTIC AND KÄHLER STRUCTURES ON LIE GROUPS 67
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