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4-STEP CARNOT SPACES AND THE 2-STEIN CONDITION

MARIA J. DRUETTA

Dedicated to the memory of my goddaughter Maria Pia

ABSTRACT. We consider the 2-stein condition on k-step Carnot spaces S.
These spaces are a subclass in the class of solvable Lie groups of Iwasawa type
of algebraic rank one and contain the homogeneous Einstein spaces within
this class. They are obtained as a semidirect product of a graded nilpotent
Lie group N and the abelian group R.
We show that the 2-stein condition is not satisfied on a proper 4-step
Carnot spaces S.
A Riemannian manifold M is said to be a 2-stein space, if there exist functions
i, L =1,2, defined on M such that

tr (RY) = |X|Ql7 1=1,2, forall X € TM.

Here, Rx denote the Jacobi operator associated to X, defined by RxY = R(Y, X)X
for all Y € T M, where R is the curvature tensor of M. Harmonic riemannian man-
ifolds are necessarily 2-stein.

A k-step Carnot space (k > 2) is a simply connected solvable Lie group S,
which is a semidirect product of a nilpotent Lie group N and the abelian group
R. Assume that S and N have associated Lie algebras s and n, respectively. S
has the left invariant metric induced by the one given on s, where s is a solvable
metric Lie algebra s with inner product (,) such that:

(i) s=n@RH withn=[s,s] and H L n, |[H| = 1.

(i) n has an orthogonal decomposition n = Ei:ll n; into (k—1) subspaces given
by

n={Xen:ady(X)=19aX}, i=1,.. k-1,

for some positive constant o € R.
Note that, since the adjoint representation ady is a derivation of n the above
decomposition defines a graded Lie algebra structure of n, that is,

[ni,nj]cniﬂ- 1§i,j§k}—1

with the convention n; = {0} for ¢ > k — 1. In particular, n is a (k — 1)-step
nilpotent Lie algebra, that is, the (k — 1)-th derived algebra vanishes: n*~! =

[n,..[n, [n,n]]...] = {0}.
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Note, that up to a constant in the metric, we may suppose that o = 1. In this
terminology, the 3-Carnot spaces are the well known Carnot spaces and the case
of a 2-step Carnot space corresponds to the hyperbolic symmetric space RH™.
Moreover, due to a result of [6], any homogeneous Einstein space of Iwsawa type
and rank one is a k- step Carnot space for some k& > 2.

We remark that the 2-stein condition was studied in [1] and [3] on Lie groups
S of Iwasawa type in the case of 2-step nilpotent n, and in particular, on Carnot
spaces: in this class those which are 2-stein are exactly the Damek-Ricci spaces
(also the harmonic ones). Furthermore, in [7] is shown that a simply connected
homogenous harmonic space is a Carnot space, which in turn is equivalent to S
be a Damek-Ricci space.

1. k-sTEP CARNOT SPACES

Assume that S is a k-step Carnot space. Let s be the Lie algebra of S: that is
s is a solvable metric Lie algebra s = n® RH with H 1 n, |[H| =1, with n = [s, 5]
a graded nilpotent Lie algebra as described above.
Let 3 denote the center of n and let v be the orthogonal complement of 3 with
respect to the metric (,) restricted to n. Thus n decomposes n = 3 @ v and note
that adg : 3 — 3 hence ady : v — v since ady is symmetric.

For any Z € 3 the skew-symmetric linear operator jz : v — v is defined by

(jzX,Y)={(X,Y],Z) forall X, Y €, all Z €.
The Levi Civita connection and the curvature tensor on S can be computed by,
R(X,)Y) = [Vx,Vy]=Vixy
for any XY, Z in s.
Recall that since 3 and v are adg-invariant, they also have decompositions
into eigenspaces as 3 = >\ 35, b = Zu v, with 35 = ny N3, v, =n, Nov and
the equality A = p may be possible. Moreover, nis said to be 2-step nilpotent if

[n,n] = [v,0] C 3. Here, {A\} and {u} denote the eigenvalues of ady|, and adgyl|,,
respectively, that we assume they are natural numbers.

1.1. Properties of the operator jz, Z € 3. We recall that for any Z € 3, so

1 1
that jz # 0, jz : v, — vx_, — v, and jz : (kerjz|nﬂ) — (kerjz|mw)
isomorphically. Consequently, as follows from [5, Lemmal.1])

tr(72l,) = (2, )

1.2. The curvature formulas. By applying the connection formula, one ob-
tains Vg = 0 and if Z, Z* € 3 and X, Y € v, then Vz7* = Vg2 =
(H,Z],Z*)H, VxZ = VzX = —%jZX and VxY = 1[X,Y] + ([H, X|,Y)H
in case of 2-step nilpotent n. Consequently, by a direct computation we obtain the
following formulas involving curvatures (see [2, Section 2]).

(1) RH = —adfq
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(ii) If either Z € 3, |[Z] =1, 0or X € v, |X| =1,
RzH = —\°H and RxH = —;*H.
(i) If Z € 3», | Z| =1, for any Z* € 3 and X € v,then

1
RzZ* =\ ((Z,adyZ*)Z — adyZ*) and Rz X = —ng(X) —dadg X.
(iv) Let p; denote the maximum eigenvalue of ady|,. If X € v,,, | X| =1, then

1 , 1 X
Rx7 = Z[X,]zX] —,uladHZ— Z(adjzx) X, 263

RxY = (X, VY] — Zj[X,Y]X — VL (VY )y — pradgy, ¥ L X in v.

1
2
1.3. The Einstein condition. Assume that S is an Einstein space, that is
Ric(Y) = c|Y|? for all Y € 5. Let {vi}™, and {Z;}}_, be orthonormal bases
of v and 3, respectively, with £ = dim3j and m = dimv. We use the well known
formulas that hold in a solvable metric Lie algebra s = n® RH,

1 m
Ric(Z) = - ; lizX|? — A trady for Z € 35,
k
. 1 ) 2 U .
Ric(X) = —5 Z liz, X|” — ptr adg for X € v, if n is 2-step-nilpotent.
i=1
Note that the first Einstein condition becomes
1
tr (—Z]%) = —trad? + Mrady, for Z € 3y, |Z] = 1. (1)

In general, for a unit vector X € v,,, p; the maximun eigenvalue of adgy|,, we
have

k m
. 1 . 2 2
Ric(X) = -5 ; iz X|? = ptr ady + ; (VEYi), | (2)
The last one is a direct computation by applying the above expressions of Rx in
(iv) to
k m
Ric(X) = trRx = Y (RxZ;, Z;) + > (RxY;,Yi),
j=1 i=1
having into account that the following equality holds,

m k

2 . 2
DX Y =) liz X[
i=1 =1

In fact, this follows by computing

m m m k
Sixvl? = SN v z) =303 g Xy’
i=1 i=1 j=1 i=1 j=1
k ™m k 2
= 3 (Z (jz, X, Y7 ) =3 iz, x|
j=1 \i=1 j=1
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since [X,Y;] € 3 for any X € v,,.

1.4. The 2-stein condition. For any X € s, the Jacobi operator Rx associated
to X is the symmetric endomorphism of s defined by RxY = R(Y, X)X. We said
that S is a 2-stein space, or equivalently .S’ (or s) satisfies the 2-stein condition, if
there exist

tr (Ry) = m | X[*, 1=1,2, for all X € s.

In particular, 2-stein spaces are Einstein: Ric(X) =trRy = p1 |X|°, 1 a con-
stant, for all X € s, and harmonic riemannian spaces are necessarily 2-stein. The
2-stein condition was studied on Carnot spaces in [1] and [3]: the 2-stein Carnot
spaces are exactly the Damek-Ricci spaces (also the harmonic ones) in this class.

The proposition below express the 2-stein condition in an adequate form for
our purposes. Let {4} denote the set of eigenvalues of adgy|,.

Proposition 1.1. Assume that s satisfies the 2-stein condition. If Z € 3y is a
unit vector, then
n“> '

tr(odh],) = tr(~Rz o ady] ) + L3 (A~ 2u)2tr<—£ j§|w) )

m

1 1.
tr ad}l{)‘ﬁﬂéf@“ = tr(=Rzo ad%{)‘mzi@n B 2 Z(A )t <_Z iz
o

In particular, if adH|3 = \d

Proof. Tt follows from the same argument as those used in Theorem 4.1 of [4] for
k =2 (See also [5, Proposition 1.2]). O

2. THE 2-STEIN CONDITION ON 4-STEP CARNOT SPACES

We consider the case of a 4-step Carnot space; that is, s = n @ RH as above

with n = n; @ ng ® ns. Hence, by the propeties of n;, [ni,n1] C na, [ng,ns] C ns,
[n1,n3] =0, [ng,nz] = 0 = [ng, 3], [n3,n3] =0 and n3 C 3. We observe that:
[n,n] C ne @ ng and [[n,n],n] C [n2 & n3,ny & ny & ng] C ng. Thus, n® = 0 since
[[[n,n],n],n] C [n3n] = 0; that is n is 3-step nilpotent and ng C 3. Sincen=3® v
we have that v C ny @ ny. Moreover, from the facts that 3 and v are ady-invariant,
it follows that

3= N3dngNzdnzand v =n; NoHneNo.

We set dimn; = n;, i = 1,2,3. Following with the notation introduced in the
previous section we have,

Lemma 2.1. If S is a 4-step Carnot space that satisfies the 2-stein condition,
then S is either a Damek-Ricci space or, up to scaling, the symmetric hyperbolic
space S = RH"™ (ng =0 orng = 0) withn = dim S. If ng # 0 the equalities 3 = ng,
v =11 @ ny hold in the decomposition of n =3 @ v.
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Proof. (i) ny N3 =0, if the Einstein condition is satisfied.

If0#Zenmng (jzX,Y) =(X,Y],Z) =0 for all X, Y € v since [X,Y] €
> somi and (n;,n;) =0 if i # j. Hence, jz = 0 and tr(j%) = 0, and the Einstein
condition (1) implies that

1
tr (—Zj%) = —tr ad?q +trady = —(n1 + 4n2 + 9ng) + (n1 + 2n2 + 3ns)
= —(2%2 + 6713).

Thus, ns = ng = 0, and consequently n = nj. In this case n is abelian and
corresponds to the symmetric hyperbolic space RH"™ with n =mnq + 1.

The previous fact implies that the eigenvalue p = 1 is not achieved in 3, when
n is 3-step properly. Thus,

3=n3®nyN3 andv=n; HnaNo.

(7i) ng N3 = 0 if the 2-stein condition holds.
In fact, assume that there exists 0 # Z € nyN3. In this case, if | Z] = 1 condition
(1) gives

1
tr (—Zj%) = —tr ad%, +2trady = —(n1 + 4na + 9Ing) + 2(nq + 2n2 + 3ng3)

= ni — 3713.

Moreover, since Z € ng and (jzX,Y) = ([X,Y],Z) =0forall X enaNv, Y € v,
we have that jZ|n2m =0 and jz : ny — ny. Now, we apply the formula given in
Proposition 1.1 for A = 2, and p = 1,2. We first note that,

1 1.
5 Z (A —2u)%tr (_Z ]%‘n‘) =0.
p=1,2

since jz| =0 and A —2p = 0 for g = 1. This implies that tr(ad%{)‘ =

naNo 3N3+ Do
tr(—Rz o adff)‘ﬁ st o and consequently, equality holds in the Cauchy-Schwartz
A
Inequality
2
2 2 2
(tr (—Ry o adH)\mwn) <t (“R2)?| st (a3
2
_ 4 4 _ 4
= tr adH|3ﬁ3§€Bn tr adH‘zﬁz,iéBn = (tr adH‘mzf@n) .

Therefore, —Rz = cad? in 3N 3y @ b with ¢ = 1, by the Einstein condition. The

equality Rz, = —ad%{‘ns, implies that ng = 0, since Z € ny N3 and Rz, =
—6Id. Hence, n = ny @ ny with ny = v, no =3 and S is a Carnot space. In this
case S is a Damek-Ricci space (see [3, Theorem 3.1]). O

Assume that nsg # 0. If s satisfies the 2-stein condition then 3 = n3, and v =
ny @ no.
The following proposition is basic for our purposes,
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Proposition 2.2. If S is a 4-step Carnot space that is 2-stein, then ny = 2no
and —3 j%|n2 = 31d for any unit vector Z € 3. Equivalently, |jZX|2 = 12 for all
unit vectors Z € 3 and X € na.

Proof. Next we will show that ny = 2no,

1, 1
tr (—Z JZ|n2) = 3ns and tr (E jZ|n2) = On,

for any unit vector Z € ns.
Let Z € 3 = ng be a unit vector. The Einstein condition (1) applied to Z gives,

1.
tr (—Zj%)

We compute separately the two terms in (3). First, using the definition of Rz|, =
—%j% — 3 adg|, , it follows that

—(1n1 + 4ny + 9TL3) + 3(n1 + 2no + 3713) (4)

= 2(n1 + na).

tr (~Rzoady)|, = w(-Rzoad}] )+u(-Rzoadyl)

1 .2 1 -2
= tr (Z jZ|n1) +3n; +4 (tr <Z jz\nz) +6n2)

1 -2 1 -2
tr (Z jz|n1) +4tr (Z ]Z|n2> +3n1 + 247127

1 1, 1 1,
§t1" —ij}nl +§t1" —ZJZ}M

L 1,
= —1r _ -
B 4JZ

and applying (4),

s
N——
Il

>—n1—|—n2 (m:n1+n2).

|y

Thus, (3) gives
ni+ 2%, = tr(ad}lf‘n)

1 1
= tr (Z j%|m) + 4tr (Z j%‘m) + 3n1 + 24ns + ny + no

and consequently,
t ——1 IQZ| + 4t ——1 IQZ| = 3n1 + 9ne = 3(n1 + 3n9) (5)
1\ =77zl T =7 9zl ny + 9ng ny + 3ng).

Now, using that (trj%|n1) ztrj%‘nz) (see 1.1), (4) and (5), that is

1. 1. 1.
2tr<—1j% ) tr <_Z j%|m) + tr (_Z j%|n2) = 2(n1 + n2)
ni
I 1, 1,
5tr (_Z jz|m) tr <_Z jZ|n1) + 4tr <_Z jZ|n2) = 3(n1 + 3na),
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ny1 = 2ns is obtained, since
3(n1 + 3n2) = 5(n1 + ng) < 2n1 = 4ng < nyp = 2ns.

Finally, we will show the last assertion of the proposition. Using that Rz|, =
—1j% — 3 adp|, again, we compute

2
1.
(Rl = o (3 + 3 ad,

by developing R2 | ( % 2 — 3adH|n)2. Thus,
1. 3.
tr (RQZ‘U) = tr (1—6]%) + 9tr ad%(‘n + §tr (]% o adH|n)
1
= tr<1—6 ) (tr (ad? | + tr(ad? ‘ )
i 2 d 2 d
+5 (tr(5],,, © adul,,) + (53], © adul,,))
and substituting the values of ady|, = ild, we have
3 ) .
r(Ry|,) = ( )+9 ny+dng) + 5 (6(53],,) + 26003 ,,))
1
= (—6 > ]Z| ) + 9(711 +4n2),

since tr(j%|nl> :tr(j%|n2> . Note, that the same argument used to show this

tr(j%| )ztr(j%‘nz). (6)

Therefore, the 2-stein condition, tr(R } ) :tr(ad}lf}n) , gives

equality, implies

. 9 )
2tr (1—6 J§|m) +gtr (g§|m) +9(ny +4ny) = ny+16ny or
1, 9 [,

2tr (E jz\m) + 5t (]Z‘nl) = —(8n1+20ny).
By applying (4), the last equality is equivalent to

1 1,

2tr (16 JZ‘m) — 18tr (_Z jz‘m) = —4(2n1 + 5n2), or
I
= 2tr (1—6 ]g\m> —18(n1 + n2) = —4(2n1 + 5ny).

It follows from (6) that

1
2tr (16 ]Z\n1> = 10n; — 2np = 2(5n1 — na),

and from the fact ny = 2no,
1 1,
tr <16 JZ|M) =tr <16 Jz‘m) =5n1 —n2 = 9no.
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The final assertion follows as claimed, since

1, 1 4
tr <_Z]Z ) =3ng and tr <1_6 jz}n2> = 9ny

implies that equality holds in the Cauchy-Schwartz Inequality

tr —1 '2| 2<nt1" i'4|
177, ) ) =12 16 /20, )

which gives —% j%“u = 3Id, or equivalently, |jz X|2 = 12 for all unit vector
X € no. O

na

Let s = ny ®ny @ nz ®RH be a 4-step Lie algebra so that 3 = n3, and v = ny ®no.
In what follows let {Z;}* |, {V;}7!, and {X;}72, be any orthonormal bases of
3, n1 and no, respectively. The following basic formulas are deduced from the
hypothesis ng # 0 and not assuming that the 2-stein condition is satisfied. They
are shown in [5, Proposition 2.3].
If X € ny and Y € ny are unit vectors, then
n2

SV =S lin P @
k=1

J=1

i}(V&jY)J:iHm]F (s)

In order to show that the 2-stein condition is not satisfied by s, in case that s is
4-step properly, we need to compute Ric(Y) and Ric(X) for unit vectors Y € ny
and X € no.

Lemma 2.3. If Y € ny is a unit vector then,

1 s 1 5
trRyz—m—2n2—3n3—52|[Y,Xj]| —§;|[KY;]| :

j=1

Proof. Let Y € ny be a unit vector. We first note, tha it is a direct computation
to see that
1
VyW = E[Y’W] forwWen, WL1Y
1
VyX = E[Y’ X+ (VY X), for X €no.
Therefore, for unit vectors Z € 3, W € ny and X € ny using the definition of Ry

we obtain

1
RyZ = -3Z+ §VYjZY7
1
RyW = —-W - §Vy[W, Y] - ViwnY,
1
RyX = —2X-VyVxY+gjixy]Y, RyH =—H.
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Now, it is a strighforward computation using the definition of V() to see that,

(RyZ,Z) = =3+ 3 <VYJZYZ> -3+ - |]ZY|7

(RyW, W) — —1—%<VY[W,Y] W>—<V[W,Y]Y, W)
= 1 I WIE 4 5 (WL W Y))
= -2y
and
(Ry X, X) = —2—<VyVXY,X>+%<j[X7y]Y,X>
= —2+<VXY,VyX>+%<[Y,X],[X,Y]>

1
= 24 [VxY [+ (VY [V X)) - S |IX Y]
= 24 [VaY P - XY

= 7 ICYIP +I(VEY),

Next, by computing

n3 n3

1gh.
trRY'geBRH = Z<Ryzk,zk>—1:—3n3+12|jzkY|2—1

k=1 k=1
ni

tr Ryl,, = > (RyY;,Yi)=—(nm—1) ——Z|YY
i=1
n2 9

tr Ryl,, = Z<Ryxj,Xj>=—2n2+Z\ (Vx,Y), ——ZI
j=1 j=1

it is immediate that

1ox . 3
tr RY:—n1—2n2—3n3+12|32ky|2—ZZHY,YiHQ

n2

+>1(Vx,Y), 2——Z|YX

j=1
By applying the equalities given by (7) and (8) we have,

1 &
trRyf—n1—2n2—3n3——Z|YX Z|YY
7j=1

the expression stated in the lemma. O
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Corollary 2.4. If s = ny @ ny @ ng & RH satisfies the Einstein condition, then
for all unit vectors Y € ny and X € ny we have,

. n1 1 k ‘
O D14 SONEEED ST 7 I e
i=1 i=1
ng ) ni )
(1) MV X+ IV YT = 4(no+3na).
j=1 i=1

Proof. (i) and (ii) are obtained by applying the Einstein condition tr(Rx) =
—tr(ad%) (2) to X € ng, and tr(Ry) = —tr(ad%) to Y € n; (Lemma 2.3),
respectively. In fact, they are immediate since

k m
_% S iz X =2+ 200+ 303) + (VYD) = —tr(add)
- - —ny —4ng — 9ng
and
I8 > 1¢ 2 >
—n1 —2ny — 30z — 5 Z} Y, X017 = 5 ; YV Yil* = —tr(ady)
" ) —ny1 —4ng — 9ng,

implying the required formulas. [l

Theorem 2.5. If S is a 4-step Carnot space that satisfies the 2-stein condition,
then S is either, up to scaling, the hyperbolic space RH™ (n = dim S) or a Damek-
Ricci space.

Proof. Let S be a 4-step Carnot space with associated Lie algebra s. If ng = 0 then

either S is, up to scaling, the hyperbolic symmetric space RH"™ with n =n; + 1

or n = nz + 1 according to ng = 0 or n; = 0, or S is a Damek-Ricci space by [3,

Theorem 3.1].

Assume that ng # 0; we will show that S cannot be 2-stein unless n; = 0 = ns.
(i) Let Y € ny a unit vector. If U is the operator on s defined by U(.) =

R(.,Y)H + R(., H)Y it follows that

1
tr (adé;_[ + (RY [e) ad%{) — 5 U2> = 0 (9)

1
50

where 59 =span{Y, H} is the totally geodesic subalgebra of s which corresponds
to the symmetric hyperbolic space RH? of constant curvature —1. We show this
expression (9) following the same argument developed in [5, Proposition 1.2]. In
order to do that we need to revise some properties fulfilled by Ry and U. First,
note that

Ry :3—3®n n —3@&n and RyH = —H,

hence Ry : ny — no, since it is symmetric.
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Next, by using the definition of U, for any unit vectors Z € 3, W L Y € ny and
X € ny we compute:

U(Z) = V2VyH—VyVZH—V[Z’H]Y= —VzY +3VyZ +3Vy5Y

5
= 5VzY =-2jzY,

Thus, U : ny

(W) = VwVyH-VyVwH-— ViwyH — Viw,mY
= VY +VyW+2[W, Y]+ VyY

= S -2y, W] = -

—5 [Y,W] and

= VXVYH - VYVXH - V[X’y]H - V[X,H]Y
= —ny+2VyX+3[X,Y] +2VxY
= VxY +2VyX +3[X,)Y] =3VxY + [X,Y]

= DX Y] B(VRY ) +[X, Y] = 2[X,Y] + 3(VE V).

— 3 ®ny and 3 @ ny — ny. This property, togheter with the fact

Ry :3®n; — 3®ny and ny — ne (Ry H = —H) imply that (9) holds, since

tr (TQRY — 52adfq) o U|53 =0.

(i) Next, (9) it will be applied, computing separately each term and using (7)

and (8). First
(U*Z,7)
(W, W)
(UX,X)

Hence,

tr (U2|50L)

, from the above computations we obtain

25
U(2)]? = T lizY|? forall Z €3, |Z|=1

9
U = yRILL W, [W|=1, and

2
4

U Y]+ 9(VEY)o|*, for X € g, |X|=1.

SIUEZ)IP+ DU+ DU
k=1 i=1 =1

2

25 & 9 & 25 <2 &
. 2
= T b P PRI IP T X 49D |75V
= 1= Jj= Jj=

9 & 25 <2
= QZZHY,YAIQJJIZ\[Y,XjHQ,
i=1 j=1

which implies that

na

5 (02,) = -3 LI - Y.

i=1 j=1
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It is a straightforward computation to see that,

tr (Ry o adfq)Lé = 9tr Ry|, +tr (Ry |, ~y.) +4tr(Ryl,,)
ns 1 3 ni
. 2 2
=9 (—3n3 + 1;:1 1 ljz,. Y| ) —(n1—1)— 1 ;:1 Y, Yil|

no 9 3 n2
+4 —2n2+Z|VXjY‘ _ZZ|[Y’Xj]|2

j=1 j=1
= —2Tng— (n1 —1) —8n fiuy X»]|2+1§:|[y Yi]?
- 3 1 2 4 =~ s 3 g 4 v s L )
and (9) becomes

= (n1 — 1) + 16n2 + 81ng

€
50

1
0 = tr <ad}1{+ (Ryoadfq) —3 U2>

3w s 1 2
—27n3—(”1—1)—8712—Z;|[KX1‘]| +Z;|[Y’Y’]|

9 & 25 2
2 2
—ZZHKYM _ZZ|[KXj]|
i=1 j=1
ni

1 s 1 >
54n3+8n2—2812|[Y,Xj]| —8ZZ|[Y,Y;]| .

j=1 i=1

Thus, . .
722:|[Y,Xj]|2+2i:|[Y,Yi]|2254n3+8n2. (10)
=1 i=1
(iil) Now, from the quuality given byzCorollary 2.4 (ii), we obtain
Qi [[Y, Xj]|2 + 251: [lY, Y;”Q = 24n3 + 8ny = 2 (12n3 + 4no) (11)
i=1 i=1

and the expression (10)—(11) gives
ng n2
52 Y, Xj]|2 =30ng < Z Y, Xj]|2 = 6ng for a unit vector Y € ny.
j=1 j=1
Finally, it follows from (7) that

ns
Z |jZkY|2 = 6n3
k=1

and we get a contradiction, since |jzY|> = 12 for any unit vectors Z € 3 and
Y € ny. In order to show this last assertion, note that jz : ng — ker(jz|n1)l- cm
isomorphically (1.1) and by Proposition 2.2, a unit vector ¥ € ny is expressed
as Y = \/%jZX with X € np, [ X| =1 (Y =Y7", ai\/%jZXi where jZX; =
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- |jZXi|2 Xi, |Xi] =1, in terms of the orthonormal basis {X;} and {\/%jin} :
i=1,..,m). Hence [jzV|* = 12 and we have that 377 | |jz Y|* = 12ns. 0
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