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MULTTPARAMETER QUANTUM GROUPS,
BOSONIZATIONS AND COCYCLE DEFORMATIONS

GASTON ANDRES GARCIA

ABSTRACT. The multiparameter quantized enveloping algebras Uq(ga) con-
structed by Pei, Hu and Rosso [Quantum affine algebras, extended affine
Lie algebras, and their applications, 145-171, Amer. Math. Soc., Providence,
2010] are presented as the pointed Hopf algebras a(Dred,f) defined by An-
druskiewitsch and Schneider [Ann. of Math. (2) 171 (2010), 375-417]. The
result is applied to show that under a certain assumption Uq(ga) depends, up
to cocycle deformation, on only one parameter in each connected component
of the associated Dynkin diagram. In the special case that g4 is simple, this
was already shown by Pei, Hu and Rosso in an alternative way.

1. INTRODUCTION

Let A, H be two complex Hopf algebras with bijective antipode and let 7w : A —
H be a Hopf algebra projection that admits a Hopf algebra section ¢ : H — A.
Then A ~ R#H, the Radford—Majid product or bosonization of R over H, where
R = AT is a braided Hopf algebra in the category of Yetter—Drinfeld modules
HYD over H. Conversely, given a braided Hopf algebra R in YD, its bosonization
R#H is an ordinary Hopf algebra with a projection to H, see [28]. This fact plays
a crucial role in the classification of finite-dimensional pointed Hopf algebras [9]
and in the description of quantum groups arising from deformation of enveloping
algebras of semisimple Lie algebras, in particular their quantum Borel subalgebras.

Let A be a Hopf algebra with bijective antipode such that its coradical Ag is a
Hopf subalgebra. Then the graded object gr A associated to the coradical filtration
is again a Hopf algebra and gr A ~ R#Ay. A key point in the lifting method to
classify pointed Hopf algebras, where A is a group algebra, relies on the description
of R as a Nichols algebra. If A is a pointed Hopf algebra such that gr A ~ R#A,,
it is said that A is a lifting of R over Ag. This procedure can be generalized for
other types of filtrations, such as the standard filtration, see [2].

Let H be a Hopf algebra with bijective antipode and R € ¥ YD a braided
Hopf algebra. An open question concerning this problem is whether all possible
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liftings of a bosonization R#H can be obtained by a (left) 2-cocycle deformation
on the multiplication. Positive answers were obtained for H = CT', a group algebra
over a finite group I', by different authors using different methods. Among them,
[19, 23], 24] solved the case when I is abelian and R is a quantum linear space, [17]
when T is a symmetric group S, with n > 3, [16] when T is a dihedral group D,,
with m = 4¢ > 12, and [I8] for pointed Hopf algebras associated to affine racks.
Moreover, in [I] a systematic procedure to construct liftings as cocycle deformations
via Hopf-Galois objects is described. Variations of this problem were also studied
by other authors; see for example [10, [I1] and references therein.

Hence, a natural question is to describe the set Z2(A, C) of Hopf 2-cocycles on
a bosonization A = R#H. Since H is a Hopf subalgebra of A, the restriction of
any Hopf 2-cocycle on A gives a Hopf 2-cocycle on H. This restriction admits a
section that gives an injective map Z2(H,C) — 2%(A,C). In particular, any Hopf
2-cocycle o on H defines a Hopf 2-cocycle 6 on A.

Let @ be a positive integer. Let Uq(ga) be the multiparameter quantum group
associated to a generalized Cartan matrix A defined in [27], with q = (¢;;)1<i,j<6
and ¢;; € C*,q; # 1 for all 1 < 4,5 < 6. In order to treat these quantum
groups in a unified way, we describe them explicitly in Theorem as a family of
reductive pointed Hopf algebras u (Dred, ?) given in [B]. These are also associated
to the generalized Cartan matrix A. A similar description is given in [20] using
bicharacters. This allows us to study Uq(ga) as a quotient of a bosonization of a
pre-Nichols algebra.

Using results on cocyles on bosonizations, we show in Theorem that if ¢,
is a positive real number for all 1 < i < 6, the algebras u (Dred, ¢) depend, up to
cocycle deformation, on only one parameter on each connected component of the
Dynkin diagram associated to A. This relation was previously described in [8] and
[29] as a twist-equivalence between the matrices associated to the braiding. Here
we re-interpret them as 2-cocycle deformations.

As a consequence, we prove that the algebras Uq(ga) depend, up to cocycle
deformation, on only one parameter on each connected component of the Dynk-
ing diagram. In case ga is simple, we obtain a result of Pei, Hu and Rosso [27,
Theorem 28] — see Theorem and Corollaries

The paper is organized as follows. In Section [2[ we fix notation and recall some
known facts on Hopf 2-cocycles, Yetter—Drinfeld modules, Nichols algebras and
bosonizations. In particular, in Subsection we treat cocycle deformations of
Hopf algebras given by bosonizations A = R# H and describe the relation between
Z2?(A,C) and Z?(H,C). At the end of this section we provide an example on
finite-dimensional pointed Hopf algebras over symmetric groups. In Section [3] we
first introduce the family of pointed Hopf algebras U (Dyeq, £) given in [5] and prove
Theorem Then we explicitly describe the multiparameter quantum groups
Uq(ga) as a family of these pointed Hopf algebras and apply to them the results
on cocycle deformations.
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2. PRELIMINARIES

In this section we fix notation and recall some definitions and known results that
are used along the paper.

2.1. Conventions. We work over the field C of complex numbers, although most
of our study could be carried out over a general algebraically closed field of charac-
teristic zero. We denote by C* the group of units of C. If " is a group, we denote
by T the character group. By convention, N = {0,1,...}. If A is an algebra and
g € A is invertible, then g>a = gag™', a € A, denotes the inner automorphism
defined by g¢.

Our references for the theory of Hopf algebras are [26], [30] [28]. We use standard
notation for Hopf algebras; the comultiplication is denoted by A and the antipode
by S. The left adjoint representation of H on itself is the algebra map ad : H —
End(H), ad; (y) = 21yyS(z(2)), =,y € H; we shall write ad for ad;, omitting the
subscript [ unless strictly needed. There is also a right adjoint action given by
ad, x(y) = S(x(1))yr(2). Note that both ad; and ad, are multiplicative. The set
of group-like elements of a coalgebra C' is denoted by G(C). We also denote by
CT = Kere the augmentation ideal of C, where € : C — C is the counit of C. Let
g,h € G(H); the set of (g, h)-primitive elements is given by Py ,(H) = {z € H :
Alx)=2z®@g+h®x}. Wecall P, 1(H)= P(H) the set of primitive elements.

Let A 5> H be a Hopf algebra map; then

AH — A — fgc A| (idor)Ala) =a®1}

denotes the subalgebra of right coinvariants and ©°H# A = 7 A denotes the subal-
gebra of left coinvariants.
For n > 0 and g € C*, ¢ # 1, define
n

(n)q:qq%ll =¢" '+ g+ 1,
(n)g! = (n)g(n —1)g--(2)g(1)q and (0)g = 1,

It is well-known that

n\ n1> (nl) _(nl) nk<n1>
(k)q <k RVESYS ko), k-1), (1)

A braided vector space is a pair (V,¢) with V a vector space and ¢ € Aut(V ®
V') that satisfies the braid equation, that is (¢ ® id)(id ®c¢)(c ® id) = (Id ®c)(c ®
id)(id®c) € End(V @V V).

Let (C,®,a,l,r,1) be a monoidal category and denote by 7: C x C — C x C the
flip functor given by 7(X,Y) = (Y, X) for all X, Y € C. A braiding on C is a natural
isomorphism ¢ : ® — ®7 that satisfies the hexagon axiom for any U, V., W € C:

av,w,u cuvew avv,w = (idy ®@cu,w) av,uw (cuy @ idw),

apiuy cuavw agyw = (cow ®idyv) ag iy (do ®cvw).
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A braided monoidal category is a pair (C,c) where C is a monoidal category and ¢
is a braiding on C; see [21, Ch. XIII] for details. If C is strict, the equalities above
are equivalent to

cuvew = (dy ®cyw) (cu,v ® idw), cuvgv,w = (cow @ idy) (idy ®cy,w).

In particular, if V' € C then (V,cy,y) is a braided vector space.

2.2. Deforming cocycles. Let A be a Hopf algebra. Recall that a convolution
invertible linear map o in Homc(A ® A, C) is a normalized Hopf 2-cocycle if

(b, €1))o(a, b)) = a(aq): bay)o(az)be), ©)
and o(a,1) =¢e(a) = o(1,a) for all a,b,c € A; see [26, Sec. 7.1].
Using a 2-cocycle o it is possible to define a new algebra structure on A by
deforming the multiplication, which we denote by A,. Moreover, A, is indeed a
Hopf algebra with A = A, as coalgebras, deformed multiplication m, = oxmxo ! :

A® A — A given by
me(a,b) =a-o b=o(aq), b(l))a(g)b(g)afl(a@), bes)) for all a,b € A,
and antipode S, =0 *S* o~ ! : A — A given by (see [I4] for details)
So(a) = o(an), S(a))S(a@)o ™ (S(aw), ags)) for all a € A.

We denote by Z2?(A,C) the set of normalized Hopf 2-cocycles on A. Let 7,0 :
A® A — C be two linear maps. We denote by 7«0 : A ® A — C the linear
map given by the convolution, that is (7 * o)(a,b) = T(a(), ba1))o (a2, b)) for all
a,be A

Remark 2.1. Assume A = CT', with T" a group. Then a normalized Hopf 2-cocycle
on A is equivalent to a 2-cocycle ¢ € Z%(T, C), that is a map ¢ : ' x I' = C* such
that, for all g, h,t €T,

©(g, h)p(gh,t) = o(h,t)p(g,ht) and ¢(g,e) = p(e,g) = 1.

2.3. Yetter—Drinfeld modules, Nichols algebras and bosonization. Let H
be a Hopf algebra with bijective antipode. A Yetter-Drinfeld module over H
is a left H-module and a left H-comodule with comodule structure denoted by
0:V—=>H®V,vr v ®@vq), such that

5(h . ’U) = h(l)v(_l)S(h(g)) & h(2) * V(0) forallveV, he H.

Let ZYD be the category of Yetter—Drinfeld modules over H with H-linear and H-
colinear maps as morphisms. The category ¥ YD is monoidal and braided. Indeed,
ifV,W e gyD, then V' ® W is the tensor product over C with the diagonal action
and coaction of H and braiding cyw : VOW - WV, v @w = v_1) - w v
forallve V,weW.

If H = CT is a group algebra of a group I', we denote this category simply by
LYD. In this case, V € L.YD corresponds to a I'-graded vector space V = Dyer Vo
which is a left I'-module such that each homogeneous component V,, g € I, is
stable under the action of I'. Here, the I'-grading yields the left CI'-comodule
structure by § : V — CT'®@ V, 6(v) = g ® v if v is homogeneous of degree g € T.
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For V,W € LYD, the braiding is given by cyw (v ® w) = g -w ® v, for all v € Vj,
w € W and g € T. If T is finite, then LYD is a semisimple category.
Let Ve fYyD and g €T, x € I. We denote by

Ve={veV: v =gov, h-v=x(h)v VheTl},

the Yetter—Drinfeld submodule given by the g-homogeneous elements with diagonal
action of I' given by x. In case I' is finite abelian, the pairs (g,x) with g € T
and y € r parametrize the simple modules and for all V' € LYD we have that
V= ®g€F,X€f thx'

Since fIyD is a braided monoidal category, we may consider Hopf algebras in
HBYD. For V. € HYD, the tensor algebra T(V) = @®,>07"(V) is an N-graded
algebra and coalgebra in the braided category #)D where the elements of V =
T(V)(1) are primitive.

Let (V, ¢) be a finite-dimensional braided vector space. We say that the braiding
c: VRV = VeV is diagonal [8, Def. 1.1] if there exists a basis z1,...,zy of
V' and non-zero scalars g;; such that c¢(z; ® z;) = gi;2; @ x; for all 1 < 4,5 < 4.
The braiding is called generic if it is diagonal and ¢;; is not a root of unity for all
1 <4 <6, and it is called positive if it is generic and ¢;; is a positive real number for
all 1 <4 < 6. We say that two finite-dimensional braided vector spaces of diagonal
type (V,¢) and (W, d) with matrices (g;;) and (§;;) are twist-equivalent [7, Def. 3.8]

4ij 95 = Gijdji forall 1 <i,5<80.

We are particularly interested in one class of braided Hopf algebras in these
categories, which turn out to be crucial in the theory: the (pre-) Nichols algebras.

Definition 2.2. Let I(V) C T(V) be the largest N-graded ideal and coideal such
that I(V)NV = 0. We call B(V) = T(V)/I(V) the Nichols algebra of V. In
particular, B(V) = €D, B" (V) is an N-graded Hopf algebra in AyD.

Given a braided vector space (V,c), one may construct the Nichols algebra
B(V,c) = B(V) in a way similar to the construction above, by taking a quotient
of the tensor algebra T'(V') by the homogeneous two-sided ideal given by the kernel
of a homogeneous symmetrizer: Let B,, be the braid group of n letters. Since ¢
satisfies the braid equation, it induces a representation of By, p,, : B, — GL(V&")
for each n > 2. Consider the morphisms

Qn = Z pn(M(0)) € End(V®n)v

oES,

where M : S,, — B, is the Matsumoto section corresponding to the canonical
projection B,, — S,,. Then the Nichols algebra B (V) is the quotient of the tensor
algebra T'(V') by the two-sided ideal J = @,,~, Ker Q.

A pre-Nichols algebra is an intermediate graded braided Hopf algebra between
T (V) and B(V); see [23] 24].
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Let R be a Hopf algebra in YD with multiplication mg. For z,y € P(R), we
define the braided adjoint action of x on y by

ade(z)(y) = mr(r @y) —mp o crer(r @y) = vy — (z(-1) - Y)z(0)-

This element is also called the braided commutator of x and y.

2.3.1. Bosonization and Hopf algebras with a projection. Let R be a Hopf algebra
in 2YD. The procedure to obtain a usual Hopf algebra from the braided Hopf al-
gebra R and H is called bosonization or Radford—Majid product, and it is usually
denoted by R#H. As a vector space, R#H = R® H and the multiplication and co-
multiplication are given by the smash-product and smash-coproduct, respectively.
That is, for all , s € R and g,h € H, we have

(r#9)(s#h) = r(g9(1) - )#92)h,
A(r#tg) = rW#0E®) g0y ® r)0)#902),
S(r#g) = (1#Su(r-1)9))(Sr(r(0))#1),

where Ag(r) = ) @ r(2) denotes the comultiplication in R € ¥YD and Sg the
antipode. Clearly, the map ¢ : H — R#H given by «(h) = 14#h for all h € H is an
injective Hopf algebra map, and the map 7 : R#H — H given by 7(r#h) = er(r)h
for all r € R, h € H is a surjective Hopf algebra such that 7 o+ = idg. Moreover,
it holds that R = (R#H)®T.

Conversely, let A be a Hopf algebra with bijective antipode and 7 : A — H a
Hopf algebra epimorphism admiting a Hopf algebra section « : H — A such that
motr=1dy. Then R = A°7™ is a braided Hopf algebra in gyD called the diagram
of A and A ~ R#H as Hopf algebras. See [28] 11.6] for more details.

2.4. On cocycle deformations and bosonizations. In this subsection we col-
lect some results on the construction of 2-cocycles on bosonizations of Hopf alge-
bras.

Let H be a Hopf algebra with bijective antipode, R a braided Hopf algebra
in YD and A = R#H. To avoid any confusion, in this section we denote by
—: H® R — R the action of H on R.

Let 0 € Z2(H,C). Then the map & : A® A — C given by

G(r#h, s#k) = o(h,k)er(r)er(s) for all r,s € R, h,k € H,

is a normalized Hopf 2-cocycle such that 6|ggy = o. Moreover, H, is a Hopf
subalgebra of A; and the map Z2(H,C) — Z2%(A,C) given by o ~ & gives a
section of the map Z2(A,C) — 22(H,C) induced by the restriction; in particular,
it is injective. See e.g. [24, Section 5], [13], Prop. 4.2].

Proposition 2.3. [24, Prop. 5.2] Let o and & be as above. Then A; = Ro#H,,
where R, = R as coalgebras, and the product is given by

a-sb= O’(a(,l), b(,l))a(o)b(o) f07’ all a,b € R. (2)
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Moreover, R, € Zz YD with the action of H, given by

h =5 a=0(hay,ac1)(he) = a©) 0 ((he) = a©) 1) ~)
forallh € Hy,a € R,. (3)

O

Remark 2.4. In case R is a (pre-) Nichols algebra, by [I] and [22, Thm. 2.7 and
Cor. 3.4] R, is also a (pre-) Nichols algebra and the action is described by (3).

Remark 2.5. Assume H = CI' and 0 € Z?(I',C). Let h € T and a € R be a
homogeneous element of degree g € T'; in particular, 6(a) = g ® a and Ay(a) =
a®14+g®a. Then yields

h—ya=h-ya,ht=0c(hg)o  (hgh~' h)h — a. (4)

Remark 2.6. In [12] the authors introduced another type of cocycle deformation
on a Hopf algebra, which is closely related to the one given above. We describe
it shortly. Let T be an abelian group and A a Hopf algebra that is I' x I'-graded.
Given any ¢ € Z%(T',C), define a new product on A by

hxk = o(n,m)e(n &) h-k (5)
©

for all homogeneous h,k € H with degrees (n,n’), (H,H/) € I' x I With this
multiplication, the new algebra A(¥) is a Hopf algebra with the same coalgebra
structure and unit as A. Assume A = R#CI is given by a bosonization over an
abelian group I'. Then, the coaction of CI' on the elements of R induces a I' x "
grading on A with degg = (g,¢) for all g € T and deg(x) = (g,1) if 6(z) = g ® x,
with z € R a homogeneous element, and we have that A(¥) = Az, where ¢ is the
Hopf 2-cocycle on A induced by . In particular, for z,y homogeneous elements of
R of degree g and h respectively, we have that

TEY = (g, h)e(1, 1)y = (2 (1), Y(—1))T(0)Y(0)
which coincides with formula .

Remark 2.7. Let A be a Hopf algebra and o € Z2(A,C), 7 € 2%(4,,C). Then
Tx0 € Z2(A,C). As is known, the set Z2(4,C) is not a group in general. It is the
case if the cocycles are lazy; see for example [I3]. Nevertheless, there is a groupoid
structure on the set of all Hopf 2-cocycles.

Let Z be the groupoid whose objects are Hopf algebras A and arrows labelled
by the set of 2-cocycles {a, : A — A, : 0 € Z2(A,C)}. The source and target
maps are given by s(a,) = A, t(a,) = Ay, and the composition by a0 @y = Qrse
for 0 € Z2(A,C) and 7 € Z2(A,,C).

Clearly, the identity arrow is given by id4 = ae ,, and since (Ay)y-1 = Agyo-1 =
A=A,-1,, = (As-1)s, each arrow is invertible with inverse a,-1 : A, — A.

Rev. Un. Mat. Argentina, Vol. 57, No. 2 (2016)



8 G. A. GARCIA

2.4.1. An example on pointed Hopf algebras over S,,. We describe now an example
where two non-isomorphic families of finite-dimensional pointed Hopf algebras over
S, are cocycle deformation of each other. The 2-cocycle is given by the product
of a 2-cocycle associated to a Hochschild 2-cocycle on a Nichols algebra and a
group 2-cocycle found by Vendramin [31] which serves as twisting of the 2-cocycle
asociated to the rack of transpositions in S,,. For this purpose we need to introduce
first some terminology (see [3, Def. 1.1] for more details).

Racks and Nichols algebras. A rack is a pair (X, >), where X is a non-empty set
and > : X x X — X is a function, such that ¢; =i>(-) : X — X is a bijection for
all i € X satisfying that i > (j > k) = (i > j) > (i > k) for all i, 5,k € X. A group
G is a rack with >y = xyz~! for all z,y € G. If G = S,,, then we denote by or
the conjugacy class of all j-cycles in S,,.

Let (X, ) be arack. A rack 2-cocycle ¢ : X x X — C*, (4, j) — ¢;; is a function
such that

Qi jok ik = Qisjask Gk, for all 4,5,k € X.

It determines a braiding ¢? on the vector space CX with basis {x;}iex by ¢?(z; ®
i) = ¢ijZi; ® x; for all 4,j € X. We denote this braided vector space (CX, c?)
by M(X,q) and the Nichols algebra associated with it by B(X, q).

Let X be a subrack of a conjugacy class O in I', ¢ a rack 2-cocycle on X and
@ € Z%(T',C). Then the map ¢¥ : X x X — C* given by

az, = oz, y)p Hr by, )y, foralzycX, (6)

is a rack 2-cocycle.
If X is any rack, g a rack 2-cocycle on X and ¢ : X x X — C*, then define ¢¥
by @ It can be shown that g% is a rack 2-cocycle if and only if

o, 2)p(zpy,ze2z)p(z> (Y 2),©)e(y > 2,y)
= oy, 2)p(z, y>2)e(zr (y>2), x> y)p(z > 2, 1)
for any x,y,z € X. If X is a subrack of a group I' and ¢ € Z%(T',C), then ¢|xxx

satisfies the equation above.

Definition 2.8. Let ¢,¢' : X x X — C* be rack 2-cocycles on X. We say that ¢
and ¢’ are twist equivalent if there exists ¢ : X x X — C* such that ¢’ = ¢¥ as

in @
On Nichols algebras over S,,. Let X = OF be the rack of transpositions with n > 3
and consider the cocycles:

—1: 03 x 0y = C*, (4,i) = sg(j) = —1;

1, ifi=(a,b) and j(a) < j(b),

10y x Oy = C*, (4,1) = xi(j) =
X : 0% x O3 (1) = xi(4) {_1’ if i = (a,b) and j(a) > j(b),

for all i, 7 € OF. By [25] Ex. 6.4], [4, Theorem 6.12], the Nichols algebras are given
by
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(a) B(OF,—1); generated by the elements {(¢m)}1<e<m<n satisfying for all
I1<a<b<c<n,1<e< f<n,{a,b}N{e, f} =0 the identities

2
0= 2(ap) = T(at)T(ef) T T(e)T(ab) = T(ab)T(be) t T(be)T(ac) T T(ac)(ab)-
(b) B(O3,x); generated by the elements {x(sm)}1<e<m<n satisfying for all
1<a<b<c<n,1<e< f<n, {a,b}N{e, f} =0 the identities
2
0 = () = T(ab)T(ef) — T(ef)T(ab) = L(ab)Z(bc) — L(be)L(ac) ~ L(ac)T(ab)s
0= Z(e)%(ab) ~ T(ac)T(be) ~ T(ab)T(ac)-
For 3 < n < 5 these Nichols algebras are finite-dimensional. If n > 5 it is not

known if this is the case. It turns out that the cocycles associated to them are
twist equivalent.

Theorem 2.9. [3I, Theorem 3.8] Let n > 4. The rack 2-cocycles x and —1
associated to OF are twist equivalent. (]

Remark 2.10. The twist given by Theorem [2.9]is defined using a group 2-cocycle
¢ € Z%(Sy, C). In particular, —1 = p(z,y)o~ (x> y, x)x(z,y) for all z,y € OF.

Cocycles on pointed Hopf algebras over S,. Assume n > 4. Let ¢ € Z%(S,,C)
be the group 2-cocycle given in Remark Denote again by ¢ the associated
Hopf 2-cocycle in Z?(CS,,,C) and by ¢ € Z?(A,C) the Hopf 2-cocycle on the
bosonization A = B(OF, x)#CS,,. Then by Proposition we have that

B(03, —1)#CSy, =~ B(Oy, x)#CSn >~ (B(O3, X)#CSn) -
Let A,T € C and t = (A,T). Denote by H(Q, [t]) the algebra generated by

{ai,hr : 1 € OF,;r € S,,} satisfying the following relations for r,s,j € S, and
i€ Oy
he =1, hrhs = hrsa hjai = _ajbihj; a?]Q) =0,
agi2)asa) + aayaca) = A1 — haa)ha)),
a(2)23) + a(23)a(13) + a13)a(12) = L(1 = hyh(2s))-
This algebra is indeed a Hopf algebra with the structure determined by h, being
a grouplike element and a, being a (1, h,)-primitive for all ¢ € OF. Consequently,
it is a pointed Hopf algebra with diagram B(O%, —1); see [15] for details. If ¢t =
(2),3\) with A € C*, we know that H(Q; '[t]) is a cocycle deformation of the
bosonization B(OF, —1)#CS,,. The explicit cocycle is given in the theorem below;
it was also shown in [I7] by other methods.
Briefly, let X be a rack, ¢ a rack 2-cocycle and {x,},cx be homogeneous ele-
ments in V= M(X,q) € g: YD. Then the linear combination of tensor products of

linear functionals ¢, given by 6,(z,) = 0., for all u, 7 € X give rise to a Hochschild
2-cocycle n = ZT’#GX arpdr @ p by defining it via

n(B(V)B"(V))=0 if (m,n) # (1,1).

If this cocycle is invariant under the action of S,, i.e. n"(z,y) = n(ha) —
x,hiy = y) = n(z,y) for all z,y € B(V) and h € S,, then one may define a
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Hochschild 2-cocycle on A = B(V)#CS,, by
n(x#th, y#k) =n(x,h — y)e(k) for all z,y € B(V), h,k €S,,.

Moreover, o = e = Y77 ﬁz, : A® A — C is a well-defined convolution invertible

map with convolution inverse e~7. By [16, Corollary 2.6] this map ¢ = €7 is a Hopf
2-cocycle. See [16] 2.1] for more details.

Theorem 2.11. [16) Theorem 4.10 (i)] Let A = B(OF,-1)#CS,, and o) =
e™ a Hopf 2-cocycle with ny = %Zu,feog d ®d, and A\ € C. Then A,,
H(Q; H[(2\, 3N)]) forn > 4.

O R

We end this section with the following result.

Corollary 2.12. Let oy = e € Z2(B(0%, —1)#CS,,,C) and
@ € Z2(B(0O%, x\)#CS,,, C) be the Hopf 2-cocycles defined above. Then

H(Q5 ' [(2),3N)]) = (B(O5, )#CSn) o s5-

Proof. Since oy = e is a Hopf 2-cocycle on B(OF, —1)#CS,, and this algebra
is isomorphic to (B(OF, x)#CS,)s for ¢ € Z2(S,,C), the claim follows by Re-
mark O

3. MULTIPARAMETER QUANTUM GROUPS, PRE-NICHOLS ALGEBRAS AND
COCYCLE DEFORMATIONS

In this section we show explicitly that certain classes of multiparameter quantum
groups can be described using the theory of pointed Hopf algebras developed by
Andruskiewitsch and Schneider [9] [5].

First we introduce these families of pointed Hopf algebras and then show that
under some assumptions they are cocycle deformations of certain (one-parameter)
families of pointed Hopf algebras.

3.1. On pointed Hopf algebras associated to generalized Cartan matrices.
Let 6 be a positive integer and (a;j)1<i j<o a generalized Cartan matrix, that is,
a matrix with integer entries such that a;; = 2 for all 1 < ¢ < 4, and for all
1<4,j<0,i# 7, a;; <0, and if a;; = 0, then aj; = 0.

Definition 3.1. [5, Def. 3.2] A reduced YD-datum of Cartan type
Died = DT, (Li)1<i<o, (Ki)i1<i<o, (Xi)1<i<o, (@ij)1<ij<6)

consists of an abelian group I', K;, L; € ' and characters y; € r= Hom(I", C*)
satisfying for all 1 <14,j < 6 that

K;L; #1, qij = Xj(Ki) = Xi(Lj)a
Gij%i = G’ Gi # 1, 0 < —ai; < ord(gi;) < oo,

A reduced YD-datum D4 is called generic if x;(K;) = ¢;; is not a root of unity, for
all 1 <4 <46. A linking parameter £ for Dyeq is a family ¢ = (¢;)1<;<g of non-zero
elements in C.
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Let T = {1,2,...,0}. We have an equivalence relation on I: for ¢ # j € I we
say that ¢ ~ j if and only if there are i1,...,4; € I with ¢t > 2, 4, =4, iy = j and
Qi sinsr Tirsr i 7 1 for all 1 <k < t. We denote by & the set of equivalence classes.
This equivalence can be described as usual in terms of the Cartan matrix. Indeed,
for all 1 < 4,5 <0, i ~ jif and only if there are i1,...,4; € I, t > 2 with i; = 4,
it = j, and a;, 4, , # 0 forall 1 <k <t.

A reduced YD-datum of Cartan type is said of DJ-type (Drinfeld—Jimbo type)
if the Cartan matrix is symmetrizable, i.e. there exist d; relatively prime positive
integers such that d;a;; = d;a;; for all 1 < 4,7 < 0, and for all I € X there exists
qr € C* such that

ql-j:q?ia” foralliel, 1<j<8.
In particular, ¢;; = 1 if a;; = 0. We denote this datum by
Dy = (T, (Li)i<i<o, (Ki)r<i<o, (1) rex; (aij)1<ij<o)-
Definition 3.2. [0, Def. 2.4] Let
Drea = (I, (Li)1<i<o, (Ki)1<i<o, (Xi)1<i<o, (aij)1<i,j<0)

be a reduced YD-datum of Cartan type and ¢ = (¢;)1<i<p a linking parameter.
U(Dyed, £) = U is the algebra generated by the elements g € ', 2;,y; with 1 < i < 0,
satisfying the relations

gELRE = pELgEL gElgFl =1,
gzt = X9z,  9vig~t = xi(9) 'y,
ziy; — X (K)yjwi = —6i4;(KiLi — 1),
ade(a;) " (2;) =0, ade(yi)' " (y;) = 0,
forall g,h €T, 1 <1i,j <6, where
ade(z;)(z;) = zxy — x5 (Ki)zj@s = xixj — qijajeg, 1<1i,j <46,
ade(yi)(y;) = wivs — X5  (La)ysyi = viyy — @53 vy, 1 <4,5 < 0.
The algebra Uis a Hopf algebra with its structure determined by g € I' being

grouplike, z; being (1, K;)-primitive and y; being (1, L;)-primitive for all 1 <i < 6.
In particular, it is a pointed Hopf algebra with G(U/) =T.

Remark 3.3. The data (T, (L;)1<i<g, (Ki)1<i<o, (Xi)1<i<e) is called simply a YD-
reduced datum. Let V,WW be vector spaces with basis {z;}1<i<¢ and {y; }1<i<o,
respectively. Then any YD-reduced datum defines on V and W a Yetter—Drinfeld

-1
module structure over CI' given by z; € Véz and y; € Wfl for all 1 < ¢ < 6, that
is,

ox;) = Ki @ ay, g-x; = Xi(9)xi,
d(yi) = Li ® yi, 9-vi = x; " (9)yi,
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for all g € I'. The braidings cy = ¢y, of V' and cy of W are given by
vz @) =K, -z, Qx; = x;(K)r; @y = qijx; @y, 1<14,5 <86,
ew(yi ®y;) = Li-y; @y = x; ' (La)y; @ui = @5, 4 @iy, 1< 4,5 < 6;
in particular, they are of diagonal type, and the corresponding adjoint actions are
given by
ade(x;) () = mimy — x5 (K zje; = 2 — qijxjzs, 1<4,j <86,
ade(yi) () = iy — X5 (La)yivi = viys — @5; v, 1 <i,j < 0.

The pre-Nichols algebras R(D), R(D, V) and R(D, W) associated to the reduced
YD-datum described above are given by the quotient (braided) Hopf algebras

R(D) =T(V e W)/(adc(z:)' % (x;), ade(yi)' " (y;), 1 <i #j <0),
R(D,V) =T(V)/(ade(z;)' % (z;), 1 <i#j <4),
R(D,W)=T(W)/(ade(y:)' " (y;), 1 <i#j <9).

Since cwvey,w = id, we have that R(D) ~ R(D,V) ® R(D,W) (see [24]). By
abuse of notation, we denote the images of the elements z;,y; in R(D) again by
z;,y;. 1t is well-known that the elements ad.(z;)'~%i(x;), 1 < i # j < 6, are
primitive in the free algebra T'(V') (see, for example, [6l A.1]), hence they generate
a Hopf ideal.

It follows that Z/Nl(Dred,f) is the Hopf algebra given by the quotient of the
bosonization R(D)#CT modulo the ideal generated by the elements

inyj — Xj_l(Ki)ijZi — 51]€,(K1L1 — 1) fOI‘ all 1 S i,j S 9,

where we 1dent1fy €Ty, = Iz#l, Y = yz#l and Kz = 1#Ki, LL = I#LZ for all
1< <6.

Remark 3.4. In case the braiding is positive and generic, the pre-Nichols alge-
bras R(D,V) and R(D,W) coincide with the Nichols algebras B(V) and B(W)
respectively, that is, the ideals (V') and I(W) are generated by the quantum Serre
relations ad.(x;)' =% (x;), ad.(y;)! =4 (y;) associated to the braided commutators
(see [8, Theorem 4.3] and references therein). These Serre relations are not enough
to define the ideal I(V @& W); see Remark

Remark 3.5. In case the braiding is positive and generic, the ideal I(V & W) C
T(V @ W) is generated by I(V), I(W) and x;y; — Xjfl(KZ-)iji forall 1 <i,5 <#;
see [5, Remark 1.10]. In particular, we have that U (Dyeq, 0) ~ B(V & W)#Z2°.

We present now a result that translates the notion of twist-equivalence of matri-
ces of diagonal braidings ([8, Prop. 2.2], [29, Theorem 2.1]) to cocycle deformations.
It states that, under some assumptions, these families of pointed Hopf algebras
depend only on one parameter for each connected component, up to cocycle defor-
mations.
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Theorem 3.6. Let I' be a free abelian group of rank 20 with generators (L;)1<i<a,
(Ki)i<i<o. Let Dreq be a reduced YD-datum of Cartan type and ¢ = (¢;) a linking
parameter. If 1 # q;; is a positive real number for all 1 < i < 0, then U(Drea, £) is a

cocycle deformation of a Hopf algebra Z/N{(Dq7 ) associated with a reduced YD-datum
D, of DJ-type.

Proof. By [29] Theorem 2.1] we have that the Cartan matrix (a;j)1<i j<o is sym-
metrizable, with symmetrizing diagonal matrix (d;)1<i<¢, and there is a collec-
tion of positive numbers (g7)rcx such that (g;;) is twist-equivalent to (g;;), where
Gij = q?ia” for all 7,5 € I.

If we order the group generators by Ly,..., Ly, K1, ..., Ky and take the corre-
sponding characters X1—17 . ,Xgl, X1, - - -, X6, the matrix of the braiding in V& W
is given by

g; f1<dj<0,

g;' f1<i<0,0+1<;<20,
gi fO+1<i<20,1<5<0,
gj ifO+1<i,j<20.

bij =

Let D, = D(T, (Li)1§i§67(Ki)1§i§97(QI)IEXa(aij)lgiigg) be the reduced YD-
datum of DJ-type associated with (¢;;). Denote by V', W the braided vector spaces
associated with this datum and by (p;;);; the matrix of the braiding in V & W.

Let U (Dq, £) be the corresponding pointed Hopf algebra.
If we set g; = L; and ¢;.9 = K; for all 1 <4 < 6, then by [8, Prop. 2.2] the map
o:I'xT'— C* given by

PRI B

Pispi; if 1 <3y,

o i ) = :
(9i g]) {1 otherwise,

is a group 2-cocycle. Denote by & € Z2(T(V @ W)#CT,C) the Hopf 2-cocycle
induced by o. Then ¢ induces a Hopf 2-cocycle on u (Dred, £) and we have that
L?(Dred, g ~ LN{(Dq, ¢). Indeed, by Proposition and the proof of [7, Prop. 3.9]
we have that (T(V@W)#CI)s = T(VEW),#CL = T(VEW)#CT. For example,
fori<jel

d; Qij .

K- aj=0(Ky, K)o (K, K) K -5 = Gijqi; a5 = Gy = 4 .

Let J be the ideal of T(V @& W) generated by the elements z;y; — qigliji —
0i;4;(K;L; — 1) for all 1 < 4,5 < 0. To prove the claim it suffices to show that
the corresponding ideal in T(V & W), coincides with the ideal J generated by the
elements x;y; —(jiglyja?i —0;;4;(K;L;—1). But by Proposition and the definition
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of o we have for all 1 <i,5 < 6 that

TioYj — q7;_jlyj o T — 0ili (K o Ly — 1)

= O'(Ki, Lj)xiyj — q;jla(Lj, Ki)iji — (5”&(K1Lz — 1)

= ziy; — q;; (Gigq5; )~y — il (K L — 1)
=Ty — (ji._jliji —0;54;(K,L; — 1). O

3.2. Multiparameter quantum groups as quotients of bosonizations of
pre-Nichols algebras. In this subsection we show how the multiparameter quan-
tum groups Uq(g4), associated with a symmetrizable generalized Cartan matrix,
introduced by Pei, Hu and Rosso [27], can be described using reduced data. These
multiparameter quantum groups contain in a unified way families of quantum
groups introduced by other authors (see [27] and references therein). Note that
in [8] Andruskiewitsch and Schneider characterized all pointed Hopf algebras that
can be constructed using a generic datum of finite Cartan type for a free group of
finite rank.

Let g4 be a symmetrizable Kac-Moody algebra with A = (a;;); jer the asso-
ciated generalized Cartan matrix, with I a finite set. Let d; be relatively prime
positive integers such that d;a;; = djaj; for all 4,57 € I. Let ® be a finite root
system with II = {a; : i € I'} a set of simple roots, Q = @, .; Za; the root lattice,
®1 the set of positive roots with respect to II, and Q1 = @iel Z o the positive
root lattice. Let g = (gi5)i jer with g;; € C* and g;; # 1 for all ¢, j € I satisfying

Qg5 = q;;’ for alli,j € I. (7)

Definition 3.7. [27, Def. 7] Let Uq(ga) be the unital associative algebra over C

generated by elements e;, f, wiil and o’ ;tl with ¢ € I satisfying the following
relations:
R W =0Tl e =0T =
(R2) w;tlw;tl _ w;tlw;tl’ w/iilw/jil _ w/jilw/iil’
_ -1 _
(R3)  wiejw; ' =qye;,  wiew's =qj'es,
_ _ -1
(R4)  wifiw; ' =q;' [ wifiw's = qjifj,
Gis
(R5)  [es, fi] = dij——(wi — wj),
qii — 1
gy k I*CLU k(k=1) L l—aj;—k k i .
I S ) I e T S !
k=0 Qii
s k 1 — Q45 k(k=1) k rk l1—a;;—k . .
(R7) Z (-1) ( k ) @G agfififi Y =0 (i # 7).
k=0 Qi
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Uq(ga) is a Hopf algebra with its coproduct, counit and antipode determined
for all ¢,j € I by:

Me)=ei@ldwde,  ce)=0,  Se)=—wle

Alfi) = fie W +1®f“ e(fi) =0, S(fi) = —fuwi
(w ) — w :tl (wil) _ 1’ S(wlﬂ) _ wl{l’
( /:i:l) /:i:l w/?:17 ( /:I:l) _ S( /;I:l) _ w’j-Fl

Next we prove that this quantum group can be described using reduced data.

Definition of U(Dyeq, £). Let

.« 0=11]

o I' = 72l and denote K;, L; with i € I two (commuting) generators,

e xi €T given by Xi(K;) = ¢ji and x;(L;) = ¢;; for all 4,5 € I.
In particular, we have that x;(L;) = x;(K;) for all 4,5 € I. Since by assump-
tion K;L; # 1 and by @, G = qfi” with ¢;; # 1, we have that Dyq =
DT, (Ki), (Ls), (x4), (a;;)) is a reduced YD-datum of Cartan type.

Let V', W be the vector spaces linearly generated by the elements x; and y; for

all 1 < i < 6. Following the definition of reduced data, both have a Yetter—Drinfeld
module structure. In this case, it is given for all 7,5 € I by

0(xj) = Kj@xj,  Ki-aj = x;(Ki)z; = qijj, Li -z = qjiz;,
Sy)) =Ly®y;,  Ki-yj=x; (Kdy; = a5y Li-y;= a5,y

Recall that for £ = (¢;)1<;<g with ¢; € C*, the pointed Hopf algebra LNI(Dred, ?)
associated with these data is given by the quotient Hopf algebra of the bosonization
R(D)#CZ* modulo the ideal generated by

TiY; — q;lyJCQ - 51]€Z(KZLZ — 1) for all Z7j el

In particular, in Z/N{(Dred, 0), z; is a (1, K;)-primitive and y; is a (1, L;)-primitive.
Indeed, for z; € R(D)#CZ? we have Ag(z;) = xgl) ® x§2) =r;®1+1®2; and

A(z;) = 2V # @) 1 ® @) #1 = (@) ® (1#1) + 1#K,) @ (2 1)
=, 01+ K, ® ;.

Theorem 3.8. Uq(ga) ~ Z/N{(Dred,ﬁ) with £; = 15 for all 1 <i < 6.

Proof. Let ¢ : Uq(ga) — U(Dyeq, ) be the algebra map defined by
plwi) = Ki, o) =LY ple) =z ¢(fi) =yl forall1<i<o.

The map ¢ is an epimorphism, if it is well-defined. To prove that it is well-defined,
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we show that the relations in Uq(ga) are mapped to 0 by ¢. First, notice that
the action of K; and L; on z; and y; yields a commutation relation in T(V &

W)#CZ2; for example, (1#K;) (z;#1) (14K, 1) = (K - oK) (4K )] = K-
x;j#1. Clearly, we need to verify only relations (R3)-(R7). For (R3) we have

plwiejw; ' — qijej) = Ky K71 — qijay = Ky - w5 — gy = 0,

/ =1 —1 =17 -1, _ 7r-1 ) o
@(Wiejwi — 4 ej) =L; a;L; — dj; Lj = Ly -a;— dj; Lj = 0.

The proof for (R4) follows the same lines. Since D is a reduced datum, for (R5)
we have

¢(lei f3]) = wiy; Lyt — y; Ly ey = way; LY — xal Ly Ly

= fCiijfl - q,glijz-L;l = (ziyj — qgliji)Lj Y= 6;;0;(K;L; — 1)L;1

Qi 1 qii ’
B = 1) = g (B - o)

21

To verify (R6) and (R7) one notes that their images under ¢ are the quantum
Serre relations in T(V & W), e.g. ad.(x;)* =% (x;) is the image of the left hand side
of (R6). Indeed, since

ade () () = miwy — (i) -1 - j)(25)o = zizxy — (K - 25)@s = 2y — g3 2,
one proves by induction that

n k(k—1)
ade(z;)" (z;) = Z(—l)k <Z> q;; 2 quxﬁfkmjxf for all n € N. (8)
k=0 Qii
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Assuming that the equality holds for n € N and using we have

ade ()" (z;) = ade () (ade ()" (2;))
= adc('xi) <Z(_1)k <Z> ”q';(k%”qzj :L kxjxi>

_ nE(" RESD gtk K n—k, . k
= Z(_ ) k 4 ng[ x — K- (27 ") w]
k=0 qii
L e ko k.. k1
:Z(_:[) (k) 4q;; ? qu[ : qqu] z R ]
k=0 qii
n
n k(k—1)
=2 ())
k:O qll
- k1T EOED il nome by ket
n
+ (_1) <I€> ;i qzj 4;; %, Ljl;
k=0 Qi
n(n41
1 L, 1
- J?;H— Lj +( 1)n+1qu qZ—i_ T ZH_ +

k=1
n(n+1)

=M+ (1) g, 2 g et

n k(k—1) n n
§ : 5 —k —k
qii

k=1
+1 b1 D +1
— n 2 n n
= Lj + ( 1) 4y qz] Ly
k(k H/n+1
n+l—=k k
+ E qz] i < k T; T,
qii
n+1
B (1
_ Z k k n+l—k, . k
- ( 1) ququ ( k Ly LjLy -
k=0 Qii

Since ad.(z;)! 7% (x;) = 0 in R(D), and

' k(1= aij D 1-aij—k kK 1—ay
¥ Z (_1) ( k > Qi ° i3 N €i€ | = adC(wi) i (xj)»
q

k=0
the assertion about (R6) follows. Analogously,
ade(yi) () = viv; — (Li - 4j)yi = vivs — i Y% = — 45 (Y% — Givivs)»

and one may prove by induction that

n
vk n k(k 1 n (k—1)(k—2) e
"‘Z(_l) 4ij [<k> Qi + p—1) %i : qfy | @it Ty
qii qii

17

_, —ne=1) n n k(k—1) .
ade(yi)" () = (=1)"¢;;"q;  ° (Z(_l)k(kz> G 7 dulyiy! k) 9)
qii

k=0

Rev. Un. Mat. Argentina, Vol. 57, No. 2 (2016)



18 G. A. GARCIA

Hence,

1—a7-,j
1 —ai; k1) 1—as;—k
¥ ( Z (—1)k< k J) 4; ° qf]fzkfjfz ! )
k=0 q
1—(173]'
k(1= aij A vk, 71 —1\1—a;;—k
= Z (1) & @ ° @il ) (yi Ly ) (yaly ) T
k=0 Qii

1—a73j
1—a:: k(k—1) k(k—1) (Q—ajj—k)(—a;;—k)
_ k 1 2 k 2 P
= (=1) ( K d;; 4;34;; ;i
k=0 qii

k1 —k —1 l—ajj—k y—1+asi+k
i L; ijj y, UL !

i

i

1—aij .. . .. ¢
1—a;: _ (A—aj;—k)(—aij—Fk) s — — Qi
k k(k—1) k k(l—aj;—k) 1—a;,
= ( Z (-1) < k ”) Qi Qi ’ 45i9; v 4 "
k=0 qii
k l—a;;j—k —17—1+4a;;
yryy )Lj Ly

But

k(k—1)  (1—aij —k)(—ai; — k)
9 + 9 + k(]. - aij — k)

AUy melmag 2B S0 2 R) gy k)
k‘(/ﬂ — 1) + —aij(l — a,‘j - k) + k‘(l - aij — k’)
9 2
1 1
= 5[1:2 —k —aij + ai; + aigk + k — kag; — k*] = 5%‘(% - 1).

Thus, ¢ of (R7) equals

170,7;]-
1—a;. k(k—1) aijlag;=1) o _ B
k ij 3 k P) l—ai; k  1—aij—k —1 7 —1+4a;
(Z (-1) ( k Qi i % Q5 Y Y5iY; L;"L;
k=0 qii

=y " (D) g ade() T () Ly L
Since ad.(y;)' =% (y;) = 0 in R(D), the claim about (R7) follows.

Hence, ¢ is a well-defined algebra map. Moreover, it is a Hopf algebra map, since
w;, w) and K;, L; are grouplike elements, e; is (1,w;)-primitive and f; is (w}, 1)-
primitive, and the elements z; and y; are (1, K;)-primitive and (1, L;)-primitive,
respectively, for all ¢ € I. N

Now we show ¢ is an isomorphism. Let ¢ : R(D)#CZ?»® — Uq4(ga) be the
algebra map given by
-1

VO#K) = wi,  P(1#L;) = w/i_17 D) = e, Pyi#l) = fiw';
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for all i € I. Again, 1; is clearly a Hopf algebra epimorphism, if it is well-defined.
For example, it preserves the algebra structure, if i € I we have

(K (@ #) (1#EK ) = wiejw; = gije; = x5 (Ki)ey = $(K; - a;#1),
and the coalgebra structure with e(w;) = 1 = e(1#K;), e(w}) = 1 = e(1#L;),
elei) = 0=c(a#l), e(fiw'; ) = 1 = e(y;#1) and

AW (y#D) = Afw'; ) = fiw 7 @146 ® fu;
= O(yi#1) © 1+ 9(1#L) © P(yi#l) = (0 © O)Ayi#1).
To see that zZ is indeed well-defined, we have to check that the quantum Serre
relations are mapped to 0. For 7 # j € I we have by and (R6) that

lfaij

~ s 1—a;; BED b 1—a—k
Plade(a:)' =" () = Y (—1)k( X J) G © ae ejer = 0.
q

k=0

it

Analogously, by @, (R7) and the same calculation with the exponents as above
we have

dlade(yi)' =" (y;))
a”(l aij)

1+a;
:( 1)1 al]qu an’Li

' ~ ;a4 k(k—1
(Z ( w) qii(T)in(fiw’;l)k(fjw YT a”._k>

k=0 ii
l—a;
naj sy " 2 g k(k=1)
_ 1—a;; 1+au e Qi 3k
=(-1) 7455 i q;; qj;
k=0 qii
k(k—1) | (A—a;j—k)(1—a;j)
+ k 1—k 1—1 pl—a;;—k s—1+4a;j+k
i ® : fiw' Tfwh fy Y W )
1—a;;
a;j(l1—ag;) i 1—aqis k(k—1)
_ 1—a;; ,—1+taij; % k Qg == k
=(=1) ""gy; 9 § (1) i Qi qji
k=0 Qii
k(k—1) (—a;j—k)(—a;;—Fk)
- > —k —14aij+k —k(l—ai;—k) ok Cpl—agi—k ;  —1+ag;
' qj; 95 i fi fifi wjwW
1—a;;
ij(1—aij) i 1 — a,. k(k—1)
_ 1—ay; —ltay “oii E k Qij —=3 _k
_( 1) Uq]z ;i (_1) k ;i ng
k=0 Gii
k(k—1) (A—ajj—k)(—a;;—k) k(1—a k)
2 2 J J . J ) J
"4y d;; fi fifi W W
lfaij
s k(k—1)
- 1—a;; —l4a;; —1l4a;; k(1 — aij ) kE rk 1—a;;—k
= (=1)"%qy ;5 E (-1) i i @ fi [t
k=0 qii

r = 14ai;
Cww =0.
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Moreover, identifying x; = x;#1, y; = y;#1 and K; = 1#K;, L, = 1#L;, by
(R5) we have that

~ - -1 - -1 - -1
Y(ziy; — Qijliji) = eifjw/- - qijlfjw/j ei = (eifj — qijlfhjfjei)w/
qi; / 1—1
[ewfj] 0i.;j q”71<wi_wi)wj
Qi 1 ~
=0 - 7 (wi’s T = 1) = (66K L = 1)),
(X3

for all 4,5 € I. Thus QZ induces a Hopf algebra epimorphism v : u (Drea, t) — Uq(g4)
such that ¢ oy = id = 1) o ¢, implying that ¢ is an isomorphism. O

Corollary 3.9. Assume g4 is simple and let Uy(ga) be the one-parameter quantum
group of Drinfeld—Jimbo type. Let a('Dq,ﬁ) be the pointed Hopf algebra associated
with the reduced YD datum of DJ-type Dy = (I‘ (L; )1<Z<97 (Ki)i<i<o, 4, (aij)1<i,j<6)
and £ with {; = 4 for alli € I, and denote M(Dq,é) (Dq,ﬁ)/(Ki—Li_l). Then

U,(g4) :L?(Dq,e).

Proof. By [27, Remark 9] we know that U, (ga) =~ Uq(ga)/(w,—w; ") for q;; = q%%4
for all i, € I. Moreover, by Theorem [3.8| we know that U, (gA) U(D ?) for D,
the reduced YD-datum of DJ-type described above, since g4 is connected and the
assumption on the g;;’s. The result follows since the isomorphism factors through
the quotients. O

Remark 3.10. With the assumptions above, we have that Uq(ga) = Uy -1(g4a),
the special case of the two-parameter quantum group; see [27 Remark 9] Then

Uq,q* (gA) — (qug)'

3.3. Multiparameter quantum groups as cocycle deformations. In this
subsection we apply Theorems and to multiparameter quantum groups.
In particular, we obtain another description of [27, Theorem 28]. From now on we
assume that 1 #£ q;; is a positive real number for alli € I and all I € X.

The existence of all positive roots for every ¢;; ensures that for each I € X and
for each ¢ € I there exists ¢; € C* such that ¢; = qi2 di Moreover, we may choose
in each connected component J € X a unique constant value ¢; =: ¢ for all i € J.

Let U (Dy, £) be the pointed Hopf algebra associated to the reduced YD-datum
of DJ-type given by Dy = D(T', (Li)1<i<o, (Ki)1<i<o, (¢.7)sex, (@ij)1<ij<0)-

Corollary 3.11. There exists a group 2-cocycle o € Z*(T',C) such that Zj(Dq, 0) ~
Uq(94)s. In particular, if g4 is simple and ¢;; = ¢*% for alli,j € I, we have that
Ugg-1(94) = Uqg(94)s-

Proof. By Theorem [3.8 we know that Uq(ga) ~ U(Dreq, l) with £; iy for all
i € I. Since the braldmg is positive and generic, Theorem [3.6| m 1mphes that U q(94)
is a cocycle deformation of a pointed Hopf algebra associated to a reduced YD-
datum of DJ-type. For, the proof of Theorem [3.6] gives a group 2-cocycle o such
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that U (Dg, 0) ~ u (Dred, £)s. Taking the corresponding 2-cocycle induced by the
isomorphism we have the assertion.

If ga is simple and ¢;; = q%%i for all 4,5 € I, by Remark we have that
Z/[(Dq,ﬁ) ~ Uq,q*1<gA)~ O

Remark 3.12. Assume g4 is simple. The result above was previously obtained in
[27], where a Hopf 2-cocycle o is defined in U, ,-1(ga). We show that this cocycle
comes from a group 2-cocycle on T.

First we fix the notation wy := Hielwi)‘i and W := [[;¢; WM for every A =
> icr Mia; € Q. Similarly, we shall also write

Quv ‘= H qijil’j V,UJ:ZM'O% V:ZVjO‘jeQ
ij€l iel jeI

Let 0 : Uy 4-1(g4) ® Uy 4-1(ga) — C be the unique C-linear form on Uq(ga)

such that

1

oz, y) = G fz=w,orz=w, y=w, ory=uw,,

) L .
0 otherwise.

Then by [27, Prop. 27 and Thm. 28], ¢ € Z%*(U,,-1(ga),C) and Uq(ga) =~
Uq,rr1 (94)o-

On the other hand, we know that U, ,-1(ga) is a quotient of a bosonization
T(V @ W)#CT' with T' = Z%%. As in Remark we have a I' x I' grading on
T(V @ W) induced by the coaction on the Yetter-Drinfeld module; for example,
w; has degree (w;,w;), e; has degree (w;, 1) and f; has degree (1,w; ') for all i € I.
Consider now the group 2-cocycle ¢ € Z%(T',C) given by ¢ = o|r«r, that is,

/
N7
and let ¢ be the 2-cocycle defined on T (V@ W)#CT'. Since the group is abelian and
ei-sfj = eifj foralli,j € I, we have that e;-5 f; — fj-ge; = [es, f;] and consequently
¢ defines a Hopf 2-cocycle on U, ,-1(ga). Since o(z,y) =0 = e(x)e(y) if x,y ¢ T,
it follows that o = ¢ and hence Uq(ga) = Uy 4-1(94)0-

w(h,k)::qél, ifh=wy,orh=w,, k=w,ork=uw,,
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