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THREE-DIMENSIONAL ALMOST CO-KAHLER MANIFOLDS
WITH HARMONIC REEB VECTOR FIELDS

WENJIE WANG AND XIMIN LIU

ABSTRACT. Let M3 be a three-dimensional almost co-Kahler manifold whose
Reeb vector field is harmonic. We obtain some local classification results of
M3 under some additional conditions related to the Ricci tensor.

1. INTRODUCTION

Let (M,g) be an m-dimensional Riemannian manifold and (7'M, gs) its unit
tangent sphere bundle furnished with the standard Sasakian metric gg. A unit
vector field V is a map V from (M, g) into (T'M, gs). V is said to be harmonic
if it is a critical point of the energy function defined on the set X'(M) of all unit
vector fields. The map V : (M, g) — (T'M, gs) defines a harmonic map if and
only if V' is harmonic and trace{Y — R(VyV,V)X} vanishes for any vector field
X on M, where R denotes the curvature tensor. V is said to be minimal if it is a
critical point of the volume functional defined on X'(M).

In this paper, we aim to investigate curvature properties of a three-dimensional
almost co-Kéhler manifold with harmonic Reeb vector field. Almost co-Kéhler
manifolds were first introduced by Blair [I] and studied by Goldberg and Yano
[7 and Olszak et al. [6l, [10]. Such manifolds are actually the almost cosymplectic
manifolds studied in the above literature. We adopt this new terminology since
the co-Kéhler manifolds are really odd dimensional analogues of Kéhler manifolds
(see [3L [8]). Recently, Perrone in [II] obtained a complete classification of three-
dimensional homogeneous almost co-Kéhler manifolds, and in particular gave also
a local characterization of such manifolds under a condition of local symmetry.
Applying this result, Y. Wang in [I5] [I6] and the first author of the present paper
n [I4] obtained some local classifications of three-dimensional almost co-Kéhler
manifolds. Note that Perrone in [I2] characterized the minimality of the Reeb
vector field of three-dimensional almost co-Kéhler manifolds.

In this paper, after giving some fundamental formulas of almost co-Kéahler man-
ifolds in Section 2, we present some necessary lemmas in Section 3. In Section 4, we
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investigate three-dimensional non-co-Kéhler almost co-Kéhler manifolds M3 with
harmonic Reeb vector fields. Generalizing Perrone’s results shown in [I1], [12], we
obtain some local classification theorems of M3 under some additional conditions
like cyclic-parallel Ricci tensor, n-Einstein condition, and strong n-parallel Ricci
tensor.

2. ALMOST CcO-KAHLER MANIFOLDS

If there exist a (1,1)-type tensor field ¢, a global vector field £, and a 1-form 7
on a (2n + 1)-dimensional smooth manifold M?"*1 such that

QSQ =—id +n ®§7 7’(5) =1, (21)

where id denotes the identity endomorphism, then the triplet (¢, &, n) is said to be
an almost contact structure and M?"+! is said to be an almost contact manifold,
denoted by (M?"*1 ¢,£,m). Moreover, ¢ is called the characteristic or the Reeb
vector field. From one obtains ¢(§) = 0, no ¢ = 0, and rank(¢) = 2n. We
define an almost complex structure J on the product manifold M?"*! x R by

7 (x.15) = (ox - rencn ). (22

where X denotes the vector field tangent to M?"*!, t is the coordinate of R and
f is a smooth function defined on the product. An almost contact structure is
said to be normal if the above almost complex structure J is integrable, i.e., J is
a complex structure. According to Blair [2], the normality of an almost contact
structure is expressed by [¢,¢] = —2dn ® &, where [¢p, ¢] denotes the Nijenhuis
tensor of ¢ defined by

[0, 0)(X.Y) = ¢?[X, Y] + [6X, 0] — 6[¢X, Y] — ¢[X, ¢Y]

for any vector fields X,Y on M?2n+!,
If on an almost contact manifold there exists a Riemannian metric g satisfying

9(0X, 9Y) = g(X,Y) = n(X)n(Y) (2.3)

for any vector fields X, Y, then ¢ is said to be compatible with respect to the al-
most contact structure. An almost contact manifold equipped with a compatible
Riemannian metric is said to be an almost contact metric manifold, denoted by
(M2 6,.€n, g). The fundamental 2-form ® on an almost contact metric mani-
fold M?"*! is defined by ®(X,Y) = g(X, ¢Y) for any vector fields X,Y.

In this paper, by an almost co-Kdhler manifold we mean an almost contact
metric manifold such that both the 1-form n and 2-form ® are closed (see [3]).
An almost co-Kéhler manifold is said to be a co-Kdhler manifold (see [8]) if the
associated almost contact structure is normal, which is also equivalent to V¢ = 0,
or equivalently, V® = 0. Note that the (almost) co-Kéhler manifolds in fact are
the (almost) cosymplectic manifolds studied in [T}, 2, [6] [7], [10].

On an almost co-Kihler manifold (M?2"+! ¢, & n,g), we set h = %qub and
W' = ho¢ (note that both h and A’ are symmetric operators with respect to the
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metric g). The following formulas can be found in Olszak [10] and Perrone [11]:

hé =0, ho+ ¢h =0, tr(h)=tr(h)=0, (2.4)
Vep=0, VE=R', divEé=0, (2.5)

Veh = —h*¢ — ¢, (2.6)

Pl — 1 = 2h?, (2.7)

where | := R(-,£)¢ is the Jacobi operator along the Reeb vector field, and tr
and div denote the trace and divergence operators with respect to the metric g,
respectively. The well-known Ricci tensor S is defined by

S(X,Y)=¢(QX,Y)=tr{Z —- R(Z,X)Y},

where ) denotes the associated Ricci operator with respect to the metric g.

3. THREE-DIMENSIONAL ALMOST CO-KAHLER MANIFOLDS WITH HARMONIC
REEB VECTOR FIELDS

In this paper, let (M3, ¢,£,1,g) be a three-dimensional almost co-Kéhler mani-
fold. According to the second term of relation (2.5) we obtain

(Leg)(X,Y) = 29(W X, Y).

Here we remark that a three-dimensional almost co-Kéhler manifold is co-Kéhler
if and only if the Reeb vector field ¢ is a Killing vector field, or equivalently, h = 0
(see also [7l Proposition 3]).

Note that the minimality and harmonicity of the Reeb vector field of a three-
dimensional almost co-Kéhler manifold were characterized by Perrone [11], 12] [13].

Lemma 3.1 ([I2, Theorems 3.1, 4.2]). On a three-dimensional almost co-Kdihler
manifold, the Reeb vector field is minimal if and only if it is harmonic, and this is
also equivalent to requiring that it is an eigenvector field of the Ricci operator.

Lemma 3.2 ([I1 Theorem 4.2]). On a three-dimensional almost co-Kdhler mani-
fold the Reeb vector field defines a harmonic map if and only if it is harmonic and
E(trh?) = 0 on every dense and open subset of the manifold.

Applying the above results, Perrone in [II, p. 53] points out some examples
of three-dimensional almost co-Kéhler manifolds for which £ defines a harmonic
map. For examples of three-dimensional almost co-Kéahler manifolds for which & is
minimal we refer the reader to [12].

A Lie group G is said to be unimodular if its left invariant Haar measure is also
right invariant. It is known that a Lie group G is unimodular if and only if the
endomorphism adx : g — g given by adx (Y) = [X, Y] has trace equal to zero for
any X € g, where g denotes the Lie algebra associated to G. In what follows, let G
be a three-dimensional unimodular Lie group with a left invariant metric g. From
Milnor [9], we know that there exists a left invariant local orthonormal frame field
{u1,uz2,us} satisfying

[ur,ug] = csuz, [ug,ug] = crur, [ug,u1] = caua, (3.1)

where ¢;, i € {1,2,3}, are all constants.
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We set € := wu; and define a 1-form n by n = g(§,-). We also define a (1,1)-
type tensor field ¢ by ¢us = us, ¢pus = —uq, and ¢§ = 0. One can check that
(¢,€,m,g) defines a left invariant almost contact metric structure on G. Perrone
[11, Proposition 2.1] proved that an almost contact metric three-manifold is an
almost co-Kéhler manifold if and only if V¢ is symmetric and divé = 0. By
we know that V¢ is symmetric if and only if ¢; = 0. Moreover, divé = 0 holds
already (see also Cho [4]). Thus, we state that there exists a left invariant almost
co-Kéhler structure on any three-dimensional Lie group G whose Lie algebra is
given by

[Ul,UQ] = C3Uus, [UQ, Ug} =0, [’LL3,U1] = cog, Vco,c3 €R. (32)

Using the Koszul formula from (3.2)) we obtain (see Perrone [I1], p. 54])

0 62363 us _62563 Us
(Vuug) = | 25%us 0 Ca—Caqy (3.3)
625(33 UQ c3—C2 Ul 0
for any 4,5 € {1,2,3}. It follows from (3.2)—(3.3) that
ey — c3)? c3 — c2 3 —c2
Q¢ = —%57 Qug = %Uzy Qug = = 5 2ug. (3.4)

On a three-dimensional unimodular Lie group there exists a left invariant non-
co-Kéhler almost co-Kéhler structure whose Reeb vector field is harmonic.

Let M3 be a three-dimensional almost co-Kihler manifold. Following Per-
rone [12], let U; be the open subset of M3 on which h # 0 and Us the open
subset defined by Us = {p € M? : h = 0 in a neighborhood of p}. Therefore,
Uy UlUs is an open and dense subset of M3. For any point p € U; U Uy, we find
a local orthonormal basis {&, ey, e2 = ¢e;} of three distinct unit eigenvector fields
of h in a certain neighborhood of p. On U; we assume that he; = Ae; and hence
hes = —Aeo, where ) is assumed to be a positive function. Note that ) is continuous
on M?3 and smooth on Uy UUs.

Lemma 3.3 ([I12, Lemma 2.1]). On U; we have
Veer = fea, Veea=—fer, Ve {=—-Xea, Ve, &= —Aey,

Ve e1 = %(62()\) + 0(61))62, Ve,€2 = %(61(/\) + 0(62))61,
Ve,e1 =X — %(el()\) + 0(62))62, Ve, 2 =X — %(62()\) + 0(61))61,

1
Veh = (Ag(/\) id +2f¢>> h,
where [ is a smooth function and o is the 1-form defined by o(-) = S(-,£).

Applying Lemma we obtain the Ricci operator Q given by (see [IZ, Propo-
sition 4.1])

Q=aid+fn®E&+¢Veh —o(¢°) @+ a(er)n®@er +o(ea)n®es,  (3.5)
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where o = 1(r +tr(h?)), 8 = —%(r +3tr(h?)), and r denotes the scalar curvature.
Moreover, using Lemma [3.3] we have the following Poisson brackets:

[6761] = (f + /\)62’ [627§] = (f - /\)61,

[e1,ea] = % (el(/\) + 0(62)>62 — % (62(/\) + 0'(61)) er. (3.6)

4. SOME LOCAL CLASSIFICATION RESULTS

If the Reeb vector field of a three-dimensional almost co-Kéhler manifold M3 is
harmonic (< minimal), then we write Q€ = S(&, )€ and hence o(e1) = o(ez) = 0.
It follows from (3.5) and Lemma that

Q¢ = —2X\%¢,
Qe = (%T—‘r)\Q —2X\fler + &(N)ea, (4.1)
Qea = (57 + 22 +2Xf)es + £(N)es

holds on U, where r denotes the scalar curvature. Moreover, on U;, by applying
Lemma again we obtain from (4.1)) the following nine relations:

(VeQ)§ = —4AXE(N)E. (4.2)

(VeQ)er = [€ (5 + A2 =20f) —2f¢N)] e1 +[€€N) = 4AfYer. (43)
(VeQ)er = [€ (5 + N2 +20f) +2/60)] e2 +[€€N) —aAfer. (44)
(Ve, Q) = —Aher (W& + A (Ner +A (5 +3X2 +20f ) ea. (4.5)

(Ve,Q)er = AN + [e1(§(N)) — 2fea(N)]ea

+ |e1 (g + A% - 2)\f) — @62()\)_ ey. (4.6)

(Ve Q)ez = A (5 +3X2 +2Af ) €+ [er (6V) — 2fer(Nen
y (4.7)
+ ( +)\2+2)\f) T)\) 2(\) | ea.
(Ve,Q)¢ = —4A62( )€+ AE(N)es + A (g FPSCHIPSY f) . (4.8)
(VesQ)er = A (5 4372 = 227 ) €+ [e2(6() + 2fer (W]ez
(4.9)
+{ Tz 2/\f) PN )] e1.
(Ve,Q)ez = A(A)E + [e2(£(N)) + 2fer(N)]ex
+ { LAy 2/\f) . g(AA)el(A)] es. (4.10)
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Applying (4.2)), (4.6) and (4.10) in the well-known formula div@ = % gradr we

see that the following relation holds on U :

L orad(r) = —22e(\)e

2
+ [el (5 +22 = 20F) + ex(6N) + 2fer (M) — g(f)ez(x)] e (411)
+ [62 (g A2 4 2/\f) +e1(E(N) —2fea(N) — g()i\)el()\)] es.

Lemma 4.1. On a three-dimensional non-co-Kdhler almost co-Kdhler manifold
whose Reeb vector field is harmonic, the scalar curvature is invariant along the

Reeb vector field if and only if £(A) = 0. If &(A) = 0, we have

Proof. On any three-dimensional non-co-Kéahler almost co-Kéhler manifold, U is
non-empty and A is assumed to be non-zero. Taking the inner product of
with £ we obtain that £(r) = 0 if and only £(A\) = 0. If £(\) = 0, using this in
we obtain

% grad(r) = [el (g P2 2>\f> + 2fe1(A)} el
+ [62 (g FAZ 4 2>\f) - 2feg(A)} es.

In view of X # 0, taking the inner product of the above relation with e; and e,
respectively, we complete the proof. O

Before giving our main results we need the following lemma (see also [3]).

Lemma 4.2 ([14, Corollary 4.1]). A three-dimensional co-Kdihler manifold with
constant scalar curvature is locally isometric to either the flat Euclidean space R3
or the Riemannian product R x N2(c), where N2(c) denotes a Kdihler surface of
constant curvature ¢ # 0.

Definition 4.1. An almost contact metric manifold is said to be n-Einstein if the
Ricci operator satisfies

Q=aid+pn®¢ (4.13)

for some functions «, (.

Obviously, an n-Einstein metric becomes an Einstein one if § vanishes. Recall
that on any three-dimensional Riemannian manifold the curvature tensor can be
written as

R(X,Y)Z =g(Y,Z)QX — g(X,Z)QY + S(Y, Z)X
4.14
~ S(X,2)Y — {g(Y, 2)X — g(X, 2)Y} .
for any vector fields X,Y, Z. Applying h = 0 in the second term of relation (2.5
we have Q¢ = 0. Using this and putting Y = Z = £ in (4.14]) we obtain the Ricci
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operator
O="id-Lyec (4.15)
=3 5 n . .

Thus, a three-dimensional co-Kahler manifold is always n-Einstein. Also, it follows

directly from (4.15) that
1 1
(VxQ)Y = ZX()Y — SX ()Y )e (416)
for any vector fields X,Y.

Theorem 4.1. Let M? be a three-dimensional non-co-Kdhler almost co-Kdihler
manifold whose Reeb vector field is harmonic. Then M?3 is n-Einstein if and only
if it is locally isometric to a unimodular Lie group E(1,1) of rigid motions of the
Minkowski 2-space equipped with a left invariant almost co-Kdhler structure.

Proof. Let M3 be an n-Einstein non-co-Kéhler almost co-Kéhler manifold of dimen-
sion three. Since U is non-empty, replacing X by e; and es in QX = aX + n(X)E
respectively and comparing these with the last two terms of relation (4.1 we have

§N) =f=0,

where we have used A # 0. In view of £(A\) = 0, applying Lemma we have that
A is a positive constant. In this case, (3.6) becomes

[§,e1] = Aea, [e2,§] = —Ae1, [e1,e2] =0.

According to Milnor [9] or Perrone [I1}[12], we state that M3 is locally isometric
to the unimodular Lie group F(1,1) of rigid motions of the Minkowski 2-space
equipped with a left invariant almost co-Kéhler structure.

Conversely, from relations ([3.4) and we observe that the non-co-Kéahler
almost co-Kéhler structure defined on the Lie group E(1, 1) is n-Einstein provided
c3 = —cg # 0. This completes the proof. O

Definition 4.2. The Ricci tensor of a Riemannian manifold is said to be cyclic-
parallel if it satisfies

9(VxQ)Y, Z2) + 9((VyQ)Z, X) + g((VzQ)X,Y) =0 (4.17)
for any vector fields X,Y, Z.

A Riemannian metric satisfying (4.17) can be called an Einstein-like metric since
an Einstein metric satisfies (4.17)), but the converse is not necessarily true.

Theorem 4.2. Let M? be a three-dimensional non-co-Kdihler almost co-Kdihler
manifold whose Reeb vector field is harmonic. Then, the Ricci tensor of M3 is
cyclic-parallel if and only if it is locally isometric to either the universal covering
E(2) of the group of rigid motions of the Euclidean 2-space or the Heisenberg group
H? or the group E(1,1) of rigid motions of the Minkowski 2-space equipped with a
left invariant almost co-Kdhler structure.
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Proof. We assume that M?3 is non-co-Kihler with cyclic-parallel Ricci tensor. From
and g((VeQ)&,€&) = 0 we have £(A) = 0. Moreover, in view of A # 0, from
9(Ve,Q)€,6) +29((VeQ)E, ei) =0 fori = 1,2, and we observe that A is
a non-zero constant. Thus, from g((VeQ)er,e1) +29((Ve,Q)e1,§) = 0, (4.3) and
we see that £(f) = 0. Taking into account Lemma we know that f is also
a constant. In this case, becomes

[§,e1] = (f +Ne2, [e2,&] = (f —Ne1, [e1,e2] =0.

According to Milnor [9] or Perrone [I1], [12], we state that M? is locally isometric
to the universal covering E(Q) of the group of rigid motions of the Euclidean 2-
space if f > A\, f > 0or f < =\, f < 0; the Heisenberg group H? if f = X or
f = =\; the group E(1,1) of rigid motions of the Minkowski 2-space if 0 < f < A
or —A < f<0.

Conversely, on non-co-Kéhler almost co-Kéhler structures defined on the above
three Lie groups, from Perrone [I1], p. 55| we have and . By using these
relations, one can check easily that is true. This completes the proof. O

Definition 4.3. The Ricci tensor of an almost contact metric manifold is said to
be strong n-parallel if it satisfies

9((VxQ)Y,2) =0 (4.18)
for any vector field X and any vector fields Y, Z orthogonal to the Reeb vector
field &.

Obviously, the strong n-parallelism of the Ricci tensor on an almost contact
metric manifold is weaker than usual parallelism (VQ = 0) but stronger than
usual n-parallelism (that is, (4.18]) holds for any X,Y, Z orthogonal to &).

Lemma 4.3. Let M3 be a three-dimensional non-co-Kdihler almost co-Kdhler man-
ifold whose Reeb vector field is harmonic. If the Ricci tensor of M3 is strong n-
parallel, then the scalar curvature r is invariant along the distribution {£}+ and
we have

E(EN) = 4Af>. (4.19)

Proof. We assume that M3 is non-co-Kéhler. Thus, U/, is non-empty and Lemma
is applicable. The Ricci tensor of M? is strong n-parallel if and only if

g((VEQ)eiaek) :07 g((vei,Q)eJﬁek) :07 ivjak: 172
Using relations (4.3))—(4.10]) in the above relation and (4.11]), we obtain

grad(r) = —4X¢(N)E. (4.20)
It follows from (4.20) that eq(r) = ea(r) = 0. Moreover, from g((VeQ)er,e2) =0
and (4.3) we obtain (4.19). This completes the proof. O

Theorem 4.3. Let M3 be a three-dimensional almost co-Kdhler manifold whose
Reeb vector field defines a harmonic map. Then the Ricci tensor of M3 is strong
n-parallel if and only if one of the following statements occurs.
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(1) M3 is co-Kdihler and in this case it is locally isometric to either the flat
Euclidean space R? or the product Rx N2(c), where N?(c) denotes a Kdihler
surface of constant curvature ¢ # 0.

(2) M3 is non-co-Kdihler and in this case it is locally isometric to a unimodular
Lie group E(1,1) of rigid motions of the Minkowski 2-space equipped with
a left invariant almost co-Kdhler structure.

Proof. We first consider the co-Kéhler case. On any three-dimensional co-Kéhler
manifold, using h = 0 and Q¢ = 0 (deduced from the second term of ) in
relation (4.14) we obtain (4.16)). If the Ricci tensor of M? is strong n-parallel,
it follows from (4.16) that the scalar curvature r is a constant. Then, the proof
follows from Lemma

Next let M3 be a non-co-Kéhler almost co-Kéhler 3-manifold. As ¢ defines a
harmonic map, we obtain from Lemma that £&(A) = 0. Therefore, using this
in we obtain f = 0, where we have used the fact A # 0. In this context,
applying Lemma we see that A is a non-zero constant. Now, becomes

[57 61} = )\62’ [8275] = _)‘617 [617 62] =0.

Therefore, M3 is locally isometric to the unimodular Lie group E(1,1) of rigid
motions of the Minkowski 2-space equipped with a left invariant almost co-Kéhler
structure. Conversely, the proof follows from (3.4) and (3.3). O

Remark 4.1. On any three-dimensional co-Kéhler manifold the Ricci tensor is
parallel if and only if it is strong n-parallel. But there exists a strictly strong
n-parallel Ricci tensor on a non-co-Kéhler almost co-Kéhler 3-manifold.

5. ALMOST CO-KAHLER STRUCTURES ON NON-UNIMODULAR LIE GROUPS

From now on we show that the Ricci tensor of a left invariant almost co-Kéhler
structure defined on a three-dimensional non-unimodular Lie group is cyclic-parallel
but non-n-parallel, non-n-Einstein. In what follows, let G be a three-dimensional
non-unimodular Lie group (see [9]) with a left invariant metric g whose Lie algebra
is given by

[e1,ea] = aea, [ea,e3] =0, [e1,es] = Pea, (5.1)
where {e1, ea,e3} is an orthonomal basis with respect to g and a # 0, § € R.

Now we set £ := e3 and define a 1-form n by nn = g(&,-). We define a (1, 1)-type
tensor field ¢ by ¢& = 0, pe; = es and ¢eg = —eq. One can check that (G, ¢, &, 1, g)
defines a three-dimensional left invariant non-co-Kéhler almost co-Ké&hler manifold
when § # 0 or a three-dimensional co-Kéhler manifold when 8 vanishes (for more

details see Perrone [IT, Example 4.2]). Moreover, by using the Koszul formula and
(5.1) we have

0 —B¢ Lo,
(Vees) = | —aea—5¢ ae; Lo (5.2)
—geg gel 0
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for any 4,5 € {1,2,3}. Using (5.2)), the Ricci operator of G is given by

62
Q§ = _76 — afes,
- P (5.3)
Qe = — <a2 + 2) e1, Qex = (—a2 + 2) e2 — afg.

Remark 5.1. From (j5.3]) we see that the non-co-Kéhler almost co-Kéhler structure
defined on the non-unimodular Lie group G can not be n-Einstein and the Reeb
vector field £ is not harmonic.

Using (5.2)) and (5.3) we obtain

(VeQler = 56%: — zaf’e, (54)
(Ve Q) = 50— B)es + e, (55
(VerQ)er = 5 (0? — 9206 — e (5.0

Remark 5.2. From relation (5.6)), we observe that the Ricci tensor of the non-co-
Kéhler almost co-Kéhler structure defined on the non-unimodular Lie group G is
not n-parallel.

Using and we obtain
1 1 1
(VeQ)€ = —50452617 (VeQ)ea = §ﬁ3€1, (Ve, Q)€ = —§CY2,3€1,
1 1 1
(V€1Q)61 = 07 (ve2Q)el = _5(12566- + 50[5262, (veQQ)€2 = 5045261-

Remark 5.3. From relations (5.4)—(5.6) and (5.7)), we observe that the Ricci tensor
of the non-co-Kéahler almost co-Kéahler structure defined on the non-unimodular Lie
group G is cyclic-parallel.

(5.7)
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