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INTERIOR LP-ESTIMATES AND LOCAL A,-WEIGHTS

ISOLDA CARDOSO, PABLO VIOLA, AND BEATRIZ VIVIANI

ABSTRACT. Let €2 be a nonempty open proper and connected subset of R",
n > 3. Consider the elliptic Schrédinger type operator Lpu = Agu + Vu =
—%i;aij(*)ua;z; + Vuin ©, and the linear parabolic operator Lpu = Apu +
Vu = ut — Baij(z, t)uz;z; + Vu in Qp = Q x (0,T), where the coefficients
a;; € VMO and the potential V satisfies a reverse Hélder condition. The aim
of this paper is to obtain a priori estimates for the operators Lg and Lp in
weighted Sobolev spaces involving the distance to the boundary and weights
in a local Ap class.

1. INTRODUCTION

In this paper interior LP estimates are obtained for elliptic and parabolic differ-
ential operators in weighted Sobolev spaces involving the distance to the boundary,
d(z), and weights in a local A, class defined in a non necessarily bounded domain,
generalizing previous results in the context of Schrodinger type operators. This ap-
proach allows us, in particular, to consider the data function f satisfying Lgu = f
or Lpu = f, as f(z) = 0%(z) with @ < 0 when approaching the boundary of 2 or
Qr, since w(z) = 6°(x), B € R, belonging to A, 0. (see (I.2)). We expect that
some existence and uniqueness results can be derived from such a priori estimates
(see for example [2]).

Let Q be a nonempty open proper and connected subset of R*, n > 3. We
are going to consider the following two operators: the elliptic Schrodinger type
operator

Lpu=Agu+Vu=— Zaij(x)uwﬂj +Vu
ij
in 2, and the linear parabolic operator

Lpu=Apu+Vu=m1u; — Zaij(m’7t)umj +Vu
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74 I. CARDOSO, P. VIOLA, AND B. VIVIANI

in Qp =Q x (0,7), with T"> 0, under the following assumptions:
(1) a;; = a;i, and

ZIEP < S a6 < Clel?
ij

for a.e. z € Q or x = (2, t) € Qr, respectively;
(2) a;; € L™ N VMO(R™), where VMO(R™) is the space of functions of van-
ishing mean oscillation defined as

VMO(R™) = {g € BMO(R") : 5(r) = 0,r — 07},

where
1
T) = sup su — dy |.
77( ) p<I7)‘w€RP" <B ( )| B (w) } (y) ng{ y)
Here g, = |B,(z)| ™! [5 () 9(y) dy. The parabolic VMO(R"*1) is defined

in the same way, except that the supremum is taken over parabolic balls
(see section [2.1.1));

(3) The potential V' > 0 satisfies a reverse Holder condition of order ¢, ¢ > n/2,
V € RH,, which means that

1 / 1/q 1
— Vidx de 1.1
(B ),V"e) " < 1)

for any ball B in R™.

Sometimes we will use A for either the operators Ag or Ap, and A for either
the subset ) or Q7.

When the coefficients a;; are at least uniformly continuous, existence and unique-
ness results together with a-priori W2? estimates are well known (see e.g. [7]). The
theory for operators with discontinuous coefficients, in the sense of VMO, goes back
to the "90s with the works of Chiarenza, Frasca and Longo in [4] and [5] for elliptic
operators and Bramanti and Cerutti in [3] for the parabolic case. Since then, many
authors have considered this problem in different situations and contexts. The
Schrodinger operator when A is the Laplacian and the potential V satisfies the
reverse Holder condition (3), was studied by Shen in [I5] and related results when
V(z) = |z| (Hermite operator) have been proved by Thangavelu in [16]. For the
elliptic type Schrédinger operator under consideration, a global W?2P(R™) estimate
and the existence and uniqueness results deduced from them were obtained in [2].
We are interested in obtaining a priori interior estimates in weighted Sobolev spaces
for the operator L, where L is either the elliptic Schrédinger type operator Lg or
the parabolic operator Lp, defined in a non necessarily bounded domain. We follow
the strategy adopted in [2]. First we get a weighted version of the a priori esti-
mates obtained in [4] and in [3] for the principal operator Ag and Ap respectively.
Thanks to these estimates the problem is reduced to proving a weighted LP bound
of Vu in terms on Lu. Then, we give a representation formula for Vu by means
of the fundamental solution of a constant coefficient operator of the type Ag + V,
for which a global estimate was proved by Dziubanski in [6] for Lg and by Kurata
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INTERIOR LP-ESTIMATES AND LOCAL A,-WEIGHTS 75

in [I1] for Lp. These representation formulas involve suitable integral operators
with positive kernel, applied to Lu, and their positive commutators, applied to the
second order derivatives of w.

In order to prove that these operators are bounded on weighted L?, we use local
maximal functions, M. f (see section , defined in a proper open set imbedded
in a metric space. This maximal operator and the classes of weight involved Ap 1o¢
(see below) were first studied by Nowak and Stempak in [I2] when Q = (0, 00)
and by Lin and Stempak in [9] for Q@ = R™\ {0}. In a general setting, that is in
metric spaces, this maximal operator and the corresponding classes of weights were
considered by Harboure, Salinas and Viviani in [8] and by Lin, Stempak and Wan
in [10].

We consider the local weights class A, 1oc defined as follows: let (X,d) be a
metric space and let A be a nonempty open proper subset of X; for 0 < g < 1,
define the family of balls

fg = {B = B(IB,T’B) IR E A7 rp < ,Bd(.’L‘B,AC)},

where d(zp,A®) denotes the distance from the center xp of the ball B to the
complementary set of A. Given a Borel measure p defined on A, for 1 < p < oo,
define

1 1/p ’ 1/17/
we A?, (A) iff  sup —— / wd / w PP g < 00. 1.2
p,loc( ) BE.;-)/; ,LL(B) ( 5 :U/) ( 5 M) ( )

We remark that the classes Ag loc(A) are independent of 3, as was shown in [§]. In
view of this fact, we shall refer to these weights as A, 1oc(A). We also consider the

following weighted Sobolev spaces, defined in R™ and R"*!, respectively:

W2E() = {u € L) s fullyzoa = D 167D 7ull g0 < 0.

[v[<2
and
Wik (Qr) =
{u€ Loe@) : ullwzp py = 2 167 D2l g r) + 16 Detl g o) < 0.

[v[<2

where 0(x) = min{l,d(z,A%)}, with either A = Q or Qp, and d denotes the
corresponding distance.
We will prove the following results.

Theorem 1.1. Let Q be a nonempty, proper, open and connected subset of R™.
Letp e (1,q] and w € Ap100(Q). Ifu € WgS(Q) is a solution of

Lu=Au+Vu= —Zaijumajj +Vu=f 1inQQ,
0,J
under the assumptions (1), (2) and (3), then
”uHWE’S(Q) + 16°Vull Lz ) < CII8* Fllzz, @) + llull 2, @),
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where 6(z) = min{1,d(z,Q%)}, 2 € R™.
The parabolic version of this theorem goes as follows:

Theorem 1.2. Let 2 be a nonempty, proper, open and connected subset of R™. For
T > 0 define Qr = Q X (O,T). Letp € (1,q] and w € Ap1oc(Qr). Ifu € W;ﬁ(QT)
s a solution of
Lu=Au+Vu=us — Zaijul.wj +Vu=f inQr,
,J
under the assumptions (1), (2) and (8), then
”uHW;ﬁ(QT) + 102Vl 1r, or) < C[lI6% f]

w

rror) * lullie @)

where §(z',t) = min{1,d((z’,t), %)}

We note that, as it is easy to check, w(z) = §*(z) belongs to Apioc for any
exponent a € R. Therefore the data function f appearing on the right hand side of
Theorem and Theorem could increase polynomially when approaching the
boundary of 2 or Q7 and still we might have some control over the derivatives of
the solution up to order 2.

The paper is organized as follows: in Section [2] we put together the preliminary
definitions and results, and prove some useful lemmas; in Section [3] we prove some
results that will build the proof of the Main Theorem for the operator Lg, and in
Section [l we show similar results for the operator Lp. Finally, in Section [5] we end
up proving the main results stated above: Theorems and

2. PRELIMINARIES
2.1. Definition and notations.

2.1.1. The parabolic setting. The parabolic setting we are considering consists of
R™*! endowed with the parabolic metric

d(e.y) = (J' —y'P + |t = s))2,

where we write z = (2/,t), y = (v/,s) € R*" with 2/,y’ € R" and t,s € R*. We
denote the parabolic balls as usual,

B(w,r) ={y e R""' 1 d(z,y) <1},
and their Lebesgue measure by |B(z,r)| = ¢, 7" 2.
2.1.2. The local maximal operator. In this subsection we will denote by X a metric
space satisfying the weak homogeneity property, that is, there exists a fixed number
N such that for any ball B(x,r) there are no more than N points in the ball whose
distance from each other is greater than r/2. Also A will mean any open proper
and nonempty subset of X such that all balls contained in A are connected sets
and p will be a Borel measure defined on A which satisfies a doubling condition on
Fg, that is, there is some constant Cg such that for any ball B € F3

u(B) < Cpu(3B)
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with 0 < p(B) < oo for any ball B € F =1 Fa-
We shall use the following local maximal operator associated to Fg: given 0 <
8 < 1 and p as above,

1
My pf(x) = L @/Blﬂdu (2.1)

for any f € Li (A, du) and € A. When p is the Lebesgue measure we denote
’ 1
Mg f by Mpiocf and My 1oc = (Mg oc(|f*)()) "

The boundedness property for M,, gf is contained in the next theorem:

Theorem 2.1 ([8, Theorem 1.1]). Let X and A be as above. Let 0 < 8 <1 and p
be a Borel measure satisfying the doubling property on Fg. Then, for 1 < p < oo,

M, gf is bounded on LE (A, wdp) if and only if w € AP (A).

p,loc

2.1.3. The properties of the potential V. The potential V satisfies assumption (3)
and, as it is remarked in [2], the condition V' € RH, implies that for some € > 0 we
have also that V' € RH, ., where the RH . constant of V is controlled in terms of
the RH, constant of V. They also remark the useful fact that the measure V(y) dy
is doubling.

Associated to the function V' € RH, there is a function p(x), called critical
radius, defined by Shen in [I5]:

’I”2

|B($7T)‘ B(z,r)

which, under our assumptions on V|, is finite almost everywhere. We note that by
definition of p we have that

p(x) = sup {r >0: Vy)dy < 1}, (2.2)

=3
—— Viy)dy < 1. (2.3)
P(T)" 2 J B p(x))
Shen also proved that the following inequalities hold:
|z —y[\ 7 |z —y| |z — y[\ ko
o1+ <1+ <co(1+ 7 2.4
( p(y) ) p(x) ( P(y) ) @4)
for some ky € N and any z,y € R", and
1 R\ % 1
S vwase(E) [ v, (25)
" B(x,r) r Rrr B(z,R)

forany 0 <7 < R < 0.

2.1.4. Bounds for the fundamental solutions of the constant coefficient operators
Lg. Let us now consider the operator A, which denotes either A or Ap. For fixed
zo € A, where A denotes Q or Qp, respectively, freeze the coefficients a;;(xo) and
denote by L( the operator L with these constant coefficients.

Dziubanski in [6] proved that the elliptic operator Ly has a fundamental solution
I'(xo; x,y) which satisfies that for any k € N there exists a constant ¢, (independent
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78 I. CARDOSO, P. VIOLA, AND B. VIVIANI

of xp) such that
1 1

C )
(1+ lzouhyF o~y

for any z,y € R, x # y. Here p is the critical radius associated to V defined
in (2.2). We remark that the kernel

[(zo;2,y) < (2.6)

1 1
Wz, y) =V(y) — —
(1+ ‘,,gﬁi') lz —yl

satisfles Hormander’s condition of order g, briefly condition Hi(q), in the first
variable (see [2, Proposition 12]). This means that there exists a constant C' > 0
such that for any r > 0 and any z,29 € R™ with |z — z¢| < r, the following
inequality holds:

oo 1

. L 7
§:j|B(:v0,2Jr)|q’(/ W(2,y) = Wzop)l*dy) " <C. (27)
= 297<|zo—y|<2it1r

Also, observe that from inequalities we can replace p(y) with p(x) in the
kernel W, possibly changing the integer k.

For the parabolic operator Lg, Kurata showed in [IT, Corollary 1] that it has
a fundamental solution I'(xg;x,y) which satisfies that for each k € N there exist
constants ¢ and ¢g (independent of xg) such that

I'( ) < 1 1 el =
To;X,Y) = Ck 4 % toel
d(z,y) t—s ”/2
(1+ Lo It — s

where d is the parabolic distance given in section Thus,
1 1

(1 + LepyF d(z,y)"

D(zos@,y) < ek (2.8)

The parabolic kernel, appearing on the right hand side of (2.8]), also satisfies con-
dition H;(q), as we prove in the next subsection.

2.2. Previous lemmas.

Lemma 2.2. The kernel
1 1
W(z,y) =V(y)

2k
(1 Sy

satisfies condition Hy(q) for k large enough, that is, there exists a constant C > 0
such that for every r > 0, x,x9 € R" ™ with d(x,z0) <,

> . nt2
> @) (/ W (z,y) —W(wmy)lqdy) <cC.
=1 2ir<d(zo,y)<2itip

Q=
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Proof. We follow the proof of Proposition 12 in [2]. As usual, we may assume
q > 5. Let x,29,y € Qr be such that d(z,z9) < r and d(y,zo) > 2r, so that in
particular d(xg,y) ~ d(z,y).

The first step is to compute

1 1 1
(1+ eowy*ld(z,y)"  d(wo,y)"
1 1 1
+ - = A+ B.
d(x,y)" d(z,y) |k d(z0,y) k)
(@) (1 - p(y) ) (1 + p(;’) )
We note that by the mean value theorem
1 1 d(z, xg)
- <C .
‘d(xv y)n d(l‘o, y)n N d(l‘o, y)n—i-l
Also,
‘ 1 1 k d(x, o)
dy)\k d(zo.y) |k / d(zo.y) | k+1
<1 + p(y") ) (1 + p(z/) ) Py) (1 + p(;’) )
_ d(x, zp)
1 I
< Cd(zo,y) PG
( + p(y") )

which we obtain from applying again the mean value theorem.
Thus, by using the fact that d(zo,y) ~ d(z,y), we obtain that A and B are
bounded by

1 d(x,xo)
CV(y')
d(zo, k n+1"
(1+ g( 3)) d(zo,y)

The second step is to consider the balls B; = B(xg,2'r), the annuli C; = {y :
2j7’ < d(y,x0) < 277} = Bj;1\B; and the rectangles Bj x I}, where B} = {y €
Y — x| < 237’} and I; = {s e R: s —to| < (277)%}. Thus C; C BJ+1 X Ijy1.
In view of ( replacmg p(y') with p(z’) (possibly with a change of the inte-
ger k), we have that

: 1 )i
q q
</c_,»A ) s 2k @) / Vi)

p(a’)
1 r ( d Vi(y')d ,)%
<C . , / s y)dy
(1+ Lf)k @)\ Uy,
p(z’)
1 . n+2 1 1
<C : (2%hr) " Vq(y’)dy’ !
(1+ 2)" @)+ <| BinlJe, )
1 coontz 1
(27r) " V(y')dy',

.
(1+ 22" (@) @) I,

where in the last inequality we used the reverse Holder condition on the potential V.
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The third step is to add up and split, as follows:

o~ g 2 i
]Zzgj(?j?“)q (/C Aqdy)

J

> ) 1 r 1
<Y i@ S n/ Vi) dy
j=0 (1+ pZ(QcT’)) (2r)t (2r) G4
<C > ()+C > () =A+AnL
§:2ir<p(z’) J:2ir>p(a’)
Therefore,
i\ n+2 r 1 / /
ArsC Z (QJT) (27 )ntl (25 +1y)n /, V) dy
ji2ir<p(z’ 41
<c ¥ (2jr)”+2 L (Ae)yE_d / V() dy
ren(a) (2ir)n T\ 20 ) p(@')™ S g p(ar)

because of equation (2.5). Finally, by definition of p (see (2.2)) and since ¢ > % we
conclude that Aj is finite:

Jj (pla)yi? j
e ¥ o5(57) <0 ¥ oy

3:12ir<p(zx’) 3:2ir<p(z’)

Similarly, by using the doubling property of the measure V(y') dy’, equation ({2.5))
and the definition of p, we have that

A <C Z 2J (2] )2 (p(¢’))k 41 V) dy

27y 29 J g
7:29r>p(x ( ) Bj+1

S O (B v
- j;zjg(z/) 2J( " (QJT) (27r)™ (p(x’)) B(z’,p(z")) W)y
J (o)
=¢ Z 27< 2y ) ’

3:29r>p(x’)

which is finite for k large enough, and the proof of the lemma follows. O

Lemma 2.3. Let (X,d) be a metric space with the weak homogeneity property
(hence separable) and let A be a nonempty open proper subset of X. Let 0 <rp <
B/10. Then, there exist two families of balls, denoted by G, G, such that

Wro = grg U g~1’0 = {Bv}
is a covering of A by balls of Fg with the following properties:
(1) If B= B(xp,sB) € Gry, then 10B € Fz, d(xp,A°) <1 and irod(zp, AY)
< sp < rod(zp, A9).
(2) If B € G,,, then B = B(zp,70), 10B € F5 and d(zp,A%) > 1.
(3) If B,B' € W,, and BN B’ # 0, then B C 5B’ and B’ C 5B.
(4) There exists M > 0 such that ZBGWTO xp(z) < M.
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Proof. Let 1o < /10 and define
Ap={zecA:27% <d(z,A) < 27FF1}
for k£ > 0, and
Ao={zeA:1<d(z,A))}.
We have that A = Ufio Ag. For each k > 0 let us choose a maximal family
of points {w;x}3°; in Ay such that d(wik,zi;) > ro27%. For each k > 0 let us

consider the family of balls { B(w;,7027%)}. This family clearly satisfies that Aj, C
U2, Bz, 7027%), and

A= [j [j B(xlk, 7’027]6).

k=0i=1

Let us consider for each k > 1 a ball B, = B(x,rp,,) such that B, = ro2~F.

We can easily see that {B;;} is a covering of A\ Ag such that 10B;;, € F and
1

irod(xik,AC) < TR,y < Tod(xik, AC).

For k = 0 let us consider the family {B;0} = {B(zi0,70)};2;. We have that
B;o € Fg and 10B;9 € Fg. If By, N Bj; # 0, with k,1 > 0, then

le C 5Bj.

Indeed, if z € By, N By, then

27k < d(zg, AC) < d(a:jl,Ac) +d(zji, 2) + d(z, zi) < 27 4 p27 4 g2k,
from where 27F+ < ff—:g < 3, and by symmetry, also 27/t% < 3, which leads us to
|k —1] < 1. The worst possible situation is k = [+ 1. Let us consider y € Bj;, then

d(y, zix) < d(y,xzj) + d(xji, 2) + d(z, z) < o2 + 127t + rak = 57

Thus, from the above computations, we can conclude that property 3 holds and
xj; is in the same band Ay or in a neighbour band A;. Hence, the sets {z;; € A; :
B;xNBj; # 0}, with |k —j| < 1, have at most finite cardinal which does not depend
on B;i. Then, there exists M, independent of rg and 3, such that

ZZXBik(x)SM' 0

k=0 i=1
Let us state the following lemma, which is often used in the paper without
mentioning it.
Lemma 2.4. Let (X,d) be a metric space and let A be a nonempty open proper

subset of X. Let 0 < <1 and o > 1. Given By = B(zg,1¢) such that aBy € Fp
and any r € By we have that ro < %d(x, A®) and B(x, (a — B)ro) € Fs.

Proof. Since aBy € F3, we have that

B

1o < Ba(a0, 80 < B (o o) + A% < Ly 1 2

—To + *d(x, Ac)v
« «
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therefore (1 ’8)1"0 < gd(I,AC), and finally

(o — B)ro < Bd(z, A°). O

We also need the following version of the Fefferman-Stein inequality on spaces
of homogeneous type.

Lemma 2.5 (See [13]). Let (X,d,u) be a space of homogeneous type regular in
measure, such that pn(X) < co. Let f be a positive function in L™ with bounded
support and w € As. Then, for every p, 1 < p < oo, there exists a positive
constant C' = C([w]a,,) such that if || Mx f||1rw) < 400, then

||fo||72p(w) < C||M§<f||ip(w),

where

1
Mx f(x)= sup —————~
xJ(@) seper(x) H(P N X])

Ere) —  sup b _ b
Mif)= s oot [ )~ Sroxldnt) + oy [ 0 )

[ 1wl
PNX

with
F(B)={B(zp,rp) :2p € X, rg > 0}.

3. PREVIOUS RESULTS FOR THE PROOF OF THEOREM [ 1]

In order to prove Theorem we will need the following results.

Theorem 3.1 (See [4] and [I3]). Under assumptions (1) and (2), for any p €
(1,00) and w € Ap1oc(2), there exist C' and ro > 0 such that for any ball By =
B(zo,70) in Q with 10By € Fg and any u € WOQ’p(BO) the following inequality
holds:

ID%ullr, 8oy < CllAullzr, (),

where D? denotes the derivatives with respect to the second variable.

Proof. We follow the proof of Lemma 4.1 in [4], which makes use of expansion
into spherical harmonics on the unit sphere in R™. After that, all is reduced to
obtaining LP-boundedness of a Calderén-Zygmund operator T and its commutator
on a ball B contained in € (see Theorems 2.10, 2.11 and the representation formula
(3.1) in the paper cited above). We can look at the operator 7" and its commutator
[T, b] acting on functions defined over the space of homogeneous type B equipped
with the Euclidean metric and the restriction of the Lebesgue measure. Also, it is
easy to check that the weight wxp is in A,(B), provided w belongs to Ay 16c(£2),
since B has been chosen such that 108 € F3. By the weighted theory of singular
integrals and commutators on spaces of homogeneous type (see for instance [13])
applied to our operator, the result follows. O
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Theorem 3.2 (See [8, Proposition 4.1]). Let 1 < p < 0o and w € A 10c(€2). For
any function u € W;;f(ﬂ), and any j, 1 < j < k—1, and v such that |y| = j, we
have

167 D]l g, () < Cle ™ [|ull L, o) + €77 (16° D ull 1z, (),
for any 0 < € < 1 and C independent of v and ¢, with §(z) = min{1, d(z, Q)}.

The main theorem of this section is the following.

Theorem 3.3. Let a;; € VMO, fori,j=1,...,n, V€ RH, with1 <p<gq, and
w e Aq;lp loe- Then there exist positive constants C' and o such that for any ball
qg—p*’

By = B(zp,70) tn Q with 10By € Fg and any u € C§°(By), we have that

w

IVullLg, o) < CllLull Lz, (50)-

Proof. For zy € Q pick a ball By := B(z,79) with 79 to be chosen later. We follow
the argument from [2]: let 2y € By and fix the coefficients of A at z(, namely
a;j(x0), to obtain the operator

n
Lou = — Z i (T0)Ug,e; + Vu = Aou + Vu.

ij=1

Rewrite the operator Lg in divergence form:

L()'LL = —( Z aij(xo)umi> + Vu.

ij=1 T

From Proposition 4.9 of [6] we know that the operator Ly has a fundamental
solution I'(zg;x,y) which satisfies that for every positive integer k there exists
a constant C}, independent of x(, such that

1 1
T(zo;2,y) < Ck
W a—u\F [z — g2
(1+12:4) |z —y|

(3.1)

where p(z) is the critical radius (recall section [2.1)).
Thus, for any u € C§°(By), © € By,

u(w) = [ Taoiir)Louty) dy
= /F(xo;x,y)LU(y) dy+/F(wo;x7y)[Aou(y) — Au(y)] dy.

Now if we let zy = x, we obtain

u(x) = /F(:c;fv,y)LU(y) dy+ Y /F(x;x,y)[aij(y) — aij(2)|ua,a; (y) dy. (3.2)

7,j=1
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Then the following pointwise bound holds for all £k € N, z € By:

V(@)u(z)| < CkV () / L 1

By (14 ZuhyF o —yn=?

(L) |+Z|a” — 155(@) [z, ()] )y (3.3)

,j=1
Next let us rewrite (3.3 as
[V (@)u(z)] < CpSy(|Lul)(x Z Sk,as; ([taa; ) (2), (3-4)
7,7=1

where S, and S}, , are the integral operators defined as

1 1
Sufla) = Vi) | T 0 (35)
and
1 1
Staf(@) = Vi) | e CURLCTUL

with @ € L N VMO(R"), k € N.
We will prove in Theorem below that for all p € (1, ¢] and k large enough,

ISk fllze (Bo) < CllfllLr (Bo)- (3.7)

Also, we will prove in Theorem [3.5] below that for each € > 0 there exists o > 0
depending on the VMO-modulus of the function a such that

||Sk af||L” (Bo) < EHfHLfU(Bo)- (3.8)
Then, by (3-4), (3-7), (3-8) and Theorem we have that for any u € C§°(By)

with r¢ small enough,
IVullLe soy < CllLullpz (o) + €llta,a, |22 (By) < CllLullLs B,y + CellAull Lz, By
< (CH+ Ce)|Lull1r (By) + CellVull e (y)s
and Theorem [B.3] follows. O

3.1. Statement and proof of Theorems [3.4] and Following the proof
in [2], let us also consider the operators deﬁned in Q

\%
sisw= [ +Efj)gl)k|x_1|n )y, vef  and

Staf@ = [ : 45 L () - a@)|f) dy.

|lz—y| k x —y|n 2
14 12l lz -yl

for each positive integer k and a € VMO. These operators are the adjoint of the
integral operator Sy and Sk 4, given in (3.5) and (3.6]) respectively.
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Theorem 3.4. Let By be a ball in Fg such that 10By € Fg. Then for k large

enough and p € [1, q], the operator Sy, is bounded on LE (By), withw € Aq =1y 1oc (82).

Proof. 1t is enough to prove that the adjoint operator S}, is bounded on Lﬁ (Bry)s
with v = w=1/P~1 ¢ A 1q 10¢(Q) for p’ € [¢', o0], since % and %p are conjugate
exponents. As we pointed out in section we may replace p(y) by p(z) in the
kernel of the operator S} (and maybe changing the integer k). Assume, without
loss of generality, that f > 0. Also assume that ¢ > %, which can be done because
of the fact that if V' satisfies the RH, property, then V satlsﬁes the RH, . property
for some € > 0.
We will prove the pointwise bound

Sif (@) < C(Mproc(IfI7) (@) 7 =: My 1oc,
for x € By, f € LE(By) and f > 0. If p’ > ¢ the theorem then follows by
the boundedness of the local-maximal function (Theorem , and if p’ = ¢’ the

theorem follows from the fact that V satisfies the RH . property for some € > 0.
We have that

Sl = C/|zy|<P(:r) (14 lz=uly* o — Y2 X W)fv) dy

1
7/

i C/zy|>p<z> (1+ lz—uly* o — ylr2 X W)F () dy

\%4
lz—y|<p(x) |gc—(yy|zb—2XBo (y)f(y)dy

p(z) \k  V(y) s )
+C/x 1>l I)< y\> |x_y|n_2XBo(y)f(y)dyfA( )+ B).

|z —

<C

Let x € By = B(Zo,’r‘o).

Let us first study A(z). Denote by B; the balls B; = B(z,277p(z)) and by
C; the annuli defined as C; = {y : 270+ p(z) < |z —y| < 279p(z)} = B;j\Bj11,
7 € Np.

If p(x) < 7y then, by Lemmawe have that p(z) <7y < loﬁﬁd(x QY). Then
B(z, p(z)) € Fp and we proceed as in [2]. That is,

1
2) < cj; T /C V() (y) dy

J

oy ey (37 v<y>wy)3‘<|;| ) dy)’

Jj=0

< CMy joc(f)(x )f:(2 ’ (B |/ Vi dy)

j=0

U=

by Hoélder’s inequality, the RH, condition and the definition of local maximal
function of exponent ¢'.
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A slight modification of the argument is needed in the case p(x) > rg: there
exists jo € Ny such that 2700+ p(z) < ry < 2790 p(x). Let y € C;, for j < jo — 2.
Then,

2-Utp(a) < |o — y| < 277 p(a),
and also
2ry < 2_j0+1p(l‘) < 2_(j+1)p(x),
from where
2rg < 27U p(2) < |z —y| < |z — 20| + |20 — y| <70 + |20 — yl.

Therefore |29 — y| > ro, and thus By N C; = 0 if j < jo — 2. Then,
© S o

fj )2(@LJV(y)Qdy3(|B|/ e Qdy)

by Hélder’s inequality and the fact that C; C Bj. Since B;j = B(z,277p(z)) C
B(x,4r0) C B(z0,5r0) and B(zo,10rg) € Fp, we have that B; € F3, j > jo — 1, in
view of Lemma 2.4

Then, applying the RH, condition on V, we obtain

AW < OMypa(n) 3 oo (57 [ Vi),

Jj=jo—1

I /\

= 2/Bom‘/(y)f(y) dy

1
7

Finally, we follow the same steps as in [2] to conclude that
A(z) < CMy 1oc(f)(@),

namely, choose R = p(z) and r = 277 p(x) in (2.5)), and use (2.3)) from sectionm

when needed.

Next we study B(z).

This time, if p(z) > 2ry we have that B(z) = 0.

The other case goes as follows: consider the balls B; = B(xz,2/p(z)) and the
annuli C; = {y : 2771 p(z) < |z —y| < 29p(z)} C B;\Bj_1, for j € Ng. There exists
jo € Ny such that 270~ p(z) < ry < 279p(z). Consider y € C; for j > jo+2. Then,

297 p(x) < |z —y| < 27p(2),
and since 2rg < 270t p(z) < 297 1p(x), we have that

2ro < |z —y| < |z — 20| + |20 — y| < ro+ |20 — yl-
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Therefore, |zg — y| > ro and we conclude that By N C; = (), for j > jo + 2. Then,
Jot+1 9—jk

B(r) < C 2_: T /B V@I

Jo+1 ; ;
)e e q a
Zo EH |B|/ ) dy) \B|/ )" ay) "

by Holder’s inequality and the fact that C; C B;. Then, for 0 < j < jo + 1, we
have that B(x,27p(z)) C B(x,4r0) C B(20,5r0). Again, since B(zo,10r¢) € Fg,
we get B; € Fz. Thus, from the RH, condition,

I /\

Jo+1

B(z) < CMy 10c(f)(z) Z (2j2ﬂ€ |B [B] /

Now we continue the proof given in [2], that is, use again (2.5) and (2.3), to
conclude that

B(]J) < CMq/,loc(f)@;)' U

Theorem 3.5. Letp € (1,q] and w EAq 1ploc(

ro > 0, depending on the VMO-modulus ofa such that for any ball By = B(zg, o)
in Q with 108y € Fg, the inequality

Q). Then, given € > 0 there exists

1Sk.afll e, By < €llfllLe (Bo)
holds for all f € LE (By) and k large enough.

Now we can write

St f( /\a (@)W (z, ) f(y) dy.

where W (z,y) is the kernel given in Lemma 2.2 which satisfies the H;(¢) condition,
and we deduce Theorem from the following abstract result.

Theorem 3.6. Let w € Ap/qr 10c(A) with ¢ < p < oo and A = Q or Qr. Let By
be a ball in A such that 10By € F. Assume that W (z,y) is a non-negative kernel
satisfying the Hq(q) condition on the first variable, for some q > 1 such that the

operator
~ [ W) dy

is bounded on LE (By). Then for b € BMO(R™) or BMO(R™") the operator “pos-
itive commutator”

Tof(o) = [ [ble) = bW (e, ) dy
Bo
is bounded on L (By), and
ITs fll 2, (Boy < CllbllBMollf Lz, (B0)-
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Proof. In view of Lemma [2.5] we will prove the following pointwise inequality: for
s > ¢ there exists a constant C' > 0 independent of b and f such that

M, (Tyf)(x) < Clbllnmo My toc(TF) (@) + My joc(f) ()], (3.9)
for all x € By, where
1

M} f(z)= sup inf ——— |f(y) —cldy + —

y)| dy.
e o B BB Junn, Bol J, !

Fix * € By and choose B = B(xpg,rp) with x € B and zp € By. Thus
|B| ~ |BN By|. Let B = 2B = B(xp,2rp). From Lemma [2.4 it follows that
B e Fs. Now for a positive function f let us split it into the sum f = fi + fo,
where fi = x5 and f> = fxze-

Proceeding as in [2], we obtain the expression

Ty f(y) — Cp| < |b(y) —bp|Tf(y) +T(|b—bs|f1)(y)
+ / W (y, 2) — W(zp, 2)|[b(=) — bs| fa(2) dz
Bo
= A(y) +B(y) + C(y)

for any y € B, where cg = T'(|b — bg|f2)(zB) fBo |b(z) —bg|W (zB, 2) f2(y) dz
Let us first bound A(y). Taking average over B N By, for s > ¢/,
1
Av(A) = —— b(y) —bp|Tf(y)dy
(A) = g f 110) b1 TS)
< — T
C |B|/ |b bB| dy |B|/XBD| f )l dy>
< CbllBmoMs toc(x B, T'f) ().

Choose now ~ such that s > v > ¢’. The computations for the average of B
from [2] also hold in our case:

c 1 LNd
A0(B) < g [ xo T = ol @) o < (g [ 70— bol11) (w) )

1
s

1

< (i [ o) = bal I n @) as)”.

since T is bounded on LP(R™) (see [I5, Theorem 3.1] and [2, Theorem 5]). Then,
by Hoélder’s inequality,

w2 o(iE [1rwra) (i fwe-sarr) ™
<ol fora) [ - ms

S CHbHBMOMs,loC(f)( )7
because |[bp — bz| < C|[b][smo and the John-Nirenberg inequality.
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Next we choose v such that % + % + % = 1, and we define the balls B; =
B(zp,2r) and the annuli C; = {z : 297'r < |zp — 2| < 2/r}. Like in the proof
of Theorem there exists jo € Ng such that Cj, N By # 0 and Cj, 1 N By = 0;
then by Lemma @ we have that B; € Fg for j < jg. Then, for any y € B, we
have that

Clo) = [ b = bslIW o 2) = Wiap,2) £ (2)

<3 /C b(z) = b5l[W (y.2) = W (s, 2)|f(2) dz

j:2 J NBy

(| / )~ bal =)
(Bl,'/wvv(y,z)—vv(x& |d) (|B|/ s £ |dz)

<cZ|B|K|B|/ b, ’de>w+|b3—b3j|]

1

<|Blj| /Cj W(y,2) — W(:z:B,z)|qdz> Migoe(f)(@)

< Clbllsrio Moo () (2) Z(zmé‘j( [ W) - w2 dz) q

=2 <
< C||bllBMmo M joc(f) (),

because of the H;(g) condition, the John-Nirenberg inequality and the fact that
|bp — bp,| < Cj||b][Bmo. Then putting together all the above estimates, we get

sup inf ————
z€EB c>0 |BOB0| BNBy
zB€Bo

[F(y) el dy < Cllbllmaio (Maoc (@) + MopoeTf) () ).

On the other hand, proceeding as above we also have

1 1
1Bo| /Bo Ty f(y)l dy < 1Bol /BO(Ib(y) —bp,|Tf(y) +T(|b—bp,|f)(y))dy
< C|bllpmo (M toc (X B, T ) () + My 1oc(f)(2))-

Thus we obtain ([3.9), which together with Lemma and Theorem imply
the theorem. O

Proof of Theorem[3.5 By duality, we prove the theorem for the adjoint operator
S;;a with v = ’wil/pil S Ap'/q/,IOC(Q) for p/ S [q/, OO)

Rev. Un. Mat. Argentina, Vol. 59, No. 1 (2018)



90 I. CARDOSO, P. VIOLA, AND B. VIVIANI

Applying Theorem @ to the operator Sj; , for k large enough we get that if
q < p < oo, then

”Sl:,af”/;g’(Bo) < C”CLHBMO”fHLg/(BO)v

and if p’ = ¢/ we use again that V' € RH,,..

Since & € VMO(R"™) N L>°(R"™), there exists a bounded uniformly continuous
function ¢ in R™ such that [la — ¢llpmo < €. Also, for z9 € Q and ro > 0 there
exists a uniformly continuous function v such that ¢ = ¢ in By = B(2p,79) and

[¥]BMo < wg(270),

where wg(2rp) denotes the modulus of continuity of ¢ (see [4]). Choosing ¢ small
enough, for all f € LP(By), we have

Hsz,afHLg'(Bo) < Hsz,afdyf”Lg'(Bo) + ||Sl>ck,¢f||L5/(BO)
= HSZ,O,—(z)f”Lg'(BO) + ||SZ,¢f||L5’(BO)
< Clla - Bleol Flly (5, + Cliéllmsiolfly
< Celll
and thus the theorem follows. O

4. PREVIOUS RESULTS FOR THE PROOF OF THEOREM [L.2]

We now present the parabolic-interpolation theorem, which makes use of Theo-

rem 211

Theorem 4.1. Let 1 < p < 00 and w € Ap1oc(Qr). For any function u €
Wéf’p(QT), any j, 1 <j <k—1, and v such that |y| = j, we have that

16" D7l L2 02y < Cle|[ull 1z, 07y + €167 D ul| 12 () (4.1)

for any 0 < € < 1 and C independent of u and € with §(z',t) = min{1,d((2’,t), %)},
where DY denotes the derivative with respect to the first variable.

Proof. We follow the proof of Theorem in [8] with appropriate changes, that we
include for completeness. We consider the following Sobolev integral representation
(see [I):

j DFu(y', s)|
DYy(2',s)| < C(U"j / v(y, s +/ | L dy’>,
| ( )| B(z',0) | ( )‘ B(z',0) |.’L" - yl‘n—k—i-]

for any o > 0, (¢/,s) € R" x (0,T) and v € W,o! (R*H1).

Let us choose a Whitney type covering W, of Qr with #=1/2 and ry < 1/20.
For P = B(zp,rp) € W,,, take a C§° function np such that supp(np) C 4P C Qr,
0<np <1 and np =1 on 2P.

We apply now the above inequality to unp which, by our assumptions, belongs
to Wllf)’cl(R”). Observe that for (2’,s) € P and o < rp we have B((2',s),0) C 2P
and consequently unp as well as its derivatives coincide with w and its derivatives
when integrated over such balls.
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Therefore for (2/,s) € P and o < rp, we obtain the above inequality with v
replaced by u, namely
|Du(a’, s)| = |D7 (unp)(a’, s)|
) DEu(y 4.2
<Co [ sy ve [ PRy (+2)
B(z',0) B(z',0) |‘T -y |n J

Moreover, as is easy to check from the properties of the covering W,,, the balls
B(z,/20), for x € P and v/20 < rp, belong to the family F5 for 3 = 1/2. In fact,
for x € P, since from properties 1 and 2 of Whitney’s Lemma we get 10P € Fg,

applying Lemma [2.4] we get
B(x,v20) C B(xz, (10 — $)v20) C B(z, (10 — B)rp) € Fs.

Let x = (2/,t) € P. Integrating in (4.2)) over I,(t) = (t — 0%, + 02) and noticing
that B(a2',0) x I,(t) C B(z,V/20) € Fg, we get

0_2/ |DYu(x’, s)| ds
I5(t)

2 _ Dk s
< Co 2 // lul(y', s) dy'ds + Co? // | T/n k)JIFJ dy'ds

B(x',0)x1,(t) B(z',0)x1I,(
k
—J —2 |D U(y ) S)|
< Co o Mg ocu(z’,t) + Co // 7@’ [ dy'ds
B(xz',0)x1,(t)
for all x = (2/,t) € P and v20 < 7p.
As for the second term, splitting the integral dyadically, we obtain that it is
bounded by

oh=I N " 9ili=k) / / DFy 4.
; ST B sza| AP (v, s)|dy'ds.  (4.3)
Since for z € P and v20 < rp all averages involved correspond to balls in F; /o
and j < k, the term in is bounded by a constant times o*~I Mg 1o DFu(x)
for all z € P.

Putting together both estimates and taking v/20 = erp, using that rp ~ &(z)
for x € P and denoting

M2 f(2,t) sup —/ (z',s)| ds,
s€ls(t)
o<rp

we obtain

D7 (u)(, )] < CM(Du)(a’, 1)
< O((e8(2)) T Mg poc(w)(x) + (£6(2)) 7 Mg joc (D u())

for a.e. (z/,t) € P. Since W,, is a covering of {dr and the right hand side of (4.4)
no longer depends on P, we obtain that (4.4) holds for a.e. x = (2/,t) € Q.

(4.4)
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Multiplying both sides by §7(z) and taking the norm in LP (Qr), we arrive to

|67 D ul

Lo@r) < Ce77 Mg ocul

i)+ IMpioc(D W)l | (ar))-

Next, we observe that if the weight w belongs to A, 1c(£2r) then also does wé®,
for any real number s. In fact, for any ball B in F;/, we have that 6(x) ~ §(zp),
for any x € B so that holds provided it is satisfied by w.

Therefore, an application of the continuity results for Mg 1oc f, given in Theo-

rem leads to the interpolation inequality (4.1)). O

Next we state the parabolic version of Theorem [3.1}

Theorem 4.2 (See [3] and [I3]). Under assumptions (1) and (2), for any p €
(1,00) and w € Ap1oc(Q7), there exist C and ro > 0 such that for any ball By =
B(zp,70) in Qp with 10By € F3 and any u € WOQ’p(BO) the following inequalities
hold:

vzl 2 (By) < CllAPUll L (By)s

w
s |

17,y < CllApull e (By)-

Proof. The proof is similar to the elliptic case, as is proved in Corollary 2.13 in [3],
by using again expansion into spherical harmonics on the unit sphere, this time
in R**!. After that, all is reduced to obtaining LP-boundedness of a parabolic
Calderon-Zygmund operator T and its commutator on a ball B contained in Qp
(see Theorem 2.12 and the representation formula (1.4) in the paper cited above).
We can look at the operator T and its commutator [T b] acting on functions defined
over the space of homogeneous type B equipped with the parabolic metric and the
restriction of the Lebesgue measure. As before, the weight wy g is in A,(B). By the
weighted theory of singular integrals and commutators on spaces of homogeneous
type (see again [I3]) applied to our operators, the result follows. O

Now we focus our attention on the proofs of the main theorem of this section,
that is, the parabolic version of Theorem

Theorem 4.3. Let a;; € VMOR"™), for i,j = 1,...,n, V € RHy(R™) with
1<p<gq, and w € Ag1 (). Then there exist positive constants C and 1
q

fpp,loc
such that for any ball By = B(zo,70) in Qp with 10By € Fg and any u € C§°(By),
we have that

Vullzg, ) < CllZullzy, z0)-
Proof. For zg = (2{,, ) € Qr pick a ball By := B(zg, ro9) with 79 to be chosen later.
Again we let 2y € By and fix the coefficients a,;(x¢) to obtain the operator

Lou = us — Z @i (T0)Ug, Ug, + Vu = Agu + Vu.

4,j=1
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From [I1] we know that the fundamental solution for this operator is bounded
by the expression (see section [2.1.4)):
1 1
(1+ d(ﬂmy))k d(z,y)™’

p(z’)

ID(zo, 2, y)| < Ck

for every x = (2/,t), y = (v, s) € Qr, t > s, k > 0, and for some constants Cy, Cy
independent of xg. Here again p(z’) is the critical radius.

As usual, we defreeze the coefficients to obtain and again the following
pointwise bound holds for all £ € N, z € By:

Nu(x x : ! u
Vi) < v e) [ S (|L )

£ Jayly) - a >||umj<y>)dy, (4.5)

3,7=1

and rewrite (4.5)) as

V(@' )u(x)] < CrSk(|Lul)(z Z Sk, ([taa; ) (2), (4.6)

1,j=1
where S, and S}, are the integral operators defined as

1 1
Sif(x) =V(2') —f(y)dy,  and
/ (1+ ;lp(az/)))’“ d(z,y)

1 1
dea\F d(z, y)"
1+ )t day)

Spaf(x) = V() / : la(y) — a(@)| () dy,
with a € L N VMO(R"), k € N.

Thus, as in the elliptic case, the theorem follows from Theorem and the next
parabolic version of Theorems [3.4] and O

Now we need to prove the following parabolic version of Theorem [3.4}

Theorem 4.4. Let By be a ball in Fg such that 10By € Fg. Then for k large
enough and p € [1,q|, the operator Sy, is bounded on LE (B,,), withw € Aq =1y loe (7).

Proof. This proof is also done by duality. The remarks we made along the proof
of Theorem also hold this time, so we won’t mention them.
The adjoint operator of Sy, is

" V(y') 1
Skf(x):/(1+d%}/)))kd(x e fy)dy, =x€Qr.
p(y
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Just like before we can split

* T 1 ,
Skf( ) = ¢ d(z,y)<p(z") d(x,y)nv(y )XBO (y)f(y) dy
p(a') \F 1 /
e d(z,y)>p(z’) d(l’, y)) d(l’, y) V(y )XBO (y)f(y) dy
= A(z) + B(z).

We will prove the pointwise bound

Sif(x) < CMy joc(f) (@)

In order to study A(z), let € By = B(zo,79). Denote by Bj the balls B; =
B(x,277p(2")), by C; the annuli defined as C; = {y : 27U+ p(z") < d(z,y) <
279p(x)} = B;j\Bj11, and by R; the rectangles R; = B x I;, where B} denotes the
ball in R™, B} = B(z',277p(’)) and I; denotes the real ball I; = B(t, (277 p(z")?),
Jj € Ng. We have that C; C B; C R, and let us remark that the ball measures are
|Bj| = (277 p(x))"** and |Bj| = C,,(277p(2"))". The same steps as before prove
that

A(l‘) < CMq/,loc(f)(x)a

for « € By, f € LE(By) and f > 0, where My 1oc denotes the local maximal
function of exponent ¢, in the parabolic setting. Indeed, if p(z’) < ro we have that

oo

Y wht (81, vrar) (i [, sora)”
My o f;w (u;;_' B{v<y'>dy’)7

Jj=

I /\

| /\

because of Holder’s inequality, the reverse Holder condition on V' and the definition
of local maximal function. And in the case p(x’) > ro, again there exists jo € Ny
such that C; N By = () for j < jo + 2. The same steps as before show us that

AG) < O Y o) (g [ Vi),
j=jo—1 |53 B;

Now we use again equations and to conclude that A (z) < CMy 10c(f) ().

To study B(z), we consider the balls B; = B(x,27p(2’)), the annuli C; = {y :
2p(a’) < d(z,y) < 27T p(a’)}, and the rectangles R; = B} x I; = B(z/,2/p(a")) x
B(t,(27p(z"))?) C R™ x R, for j € Ng. We have that C; C B; C R;. Observe that
if p(z’) > 2rg, then B(z) = 0, thus we consider only the case p(z’) < 2rg. There
exists jo € Ng such that C; N By = 0 if j > jo + 2. Thus we have that

Jot1 o )2
Bo) < CMyaac)0) S 20 (1 [ vinay),
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because of the use of Hélder’s inequality, the reverse Holder condition on V' and the
definition of local maximal function of order ¢’. Thus, using again equations (2.5))

and ([Z3), B(z) < CMy joe(f) (). =

Remark. We note that arguing in a similar way as in the proof of Theorem [£.4] it
can be show that the operator Sy, is bounded on LP(R"!) with w = 1 and p € [1, q].
In this case the operator is pointwise bounded by the maximal Hardy-Littlewood
function of order ¢'.

We turn now to the proof of parabolic Theorem

Theorem 4.5. Let p € (1,q] and w € A%p,loC(QT)' Then, given € > 0 there

exists rg > 0, depending on the VMO-modulus of a, such that for any ball By =
B(zg,r0) in Qp with 10By € Fg, the inequality

|Sk.afllLe 8oy < €l flle (Bo) (4.7)
holds for all f € L¥, (By) and k large enough.

Proof. This proof is also done by duality as in the proof of Theorem 3.5 and follows
by Theorem [3.6| with A = Q7 and b € BMO(R"*+?).
Here,

la(y) — a(x)[f(y) dy,

for each positive integer k and a € VMO; and the kernel is

(1) 1 1
Y = dew) F d ()
(1+ 555" d@y)
which satisfies the H;(q) condition as shown in section (Lemma [2.2)). O

5. PROOF OF THE MAIN RESULT

Now we are in a position to prove Theorem

Proof of Theorem[I.1l Let W,, = {B; = B(w;,7;)} be a covering as in Lemma [2.3]
with rg as in Theorems and and 0 < r9 < B/10. For each B; € W,, we
consider a function 7; such that the family {n;}32, satisfies
(1) i € CSO(ZB(.%“Tl)), N = 1in Bi7
2) |nilloe < 1, D0l < Cr; 1!, where r; & d(x;, Q) if B(wi,r;) € Gy, and
r; ~ 1 when B(z;,7;) € Gry,
(3) 221 xem,(2) < M.
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By using Theorem [3.1] for each i we get
2
I, D) o
< C||A(un;)
< C(||Aul7,

I17e, (2B;)
s amy T DU o 12l )
< C(IlAull e 2,y + 77 HDUHLP 2B;) T 7 ull o2 ))
< C(|ILull e 25,y + IVul

L(2B;) T T Y| Du| LP(2B;) +Ti_2|\U|L5,(2Bi))p~

Analogously, using this time Theorem since w € Ap1oc(2) C Aa-r,1..(Q)

. q— pp’
we obtain

HXB V(Uﬁz HLP (2B;) < CHL(UTH)HZL)}’ (2Bi)
<OHLUHLT’ (B)+T_1||Du||]f’ (B;) +r 2”“”1;1’ (B;)
Now, we note that for x € B; the function 7n;u coincides with u, and also for
x € 2B;, we have d(x;) ~ r; with 6(x;) = min{l,d(x;,00Q)}. Hence, putting
together both estimates, multiplying both sides by §2, adding over i, using the

finite overlapping property of the covering {2B;} and taking the 1/p-th power, we
arrive to

v ) < C(|16?

r () T+ ||5Du|

lullw 220y + 167 o) + llullzz @)

(using the interpolation Theorem [3.2))

< C(16° Lul 1z, () + €lld*Dull 11 () + (C + e Dl 1z, () -

Finally, choosing e such that C'e = 1/2 and subtracting the term [|6°D?ul|» (q),
we get

||U||W§7v£(9) < C{lILul| e oy + llull Lz, )}

whence the desired estimate follows. O
The proof of Theorem is obtained by a few changes.

Proof of Theorem[I.4 Just like in the previous proof, from Lemma [2:3] applied
this time to I = Qp, we consider a covering W,, and a family {#;} which satisfies
conditions (1) and (3) from the proof of Theorem and the following three
conditions:

[7illoo < 1,
DS loe < Cry 1,
D lloe < O3,

where r; & d(z;,00) if B(x;,7;) € GTO and r; = 1 when B(z;,r;) € Gp,.
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Now for each i we use Theorems [£.2] and [£.3] to get

x5, D2 (uni)ller, 28,y < C(I1Lull Ly, em,) + 1Vulln om,)

+T;1||Du”L{L(2Bi) +T;2||UHL$(231-,)),

X3 D) g o1, < C(ILlg oy + Vel e e,
+r |1 Dull g5y + 7 Null g 282 )

x5 Vunillie op,y < CILulliy @op,) + 77 1 Dotll i 25,y + 17 2 llull e, 28, -

Then, by performing operations analogous to those of the previous theorem, we
obtain

||u||W3’£(QT) + H52VU||L3;(QT) < C(”52Lu“Lﬁ,(QT) + 10Dzull e (op + [l Lz @r)-

From the interpolation Theorem [£:I] we have that

[16Dgull 17, @r) < Cle M ullrr py + ell>Diull e (o))

which finally leads us to

as

”uHW;‘:’S(QT) + H62vu||Lﬁ,(QT) < C(||52LUHL{;(QT) + ||UHL{;(QT))a

we desired. O
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