REVISTA DE LA

UNION MATEMATICA ARGENTINA
Vol. 59, No. 1, 2018, Pages 123-142
Published online: August 22, 2017

T*-EXTENSIONS AND ABELIAN EXTENSIONS OF HOM-LIE
COLOR ALGEBRAS

BING SUN, LIANGYUN CHEN, AND YAN LIU

ABSTRACT. We study hom-Nijenhuis operators, T*-extensions and abelian
extensions of hom-Lie color algebras. We show that the infinitesimal defor-
mation generated by a hom-Nijenhuis operator is trivial. Many properties
of a hom-Lie color algebra can be lifted to its T™*-extensions such as nilpo-
tency, solvability and decomposition. It is proved that every finite-dimensional
nilpotent quadratic hom-Lie color algebra over an algebraically closed field of
characteristic not 2 is isometric to a T*-extension of a nilpotent Lie color alge-
bra. Moreover, we introduce abelian extensions of hom-Lie color algebras and
show that there is a representation and a 2-cocycle, associated to any abelian
extension.

1. INTRODUCTION

In 2012, Yuan [9] introduced the notion of a hom-Lie color algebra which can
be viewed as an extension of Hom-Lie superalgebras to G-graded algebras, where
G is any abelian group. In 2015, Abdaoui, Ammarto and Makhlouf defined rep-
resentations and a cohomology of the Hom-Lie color algebra ([I, Section 3]). We
recover a Lie color algebra when we have a = Idy, in Definition [2.2

In 1979, Scheunert investigated the Lie color algebras from a purely mathemat-
ical point of view and obtained generalizations of the PBW and Ado theorems ([7,
Sections 4 and 7]). Scheunert and Zhang introduced the cohomology theory of Lie
color algebras in [8]. Feldvoss described representations of Lie color algebras in [5].
Ma, Chen and Lin investigated T™*-extensions of the Lie color algebras by virtue of
a cohomology and the representations in [6].

The first purpose of this paper is to define hom-Nijenhuis operators of the hom-
Lie color algebra, showing that the infinitesimal deformation generated by a hom-
Nijenhuis operator is trivial. Secondly, we study T™*-extensions of the hom-Lie color
algebra by virtue of the cohomology and the representation, show that every finite-
dimensional nilpotent quadratic Lie color algebra L over an algebraically closed
field of characteristic not 2 is isometric to a T*-extension of a nilpotent Lie color
algebra B, and the nilpotent length of B is at most half of that of L. We also give
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the equivalence of T*-extensions from the cohomological point of view. Finally,
we introduce abelian extensions of hom-Lie color algebras, show that there is a
representation and a 2-cocycle associated to any abelian extension.

The paper proceeds as follows. In Section 2, we summarize basic concepts and
the cohomology theory of hom-Lie color algebras. We show that the direct sum of
two hom-Lie color algebras is still a hom-Lie color algebra. An even homomorphism
between hom-Lie superalgebras is a morphism if and only if its graph is a hom-
subalgebra. In particular, any a-derivation gives rise to a derivation extension
of the multiplicative hom-Lie color algebra (L,[-,-]r,a) (see Theorem [2.9). In
Section 3, we define hom-Nijenhuis operators of regular hom-Lie color algebras and
show that the infinitesimal deformation generated by a hom-Nijenhuis operator is
trivial. In Section 4, we show that T*-extension preserves many properties such as
nilpotency, solvability and decomposition in some sense. Moreover, we discuss the
equivalence of T*-extensions using cohomology. In Section 5, we introduce abelian
extensions of hom-Lie color algebras and show that there is a representation and a
2-cocycle associated to any abelian extension.

2. HOM-LIE COLOR ALGEBRAS

Definition 2.1 ([7]). Let G be an abelian group and K be an arbitrary field. The
map € : G x G — K\{0} is called a skew-symmetric bicharacter (or commutation
factor) of G if Vf, g, h € G,

e(f,9+h) =e(f,9)e(f, h),
(g +h, f) =elg, fle(h, f),
e(g,h)e(h,g) = 1.
The definition above implies, in particular, the following relations:
e(a,0) =¢€(0,a) =1, e(a,a) = +£1, Va € G.

Throughout this paper, if x, y, z are homogeneous elements of a G-graded vector
space and |z|, |y|, |z| € G denote their degrees respectively, then for convenience we
write e(z,y) instead of e(|z|, |y]), e(x,y + 2) instead of (|z], |y| + |z|), and so on.
Moreover, when the notation e(z,y) appears, it means that z,y are homogeneous
elements.

Definition 2.2 ([9]). A hom-Lie color algebra is a quadruple (L, [, ]r, o, ) con-
sisting of a G-graded vector space L, a bicharacter ¢, an even bilinear map [-, ]y, :
A?L — L (i.e., [Lqa, Ly]r C Layp) and an even homomorphism o : L — L such that
for homogeneous elements z,y, z € L we have

[2,ylL = —e(z,y)[y, 2]L  (e-skew symmetry),
Ouy.z €(z,2)[a(z), [y, 2]L]r =0 (e-hom-Jacobi identity),

where O, . denotes summation over the cyclic permutation on z,y, z. In partic-
ular, if o is a morphism of Lie algebras (i.e., o [-,*]r = [+, ]r 0 a®?), then we call
(L,[',-]L, @, €) a multiplicative hom-Lie color algebra. A hom-Lie color algebra is
called regular hom-Lie color algebra if « is an algebraic automorphism.
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Remark 2.3. Lie color algebra is a generalization of Lie algebra and Lie super-
algebra (if G = {0}, we have that L = Lg is a Lie algebra and if G = Zy = 0,1
and £(1,1) = —1, then L is a Lie superalgebra). hom-Lie color algebras also can
be regarded as the extension of hom-Lie algebras and hom-Lie superalgebras.
Definition 2.4. Let L be a hom-Lie color algebra and I be a G-graded subspace
of L. I is called a hom-subalgebra (resp. hom-ideal) of L if [I,I], C I (resp.
[I,L];, C I) and o(I) C I. Moreover, I is called a hom abelian ideal of L if
[I,I], =0.

Proposition 2.5. Given two hom-Lie color algebras (L, |-, |r, o, €) and (T, [, |r,
B,¢€), there is a hom-Lie color algebra (L ® T, [, |Ler, a4+ B,¢), where the bilinear
map [, |rer : A2(L®T) — LT is given by
[ug + vy, us + vg]L@F = [u1,us]; + [v1,v2]p, Vui,us € L, v1,v3 €T,
and the linear map (o« + ) : L®T — LT is given by
(a+B)(u+v)=au)+pwv), YueL vel.
Definition 2.6 (]2]). Let (L, [, |5, a,¢) and (T, [, ]r, B,€) be two hom-Lie color

algebras. An even homomorphism ¢ : L — T is said to be a morphism of hom-Lie
color algebras if

¢[U7U]L = [¢(u>7 (ﬁ(’l))]p, Vu,v € L, (21)

poa=p0o0o. (2.2)

Denote by &4 = {(z,¢(x)) | = € L} C L&T the graph of a linear map ¢ : L — T'.

Proposition 2.7. An even homomorphism ¢ : (L,[-,"]r,a,e) — (T, [, ]r, B,¢) is

a morphism of hom-Lie color algebras if and only if the graph &4 C L @1 is a
hom-subalgebra of (L ® T, [-,-]rer,a+ 5,¢).

Proof. Let ¢ : (L,[-,"]r,a,e) = (T, [,"]r, B8,¢) be a morphism of hom-Lie color
algebras. We have
[u+ ¢(u), v+ o(V)lLer = [u,v]L + [¢(u), d(v)]r = [u, V] + dlu, v]L.

Then the graph &4 is closed under the bracket operation [, ] gr. Furthermore,
by , we have

(a+B)(u+o(u) = afu) + Bod(u) = alu) + ¢ oa(u),
which implies that (o + 8)(®4) C &,. Thus, 6, is a hom-subalgebra of (L &
T, [~, ~]L@1'*, o+ 576).

Conversely, if the graph &4 C L&T is a hom-subalgebra of (L& T, [, |rgr, o+

B,€), then we have

[u+ ¢(u), v+ ¢(v)]Lar = [u,v]L + [#(u), p(v)]r € &4,
which implies that

[p(w), ¢(v)]r = dlu, v]L.

Furthermore, (o + 8)(®4) C &4 yields that

(a+B)(u+ o) =alu) +Bod(u) € &,
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which is equivalent to the condition So¢(u) = ¢oa(u), i.e., fod = ¢poa. Therefore,
¢ is a morphism of hom-Lie color algebras. O

Let (L, [, "]L, o, €) be a multiplicative hom-Lie color algebra. For any nonnega-
tive integer k, denote by o the k-times composition of a, i.e.,

o’ =ao---oa (ktimes).
In particular, a® = Id and a! = a. If (L,[-,"]1,a,¢) is a regular hom-Lie color

algebra, we denote by o~ the k-times composition of o=, the inverse of a.

Definition 2.8 ([2]). Let (L, [, ‘], &, €) be a multiplicative hom-Lie color algebra.
A homogeneous bilinear map D : L — L of degree 6 is said to be an a*-derivation,
where k € N if it satisfies

Doa=aoD, (2.3)
and
Dlu,v]r, = [D(u), a*(v)] +e(8,u)[*(uv), D(v)]y, Yu,v € L. (2.4)
For a regular hom-Lie color algebra, o~ *-derivations can be defined similarly.

Der,: (L) is the set of a®-derivations of the multiplicative hom-Lie color algebra
(L,[,"]r, a,€). For any u € L satisfying o(u) = u, define ady(u) : L — L by
adi(u)(v) = [, 0" (0)]s, Vo€ L.

Then ady(u) is an a®-derivation, which we call an inner a**!-derivation. In fact,
we have

adi (u)(a(v)) = [u, @™ (V)] = a([u, o (0)]1) = a0 ady(u)(v),
which implies that (2.3)) in Definition is satisfied. On the other hand, we have
adyu([v,w]r) = [u, o®([v,w]r)]L

= [a(u ,[Oé’“(v),a’“('LU)]L]L

— &(u, w)e(v, w)[akﬂ(w)a [u, Oék(v)]L]L)
= e(u,0)[0" 1 (v), [u, oF (w)]z]L + [[u, o (v)]L), " (w)]r
= [adgu(v), o (w)]L] + e(u, v) [ (v), adgu(w)]L].

k+1 k

Therefore, adg(u) is an a*T-derivation. Denote by Inn,x (L) the set of inner o*-

derivations, i.e.,
Innergi (L) = {[u, " ()] | w € La(u) = (u)}.

At the end of this section, we consider the derivation extension of the multiplica-

tive hom-Lie color algebra (L, [-, -], a, €) and give an application of the a-derivation
Der,(L).
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For any even linear map D : L — L, consider the vector space L & RD. Define
a bilinear bracket operation [-,:]p on L & RD by

[u+mD,v+nD]|p = [u,v]r, + mD(v) — e(u,v)nD(u),
[u,v]p = [u,v]r, [D,u]lp = —[u,D]p = D(u), Yu,v € L.
Define a linear map o : L& RD — L & RD by o/ (u+ D) = a(u) + D.
Theorem 2.9. With the above notations, (L ®RD, |-, |p,a’,€) is a multiplicative
hom-Lie color algebra if and only if D is an a-derivation of the multiplicative hom-
Lie color algebra (L, [, |1, €).
Proof. First, [-,-]p satisfies the e-skew symmetry, for any u,v,w € L, we have
[u+mD,v+nD]p = [u,v]r, + mD(w) — e(u,v)nD(u),
and
—e(u,v)[v+nD,u+mD|p = —e(u,v)([v,u]r + nD(u) — e(u,v)mD(v))
= [u,v], + mD(v) — e(u, v)nD(u)
=[u+mD,v+nD]p
On the other hand, we have
' ([u+mD,v+nD,]|p) = a'([u,v]r + mD(v) — e(u,v)nD(u))
= afu,v]r, + mao D(v) — e(u,v)na o D(u),
and
[@'(u+mD),d (v+nD)]p = [a(u) + mD,a(v) +nD]p
= [a(u), a(v)]r + mD o a(v) — e(u,v)nD o a(u).
Since « is an algebra morphism, o’ is an algebra morphism if and only if
Doa=aoD.
By a direct calculation, we have
[0/ (D), [, v]p]p + [0 (w), [v, D]p]p +£(u, v) o/ (v), [D, ulp]
— Dlu,vlp — [a(u), DW)]p + £(u,)[a(v), D(u)]p
= D[u,v]p — [a(u), D(v)]p — [D(u), a(v)]p.
Therefore, it is obvious that the e-hom-Jacobi identity is satisfied if and only if the

following condition holds:
Dlu,v]p = [e(u), D(v)]p — [D(u), a(v)]p = 0.
Thus, (L®RD, [, ]p,d,€) is a multiplicative hom-Lie color algebra if and only if

D is an a-derivation of (L, [, |1, @, €). O

Definition 2.10 ([I]). Let (L, [-, ], €, &) be a Hom-Lie color algebra. Let (V, 3) be
a pair of G-graded vector space V and an even homomorphism of vectors spaces
B:V =V, and

Lg -V C Vg+h, Vg, h € G.
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(V, B) is said to be L-module if

Blx-m) = a(z) - f(m),
[z,y] - B(m) = a(z) - (y-m) —e(x,y)a(y) - (x-m), Va,y € L.
Now we introduce the cohomology theory of hom-Lie color algebras, which can
be found in [IJ.
Let V = ®4e¢V, be a graded L-module. Denote by C™(L,V) (n > 0, C°(L,V) =
V) the G-graded vector space spanned by all n-linear homogeneous maps f :
L x---x L —V such that

f(xlv vy Ly Tigdy e v s ,:L'n) = _5(xiaxi+1)f(x1, ce s L1, Ly e e axn)-

The map f is called even (resp. of degree v) when f(x1,...,%;,...,2,) € Vy for
all elements (z1,...,z,) € L®" (resp. f(x1,...,%i,...,2,) € V, for all elements
(z1,...,2,) € L®™ of degree ). An n-cochain on L with values in V is defined to
be an n-cochain f € C™(L, V) such that it is compatible with o and g in the sense
that foa = o f. Denote by C7, 5(L, V) the set of n-cochains:

as(LV)={feC"(L, V)| foa=pof}.

Next, for a given integer 7, we define the cobounday operator ;" : C'y. B(L’ V) —
Cai'(L.V) by

or(f)(xo, .- an)

= Z(il)la(f + Zo +- zi—hxi)an"kril(mi) : f(l'o, e 7‘fia e ,In)

=0 4 (2.5)
+ ) (W e+ w1,
0<i<j<n
. f(a(:vo), ) [mi7xj]7 T 7@7 T 7a(xn))'

Lemma 2.11 ([1]). Let (L,[-,"],&,) be a hom-Lie color algebra and (V, ) be an
L-module. Then the pair (@nzocgﬁ,éﬁ) is a cohomology complex. That is, the
maps 87 satisfy 6" o 6"t =0, Vn > 2, Vr > 1.

Let Z"(L,V) (resp. B*(L,V)) denote the kernel of 67 (resp. the image of §7~1).
The spaces Z;'(L, V) and B}'(L,V) are graded submodules of C; 5(L, V), and we
have

BP(L,V) C ZM(L.V).

The elements of Z*(L, V') are called n-cocycles, and the elements of B/*(L, V) are
called the n-coboundaries. Thus, we define a so-called cohomology group

. Zn(L,V
H,,, (L,V) == B"’L((I/‘/g
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3. HOM-NIJENHUIS OPERATOR OF HOM-LIE COLOR ALGEBRAS

Definition 3.1 ([2]). Let (L, [, ],e,«) be a hom-Lie color algebra. A representa-
tion of L is a triple (V, p, ), where V is a G-graded vector space, 8 € End(V)g
and p: L — End(V) is an even linear map satisfying

p([z,y]) o B = pla(x)) o ply) — e(z,y)p(aly)) o p(z), Va,y € L. (3.1)

Definition 3.2 ([2]). A representation p of a multiplicative hom-Lie color algebra
(L,[-,],e,) on a G-graded vector space (V, () is a representation of a hom-Lie
color algebra such that

Blp(x)(v)) = pla(z))(B(v)), VeeL, velV. (3.2)
Now, we introduce the adjoint representations of a hom-Lie color algebra.

Lemma 3.3 ([1l). Let (L,[-,],&,a) be a hom-Lie color algebra and ad : L —
End(L) an operator defined for x € L by ad(x)(y) = [x,y]. Then (L,ad, ) is a
representation of L.

Definition 3.4 ([I]). For any integer s, the a*-adjoint representation of the regular
hom-Lie color algebra (L, [-, -], @, &), which we denote by ads, is defined by

ads(u)(v) = [’ (u),v], Vu,v € L.
In particular, we use ad to represent adyg.
Lemma 3.5 ([1]). With the above notations, we have
ads(a(u)) o = awo adg(u);
ads([u,v]r) o a = ads(a(u)) o ads(v) — e(u, v)ads(a(v)) o ads(u).

Thus, the a®-adjoint representation is well defined.

For the a*-adjoint representation ads, we obtain the a*-adjoint complex (C®(L; L),
ds) and the corresponding cohomology

H*(L;ad,) = Z*(L;ad,)/B*(L;ad,).

Let 1 € C2(L; L) be a bilinear operator commuting with o. Consider a t-parame-
trized family of bilinear operations

[u,v]y = [u,v]L + t(u,v).

Since 9 commutes with «, a is a morphism with respect to the bracket [-,-]; for
every t. If all the brackets [-,-]; endow (L, [, ]+, @, €) with regular hom-Lie color
algebra structures, we say that ¢ generates an infinitesimal deformation of the reg-
ular hom-Lie color algebra (L, [, ]1, @, €). By computing the e-hom-Jacobi identity
of [-, ], this is equivalent to the conditions

e(w,u)p(a(u), ¥v, w]) + c.p.(u,v,w) = 0;
E(’U}, ’LL) (w(a(u)v [’U, w]L) + [a(u)a 1/’[”» w]L]L) + C'p'(ua v, w) =0
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An infinitesimal deformation is said to be trivial if there is a linear operator
N € CL(L; L) satisfying T} = Id +¢N and

Ti[u, v]; = [Ti(u), Ti(v)] L.

Definition 3.6. A linear operator N € CL(L, L) is called a hom-Nijenhuis operator
if we have

[Nu, Nv], = Nlu,v]n, (3.3)
where the bracket [, -]y is defined by
[u,v]n = [Nu,v]|r + [u, Nv]p — Nu,v]L. (3.4)

Theorem 3.7. Let N € CL(L, L) be a hom-Nijenhuis operator. Then an infinites-
imal deformation of the reqular hom-Lie color algebra (L, [, ], ) can be obtained
by putting

Y(u,v) = 6o N (u,v) = [u, v]N. (3.5)
Furthermore, this infinitesimal deformation is trivial.

Proof. Since ¢ = §oN, dpr» = 0 is valid. To see that ¢ generates an infinitesimal
deformation, we need to check the e-hom-Jacobi identity for . By (3.3)), (3.4) and

(13.5), we have

e(w, wp(a(u), ¥(v,w)) + c.p.(u, v, w)
= e(w, u)[a(u), [v,w]n]n + ep.(u, v, w)
= e(w,u)([Na(u), [Nv, w]r]r + [Na(u), [v, Nw]r]r — [Na(u), Nlv,w]L]r
— Nla(u), [Nv,w]L]r = Nla(u), [v, Nw]r]L + Nle(u), Nlv,w]r]z
Ha(U) Nlv,w]n]z) + c.p.(u, v, w)

;u)([Na(u), [Nv,w]r]r + [Na(u), [v, Nw]r], — [N(u), N[v,w]L]L
N[a(u),[Nv w] Iz — Na(u), [v, Nw|r]r + Nla(u), N[v, w

+ [a(w), [Nv, Nw]L]L) + c.p.(u,v, w)

([Na(u), [Nv,wlL] + [Na(u), [v, Nw] L], —[Na(u), N[v,w]L]L

[
1) (2)
— Nla(u), [Nv,w]r]p =Nla(u), [v, Nw]L]L +Nla(u), Nfv, w]L]L
(3) (4)
+ [a(w), [Nv, Nw]L]L )
(5)
+ e(u,v) ([Na(v), [Nw,u]]r + [Na(v), [w, Nu]], —=[Na(v), N[w,u]L]L

(5" )
— Nla(v), [Nw, ul]p = Nla(v), [w, Nul] L +Nla(v), Nw, u]L]r

(4" (6")

JLle

e(w, u)
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+ [Oé(’U), [NU/, NU}L]L )
(2"
+ (0, w)([Na(w), [Nu,0]z]z + [Na(w), [u, Nolt]z — [Na(w), Nlu, v]z]z

(2") (5")
— Nla(w), [Nu,v]r]r —N[a(w), [u, Nv]p]r + Na(w), Nu,v]L]L

(6//) (3//)
+ [a(w), [Nu, NU]L]L),
(

1//)

where c.p.(u, v, w) denotes summation over the cyclic permutation on w, v, w. Since
N is a Hom-Nijenhuis operator, we get

—[Na(u), N[v,w|r]r + N[a(u), N[v,w]i]r = N?[a(u), [v,w]L]r — N[Na(u), [v,w]],
(7) (6)

—[Na(v), N[w,u]r]r + Na(v), N[w,u]r]r, = N*[a(v), [w,u]r]r = N[Na(), [w,u]r]L
(7) (3")

and
—[Na(w), Nfu,o]z]z + Nla(w), N[u,v]z]z = N[a(w), [u,v]2]; — N[Na(w), [u,0]]z .
(7) (4")

Thus (z) + (z)) + ()" = 0, for 4 = 1,...,7 by the e-hom-Jacobi identity. This
proves that 1 generates a deformation of the regular Hom-Lie conformal algebra
(Lv ['v ']La a)'

Let T; = Id + tN. Then

T lu,v]y = (Id 4+ tN)([u, v] L + ) (u, v))
= (Id + tN)([u, v]L + t[u,v]N)
= [, 0]+ t([us el + Nuye]i) + 2N, o]

On the other hand, we have
[Ti(u), T:(v)]L = [u+ tNu,v + tNv|L
= [u,v]p, + t([Nu,v] + [u, Nv]p) + t*[Nu, Nv].
By and , we have
Ti[u, vle = [Ty(u), T (v)]L,

which implies that the infinitesimal deformation is trivial. O

4. T*-EXTENSIONS OF HOM-LIE COLOR ALGEBRAS

The method of T*-extension was introduced in [4] and the T*-extension of an
algebra is quadratic. For the theory of quadratic (color) hom-Lie algebras the
reader is referred to 2], 3].
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Definition 4.1 ([2]). Let (L,[-,"]r, o, €) be a hom-Lie color algebra. A bilinear
form f on L is said to be invariant if

f([x7y}7z):f(x7 [y7z})7 vx?y?'zeL’
and e-symmetric if

f(z,y) = e(z,y) f(y, ).
A subspace I of L is called isotropic if I C I+.

Definition 4.2. A bilinear form f on a hom-Lie color algebra (L, [, ]r,a,¢€) is
said to be nondegenerate if

Lt ={zeL|f(z,y) =0, Vy € L} =0,
and colorconsistent if f satisfies
f(xay):()v v"E6L|9c|a yeL\y\a |1~|+‘y|7é0
Throughout this section, we only consider colorconsistent bilinear forms.

Definition 4.3 ([2]). A hom-Lie color algebra (L, [, ], a,¢) is called quadratic
hom-Lie color algebra if there exists a nondegenerate, e-symmetric and invariant
bilinear form f on L such that « is f-symmetric (i.e., f(a(z),y) = f(z,ay))). It
is denoted by (L, a, f,e) and f is called invariant scalar product.

Let (L', [, "]}, 8,€) be another hom-Lie color algebra. Two quadratic hom-Lie
superalgebras (L, f,a,¢) and (L', f/, 5, ) are said to be isometric if there exists a
hom-Lie color algebra isomorphism ¢ : L — L’ such that f(z,y) = f(¢(x), d(y)),
Ve,y € L.

We consider the dual space L* of L. Then L* is a G-graded space, where
Ly ={p e L*|B(x) =0, V|z| # —g}. Moreover, L* is a graded L-module.

The base field K itself can be considered as a G-graded space, if one sets Ky = K,
K, = {0}, for ¢ # 0. Then as a trivial graded L-module, C"(L,K) (n > 0,
CY(L,K) = K) is the G-graded vector space spanned by all n-linear homogenous
maps f of L x --- x L into K satisfying

f(xla" '7xi7mi+l7'-~>xn) = _E(.’L'i,.’L'i+1)f(x1,...7(Ei+17$i7.-.,$n),

where C"(L,K), = {f € C"(L,K) | f(z1,...,2,) =0, if |x1| + -+ |z, + g # 0}.
Let (L = @gecLy,a,¢) be a Lie color algebra over a field K, L* = ®yecl;
be its dual space, and w be a homogeneous bilinear map: L x L — L* satisfying
|w| = 0.
Since L = ®geqLy and L™ = Syec L, are G-graded spaces, the direct sum

LOL" =&4ec(L® L")y =Bgec(Ly @ Ly)

is G-graded. In the sequel, we always consider a + a € L & L* as a homogeneous
element such that a € L, « € L* and |a + a| = |a| = |a|; then e(a + a,a’ + ') =
e(a,a).
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Lemma 4.4 ([2]). Let ad be the adjoint representation of a hom-Lie color algebra
(L,[-,-]L, @, €), and let us consider the even linear map 7 : L — End(L*) defined
by m(x)(f)(y) = —e(z, f)(f oad(z)(y)), Yo,y € L. Then 7 is a representation of
L on (L*,&) if and only if
ad(z) 0 ad(a(y)) — £(z, y)ad(y) o ad(ax)) = @0 ad([z,4]1).

We call the representation m the coadjoint representation of L.

Lemma 4.5 ([2, Theorem 4.11]). Under the above notations, let (L, [-,"]r,a,¢€) be
a hom-Lie color algebra, and w : L x L — L* be an even bilinear map. Assume

that the coadjoint representation exists. The G-graded space L & L*, provided with
the following bracket and a linear map defined respectively by

[+ fiy+gler = vyl +wzy) +7(x)g —e(z,y)7(y) f, (4.1)

dx+f)=al@)+ foa. (4.2)

Then (L ® L*, [, |LeL, &, €) is a hom-Lie color algebra if and only if w is a 2-
color-cocycle: L x L — L*, i.e., w € Z*(L,L*);.

Clearly, L* is an abelian hom-ideal of (L & L*, [, ]/, ¢, €) and L is isomorphic
to the factor hom-Lie color algebra (L @ L*)/L*. Moreover, consider the following
e-symmetric bilinear form q;, on L & L* forall x + f,y+g € L & L*:

q(z+ f,y+9) = fly) +e(z,y)g(x).
Then we have the following lemma:
Lemma 4.6. Let L, L*, w and qr, be as above. Then the tuple (L & L*,qr,a/,€)

1 a quadratic hom-Lie color algebra if and only if w is colorcyclic in the following
sense:

w(z,y)(z) =e(x,y + 2)w(y, 2)(x) forallz,y,z € L.

Proof. If x + f is orthogonal to all elements of L & L*, then f(y) = 0 and
e(z,y)g(x) = 0, which implies that + = 0 and f = 0. So the e-symmetric bi-
linear form ¢y, is nondegenerate.

Now suppose that x + f, y +g¢g, z+ h € L & L*; then

qr([z + f,y + glrer- 2 +h)
=w(z,y)(2) —e(z,y)g([z,2]L) + f([y, 210) + e(z, = + y)h([z, y]L).
On the other hand,

qr(z+ f,[y+9g,2+ hlrer-)
= f(ly, 2]1) +e(z,y + 2))w(y, 2)(2) + e(z, 2 + y)h([z,y]L) — e(z, y)9([z, 2]L).

Hence the lemma follows. O

Now, for colorcyclic 2-cocycle w we shall call the quadratic hom-Lie color algebra
(L@®L*, qy, ', €) the T*-extension of L (by w) and denote the hom-Lie color algebra
(L D L*a ['7 ']LEBL*aa/vg) by T:;L
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Definition 4.7. Let L be a hom-Lie color algebra over a field K. We inductively
define a derived series

(L(n))nzo L0 = LD = [L(”),L(”)],
a central descending series
(L")p>0: L' =1L, L"*'=I[L" L],
and a central ascending series
(Cn(L))nz0: Co(L) =0,  Cpya(L) = C(Cu(L)),

where C(I) ={a € L | [a, L] C I} for a subspace I of L.
L is called solvable and nilpotent (of length k) if and only if there is a (smallest)
integer k such that L) = 0 and L¥ = 0, respectively.

In the following theorem we discuss some properties of 17} L.

Theorem 4.8. Let (L,[-,"]r,a,¢€) be a hom-Lie color algebra over a field K.

(1) If L is solvable (nilpotent) of length k, then the T*-extension T, L is solvable
(nilpotent) of length r, where k <r <k+1 (k<r <2k-—1).

(2) If L is nilpotent of length k, so is the trivial T*-extension T L.

(3) If L is decomposed into a direct sum of two hom-ideals of L, so is the trivial
T*-extension T L.

Proof. (1) Firstly we suppose that L is solvable of length k. Since (T*L)(™ /L* =
L™ and L*) = 0, we have (T;*L)*®) C L*, which implies (7*L)*+1) = 0 because
L* is abelian, and it follows that T7;L is solvable of length k or k£ + 1.

Suppose now that L is nilpotent of length k. Since (T*L)"/L* = L™ and L¥F = 0,
we have (TXL)* C L*. Let p € (TXL)* CL*, b€ Lyx1+f1,..., 21+ fr1 € TSL,
1 <i<k-—1; we have

[[---1B,z1 + filtor=s - lrors, -1 + fo—1lLor~ (D)
= Badzy - - adzy_1(b) = B([21, [+, [wk—1,b] - ]L]L) € B(LF) = 0.

This proves that (T L)?*~1 = 0. Hence T} L is nilpotent of length at least k and
at most 2k — 1.
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(2) Suppose that L is nilpotent of length k. Adopting the notations of the proof
of part (1), for x, + fi € T§ L, we have

ey + fi, [ [e—1 + fe—ts 2k + frleer Lo Ler-
= [961, [ Ty [!Ekq,xk]L o ']L]L
k
—i—Z[wh (oo [wim, Ui [igs [ s [e—1soe] - ]]]] -+ -]
i=1
= adry - - -adxg_1(xg) + filadzs, [+, [adeg—1,adag] - - -]
k—1
+ek—1 H e(xy, wiv1 + -+ xp) fradrg—q - - -aday
i=1
k—2
+ceck—2 H e’:‘(l‘i, Tig1+ -+ xk)fk_ladxkadxk_g ---adxy
i=1
k—2i-1 _
+ > I ey, min + - + i)
i=2 j—1
- filad@iyq, [ -+, [adag—1, adzy] - - - JJada; g - - - aday,

where we use the fact that ad[z,y] = [adz, ady], Vz,y € L. Note that

adzy -+ -adag_1(xk) € LF=o,

filadaza, [+, [adzr_1,adxy] - --](L) C fi(LF) =0,

fradzg_q - --adz (L) C ak(Lk) =0,

fr—1adzgadry_o---adzy (L) C fr1(LF) =0,

filadziy1, [+, [adzp_1,adzy] - - - Jade; g - -adz (L) € fi(f¥) = 0.
Then the right hand side of the equation vanishes and hence (T L)* = 0.

(3) Suppose that 0 # L = I @ J, where I and J are two nonzero hom-ideals
of (L[-,-]r,«). Let I* (resp. J*) denote the subspace of all linear forms in L*
vanishing on J (resp. I). Clearly, I* (resp. J*) can be canonically identified with
the dual space of I (resp. J) and L* = I* @& J*.

Since [I*, Llpgr-(J) = I*([L, J)p) C I*(J) =0and [I, L*|per-(J) = L*([I, J]L)
CL*(INJ) =0, we have [I*, Ll gz~ C I* and [I, L*|Lgr- C I*. Then

(161,15 Llser = [ © I", L & L*]LeL-
= [ L.+ I, L] oL + I, Llrer- + [I*, L] oL
CleolI"=1;I.
It is clear that T¢I is a G-graded space, then 11 is a hom-ideal of L and so is T J

in the same way. Hence T L can be decomposed into the direct sum T I @15 J of
two nonzero hom-ideals of 77 L. O

Rev. Un. Mat. Argentina, Vol. 59, No. 1 (2018)



136 BING SUN, LIANGYUN CHEN, AND YAN LIU

Lemma 4.9. Let (L,qr,«,¢€) be a quadratic hom-Lie color algebra of even dimen-
sion n over a field K and I be an isotropic n/2-dimensional subspace of L. Then
I is a hom-ideal of (L,[-,"|r, . &) if and only if I is abelian.

Proof. Since dim I + dim I+ =n/2 +dim It =n and I C I+, we have I = I+,

If I is a hom-ideal of (L,[-, ]z, ,¢), then qr(L,[I,1*]) = qn([L,I],1+) C
qr(I,I+) = 0, which implies [I,1] = [[,I+] C Lt = 0.

Conversely, if [I,1] = 0, then f(I,[I,L]) = f([I,I],L) = 0. Hence [[,L] C I+ =
I. This implies that I is an ideal of (L, [, |, o, €). O

Theorem 4.10. Let (L,qr,,¢€) be a quadratic hom-Lie color algebra of even di-
mension n over a field K of characteristic not equal to two. Then (L, qy,, ,€) is iso-
metric to a T*-extension (T2 B, qp, 8, ¢) if and only if n is even and (L, [-, "], o, &)
contains an isotropic hom-ideal I of dimension n/2. In particular, B = L/I.

Proof. (=) Since dim B = dim B*, dim T} B is even. Moreover, it is clear that
B* is a hom-ideal of half the dimension of 7B and by the definition of ¢p, we
have qg(B*, B*) = 0, i.e., B* C (B*)* and so B* is isotropic.

(<) Suppose that I is an n/2-dimensional isotropic hom-ideal of L. By
Lemma I is abelian. Let B = L/I and p : L — B be the canonical pro-
jection. Clearly, |p(z)| = |z|, Vo € L|;. Since chK # 2, we can choose an isotropic
complement subspace By to I in L, i.e., L = By+1I and By C Bi-. Then Bi- = By
since dim By = n/2.

Denote by po (resp. p1) the projection L — By (resp. L — I) and let ¢} denote
the homogeneous linear map I — B* : i — ¢} (i), where ¢} (4)(p(z)) := qr(i, z); it
is clear that |q7 (z)| = |z|, V2 € L);|. We claim that ¢; is a linear isomorphism. In
fact, if p(z) = p(y), then x—y € I, hence qr,(i,z—y) € qr(I,I) = 0and so qr,(i,x) =
qr.(i,y), which implies ¢} is well-defined and it is easily seen that ¢} is linear. If
4i() = a1 (i), then g () (p(@)) = @;.()(p(@)), ¥z € L, ic., quliva) = qu(j.),
which implies i — j € L+ = 0, hence ¢} is injective. Note that dim I = dim B*,
then g7 is surjective.

In addition, ¢; has the following property:

qZ(['Ia Z])(p(y)) = QL([IE, i]La y) = *€(£E, i)qL([iv x}Lv y) = *5(337 Z.)qL(iv [‘T7 y]L)
= —¢(z,1)qy (D)p([z,y]L) = —e(@,9)qr () [p(2), p(y)lL
—&(w,4)qr, (i) (adp(z)(p(y))) = (7(p(2))qL () (p(y))
= [p(2), ¢1 ()] Lo (p(y)),

where z,y € L, i € I. A similar computation shows that

qi([z,i]) = [p(x), a1 (Drer-, qi([i;2]) = [a1.(0), p(@)] Lo L~
Define a homogeneous bilinear map

w:BxB — B*
(p(bo),p(b5)) — q7.(p1([bo, bo))),

where by, b, € By. Then |w| = 0 and w is well-defined since the restriction of the
projection p to By is a linear isomorphism.
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Now, define the bracket on B & B* by and ; we have that B @ B* is
a G-graded algebra. Let ¢ be the linear map L — B @ B* defined by ¢(bg + i) =
p(bo) + ¢3.(i), Vb + i € By + I = L. Since the restriction of p to By and ¢} are
linear isomorphisms, ¢ is also a linear isomorphism. Note that

@([bo + 14, b +1']1) = ¢([bo, byl + [bo, '] + [3,bp]L)
= @(po([bo, bolr.) + p1([bo, o)) + [bo, '] + [i,bp] 1)

n
= p(po([bo, bo]r)) + a7, (p1([bo, bl L) + [bo, '] + [i,bp] 1)

= [p(bo), p(bp)] L + w(p(bo), p(by)) + [p(bo), a7 ()] + [a7.(3), p(b5)] 2

= [p(bo), p(bp)] . + w(p(bo), p(by)) + m(p(bo)(a7,(i")) — elbol|by|m(p(bp) (47 (7))
= [p(bo) + q7,(4), p(by) + 41 (i") B+

= [p(bo + 1), (b + i) LoL--

Then ¢ is an isomorphism of G-graded algebras, and so (B @ B*, [, |psp* ., 3) is
a hom-Lie color algebra. Furthermore, we have

qB(p(bo + 1), p(by +1')) = qB(p(bo) + q7.(i), p(by) + q7.(1"))
= q;,(1)(p(b5)) + € (bo, by) a7 ( ") (p(bo))
= qr,(i,b() + &(bo, b4 )qr (7', bo)
= qr(bo +14,by + 1),

then ¢ is isometric. The relation

as([e(2), o)), v(2)) = g5 (e([2,y]), p(2))
= qr([z, 9], 2) = qr(z, [y, 2]) = aB(p(2), [p(y), (2)])

implies that gp is a nondegenerate invariant e-symmetric bilinear form, and so
(B@® B*,qp, ', ¢) is a quadratic hom-Lie color algebra. In this way, we get a T*-
extension T B of B and consequently, (L, qr, o, €) and (5B, qp, 3, €) are isometric
as required. O

The proof of Theorem [4.10| shows that the homogeneous bilinear map w depends
on the choice of the 1sotr0p1c G-graded subspace By of L complement to the hom-
ideal I. Therefore there may be different T*-extensions describing the “same”
quadratic hom-Lie color algebras.

Let (L, [, ], @, €) be a hom-Lie color algebra over a field K, and let wy : Lx L —
L* and wy : L x L — L* be two different colorcyclic 2-color-cocycles satisfying
|wi1| = |wa| = 0. The T*-extensions T} L and T} L of L are said to be equivalent
if there exists an isomorphism of hom-Lie color algebras ¢ : T7; L — T L which
is the identity on the hom-ideal L* and which induces the identity on the factor
hom-Lie color algebra algebra T); L/L* = L = T L/L*. The two T*-extensions
T;, L and T3 L are said to be isometrically equivalent if they are equivalent and ¢
is an isometry.
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Proposition 4.11. Let L be a hom-Lie color algebra over a field K of characteristic
not equal to 2, and wy, we be two colorcyclic 2-color-cocycles L x L — L* satisfying
|wi] = 0. Then we have:

(i) T3 L is equivalent to T L if and only if there is z € C'(L,L*)q such that
wl(x?y) - WQ(xay) = F(l‘)Z(y) - E(‘T7 y)ﬂ'(y)Z(.’I)) - Z([l‘,y]L), vx’y €L, (43)

where CY(L,L*)y denotes = € CYH(L,L*) and |z| = 0. If this is the case,
then the colorsymmetric part zs of z, defined by z(z)(y) = %(z(z)(y) +
e(z,9)z(y)(x)), for all x,y € L, induces a colorsymmetric invariant bilinear
form on L.

(ii) Ty, L is isometrically equivalent to T3 L if and only if there is z € C*(L, L*)g
such that holds, for all x,y € L and the colorsymmetric part zs of z
vanishes.

Proof. (i) T} L is equivalent to T}, L if and only if there is an isomorphism of hom-
Lie color algebras ® : T); L — T L satisfying ®|p- = Idp~ and z — ®(x) € L*,
Vo € L.

Suppose that ® : T} L — T L is an isomorphism of hom-Lie color algebras and
define a linear map z : L — L* by z(z) := ®(z) — z; then z € C*(L, L*) and for
all z + f,y +g € T}, L, we have

O([z + f,y+ glo) = ([z,y]r + wi(z,y) + 7(z)g — e(z,y)7(y) f)
= [z, yle + 2([z,y]) + wi(z, y) +7(z)g — e(z,y)7(y) f-

On the other hand,

[@(z+ ), 2y +9) =[x+ 2(2) + fy + 2(y) + g
= [z, Y] + wa(z,y) + 7m(2)g + 7(x)2(y)
— (@, y)m(y)z(z) — ez, y)m(y) f-

Since ® is an isomorphism, holds.

Conversely, if there exists z € C(L, L*)q satisfying , then we can define
®:T; L —T; Lby ®(x+ f) := x4+ z(x) + f. It is easy to prove that ® is an
isomorphism of hom-Lie color algebras such that ®|.- = Id,~ and x — ®(L) € L*,
Vr € L, ie., T} L is equivalent to T7; L.

Consider the colorsymmetric bilinear form ¢, : L x L — K, (z,y) — zs(x)(y)
induced by zs. Note that

wi(z,y)(m) —wa(x,y)(m) = w(z)2(y)(m) — e(z, y)m(y)z(x)(m) — z([z, y]L) (m)
= —e(z,y)z(y)([z,m]L) + 2(x)([y, m]L) — 2([z,y]L)(m)
and
£,y +m) (w1 (y,m) () — wa(y, m) (@)
= e(z,y +m)(w(y)z(m)(z) — e(y, m)m(m)z(y)(x) — 2([y,m]L)(x))
=e(@ +y,m)z(m)([z,y]L) — ez, y)z(y)([z,m]L) — e(z,y + m)z([y, m]L) ().
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Since both w; and w9 are colorcyclic, the right hand sides of the above two equations
are equal. Hence

—e(z,y)z(y)([z,m]L) + 2(x)([y, m]L) — 2([z,y]L)(m)
=@ +y,m)z(m)([z,y]L) — e(@,y)2(y)([z,m]) — (z,y +m)z([y, m])().
That is,
2(x)(ly, m]L) +e(z, y+m)z([y, ml)(x) = 2([z,y]L)(m) +&(x +y, m)z(m) ([, y]L)-
Since chK # 2, qr(z,[y,m]) = qr([z,y], m), which proves the invariance of the
e-symmetric bilinear form gy induced by z;.

(ii) Let the isomorphism @ be defined as in (i). Then for all z+ f, y+g € LS L*,
we have

qB(®(x+ f), ®(y +9)) = as(z+2(x) + f,y + 2(y) + 9)
2(@)(y) + f(y) + e(@,y)(2(y) (@) + g(2))
= z2(x)(y) +e(z, y)2(y) () + f(y) + (2, y)g(x)
=22(2)(y) +qp(z + fLy +g).
Thus, @ is an isometry if and only if z; = 0. O

5. ABELIAN EXTENSIONS OF HOM-LIE COLOR ALGEBRAS

In this section, we show that associated to any abelian extension, there is a
representation and a 2-cocycle. We assume that the hom-Lie color algebra is mul-
tiplicative.

Definition 5.1. Let (L, [-,-],a), (V,[-,-]v,av), and (L, [-, -]z, @) be hom-Lie color
algebras and i : V — ﬁ, P L — L be morphisms of hom-Lie color algebras. The

following sequence of hom-Lie color algebras is a short exact sequence if Im(i) =
Ker(p), Ker(i) = 0 and Im(p) = L:

0—V-SL-L—o,
where ay (V) = a; (V).
In this case, we call L an extension of L by V, and denote it by F;. It is called

an abelian extension if V is an abelian ideal of L, i.e., [u,v]; =0 for all u,v € V.

A section o of p: L — L consists of linear maps o : L — L such that poo = idy,
and coa =a; oo.

Definition 5.2. Two extensions of hom-Lie color algebras E; : 0 — V SLIN

L2 L —50and Ef : 00—V Il S L0 are equivalent if there exists

a morphism of hom-Lie color algebras F' : L — L such that the following diagram

commutes:
P

0 V1 L 0
b ] o
0 Gy S § 0.
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Let L be an abelian extension of L by V,and 0 : L — L be a section. Define
maps 0 : L — End(V) by

forallz € L,veV.

Theorem 5.3. Let (V,ay) and (L,«) be multiplicative hom-Lie color algebras.
With the above notations, (V,avy,0) is a representation of (L,a) and does not
depend on the choice of the section o. Moreover, equivalent abelian extensions give
the same representation.

Proof. First, if we choose another section ¢’ : L — L, then
plo(z)—d'(zx)=x—z=0=0(z)—0'(z) €V = 0'(z) =0(z) +u,
for some u; € V.
Note that [u,v]; = 0 for all u,v € V; this yields that
[0'(z), v] = [o(2) + u,v];, = [o(x),v]}.

This shows that 6 is independent of the choice of o.
Second, we prove that (V,ay,6) is a representation of (L,«). For z,y € L,
v €V, we have

ay (0(z)(v)) = av(o(z),v] = [av(o(2)), av(v)]
= [o(a(z)), av (v)] = O(a(z))av (v).
Thus, we obtain that equation holds R
Since [o(x),0(y)]; — o([z,y]r) € V and V is an abelian ideal of L, we have
0([z, y]) 0 av (v) = [oz,y], av (v)]; = [[o(2), oY), av (V)]
On the other hand,

Thus, we obtain that equation holds.
Third, we will show that equivalent abelian extensions give the same 6.
Suppose that I; and Ej are equivalent abelian extensions, and F : L — Lis
the hom-Lie color algebras morphism satisfying F' oi = j, g o F' = p. Choosing
linear sections ¢ and ¢’ of p and ¢, we have ¢Fo(x) = po(x) = © = qo’(x), then
Fo(z) — o' (x) € Ker(q) 2 V. Moreover,

lo(2),ulp, = [Fo(x),ulp, = [0 (x), ul

The proof is complete. O
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Let o : L — L be a section of the abelian extension. Define the following map:

w(z1,22) = [0(71),0(22)]} — o([21,22]L), (5.1)

for all x1, s, z3 € L.

Theorem 5.4. Let 0 — V — L —s L —» 0 be an abelian extension of L

by V. Then w defined by (5.1)) is a 2-cocycle of L with coefficients in V', where the
representation 0 is given by (3.1)).

Proof. Puttingn =2, r =0 in , we have
5 (f)(w,y,2) = (v, x)p(a(@)) f(y, 2) — (v +a,y)p(a(y)) f(z, 2)
+e(v+a+y,2)p(a(2))f(z,y) — f([[z,y], a(2)])
+ ey, 2) f([[z, 2], a(y)]) + f([a(2), [y, 2]]).-

(
Setting f = w, p = 6§ and noting that 6(z)(u) = [o(z), u], we obtain

5 (w)(,y, 2) = e(y, 2)0((x))w(y, 2) — e(y + 2, 9)0((y))w (, 2)
+e(y+a+y,2)0(a(2))w(z, y) — w(([z,y], a(2)])
+e(y, 2)w([[z, 2], a(y)]) + w([a(z), [y, 2]])
=e(v,2)[o(a(z)), w(y, 2)] — (v + z,y)[o(a(y)), w(z, )]
+e(v+z+y,2)o(a(z),w(z,y)] — w(([z,y], a(2)])
+ ey, 2)w([[z, 2], a(y)]) + w([a(z), [y, 2]])
= laj(o(2)), [o(y), o(2)]] — e (o(2)), oy, 2]

—e(z,ylap (o), lo(@),0(2)] + e(@,y)|ez (0 (y)), oz, 2]]
+e(@ +y,2)[ap(0(2), [o(x), 0] —e(z +y,2)[a;(0(2)),0lz, ]
= [o([z,y]), a;(0(2))] + o([[z, 4], a(2)])
+ ey, 2)[o([z,2]), ap(0(y))] — ey, z)o([[z, 2], a(y)])
+[aj(o(2)),0([y, 2])] — o([alz), [y, 2]])
=0,

where the last equality follows from the e-hom-Jacobi identity. Therefore, w is a
2-cocycle. O
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