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A NOTION OF COMPATIBILITY FOR ARMENDARIZ AND
BAER PROPERTIES OVER SKEW PBW EXTENSIONS

ARMANDO REYES AND HECTOR SUAREZ

ABSTRACT. In this paper we are interested in studying the properties of Ar-
mendariz, Baer, quasi-Baer, p.p. and p.q.-Baer over skew PBW extensions.
Using a notion of compatibility, we generalize several propositions established
for Ore extensions and present new results for several noncommutative rings
which can not be expressed as Ore extensions (universal enveloping algebras,
diffusion algebras, and others).

1. INTRODUCTION

In [22], Kaplansky defined a ring B as a Baer (resp. quasi-Baer, which was
defined by Clark [I0]) ring, if the right annihilator of every nonempty subset (resp.
ideal) of B is generated by an idempotent (the objective of these rings is to abstract
various properties of von Neumann algebras and complete #-regular rings; Clark
used the quasi-Baer concept to characterize when a finite-dimensional algebra with
unity over an algebraically closed field is isomorphic to a twisted matrix units
semigroup algebra). Another generalization of Baer rings are the p.p.-rings. A
ring B is called right (resp. left) p.p., if the right (resp. left) annihilator of each
element of B is generated by an idempotent (or equivalently, rings in which each
principal right (resp. left) ideal is projective). Birkenmeier et al. [§] defined a ring
to be called a right (resp. left) principally quasi-Baer (or simply right (resp. left)
p.q.-Baer) ring, if the right annihilator of each principal right (resp. left) ideal of
B is generated by an idempotent. Note that in a reduced ring B, B is Baer (resp.
p.p.) if and only if B is quasi-Baer (resp. p.q.-Baer); see [B] for more details.

Commutative and noncommutative Baer, quasi-Baer, p.p. and p.q.-Baer rings
have been investigated in the literature. For instance, in [3], Armendariz established
the following proposition: if B is a reduced ring, then Blz] is a Baer ring if and only
if B is a Baer ring ([3, Theorem B]; Armendariz showed an example to illustrate that
the condition to be reduced is not superfluous). Birkenmeier et al. in [8] showed
that the quasi-Baer condition is preserved by many polynomial extensions, and
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in [6], they proved that a ring B is right p.q.-Baer if and only if B[z] is right p.q.-
Baer. In the context of noncommutative rings, more exactly polynomial extensions
known as Ore extensions Blx;0,d] of injective type, i.e., when o is injective, we
found several works (cf. [10} [5, [, [7, T3] 19} 8, O] 17, 18| 15 [16]). Some of these
works consider the case § = 0 and ¢ an automorphism, or the case where o is
the identity. It is important to say that the Baerness and quasi-Baerness of a
ring B and an Ore extension B[z;o,d] of B do not depend on each other. More
exactly, there are examples which show that there exists a Baer ring B but the
Ore extension B[z;o,d] is not right p.q.-Baer; similarly, there exist Ore extensions
Blx; 0, ] which are quasi-Baer, but B is not quasi-Baer (see [19] for more details).

One of the most important kinds of rings for which all the above properties
have been studied are the o-rigid rings (cf. [24] [19] [I8]). Following Krempa [24],
an endomorphism o of a ring B is called rigid if ac(a) = 0 implies a = 0, for
a € B, and a ring B is said to be o-rigid, if there exists a rigid endomorphism
o of B. One can see that any rigid endomorphism of a ring is a monomorphism,
and o-rigid rings are reduced rings ([19, p. 218]). With the aim of generalizing the
o-rigid rings in the context of Ore extensions, in [2] Annin introduced the notion of
compatibility: a ring B is called o-compatible if for every a,b € B, we have ab =0
if and only if ao(b) = 0 (necessarily, the endomorphism o is injective); B is called
d-compatible if for each a,b € B, ab =0 = ad(b) = 0. If B is both o-compatible
and d-compatible, B is called (o, d)-compatible. Note that o-rigid rings are (o, d)-
compatible rings ([I5, Lemma 3.3]), but the converse is false ([I5, Examples 2.1,
2.2 and 2.3]). Nevertheless, Hashemi et al., in [16, Lemma 2.2], showed that a ring
B is (0, d)-compatible and reduced if and only if B is o-rigid. Hence o-compatible
rings generalize o-rigid rings for the case where B is not assumed to be reduced.
All the above properties have been also studied for (o, d)-compatible rings: in [16]
it was imposed the (o, d)-compatibility on the ring B and it was proved that (i)
the ring B is quasi-Baer if and only if B[z; 0, d] is quasi-Baer; (ii) the ring B is left
p.q.-Baer if and only if B[z; 0, d] is left p.q.-Baer. In this way, the treatment in [16]
is a generalization of [6, Theorem 1.8] and [9, Theorem 3.1].

With all the above facts in mind, a natural question for a given class of Baer,
quasi-Baer, p.p. and p.q.-Baer rings is their behavior with respect to skew Poincaré—-
Birkhoff-Witt (PBW for short) extensions introduced by Gallego and Lezama
in [I2], which are more general than Ore extensions of injective type. More ex-
actly, it has been shown that skew PBW extensions contain various well-known
groups of algebras such as some types of Auslander—Gorenstein rings, some skew
Calabi—Yau algebras, some Artin—Schelter regular algebras, some Koszul algebras,
quantum polynomials, some quantum universal enveloping algebras, etc. (see [27]
and [34] for a detailed list of examples). In fact, these extensions include several
algebras which cannot be expressed as Ore extensions: universal enveloping al-
gebras of finite Lie algebras, diffusion algebras, and others; see Section This
fact shows the necessity to have more general results in a theory of Baerness and
quasi-Baerness for several noncommutative rings. As a matter of fact, several ring
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and module theoretical properties have been studied for skew PBW extensions (cf.
[29]-5)).

Precisely, a first treatment about these topics was established by the first author
in [35]. There, a notion of rigidness (X-rigid rings) was the key concept to establish
necessary and sufficient conditions to guarantee that all these properties are stable
over skew PBW extensions. In this way, the results presented in [35] generalize the
treatment presented in [I9] about o-rigid rings. A second treatment is developed
by the authors in [38] with the aim of generalizing Y-rigid rings (compare also
with [29]). There, the important notions are skew Armendariz rings and a more
general class of rings, the weak skew Armendariz rings ([38], Definitions 3.1 and 3.2,
respectively). Using these two notions, the authors studied the properties of being
Baer, quasi-Baer, p.p. and p.q.-Baer over skew PBW extensions and over their
classical ring of quotients.

Now, as we saw above, (o, d)-compatible rings generalize o-rigid rings for the
case of Ore extensions, and since we are interested in a more general family of
noncommutative rings, the skew PBW extensions, a natural problem is to estab-
lish a notion of compatibility for these extensions. With this aim, we introduce
the (X, A)-compatible rings which are a natural generalization of (o, d)-compatible
rings, since skew PBW extensions generalize Ore extensions of injective type. Of
course, (X, A)-compatible rings generalize S-rigid rings (Proposition [3.4). It is
important to say that the treatment developed in [38] is not a particular case of
the treatment developed in this paper, and vice versa, the results obtained in this
paper cannot be obtained from the treatment in [38]. In other words, there are ex-
amples of skew Armendariz rings which are not (X, A)-compatible rings, and there
are examples of (3, A)-compatible rings which are not skew Armendariz rings (see
Remark for more details). Therefore, this paper can be considered as a second
approach to Armendariz skew PBW extensions.

Let us briefly explain the content of this second approach to a notion of Ar-
mendariz ring for skew PBW extensions. Let us start with the commutative def-
inition. In commutative algebra, a ring B is called Armendariz (the term was
introduced by Rege and Chhawchharia in [30]) if whenever polynomials f(z) =
ap + a1z + - + anx™, g(x) = by + bix + - - + bypa™ € Blz] satisfy f(z)g(x) =0,
then a;b; = 0, for every ¢,7. The interest of this notion lies in its natural and
useful role in understanding the relation between the annihilators of the ring B
and the annihilators of the polynomial ring B[z]. In [3, Lemma 1], Armendariz
showed that a reduced ring (i.e., a ring without nonzero nilpotent elements) al-
ways satisfies this condition (reduced rings are Abelian, that is, every idempotent
is central, and also semiprime, that is, its prime radical is trivial). Now, in the
context of noncommutative algebra, more exactly the Ore extensions, the relations
between Armendariz rings and Baer (quasi-Baer) rings have been also investigated
in different papers, see for example [3], [4], [30, 11, [ (13}, 19} 23], [8] 18], 17, 20} 28]. For
instance, Hirano in [I8] defined a ring B to be quasi-Armendariz if whenever two
polynomials f(z) = >I" , a;a?, g(z) = Z;ZO bjz?d € Blx] satisfy f(z)B[z]g(z) =0,
then a;Rb;, for every 1, j.
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Motivated by all these results, Hashemi et al. investigated in [I5] a notion of
Armendariz ring as a generalization of the o-rigid rings. There, it was introduced
the condition (SA1) which is a skew polynomial version of Armendariz rings. More
exactly: if o is a monomorphism of a ring B and J is a o-derivation of B, then it
is said that B satisfies the (SA1) condition if whenever f(z)g(z) = 0 for f(x) =
Yoitgaiet and g(x) = Y7 (bja’ € Blr;0,9], then a;b; = 0, for all 4,j. Since
o-rigid rings satisfy (SA1) ([19, Proposition 6]), in [I5] it was imposed the (o, d)-
compatibility on the ring B, and it was shown the following facts: (i) if B satisfies
(SA1), then B is a Baer (resp. right p.p.) ring if and only if Blz; o, d] is a Baer (resp.
right p.p.) ring ([I5, Theorem 3.14]). In this way, this result is a generalization
of [I9, Theorems 11, 14, and Corollaries 12, 16]; (ii) if (SA1) holds in B, the
ring B satisfies the ascending chain condition on right annihilators if and only
if so does B[x;0,0] ([I5, Theorem 2.5]). Hashemi et al. in [I6] investigated also
a generalization of o-rigid rings by introducing the condition (SQA1) which is
a skew polynomial version of the quasi-Armendariz rings. More exactly, for a
monomorphism ¢ and a o-derivation § of a ring B, it is said that B satisfies the
(SQAL) condition if whenever f(z)B[z;0,6]g(z) = 0 for f(z) = > a;z" and
g(z) = Z§=O bjzl € Blz;0,6], then a;Bb; = 0, for all 4, j. Note that if B is o-rigid,
then B satisfies also (SQA1). With all these works in mind, our second approach
to a notion of Armendariz ring of skew PBW extensions consists in establishing
the conditions (SA1) and (SQAL) for the case of skew PBW extensions with the
aim of generalizing the results presented in [35] about X-rigid rings, and of course,
the results presented in [15] and [16] for Ore extensions of injective type.

Next, we describe the structure of the article. In Section [2] we establish some
useful results about skew PBW extensions for the rest of the paper. In Section [3]
we introduce the notion of ¥-compatible, A-compatible, and (¥, A)-compatible
ring (Definition , and we show that ¥-rigid rings defined in [35] are strictly
contained in (X, A)-compatible rings (Proposition and Example. However,
in Theorem we prove the following equivalences: for a skew PBW extension A
of aring R, R is (X, A)-compatible and reduced < R is Y-rigid < A is reduced. In
Section {4, we introduce the notions (SA1) and (SQA1) for skew PBW extensions
(Definitions and respectively) with the aim of generalizing the results
presented in [35] about Baer, quasi-Baer, p.p. and p.q.-Baer rings for ¥-rigid rings,
to the more general setting of (X, A)-compatible rings, see Theorems
and In Example we show an example of a o-compatible left p.q.-Baer
ring which is not o-rigid. We also study some relations between the condition
(SQA1) and annihilators and ideals in a ring R and a skew PBW extension A
over R (Theorems and . Finally, in Section [5| we present some examples
of noncommutative rings which cannot be expressed as Ore extensions but are
skew PBW extensions. As a matter of fact, the results presented in this paper
are new for skew PBW extensions and all of them are similar to others existing
in the literature for the case of Ore extensions. In this way, we continue the
task of studying homological and ring properties of skew PBW extensions (cf.
112, 32, 27, 133, 34, 26}, [35, 36, [38]).
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2. SKEwW PBW EXTENSIONS

Definition 2.1 ([I2 Definition 1]). Let R and A be rings. We say that A is a
skew PBW extension of R (also called a 0-PBW extension of R), which is denoted
by A:=0o(R){x1,...,Zy,), if the following conditions hold:

(i) RC A4
(ii) there exist elements z1,...,z, € A such that A is a left free R-module,
with basis Mon(A) := {z® = 2*---2%" | o = (aq,...,,) € N*}, and

zy--- 22 ;=1 € Mon(A).

(iii) For each 1 < i < n and any r € R \ {0}, there exists an element ¢;, €
R\ {0} such that z;r — ¢; ,z; € R.

(iv) For any positive integers 1 <4, < n, there exists ¢; ; € R \ {0} such that
T — ¢ jx; € R+ Rwy + - -+ Ray,.

Proposition 2.2 ([I2, Proposition 3]). Let A be a skew PBW extension of R.
For each 1 < i < n, there exist an injective endomorphism o; : R — R and a
o;-derivation §; : R — R such that x;r = o;(r)x; + 6;(r), for each r € R. We write
Y:={o1,...,0n} and A :={b1,...,0n}.

Definition 2.3 ([12] Definition 4]). Let A be a skew PBW extension of R.

(a) Ais called quasi-commutative if the conditions (iii) and (iv) in Definition[2.]
are replaced by the following conditions: (iii’) for each 1 < i < n and all
r € R\ {0}, there exists ¢; , € R\ {0} such that z;r = ¢; ,2;; (iv’) for any
1 <i,j < n, there exists ¢; ; € R\ {0} such that z;2; = ¢; jz;z;.

(b) Ais called bijective, if o; is bijective for each 1 < i < n and ¢; ; is invertible,
forany 1 <i<j<n.

Example 2.4. The class of skew PBW extensions contains various well-known
groups of algebras such as some types of Auslander—Gorenstein rings, some skew
Calabi—Yau algebras, Koszul algebras, quantum polynomials, some quantum uni-
versal enveloping algebras, etc. A detailed list of examples of skew PBW extensions
is presented in [27] and in [34].

Definition 2.5 ([I2, Definition 6]). Let A be a skew PBW extension of R with
endomorphisms o;, 1 <14 < n, as in Proposition
(i) For a = (aq,...,a) € N, 0% := o - 0%, |a] := a1 + -+ ayp. If
B=B1,...,0n) € N" then a+ = (a1 + f1,...,an + Bn)-
(ii) For X = a2® € Mon(A), exp(X) := a, deg(X) := |a|, and Xy := 1. The
symbol = will denote a total order defined on Mon(A) (a total order on
N"). For an element z® € Mon(A), exp(z®) := a € N*. If 2® = 2P
but z® # 2P, we write 2% = 7. Every element f € A can be expressed
uniquely as f = ag+a1 X1+ -+ amXm, witha; € R, and X, = -+ = X;.
With this notation, we define Im(f) := X,,, the leading monomial of f;
le(f) := am, the leading coefficient of f; 1t(f) := ap Xm, the leading term of
I; exp(f) := exp(X,,), the order of f; and E(f) := {exp(X;) |1 <i <t}
Note that deg(f) := max{deg(X;)},_;. Finally, if f = 0, then lm(0) := 0,
lc(0) := 0, 1t(0) := 0. We also consider X > 0 for any X € Mon(A). For a
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detailed description of monomial orders in skew PBW extensions, see [12),
Section 3].

Proposition 2.6 ([12, Theorem 7]). If A is a polynomial ring with coefficients in
R and the set of indeterminates {x1,...,2,}, then A is a skew PBW extension of
R if and only if the following conditions hold:

(i) for each x* € Mon(A) and every 0 # r € R, there exist unique elements
re = 0%(r) € R\ {0}, pa,r € A, such that z%r = r42% + po,r, where
Par =0, or deg(pa,r) < || if par # 0. If r is left invertible, so is 1.

(ii) For each x* 27 € Mon(A), there exist unique elements co 3 € R and
Pa,p € A such that %2 = ¢ px TP + po g, where cq 5 is left invertible,
Pa,p = 0, or deg(pa,ﬂ) < ‘O‘ + 6' ifpa,ﬁ 7é 0.

Remark 2.7. With respect to Proposition [2.6] we have two observations:
(i) ([35) Proposition 2.9]) If a := (ay,...,,) € N and r € R, then

a1 g Qp—1 _Qn.. Oén 1 anp—j J—1
zr =z{tzy? ezt et = ot - (g 08, (0l (r)) 2, >

Qn—1
iyt ety ( R S R (r)))mz:ﬁ)xzn

Jj=1

xnp—2
! "'mi'iES(Z 5 b (ai;_;w:‘:zzl<a$:”<r>>>>wi_é)x3’zllmzn

j=1
ag
= (Z 252 T 55(03 (057 (050 (- (03" (M) ) e

+ o7 (052 (- (an™(r)))ait - xpm, oj :=idg for1<j<n.
(i) ([35, Remark 2.10]) Using (i), it follows that for the product a;X;b;Y;, if

X; =" xlin and Yj = xffl .- 2™ then

CliXiij} = aigai(b‘)xailﬁj + AiPa;y o 2;2( (o ‘?‘m,(b)))l‘gw . a,,, ﬁj

n B
—+ alzl p(){ i2,05 13( (a.f"zw (b)))xg x-I
il pQi2 ) Qia | Qin B
+aiz;" Ty pa13, id(.(o ‘%n(b)))ZL’47 x, "z
azl Qq2 Xi(n—2) Xin ﬁj
+ - taxitag Tin—2) Pay_1y,00im ()T T

Qi Xi(n—1) B
+azy! Zin—1) Pain b’

In this way, when we compute every summand of a; X;b;Y; we obtain prod-
ucts of the coefficient a; with several evaluations of b; in ¢’s and d’s de-
pending on the coordinates of «;.

3. (¥, A)-COMPATIBLE RINGS

Following Krempa [24], an endomorphism o of a ring B is called rigid if ac(a) = 0
implies @ = 0, for « € B. A ring B is said to be o-rigid if there exists a rigid
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endomorphism o of B. It is clear that any rigid endomorphism of a ring is a
monomorphism, and o-rigid rings are reduced ([I9, p. 218]). Properties of o-rigid
rings have been studied by several authors (cf. |24} [T9] [18]). With this in mind, in [2]
it is said that B is o-compatible if for every a,b € B, we have ab = 0 if and only if
ao(b) = 0; B is said to be §-compatible if for each a,b € B, ab= 0= ad(b) =0. If
B is both o-compatible and §-compatible, B is called (o, §)-compatible. In this case,
the endomorphism o is injective. Since one can appreciate the relation between
these notions and o-rigid rings ([I5, Lemma 3.3]), in [16, Lemma 2.2] it was shown
that a ring B is (o, d)-compatible and reduced if and only if B is o-rigid. Hence
o-compatible rings generalize o-rigid rings for the case where B is not assumed to
be reduced. The natural task for us is to extend this notion of compatibility to a
more general context of Ore extensions of injective type, that is, the family of skew
PBW extensions. This is precisely the content of Definition [3.2] Before, we recall
the notion of X-rigid ring.

Definition 3.1 ([35, Definition 3.2]). Let B be a ring and ¥ a family of endo-
morphisms of B. X is called a rigid endomorphisms family if ro®(r) = 0 implies
r =0, for every r € B and o € N”. A ring B is called X-rigid if there exists a rigid
endomorphisms family ¥ of B.

Note that if > is a rigid endomorphisms family, then every element o; € X is
a monomorphism. In fact, ¥-rigid rings are reduced rings: if B is a ¥-rigid ring
and 72 = 0 for 7 € B, then 0 = ro®(r?)o®(c%(r)) = ro®(r)o*(r)o®(c®(r)) =
ra®(r)o®(ro®(r)), i.e., ro®(r) = 0 and so r = 0, that is, B is reduced (note that
there exists an endomorphism of a reduced ring which is not a rigid endomor-
phism, see [19, Example 9]). We consider the family of injective endomorphisms
Y and the family A of X-derivations in a skew PBW extension A of a ring R (see

Proposition .

Definition 3.2. Consider a ring R with a family of endomorphisms ¥ and a family
of ¥-derivations A. Then,
(1) R is said to be X-compatible, if for each a,b € R, ac®(b) = 0 if and only if
ab =0, for every a € N";
(2) R is said to be A-compatible, if for each a,b € R, ab = 0 implies ad®(b) = 0,
for every 5 € N™.
If R is both X-compatible and A-compatible, R is called (2, A)-compatible.

Examples 3.3. Next, we present remarkable examples of 0-PBW extensions over
(X, A)-compatible rings (see [31] or [27] for a detailed definition and reference of
every example).

(a) If A is a skew PBW extension of a ring R where the coefficients com-
mute with the variables, that is, z;r = rx;, for every r € R and each
i = 1,...,n, or equivalently, o; = idg and §; = 0, for every i (these
extensions were called constant by the authors in [44]), then it is clear
that R is (3, A)-compatible. Some examples of constant c-PBW exten-
sions are the following: PBW extensions defined by Bell and Goodearl
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(which include the classical commutative polynomial rings, universal en-
veloping algebra of a Lie algebra, and others); some operator algebras (for
example, the algebra of linear partial differential operators, the algebra of
linear partial shift operators, the algebra of linear partial difference oper-
ators, the algebra of linear partial g-dilation operators, and the algebra
of linear partial g-differential operators); the class of diffusion algebras;
Weyl algebras; additive analogue of the Weyl algebra; multiplicative ana-
logue of the Weyl algebra; some quantum Weyl algebras as As(Jqp); the
quantum algebra U’(s0(3,k)); the family of 3-dimensional skew polynomial
algebras (there are exactly fifteen of these algebras, see [39]); Dispin alge-
bra U(osp(1,2)); Woronowicz algebra W, (sl(2,k)); the complex algebra
Vq(sl3(C)); g-Heisenberg algebra H, (q); the Hayashi algebra W,(J), and
more.

(b) We also encounter examples of 0-PBW extensions (which are not constant)
over (X, A)-compatible rings. Let us see: (i) the quantum plane O, (k?);
the algebra of ¢-differential operators Dy 5[z, y]; the mixed algebra Dy,; the
operator differential rings; the algebra of differential operators Dq(Sq) on
a quantum space Sq, and more.

(¢) Tt is important to say that several algebras of quantum physics can be
expressed as skew PBW extensions (for instance, Weyl algebras, additive
and multiplicative analogue of the Weyl algebra, quantum Weyl algebras,
g-Heisenberg algebra, and others), which allows us to characterize several
properties with physical meaning. As Curado et al. say in [I1], “algebraic
methods have long been applied to the solution of a large number of quan-
tum physical systems. In the last decades, quantum algebras appeared
in the framework of quantum integrable one-dimensional models and have
ever since been applied to many physical phenomena [...] It was found
that it could be generalized leading to the concept of deformed Heisenberg
algebras that have been used in many areas, as nuclear physics, condensed
matter, atomic physics, etc.” With these ideas in mind, next we present
some remarkable examples of these algebras which are (2, A)-compatible
(the proof that these algebras are skew PBW extensions can be realized
using the theory developed in [40]).

(i) The Lie-deformed Heisenberg algebra introduced by Jannussis is de-
fined by the commutation relations

qj(l + i)\jk)pk 7pk.(1 — i)\jk)qj = iﬁ5jk
[qjaqk]:[pjvpk]zoa jak:17273a

where ¢;,p; are the position and momentum operators, and A, =
Ardji, with Ay real parameters. If Ajr = 0 one recovers the usual
Heisenberg algebra.

(ii) The quantum Weyl algebra introduced by Giaquinto and Zhang with
the aim of studying the Jordan Hecke symmetry is a quantization of
the usual second Weyl algebra. By definition, As(J, ) is the k-algebra
generated by the variables x1, za, 01, 02, with relations (depending on
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parameters a, b € k)

T1T9 = ToT1 + ax%, 0201 = 0109 + b@%
O1x1 =14 2101 + ax,10s, 0129 = —ax101 — abx109 + ©901 + bxo0s
821’1 = xlag, (921’2 =1- bx15‘2 + :5282.

Over any field k, if a = b = 0, then Ay(Jy) = A2, the usual second
Weyl algebra.

(iii) With the purpose of obtaining bosonic representations of the Drinfeld—
Jimbo quantum algebras, Hayashi considered the algebra U. Let us
see its construction. Let U be the algebra generated by the indeter-

minates w1, ..., Wn, Y1, ..., Y, YT, ..., ), with the relations
Vi — hihy = PiP] — YY) = wiwi — wiwj = i — ] =0, 1<i<j<n,
Wit — ¢ piw; = Yjwi —q Hwiy =0, 1<ij<n,
Vi — i) = —’wi, qeC 1<i<n.

(iv) Jannussis et al. studied the non-Hermitian realization of a Lie de-
formed, non-canonical Heisenberg algebra, considering the case of op-
erators A;, By which are non-Hermitian (ie., A = 1)

Aj(l + i)\jk)Bk — B(1 — i)\jk)Aj =10jk
[Aj,Be] =0 (j # k)
(45, Ax] = [Bj, Br] = 0,
and
AT (1+iXw) B — B (1 —idje) AT = idjn
[AT.Bi1=0 (j#k),
[A;LvAm = [ijBl:r] =0,
where A; # Aj, By, # By (j,k = 1,2,3). If the operators A;, By, are
in the form A; = f;(N; +1)aj, By = a fx(Ng+1), where a;, a} are

J
leader operators of the usual Heisenberg-Weyl algebra, with IV; the
corresponding number operator (N; = aaj, Nj | n;) = nj|n;)), and
the structure functions f;(N; + 1) complex, then it is showed that A;

and Bj are given by

[ =i/t o1 1
A= 1+Mj< (1—ix) /(1 +iA) —1 Nj+1> @

B ; (1= ide)/(L+iNg) M1 1 \?
B’“‘VHM,@Q( (1—ixe)/(1+irg) — 1 Nk+1> '

Proposition [3.4] shows that (¥, A)-compatible rings are a generalization of -
rigid rings introduced in [35], Definition 3.2].

Proposition 3.4. Let 3 be a family of endomorphisms of a ring R, and let A be
a family of X-derivations of R. If R is 3-rigid, then R is (X, A)-compatible.
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Proof. If R is a Y-rigid ring, then R is reduced, and ab = 0 if and only if ba = 0. In
this way, ac®(b)o®(ac® (b)) = ac®(ba)o®(c*(b)) = 0, whence ac®(b) = 0. Using
a similar reasoning, we can see that the equality ba = 0 implies 0%(a)b = 0:
0 = o%0*(a))o“(ba)b = c*(c*(a))o*(b)c*(a)b = o*(c*(a)b)oc*(a)b = o*(a)b =
0. Now, if ac®(b) = 0, then bac®(b)o*(a) = bac“(ba) = 0, whence ba = 0,
and then ab = 0. Finally, for every i, 0 = §;(ba) = 9;(b)a + o;(b)d;(a), that is,
(0i(b)6i(a))? = —6;(b)ac;(b)di(a) = 0, and since R is reduced, o;(b)d;(a) = 0, i.e.,
d;(b)a = 0, which shows that ad;(b) = 0. O

Corollary 3.5 ([I5, Lemma 3.3]). Let o be an endomorphism of a ring B and let
0 be a o-derivation of B. If B is o-rigid, then B is (o,d)-compatible.

The following example illustrates that the converse of Proposition [3.4] is false.
See also Examples (iii).

Example 3.6 ([I5, Example 2.2]). Let ¢ be a o-derivation of B, where B is a
o-rigid ring. Consider

a b c
Bg,:{ 0 a d a,b,c,dEB},
0 0 a

the subring of the upper triangular matrix T5(B). The endomorphism o of B is
extended to the endomorphism @ : Bs — Bs defined by ((a;;)) = (c(a,;)) and the
o-derivation § of B is also extended to & : By — Bs defined by 6((a;;)) = (§(ai;))-

Then 6 is a o-derivation of Bs, and we have the following facts: (i) Bs is a (7, d)-
compatible ring; (ii) Bs is not -rigid (in fact, Bs satisfies (SA1), see Definition[4.1]).

Remark 3.7. As we said in the Introduction, the treatment developed in [38] is
not a particular case of the treatment developed in this paper, and vice versa, the
results obtained in this paper cannot be obtained from the treatment in [38]. In
other words, there are examples of skew Armendariz rings which are not (3, A)-
compatible rings, and there are examples of (X, A)-compatible rings which are not
skew Armendariz rings. For example:
(a) [0, Example 2.8] If Zz[x] is the polynomial ring with coefficients in Zo, and
o is the endomorphism of Zs[z] given by o(p(x)) = p(0), then Zs[z] is skew
Armendariz [38, Definition 3.1] but Zs[z] is not ¥ = {o}-compatible (so
not X-rigid): if we take f =1+ =z, g =z € Zs[x], then fg = (1 + z)x # 0,
but fo(g) = (1+ z)o(xz) =0.
(b) [46, Example 2.9] Let Z4 be the ring of integers modulo 4. Consider the

ring B
Rz{(a b>|an,beZ4}.
0 a

If we consider the endomorphism ¢ of R given by o < (g 2)) = <g _ab> ,

and the ideal I = 8 2 |a€ 42} of R, then R/I is not skew Armen-

dariz, and R/I is ¥ = {7 }-compatible.
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Returning to the relation between X-rigid and (X, A)-compatible rings, from
Proposition [3.4] and Example [3.6] note that

Y-rigid rings G (X, A)-compatible rings.
Next, we investigate some key properties of (X, A)-compatible rings.

Proposition 3.8. Let R be a (X, A)-compatible ring. For every a,b € R, we have:
(i) if ab =0, then ac®(b) = a?(a)b = 0, for each § € N".
(ii) If 0P (a)b = 0 for some 3 € N", then ab = 0.
(iii) If ab =0, then o°(a)é?(b) = 6% (a)a?(b) = 0, for every 6,3 € N™.

Proof. The proof uses a similar argument to the one established in [I5, Lemma 2.4].
O

As we saw before, Y-rigid rings are strictly contained in (3, A)-compatible rings.
Nevertheless, Theorem [3.9)shows the importance of reduced rings in the equivalence
of both families of rings.

Theorem 3.9. If A is a skew PBW extension of a ring R, then the following
statements are equivalent:

(i) R is reduced and (X, A)-compatible;

(ii) R is X-rigid;

(iii) A is reduced.
Proof. (i) = (ii) Suppose that R is reduced and (X, A)-compatible. Consider an
element 7 € R such that ro®(r) = 0. From Proposition[3.§|(i) we obtain o (r)o®(r)
for every a € N, and using the injectivity of ¢% and the assumption on R, we
have r = 0. (ii) = (i) It follows from Proposition (ii) = (iii) Let R be X-
rigid and suppose that A is not reduced. Then there exists a non-zero element
f € A such that f2 = 0. Since R is reduced, f ¢ R. Following Definition

consider f = a9+ a1 X1 + -+ anXm, a; € R, 0 < i < m, a, # 0, with
X; =% =g - z¥n and X, = X1 > -+ = X;. By Theorem (ii) we
have
f? = (amXm + -+ a1.X1 + ao)(amXm + -+ + a1 X1 + ap)

= A XmamXm -+ other terms of order less than X,,X,,

= am [Uam (am)Xm +pam,am]Xm + -

= Ao (am)Xme + ampam,ame + e

= ama-o‘mr (am)[canuanzxzam, +p0¢7n;a7n] + a’mpannam Xm + )
Where panuanl = 0 or deg(panuam) < |am| lf pannam # 07 and panuarn = 0 or
deg(Pam,am) < lam + am| if pa,,.a,, 7 0. From the equality

IC(fQ) = o™ (am)Ca,, 0 =0

we obtain a,,0%™ (a,;,) = 0 (A is bijective). From [35, Lemma 3.3 (iv)], we obtain

a2, = 0, and so a,, = 0 (R is reduced), which is a contradiction. Hence, A is

reduced. (iii) = (ii) If A is reduced, R is also reduced as a subring. Let us see that
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Ris Y-rigid. If a € Rand ac®(a) = 0, then 0 = 0(a)z%ac®(a)z%a = (0%(a)z%a)?,
and so 0%(a)z®a = 0. Thus, 0 = 0%(a)z%a = 0°(a)[0*(a)2*+Pa.a] = (%(a))?z*+
0%(a)Pa,a; With pa.q = 0, or deg(pa,a) < || if pa.a 7 0 (Theorem [2.6). Hence
(0%(a))? = 0, that is, 0%(a) = 0. Now, since o® is injective, we obtain a = 0,
which shows that R is X-rigid. O

Corollary 3.10 ([I6, Lemma 2.2)). If o is an endomorphism and § is a o-
derivation of a ring B, then B is (o,d)-compatible and reduced if and only if B
s o-rigid.

Lemma 3.11. Let A be a skew PBW extension of a (X, A)-compatible ring R. If
f=a+a1 X1+ +anXm €A, reR, and fr =0, then a;r =0, for every i.

Proof. Consider the expression fr with X,, > --- > X;. Then

fr=(a+ a1 X1+ 4 anXm)r =agr + a1 Xqr + -+ am X r

=aor + al(o-al (T)Xl + palﬂ‘) +F am<0-am (T)Xm + pam,r)

apr + a0 (1) X1 + a1Pay r + -+ Ao (1) Xo + amPan, s
where po; - = 0, or deg(pa, ) < |a] if pa,; » # 0, for j =1,...,m (Proposition 2.6).
Note that le(fr) = apmo®m(r) = 0, and by the X-compatibility of R, a,,r = 0,
that is, r is an element of the right annihilator of a,,. From Remark 2.7 the
polynomial p,,, ,» involves elements obtained evaluating ¢’s and d’s (depending on
the coordinates of a,;,) in the element r. Hence, by (2, A)-compatibility of R and
Proposition 3.8} we obtain a,,pa,,,» = 0, which means that the expression fr takes
the form fr = agr + a1 X1 + -+ + am—1X;m—_17. Using this argument repeatedly,
we can see that a;r = 0, for every i =0,...,m. O

Corollary 3.12 ([I6l Lemma 2.3]). Let B be a (o,0)-compatible ring. If f(x) =
ap+ a1z + -+ apz™ € Blx;0,0], r € B and f(x)r =0, then a;r = 0, for each i.

4. BAER, QUASI-BAER, P.P. AND P.Q.-RINGS

In [35], the first author studied skew PBW extensions of Baer, quasi-Baer, p.p.
and p.q.-Baer rings over Y-rigid rings. There, it was proved that these properties
are stable over this kind of extensions. Now, since we have showed that »-rigid
rings are strictly contained in (¥, A)-compatible rings, the purpose of this sec-
tion is to generalize the results presented in [35] to the more general setting of
(X, A)-compatible rings. In this way, we obtain more general results for skew
PBW extensions and extend the results presented in [9] and [I5] for Ore extensions
of injective type.

Definition 4.1. Let A be a skew PBW extension of R. We say that R satisfies
the condition (SA1) if whenever fg = 0 for f = ap + a1 X1 + -+ + an Xy, and
g=0bo+0b1Y1 + -+ b:Y; elements of A, then a;b; = 0, for every i, j.

Note that every X-rigid ring satisfies the condition (SA1).

Theorem 4.2. If A is a skew PBW extension of a (X, A)-compatible ring R which
satisfies (SA1), then R is a Baer ring if and only if A is a Baer ring.
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Proof. Suppose that R is a Baer ring. Consider a nonempty subset D of A, and
let C be the set of coefficients of elements of D. By assumption on R, there exists
an idempotent e € R with right annihilator of C' in R given by rg(C) = eR. Since
R is (¥, A)-compatible, from Remark [2.7] (ii) and Proposition we can see that
De = 0, that is, eA C r4(D). Now, if f =ag+ a1 Xy + -+ amXm € ra(D), by
condition (SAl) on R, Ca; =0 for 0 < i <m, i.e, a; € eR, whence r4(D) C eA,
and then r4(D) = eA.

Suppose that A is a Baer ring and let C' be a nonempty subset of R. There
exists an idempotent e € A given by e = eg + e1 X7 + - - - + e; Xy with r4(C) = eA.
Hence Cey = 0, which implies that ey = eep, and by the condition (SA1) on R,
€3 = eg, i.e., egR C rg(C). Now, if 7’ € rg(C), then r' = er/, that is, egr’ = 1/,
whence rg(C) = ey R. O

Corollary 4.3 ([15, Theorem 3.14]). If B is a (o, §)-compatible ring which satisfies
the condition (SA1), then B is a Baer ring if and only if Blz;0,0] is a Baer ring.

Theorem 4.4. If A is a skew PBW extension of a (X, A)-compatible ring R which
satisfies the condition (SA1), then R satisfies the ascending chain condition on
right annihilators if and only if so does A.

Proof. Consider a chain of right annihilators of A given by Iy C I C ---. There
exist non-empty subsets D; of A with r4(D;) = I;, for i > 1. Note that --- C Dy C
D;. Let C; be the set of coefficients of elements of D;, for every ¢. By assumption
on R, there exists n € N such that rg(C),) = rr(C;), for i > n. The aim is to show
that r4(Dy,) = ra(D;), for ¢ > n. With this in mind, let ¢ > n, and consider the
element g € r4(D;) given by g =19+ r1 X1 + -+ 7, Xm. Then hg = 0, for every
h e D;. f h="by+ Y1 +---+ bY;, using the condition (SA1) on R, 0 = byr;
(0 <k <t 0<j<m),thatis, Cir; =0, for 0 < j < m, which shows that
rj € rr(Cp) = rg(C;), for 0 < j < m. Therefore, by the (X, A)-compatibility of R
and Proposition [3.8] we have g € ra(D,,), i.e., 74(Dy) = ra(D;).

Now, if J; € Jy C --- is a chain of right annihilators of R, then there exist
nonempty subsets of R with rg(B;) = J;, for i > 1, and --- C By C B;. By
assumption on A, r4(B;) = ra(B,), for some n € N, and every value ¢ > n. This
fact and the equalities rg(B;) = RNrr(B;) = RNrr(By) = rr(By), for i > n,
allow us to guarantee that J; = J,,, for i > n. (]

Corollary 4.5 ([I5, Theorem 2.5]). If B is a (o,0)-compatible ring which satis-
fies the condition (SA1), then B satisfies the ascending chain condition on right
annghilators if and only if so does Blx;0,d].

Since a X-rigid ring is a (X, A)-compatible ring and satisfies (SA1), we obtain
the following corollary.

Corollary 4.6 ([35] Theorem 2.9]). If A is a bijective skew PBW extension of a
Y-rigid ring R, then R is a Baer ring if and only if A is a Baer ring.

Theorem 4.7. If A is a skew PBW extension of a (X, A)-compatible ring R which
satisfies (SA1), then R is a right p.p.-ring if and only if A is a right p.p.-ring.
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Proof. Suppose that A is a right p.p.-ring, and consider an element a of R. There
exists an idempotent e = eg + 1 X1 + -+ - + €, X,y € A such that r4({a}) = eA.
The idea is to show that rg({a}) = egR. Since ae = 0, in particular, aeqg = 0,
which shows that egR C rg({a}). Now, consider ' € rg({a}). Then ' = er’, and
by the condition (SA1) on R, ' = egr’. Hence rg({a}) = egR, that is, R is Baer.

Suppose that R is a right p.p.-ring and consider an element f € A given by
the expression f = a9 + a1 X1 + --- + a4 X;. Let us see that R is an Abelian
ring. Consider €2 = e, r € R. Then (er(l1 —¢))? = (er — ere)(er — ere) =
erer — erere — ereer + ereere = erer —erere — erer + erere = 0. Using the (2, A)-
compatibility of R, the equality e(e — 1) = 0 implies eo;(e) = e, and ed;(e) = 0,
and from the equality (er(1 —e))? = 0 we obtain er(1 — €)o;(er(1 —e)) = 0 and
(er(1 —e))di(er(l1 —e)) =0 for every 1 < i <n. Let f =e(l —er(l —e)x;) and
g=(1+4er(l—e)x;)(1 —e). Then

1—e)x;)(1+er(l—e)x;)(1l—e)

1—e)z; —er(l—e)ax; —er(l —e)xer(l —e)xz;)(1 —e)
1—e)[oi(er(l —e))xz; + d;i(er(1 —e))x;])(1 —e)

=e(l —er(l—e)oi(er(l —e))z? —er(l —e)d;i(er(l —e)))ai(1 —e)

)
fg=e(l—er(l—e)x
el+e’r(

(

e

Note that
f=e(l—er(l—e)z;) =c—e?r(l —e)z; =ec+ (ere —er)a;
g=10+er(l—e)z;)(1—e)=1—e+er(l—e)x;(l—e)
=l—-e+er(l—-e)oi(l—e)z;+§(1—e)
=1—e+ (er —ere)(1 —oi(e))x; + (er — ere)(—d;(e))
=1—e+ (ered;(e) —erd;(e)) + (er — ero;(e) — ere + ereo;(e))z;
=1—e—erd;(e)+ (er —ero;(e))z;.
By assumption, R satisfies the condition (SA1), so e(er — ero;(e)) = 0, that is,
er —ero;(e) = er(l1 — o;(e)) = ero;(1 —e) = 0, and hence o;(er)o;(1 —e) = 0
(Proposition (i), which shows that er(1 —e) = 0 since o; is injective, so
er = ere. Using a similar reasoning we can show that re = ere, and so er = re.
Then, there exists e? = e € R such that rr({ag}) Nrr({a1})N---Nrr({a:}) = eR.
The aim is to show that r4(f) = eA. Using the (¥, A)-compatibility of R, and
the equality aje = 0 for 0 < j < ¢, the expression fe = (ap + a1 X1 + -+ +
a;Xi)e = ape+ a1 Xie+- - -+ ar Xee is equal to zero by Remark whence fe = 0.
Hence eA C r4(f). Now, consider an element g € r4(f) given by the expression
g="bo+b1Y1+---+0bsY;. Then fg =0, and since R satisfies the condition (SA1),
we have a;b, = 0for 0 < j <tand 0 <k < s, thatis, by € rr({a;}), so by, € eR for

every k, which shows that by, = ery, and hence g = erg +er Yy +---+er,Y; € €A,
which proves that r4(f) C eA. Therefore, r4(f) = eA. O

Corollary 4.8 (|35, Theorem 3.12]). If A is a bijective skew PBW extension of a
Y-rigid R, then R is a p.p.-ring if and only if A is a p.p.-ring.
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Example 4.9 ([I5, Example 3.17]). Let B = Zs[y]/(y?), where (y?) is a principal
ideal generated by y2. The only idempotents of B are 0 + y? and 1 + y2. Since
re({y+ (¥*)}) = (y+ (y?)) cannot be generated by an idempotent, B is not quasi-
Baer and so it is not Baer. Now, let a be the identity map on B, and define
an a-derivation § on B by §(y + (y?)) = 1 + (y?). Then B is not §-compatible.
Nevertheless, Blz; o, 8] = Blx; 6] & My (Zsa[y?]) & Mo(Zs[t]), where Ma(Zs]t]) is a
Baer ring, and hence B[z;d] is a Baer ring. This example shows that there exists
a non-d-compatible ring B which is not Baer, but Blz;¢] is a Baer ring.

Next, we see one example of a o-compatible left p.q.-Baer ring which is not
o-rigid.

Example 4.10 ([I6, Example 1.1]). Let B; be a left p.q.-Baer ring, D a domain
and B = T,,(B1) @ Dly], where T,,(By) is the upper m x m triangular matrix
ring over By. Let o : D[y] — D[y] be a monomorphism which is not surjective.
Then B is left p.q.-Baer, and if ¢ is defined by (A ® f(y)) = A® (f(y)) for each
A € T,(By) and f(y) € D[y], then o is a non surjective monomorphism and B is
a o-compatible ring which is not 7-rigid because B is not reduced.

Definition 4.11. Let A be a skew PBW extension of R. We say that R satisfies
the (SQA1) condition if whenever fAg =0 for f =ap+ a1 X1 + -+ + X, and
g =0bo+b1Y1 + -+ bY; elements of A, then a;Rb; = 0, for every ¢, j.

Following [18], for a ring B, r Anng(id(B)) = {rg(U) | U is an ideal of B}, and
similarly,  Anng(id(B)) = {Ig(U) | U is an ideal of B}. With this notation, we
have the following proposition about (X, A)-compatible rings which satisfy (SQA1).
This proposition generalizes [I8, Proposition 3.4] and [I6, Proposition 2.5].

Theorem 4.12. If A is a skew PBW extension of a (X, A)-compatible ring R,
then the following statements are equivalent:
(i) R satisfies condition (SQA1);
(ii) ¢ : r Anng(id(B)) — r Anny (id(A)), given by C — CA, is bijective;
(iii) ¢ : lAnng(id(B)) — I Anny(id(A)), given by D — AD, is bijective.

Proof. (i) = (ii) Consider an element C' € r Anng(id(R)). There exists an ideal I of
R such that C' = rr(I). By Proposition we have the equality r4(AITA) = CA.
Hence, the application v is well defined. Now, if B € r Anny(id(A)), then there
exists an ideal J of A with B = r4(J). Consider B; and J; the set of coefficients
of elements of B and J, respectively. The aim is to prove that rr(J;R) = B1R.
Let f=ay+ a1 X1+ +amXm € Jand g=0bg+bY1 +---+b:Y; € B. Then
fAg = 0. Using the condition (SQA1) on R, we have a;Rb; = 0 for 0 <i < m
and 0 < j < t. Hence, (J1R)(B1R) = 0, so By C rr(J1R). By the (X, A)-
compatibility of R, we obtain rg(J1 R) C By R, which shows that rg(J1R) = B1R.
Thus, ra(J) = (B1R)A.

(ii) = (i) Consider the elements f = ag+ a1 X1+ -+ + amXm, g =0bo +b1Y1 +
<+« +bY; of Asuch that fAg=0. Then g € r4(AfA) = CA, where C is an ideal
of R. In this way, b; € C for every j, that is, fRb; = 0. Lemma guarantees
that a;Rb; =0, for 0 <i<mand 0 < j < 4.
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The proof of the equivalence (i) < (iii) is similar. O

Definition 4.13 (|16, Definition 2.6]). A submodule N of a left B-module M is
called a pure submodule if L ® g N — L ® g M is a monomorphism for every right
B-module L. An ideal I of B is said to be right s-unital if, for each a € I, there is
an x € I such that ax = a. If an ideal I of B is right s-unital, then for any finite
subset F' of I there exists an element e € I such that ze = z for all x € F'. For an
ideal I, the following conditions are equivalent: (i) I is pure as a left ideal of B;
(if) R/I is flat as a left B-module; (iii) I is right s-unital.

The next Theorem extends [I8, Theorem 3.9] and [I6, Theorem 2.7].

Theorem 4.14. If A is a bijective skew PBW extension of a (X, A)-compatible
ring R, then the following assertions are equivalent:
(i) I(Ra) is pure as a left ideal of B for any element a € R;
(ii) I(Af) is pure as a left ideal of A for any element f € A. In this case R
satisfies condition (SQA1).

Proof. Let us start proving that R satisfies (SQA1). Counsider the expression (ag +
a1 X1+ -+ am X)) Ao + b1 Y1 + - - + b:Y;) = 0 with a;,b; € R. Then

(ap + a1 X1 + -+ + amXpm)R(bo + b1Y1 + - 4 b:Y;) = 0.
The leading coefficient of this expression is given by ano“m(Rbi)cq,, 3, = O.
Using the bijectivity of A, a,,0®™(Rb;) = 0, and by the X-compatibility of R, we
obtain a,,Rb; = 0, that is, a,, € [g(Rb;). From Remark and Proposition

we have the equalities a,, X, Rbg = a;n X Rb1Y1 = -+ = ap Xon Rby_1Y;_1 = 0, so
we obtain the expression
(CLO + a1X1 s ame)R(bO + b1Y1 + -+ btflnfﬂ =0. (41)

Since lr(Rb;) is right s-unital, there exists e; € lr(Rb;) with amer = ap,.
Replacing R by e:R in (4.1)),
((10 +a1 X1+ + ame)etR(bo +bY1+--+ bt—lyt—l) =0, (4.2)

we obtain its leading coefficient given by an,,o%"(e;Rbi—1)ca,, g,_, = 0, and since
A is bijective, a,,0%m(e;Rbi—1) = 0. By the X-compatibility of R, we obtain
ametRbi—1 =0, i.e., an € lg(esRbi—1). Again, from Remark (ii) and Proposi-
tion we have the equalities a,, X,,e;Rbg = ap Xonb1 = -+ = @, Xnbi_1Yi1 =
0, so takes the form

(ap+ a1 X1 + -+ amXim)eR(bo +01Y1 + -+ + b 2Y;_2) = 0.

In this way, a,, € lr(Rb;) Nlg(e;Rbi—1), and since a,e; = a,, it follows that
am € lr(Rby) NIg(Rbi—1). Now, by assumption [z (Rb;) is right s-unital, so there
exists f € [r(Rb;—1) such that a,,f = ap. If e;_1 := e, f, then amer—1 = amerf =
m f = G, 50 €s—1 € Ir(Rb:) NI (Rbs—1).

Now, replacing R by e;—1 R in , and using the reasoning above, we obtain
the expression

(a0 +a1 X1+ -+ amXm)eeR(bo +b1Y1 + - + b —2Y;_9) =0,
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with its leading coefficient a,,0%"(e;Rbi—2)cq,, 8, , = 0, and since A is bijec-
tive, we obtain a,, 0% (e;Rb;_2) = 0. By the X-compatibility of R, we have
ametRbs_o = 0, that is, a,, € lg(etRbi—2), whence a,, € lr(Rb;) NIg(Rbi—1) N
lr(Rb;—2). Continuing in this way, we obtain a,,R; for j = 0,...,t. Using the
(X, A)-compatibility of R, the original expression takes the form

(CLO +a1 X1+ + ame)A(bo +b0 Y1+ + bt—ln—l) =0.

Using induction on m + ¢, we conclude that a; Rb; for every ¢, j, that is, R satisfies
(SQAL). Let us prove the equivalence of assertions (i) and (ii).

(i) = (ii) Consider the elements f, g € [(Af) given by f = ag+a1 X1+ +amXm
and g = by + 01Y1 +--- + 0,Y:. Then bjRa; = 0 for every 4,j. By assumption,
l(Ra;) is right s-unital, so there exists e; € [(Ra;) with b; = bje; for i =0,...,m.
Let e := epey - -em. Then b; = bje for every j. By Proposition we obtain
e € Af and ge = g, that is, [(Af) is right s-unital.

(ii) = (i) Let @ € R. Since R is (X, A)-compatible, we have Ig(Ra) C [4(Aa).
In this way, for any b € [gr(Ra) there exists an element f € A with bf = b. If ag
is the constant term of f, then bay = b and using the (X, A)-compatibility of R,
ag € lr(Ra). Therefore Ig(Ra) is right s-unital. O

Since quasi-Baer (left p.q.-Baer) rings satisfy the hypothesis of Theorem
we have the following result.

Theorem 4.15. If A is a bijective skew PBW extension of a (X, A)-compatible
ring R, then R is quasi-Baer (left p.q.-Baer) if and only if A is quasi-Baer (left
p.q.-Baer). In this case, R satisfies condition (SQAI1).

Corollary 4.16 ([I6, Corollary 2.8]). If B is a (o,d)-compatible ring, then B is
quasi-Baer (left p.q.-Baer) if and only if Blx;o0,0] is quasi-Baer (left p.q.-Baer).

Examples 4.17. The following examples show the importance of the (X, A)-
compatibility condition on R in Theorem [1.15}

(i) (J13, Example 2.8]). If B = F[¢] is the polynomial ring over a field F and o
is the endomorphism given by o(f(t)) = f(0), then B[xz; o] is not a quasi-
Baer ring. This example shows that there is an example of a quasi-Baer
ring B and an endomorphism o of B such that B[z; o] is not a quasi-Baer
ring.

(i) ([, Example 11]). Let B = Zs[t]/(t?), with the derivation § such that
5(t) = 1 where t = t + (t?) in B, and Zy[t] is the polynomial ring over
the field Zs of two elements. Consider the Ore extension B[x;d]. If we set
e11 = tx, e1n = t, eg; = tw? +x, and egy = 1 +tx in Blx; 6], then they form
a system of matrix units in Blz;6]. Now the centralizer of these matrix
units in Blz;0] is Zs[x?]. Therefore Blz;d] & My (Zo[x?]) = Mo(Zo)[y),
where M5(Zs)[y] is the polynomial ring over M3(Zs). So the ring B[z;d]
is a Baer ring, but B is not quasi-Baer. This example shows that there is
a ring B and a derivation § of B such that B[x;d] is a Baer ring but B is
not quasi-Baer.
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(iii) ([I5, Example 2.1]). Let B; be a non-reduced left p.p.-ring, D a domain
and B = B; @ D[y|. If o : D]y] — D[y| is a monomorphism which is not
surjective, then (i) B is a left p.p.-ring (note that B; and Dly] are left
p.p.), and (ii) if 7 : B — B is the endomorphism defined by 7(a @ f(y)) =
a®o(f(y)) for every a € By and f(y) € D[y], then & is a monomorphism
of B which is not surjective and B is g-compatible and not 7-rigid.

Since Y-rigid rings are (X, A)-compatible, we have immediately the following
results established in the literature.

Corollary 4.18 ([I9, Theorem 14]; [35, Theorems 3.10 and 3.13]). Let R be a
Y-rigid ring. Then R is quasi-Baer (left p.q.-Baer) if and only if A is quasi-Baer
(left p.q.-Baer).

Proof. The assertions follow from Proposition [3.4] and Theorem [£.15 O

Finally, we will characterize the (3, A)-compatibility for the classical ring of
quotients of a bijective skew PBW extension.

Let us recall the key facts about noncommutative localization. If B is a ring and
S is a multiplicative subset of B (1 € 5,0 ¢ S, ss’ € S for every s, s’ € S), then the
left ring of fractions of B exists if and only if two conditions hold: (i) given a € B
and s € S with as = 0, there exists s’ € S such that s'a = 0; (ii) given a € B and
s € S, there exist ' € S and @’ € B with s'a = a’s (left Ore condition). If these
conditions hold, then the left ring of fractions of B with respect to S is denoted by
S~!B, and its elements are classes denoted using fractions. More exactly, T = %
are equal if and only if there exist ¢,d € B such that ca = db, cs = dt € S;
%—i—% = C“T“'db, where u := ¢s = dt € S, for some ¢,d € B; %% = 5—2, where
ua = ct, for some u € S and ¢ € B. Similarly, one defines the right Ore condition
and hence the right ring of fractions of B. The nonzero divisor elements of B are
called regular and the set of regular elements of B is denoted by Sy(B). Recall
that if B is both left and right Ore, then its classical left ring of quotients Qil(B)
and its classical right ring of quotients Q7,(B) coincide, and it is denoted by Q(B).
A key result about the classical ring of quotients of B is the common denominator
property: if B is a ring, S C B is a multiplicative subset and S~!'B exists, then
any finite set {q1,...,qn} of elements of S~!B posses a common denominator, i.e.,
there exist r1,...,r, € B and s € S such that ¢; = ™ for every ¢ (see [2I] for a
detailed treatment of localization in noncommutative rings).

Proposition 4.19 ([25, Lemma 2.6]). Let A be a bijective skew PBW extension
of a ring R. If S C So(R) is a multiplicative subset of R with 0;(S) =S for every
i=1,...,n, then

(a) If ST'R emists, then S~ A exists and it is a bijective skew PBW extension
of ST'R, denoted ST'A = (ST R)(x, ..., x},), where x; := L, and the
system of constants of ST'R is given by ¢} ; = %2, C;,g = gg:;, for

1 <i,j < n. The automorphisms o; of ST'R and the 7;-derivations 0;
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(1 <i<n), are defined by 7;(%) := Z‘Ea) and 6;(2) := — 3uls) e+ Si(a)

_ A ON
Let ¥ :={o71,...,0,} and A :={01,...,0n}.
(b) If RS™! exists, then AS™! ewists and it is a bijective skew PBW extension
of RS™!, denoted AS™" = o(RS™')(af,...,x]), where ] := %, and the

rn

q
S
=
w
N

system of constants of ST'R is given by ¢f; = %2, c;’ = Ulgr), for

1 <i,j < n. The automorphisms &; of ST'R and the 7;-derivations 0;

(1 <i<mn), are defined by 7;(2) := G’Ez), and 6;(%) = ;EZ; b is) + & (a)

Let ¥ :={o7,...,00} and A == {61,...,6,}.
If no confusion arises, we simply denote z; and z} by x; for 1 < i < n. Now,
analogously to the definition of (2, A)-compatibility, we consider the notion of
(3, A)-compatibility for the classical quotient ring Q(R) of R.

Theorem 4.20. Let A be a bijective skew PBW extension of a ring R. Suppose
that the classical ring of quotients Q(R) of R exists. If R is (2, A)-compatible,
then the classical quotient ring Q(R) of R is (X, A)-compatible.

Proof. If R is (X, A)-compatible, and ac~'bd~' = 0, then we obtain ac™'b =
0. Note that we also have ac™! = ¢~1d’, so ¢~ta’b = 0, whence a’'b =
By assumption, R is ¥-compatible, so a’'c®*(b) = 0, for every « € N™. Hence,
d7ta'o(b)(0¥(d))"t = 0, i.e., ac ta¥(b)(c®(d))"t = 0, that is, ac"lo%(bd~ 1) =
0. In a similar way, we can see that ac™1g®(bd~!) = 0 implies that ac™1bd~* = 0,
which means that Q(R) is Y-compatible.

Now, if ac='bd~" = 0, then ac=168(bd—") = ac= (67 (b) — b3 (d)d—1) (o7 (d)) !
Using a similar reasoning as above, a’b = 0, where ac™' = ¢~'a’, and hence
a’0%(b) = 0. Therefore ¢'~'a’§%(b)(0”(d))~* = 0, which implies that

ac 16%(b)(cP(d))~! = 0. Note that a’b = 0 implies that a béﬂ( Yd~(aP(d))"t =0,
and so ac‘lbéﬁ(d) YoP(d))~" = 0. In this way, ac”16%(bd~1) = ac™ (6% (b) —
b6 (d)d=1)(o?(d))~! = 0, that is, Q(R) is A-compatible. This fact concludes the
proof. O

5. EXAMPLES

In this section we present some remarkable examples of skew PBW extensions
which cannot be expressed as Ore extensions (see [27] for a detailed reference of
every example, and a more complete list of noncommutative rings).

(a) Let k be a commutative ring and g a finite dimensional Lie algebra over
k with basis {z1,...,2,}. The universal enveloping algebra of g, denoted
U(g), is a skew PBW extension of k, since z;r — rz; = 0, z;x; — zjz; =
(i, z;] € g=k+kx1+---+ka,, r €k, for 1 <i,j <n. In particular, the
universal enveloping algebra of a Kac-Moody Lie algebra is a skew PBW
extension of a polynomial ring.

(b) The universal enveloping ring U(V, R, k), where R is a k-algebra and V is
a k-vector space which is also a Lie ring containing R and k as Lie ideals
with suitable relations. The enveloping ring U(V, R, k) is a finite skew
PBW extension of R if dimg(V/R) is finite.
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(c) Let k, g, {x1,...,2,} and U(g) be as in the previous example; let R be
a k-algebra containing k. The tensor product A := R ®j, U(g) is a skew
PBW extension of R, and it is a particular case of crossed product R+U(g)
of R by U(g), which is a skew PBW extension of R.

(d) The twisted or smash product differential operator ring R #, U(g), where
g is a finite-dimensional Lie algebra acting on R by derivations, and o is a
Lie 2-cocycle with values in R.

(e) Diffusion algebras arise in physics as a possible way to understand a large
class of 1-dimensional stochastic process. A diffusion algebra A with pa-
rameters a;; € C \ {0},1 < 4,5 < n, is an algebra over C generated by
variables z1,...,z, subject to relations

aijxixj — bl-jxjxi = T’le'i — T”iSUj,

whenever i < j, b;j,r; € Cforalli < j. Aadmits a PBW-basis of standard
monomials 2} ---zi» that is, A is a diffusion algebra if these standard
monomials are a C-vector space basis for \A. From Definition (iii) and
(iv), it is clear that the family of skew PBW extensions are more general
than diffusion algebras. We will denote ¢;; := ZJ The parameter g;; can
be a root of unity if and only if it is equal to 1. It is therefore reasonable to
assume these parameters not to be a root of unity other than 1. If all the
coeflicients g;; are nonzero, then the corresponding diffusion algebra has a
PBW basis of standard monomials ' - - - 27, and hence these algebras are

skew PBW extensions. More precisely, A = o(C){x1,...,Zn).
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