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A HARDY-LITTLEWOOD MAXIMAL OPERATOR ADAPTED
TO THE HARMONIC OSCILLATOR

JULIAN BAILEY

ABSTRACT. This paper constructs a Hardy-Littlewood type maximal opera-
tor adapted to the Schrédinger operator £ := —A + |z|? acting on L2?(R?).
It achieves this through the use of the Gaussian grid Ag, constructed by
Maas, van Neerven, and Portal [Ark. Mat. 50 (2012), no. 2, 379-395] with the
Ornstein-Uhlenbeck operator in mind. At the scale of this grid, this maximal
operator will resemble the classical Hardy—Littlewood operator. At a larger
scale, the cubes of the maximal function are decomposed into cubes from Ag
and weighted appropriately. Through this maximal function, a new class of
weights is defined, A;‘, with the property that for any w € Ag’ the heat max-
imal operator associated with £ is bounded from LP(w) to itself. This class
contains any other known class that possesses this property. In particular, it
is strictly larger than Ap.

1. INTRODUCTION AND PRELIMINARIES

The Hardy-Littlewood operator is ubiquitous in classical harmonic analysis.
From the Lebesgue differentiation theorem to Calderén—Zygmund theory, the im-
portance of this averaging operator can hardly be overstated. Classical harmonic
analysis can be thought of as being intricately linked to the Laplacian A. Many
of its fundamental objects, including the Hardy—Littlewood operator, are closely
related to the functional calculus of the Laplacian. A current area of active re-
search is the study of the harmonic analysis associated with differential operators
other than the Laplacian. At present, there is no suitable candidate for the Hardy—
Littlewood operator in this setting. It is quite possible that such an operator would
play a fundamental role in extending the theory even further. In this paper, our
aim is the construction of a Hardy—Littlewood type maximal operator adapted to
the Schrédinger operator £ := —A + |z|* on L2(R%). In order to outline the details
of this construction, we must first present some motivating theory.

Note that throughout this paper, we will be working in the Euclidean space R¢
endowed with the Lebesgue measure dx. The dimension d will be considered to be
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fixed. Let V : R — R>o be a potential that is non-identically zero and satisfies,
for some ¢ > d/2 and C' > 0, the reverse Holder inequality,

L vea) < S [ viga
(@|Q 1l Jq

for every cube Q C R%. Consider the Schrodinger operator Ly := —A + V on
L?(R4). An important step in the comprehension of the harmonic analysis of such
an operator was made by Shen through the introduction of the critical radius
function, see [9]. This is defined by

1
pv(x) :=sup r>0:ﬂ/ V<1
r B(z,r)

for x € R, where B(z,) is the ball in R?, centered at  and of radius r. At a scale
smaller than this critical radius, the operators associated with £y behave “locally”
like their classical counterparts for the Laplacian. This indicates that if we are to
construct a Hardy-Littlewood type maximal operator for £, then our construction
should resemble the classical Hardy—Littlewood operator at this local scale. What
should it look like at a larger scale? In order to answer this question, we must
briefly delve into some Gaussian harmonic analysis.

As is quite frequent in mathematics, when studying a particular object, it can
be fruitful to change perspective by studying an isomorphic object in a different
setting. Let dy(x) := 7=4/2¢=17I" 4z denote the Gaussian measure on R%. Gaussian
harmonic analysis is the study of the Ornstein-Uhlenbeck operator, O := —A +
2z - V, on the space L?(7y) and its associated harmonic analysis. Its relevance to
the study of £ is that through the isometry U : L?(dx) — L?(v), defined by

=12
Uf(w) = 1e™ % f(a),
for f € L?(dz) and = € R?, the operators £ and O become, more-or-less, similar.
See [1I] for further details. This similarity allows for the transfer of geometric ideas
between the Gaussian and the harmonic oscillator setting.
A measure p on R? is said to be doubling if there exists some C' > 0 such that

w(B(z,2r)) < Cu(B(z,r)), (1)

for all z € R? and 7 > 0. Many of the constructions from classical harmonic analysis
directly rely on the fact that the Lebesgue measure is doubling. A fundamental
obstruction in the development of Gaussian harmonic analysis is that, due to the
non-doubling nature of the Gaussian measure, many of these constructions do not
directly translate to the Gaussian setting. In their seminal paper [7], Mauceri and
Meda made a crucial step in this development by transposing the critical radius
over to Gaussian harmonic analysis. They introduced their concept of admissibility.

Let us introduce p as shorthand notation for the critical radius function of L,
Pizj2- 1t is not too difficult to see that p(z) = min{1,1/[z|}. A ball B(z,r) is
then said to be admissible if » < p(z). The collection of all admissible balls in
R?, B, possesses the desirable property that there exists some C' > 0 such that the
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HARDY-LITTLEWOOD ADAPTED TO THE HARMONIC OSCILLATOR 341

Gaussian measure satisfies the doubling condition for all balls in B. As such,
by restricting their attention to the collection B, Mauceri and Meda were able to
construct Gaussian analogues of the spaces BMO and H'. A similar construction
for the harmonic oscillator, also based on the distinction between local and non-
local scales, was developed by Dziubanski and Zienkiewicz in [3] and subsequent
papers.

In [8], Maas, van Neerven and Portal extended the idea of admissibility by con-
structing an admissible dyadic grid A”. It is this grid that will form the foundation
for our construction. We recall some pertinent details. For m € Z, let A,,, denote
the collection of cubes

Ay ={27" (2 +10,1)%) 1z € 27}
The standard dyadic grid is then the union A = U,,czA,,. Define the layers
Lo:=[-1,1)%, L :=[-2,2)d/[-2!"1 oI~ 1),
for [ > 1. Then define, for k € Z and [ > 0,

Al ={QeAw:QC Ly, Al:=]Aa], A=A

1>0 k>0

The collection A7 is called the Gaussian grid and will be used extensively through-
out this paper. Let’s introduce some notation that can be used in conjunction with
this grid. For any z € R%, R, will be used to denote the unique cube in AJ that
contains the point z. For any R € AJ, j(R) is defined to be the unique integer such
that R C Lj(g). The more commonly used notation, cqg and [(Q), representing the
center and side-length of a cube @Q respectively, will also be used. Next we will
define what will be considered to be our local region in the Gaussian grid.

Definition 1.1. For a cube R € A, fix a subcollection N'(R) C AJ that satisfies
the following two properties:
e N(R) contains all cubes R’ € A] satisfying

d(R,R') < 271,

where d(R,R’) :==inf{|lx —y|:2 € Rand y € R'}.
e The region

NR)= || F
R'eN(R)
is a cube of sidelength 22I(R).
The notation F(R) := AJ/N(R) and F(R) := R?/N(R) will also be employed.
It is obvious that such a subcollection must exist for each cube. There might
even be more than one such example. This, however, is unimportant. What is

important, is that we fix A/(R) from the outset. Examples of subcollections that
satisfy these properties are illustrated below.
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FiGURE 1. Each of the above illustrations depicts a cube R,
coloured in red, contained in the grid A} in dimension two. The
near region, N(R), consists of all cubes highlighted in yellow to-
gether with the cube R. The far region, F(R), is coloured blue
and extends out to infinity.

As our operator is expected to behave differently at large scales than at local
scales, it is desirable to split it up into local and non-local components. For any
sub-linear operator B, define

Blocf(x) =B (f : XN(RI)) (LL‘) and
Bfarf('r) =B (f : XF(Rm)) (l‘),
for f € L] .(R?) and x € R Notice that if B satisfies the property that |f| <

loc
lg| implies || B(f)|| < ||B(g)| then due to sub-linearity, for any weight w on R¢,
to bound the quantity HBfHLP(w) it is both sufficient and necessary to bound
HBlocfHLp(w) and HBfaerLp(w)'
Now that sufficient preliminaries have been discussed, the details of our con-
struction will be outlined. As noted previously, AJ acts as a mediator between the
local and non-local worlds. It is then appropriate to consider maximal functions of

the below general form as candidates for an adapted maximal function for L.

Definition 1.2. For Q € A, let G(Q) be the collection of cubes

 [{@ if Qe A}
9(@Q) = {{R' € AJ: R C @} otherwise.

Then for ¢ : A x A} x A] — Rsq, f € LL (RY) and z € R € AJ, define the
operator M, by

1
M.f(x):= sup —
(=) Qea, @3z Q)

> d@.rR) [ 1) d

R'€g(Q)

Notice that if ¢(Q, R, R’) = 1 for all R’ € G(Q) and Q € A, then the operator
M. is identical to the classical dyadic Hardy-Littlewood operator.

This looks promising but how do we determine what the right c-coefficients are?
Any candidate for an adapted Hardy—Littlewood should share similar properties
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HARDY-LITTLEWOOD ADAPTED TO THE HARMONIC OSCILLATOR 343

to the classic Hardy—Littlewood. We will determine appropriate coefficients from
one of these properties. Let M and T* denote the classical Hardy—Littlewood and
heat maximal operator respectively That is,

MiE)= o [y and T = s 1] ),
Q cube, Q>3z |Q| t>0

for f € L (R?) and x € RY. Also recall that the A, class of weights is defined to
be the collection of all weights w on R¢ for which there exists a constant C' > 0
that satisfies )

1, p1

w(@Q)? - w T (Q) 7 < CQ)

for all cubes Q in R%. The following theorem is a well-known result from weighted
theory.

Theorem 1.1. Let w be a weight on R? and 1 < p < co. Then
weA & |Mlpwysrrw < S T Loy Le ) < ©-

Refer to [11 sections V.4 and V.6] for proof. The above theorem indicates that
if we are to construct a Hardy—Littlewood type maximal operator for £, then the
correct c-coefficients should satisfy the below equivalence for each 1 < p < oo,

||T*||Lp(wHLp(w) <0 < HMC”LP(w)HLP(w) < 00,
where T* is the semigroup maximal operator associated to L,

T" f(z) = supe | f] ().
>0

The coefficients for our generalised maximal function will be optimised in an at-
tempt to produce the above equivalence.

A significant source of inspiration for this investigation stemmed from [2]. In
this paper, Bongioanni, Harboure and Salinas defined a new class of weights, A>°
for which 7™ was bounded on LP(w) for all weights w € A7°. What was interesting
about this class was that it was strictly larger than the classic Muckenhoupt class.
It seems that by including the potential |av|27 the weight class A, effectively increases
in size. It can be inferred from this that in order to produce a maximal function
smaller than M and therefore a larger weight class, the coefficients for our maximal
function must be smaller than unity. The Ago class is defined to be Ago = UezoAg,
where w € AZ if and only if there exists some constant C' > 0 such that for all
cubes Q C R,

6
w@bu @' <ol (1452

In [12], the author developed a maximal function M? adapted to the class Af, in the

sense that M? : LP(w) — LP(w) is bounded if and only if w € Az. This operator
is defined through

o = Ssu 71
M () = sup o /Q £ )| dy, 2)
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where

= (112

Notice that this maximal function is also an example of the general class from
Definition with ¢(Q, R, R") = 19(Q)~' < 1. This allows for more weights in
the class A. However, it does not take into account the fact that if the cubes R
and R’ are far apart, then the potential should have a larger effect and therefore
the coefficient ¢(Q, R, R') should be smaller. The coefficients that we define for our
maximal function take this into account. The main theorem of this paper is stated
below.

Theorem A. There exist mazimal functions, Mg, and M;;r, of similar form to
Definition[1.3, that satisfy the chain of implications

M,

farHLp(w) <o = ”IEZrHLp(w) <o = ||M1;r

HLP(w) < 0,

for any weight w on R? and 1 < p < oco.

For a precise definition of the above maximal functions, M, and Mftw and a
proof of this statement, refer to Section |3] A secondary result of this paper that
characterises the local behaviour of an adapted maximal function is stated below.

Theorem B. For any weight w on R? and 1 < p < oo,
[ Mocll Loy prw) < € [ Toell Lo (w)y— Lo @) < 00

This theorem will be proved in Section[2] Together, these two statements demon-
strate that for any weight in the class

A;r = {w weight on R : ||J\/l+ ||Lp(w)%Lp(w) < oo and ||MlocHLp(w)_>Lp(w) < 00}

far

we have [|T7(| 1o () 1o (w) < O©-
It is then natural to ask how our weight class compares with the class Ap°. Sec-
tion [d] provides an answer to this question in the form of the following proposition.

Proposition C. The following chain of strict inclusions holds for any 1 < p < oo,
A, CAX C AT

The above inclusion indicates that our coefficients serve as an improvement upon
the constant coefficients of .

Finally, in Section [5] the techniques developed throughout this paper will be
used to show that the heat maximal operator for £ can be safely truncated when
considering weighted questions.

This paper is part of my PhD thesis, supervised by Pierre Portal at the Aus-
tralian National University. It is inspired by discussions of my supervisor with
Paco Villarroya, aiming to understand better how to adapt harmonic analysis to
the hidden geometry of a differential operator. In most cases, this involves situ-
ations beyond the reach of Calderén—Zygmund theory (see e.g. [7, B5]). However,
this can also be done within Calderén-Zygmund theory by proving stronger prop-
erties of smaller classes of singular integral operators than the Calderén—Zygmund
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class. Paco Villarroya has particularly focused on describing compact (as opposed
to merely bounded) singular integral operators (see e.g. [I3]). To do so, he had
to refine classical dyadic approaches, in order to understand which cubes par-
ticularly affect compactness. 1 follow a similar path here, modifying standard
dyadic arguments in a way that aims to reveal the hidden geometry of the har-
monic oscillator. This is done by attempting to find the largest class of weights for
which the corresponding heat maximal operator is bounded. Perhaps surprisingly,
such a question seems to be rarely formulated in the context of standard weighted
Calder6n—Zygmund theory (generic questions involving all singular integrals and
all related maximal functions are considered instead), but quite common in the
context of two weights inequalities (where studying just the Hilbert transform is
hard enough, and natural).

I would like to thank the anonymous referee of a previous version of this paper
for their suggestion that the proof of the inclusion A7® C A;)" should be made strict.

2. THE LOCAL CLASS

In this section, a local version of the A, class is introduced, A;)OC. This class is a
dyadic variation of a similar class introduced in [2]. Through this class, and a few
preliminary lemmas, Theorem [B] will be proved.

Consider a cube in R, Qo = [a1,a1 + 1(Qo)) X -+ X [aa,aq + 1(Qo)), where
{ay, - ,aq} C R. In the usual manner, this cube can be divided into 2¢ congruent
disjoint cubes with half the side-length of the original cube. These cubes can
themselves be divided into 2% disjoint cubes each and so on ad infinitum. If a cube
Q C R? can be obtained in this manner from Q, then it is called a dyadic subcube
of the cube QQy. Note that we did not require our initial cube @)y to be a member
of the standard dyadic grid and that Q)¢ is a dyadic subcube of itself.

Definition 2.1. Fix a weight w on R% and 1 < p < co. For a cube Qy C R%, the
weight w is said to belong to the class A,(Qo) if there exists a constant C' > 0 such
that

_1 Bt 1
w T (Q) T w(Q)F < CQ)
for all dyadic subcubes @ C Q. The smallest such C' is denoted [w] A,(Qo)"

A variation of the next statement was originally proved in [4]. It is an extension
lemma for weights that satisfy the A, property when restricted to a cube.

Lemma 2.1. Fir a cube Qo C R%, 1 < p < oo and a weight w € Ay(Qo).
Then there exists a weight wg, € A,(R?) that coincides with w on Qo such that
[on]AP = [w]AP(QO)'

Proof. Our proof proceeds by construction. Let D% denote a dyadic system of
cubes on R? of which Qg is a member. This can be explicitly constructed as

follows. First, scale the standard dyadic grid by a factor of [(Qg) to form the
collection {(Qg) - A that consists of all cubes of the form

[m121(Qo), (m1 + 1) 2"1(Qo)) x -+ x [ma2"1(Qo), (ma + 1) 2¥1(Q0))
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where k,m1,...,mqg € Z. Then, if we let bg, denote the corner of the cube Qg
closest to the origin, we can translate this scaled grid to Qg,

D :=1(Q) - A+bg, =1{Q +bg, : Q €1(Q)A}.
Let Dg“)" denote the subcollection that consists of all cubes in D0 of the same size
as Qo. A weight, wg, on R?, will be constructed for which there exists B > 0 such
that .
-1l p=l 1
wg, (Q)7 we,(Q)? < B|Q| 3)

for all @ € D?. As the dyadic description of A,(R?) is scale and translation
invariant, this criteria will be sufficient to determine that wg, € A,(R?).

Fix Q € Dgz". Let g : R? — R denote the translation that takes the cube Q
to the cube Q. Then, for x € @, define

wq, (z) == w (pq(x)).
As the cubes in D(?O partition R?, this description defines a unique function wQ,

on R?. Moreover, it is clear that this function will be a weight that coincides with

w on Q.
By definition, as w € A,(Qo), it follows that there must exist a C' > 0 such that

is satisfied for all dyadic subcubes Q C Q. Fix a cube @ € D?0. Suppose that
Q is a dyadic subcube of a cube from Dggo. Then (3)) must be satisfied automatically
with constant C. So suppose that @ is not a dyadic subcube of any cube in DSQO.
Then, since a parent cube is always decomposable into its children, there must
exist finitely many cubes {Ql}fil C D(?O such that @ = UY | Q;. We then have

p—1

- (/QwQO@)fldy) ” (/mey)dy)’l’

N pz-%l N %
= (Zl /Qi we, (y)” 7L dy) (Zl /Qi we, (y) dy>

p—1

= <N/Ow_fi1(y)dy) ' (N/Ow(y)dy>;

< CN|Qo
=CQ|. O

1 1

wor Q)T we,(Q)

=

Definition 2.2. Fix 1 < p < co. A weight w on R? is said to be in the class A}
if there exists a constant C' > 0 such that
[wla,(vemy <€
for all R € AJ. The smallest such constant will be denoted by [w] 4ioc-
P

The subsequent lemma will be used numerous times throughout this investiga-
tion. It states the exact form of the heat kernel corresponding to £. Its proof can
be found in [I0] in dimension 1. Higher dimensions follow from this case by taking
tensor products of Hermite functions.
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Lemma 2.2. Fort > 0, define the map k; : R x R — R through

ku(w,y) = hul,y) - exp (—alt) (2> +1y1°) ) (4)

where hy is the classic heat kernel

1 o — y|”
hi(z,y) = Wexp <— o

Vit -1

for all x and y in R?. The operator T* is then given by
T (@)= s [ k(o)1) dy

for any f € L (RY) and x € R™.

and « is defined by

Note that the fundamental solution for £ is actually kgnno:. We have chosen to
rescale the kernel for simplicity. An expanded version of Theorem [B] is presented
and proved below.

Theorem B. Let T* and M denote the classic heat maximal operator and Hardy—
Littlewood operator respectively. Let w be a weight on R%. For any 1 < p < oo, the
following statements are equivalent:

(1) [1Miocll 2o ) Lo () < 00

(2) we Ape.
(3) ||71120||Lp(w)%L1’(w) < .

(4) 1Tl Lo () s 10 () < 00

Proof. We will prove the following chain of implications: (1) = (2) = (3) = (4)
= (1).

(1) = (2). Fix a cube R € AJ, Q a dyadic subcube of N(R) and f € L{ (R9).
Define C' := |[Mioc|| 15 (4)— 1 (w)- Then, using standard techniques from weighted

) () - L ) e

< /Q Mioc(f - xQ)(y)Pw(y) dy

< HMIOC(f'XQ)HiP(R”,w)
< cr ||f : XQ“II),P(U))

e (/Qfl”w)-
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Take f:= (w+ 5)7ﬁ for some ¢ > 0. Then

@ (g [+ ) o [ w0,

which implies that

w(Q) ( /Q (w(y) + )7 dy),, <o QP /Q wdy

= i) ( [ ww o dy>p1 <criQp

for each € > 0. An application of the Lebesgue monotone convergence theorem
then produces the desired result.

(2) = (3). Lemma states that for any cube R € AJ the restriction w|y(g)
can be extended to an A, weight wy(g). As wy(g) € Ap, we know from classical

theory that ||T*||Lp(wN(R))_>Lp(wN(R)) < [wN(R)]Ap < 00. Then, for f € LP(w),
1T ) = / Ty f(2)Pw(z) da
Rd
3 /R T*(f - xvmy)(@)Pwlz) da

ReAj]

Z / T*(f - xn(r)) (@) wn (R (T) dx
ReA] R

Z [wN(R)]ip/ |f () wN(R)(x) dx

ReA] N(E)

wlye 3 [ 1@ wla) ds

ReA] (F)

IN

N

IN

Stolfye [ 17@F w(a) da.

where the final inequality was obtained from the bounded overlap property of the
cubes {N(R)}ReAg.

(3) = (4). This follows trivially from the inequality k:(z,y) < hi(x,y) for all
z,y € R and t > 0.

(4) = (1). Fix f € L. (R?) and x € R € AJ. Let @ be any cube containing x

that satisfies @ C N(R). We first observe that for any y € Q,

exp(— |;Z(QZ;|2 ) ~

To see this, note that

|z —y| < Vdl(Q).
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This implies that

and therefore

Moreover, we trivially have

|z —y|?
exp(— Q) ) <

Note that for any x,y € @, since I(Q) < 4l(R), we have the bound
2], ly| < 2V/d2/ )
_2Vd
"~ I(R)
_8Vd
= Q)
This then implies that

1T+ Q) — 1) 82d( 1+1(Q) — 1)
exp 5 (le2 + Iylz) > exp I
21(Q) Q)
It is easy to show that the bound
V1I+tt—1 1
4 2

is satisfied for all t > 0. This then gives us

( 1+ (Q) - 1)
20(Q)? (

82

af* + [y*) | = e

exp | —

For t := [(Q)?, we then have

1
o 1wl
1 (VI+i@ 1) o yf?
S W/QGXP - 20(Q)? (\CE|2 + |y|2) exp (— 2AQ)?2 ) |f (y)] dy

- / ,;/2 exp ( <i1+2’;_1) (1o + |y|2)> exp (— =y ) £l dy

Rev. Un. Mat. Argentina, Vol. 59, No. 2 (2018)



350 JULIAN BAILEY

On taking the supremum over all such @, we obtain M. f(z) < T f (). O

~ ’loc
3. THE FAR CLASS

far
is proved. With this, a sufficient condition for the boundedness of || 7| s () £ (w)

is obtained. Prior to presenting these definitions, it is necessary to introduce a
collection of cubes that represent the regions over which our averaging operators
will act.

In this section, the adapted operators M;_ and M are defined and Theorem

Definition 3.1. For each R € AJ, define the following subsets of R
e (Qo(R) is the smallest cube containing the region
{y eRY: |y < 216d42j(R)}

that can be decomposed into cubes from the grid AJ.
o For t <2*d% Qi(R) := Qo(R).
e For t > 2%d% Q(R) is the smallest cube containing the region

{y eRe: |y < 28t22j(R)}
that can be decomposed into cubes from the grid AJ.

For sets A and B contained in R?, introduce the notation k;" (A4, B) and k; (A, B)
to denote respectively the supremum and infimum of k:(x,y) over all z € A and
y e B.

Definition 3.2. For f € L{ (R%) and z € R € AJ, define the operators M, and
Mg, through

Mif@) =sp S K(RR) / @l dy,  and
>0 pieF(R), R'CQL(R) R

>0 pieF(R), R'CQi(R)

M@ i=swp Y K (RE) [ 15w
R/
With the introduction of our maximal functions, it is a straightforward matter
to define their corresponding weight classes.

Definition 3.3. For 1 < p < oo, the classes of weights on R?, A;a” and Agar*,
are defined through

A;a” = {w weight on R? : HM+

farHLP(w)HLP(w) < OO} and

A;ar_ = {w weight on R? : HMf;rHLP(w)—wp(w) < oo} .

. Afar loc — ._ Afar— loc
We then define A} := A" N AP and A := A N Ap©.
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In order to verify our main result, a string of technical lemmas must first be
proved. The first two of these provide some valuable estimates concerning the
maximum of the function ¢ + k;(z,y) for fixed z and y in R%.

Lemma 3.1. Fiz points v € R € A and y ¢ Qo(R). There is precisely one
maximum for the function t — ki(x,y). Denote this point by t,,(x,y). Then for R
not contained in the first layer, t,,(x,y) must satisfy

ly| o —y|*
<t < —
o da] = m(@,y) < —
For R contained in the first layer, t,(z,y) will satisfy
2
ly| |

T —
9'76[ < tm(ﬂﬁ,y) < |Ty

Proof. On differentiating expression with respect to t we obtain
0 1
—k = —g(t)k
ot t(xay) 2t29( ) t(l'vy)a
where the function g is defined to be
(1ol + yP%) o)
—— = 2x,y).
V1+t2 Y

As the kernel ki(z,y) is always positive, it follows that the sign of the derivative
will be identical to the sign of the function g(¢). Suppose that g is negative. Then

we must have
(@-t+2(2,) V1+8 > (o +1yl).

That is, the derivative of the kernel will be negative if and only if the above in-

equality holds. Likewise, the derivative of the kernel will be positive if and only
if

g(t):=—d-t+

(@-t+2(@,) V1+ 2 < (ol +1yl*) (5)
and the derivative will vanish if and only if equality holds.
It is simple to show that |z — y|* /d serves as the only maximum of the function

t + hy(z,y). This implies that h(z,y) is decreasing for t > |z — y|* /d. As the
function «(t) is strictly increasing, we have that

exp (—a(t) (lof* +1y*))

is strictly decreasing for all ¢. This shows that k:(z,y) is strictly decreasing for
t > |z —y|* /d. Tt then follows that any maximum for ¢ — k(z,y) must be less
than |z — y|2 /d. As this function must approach 0 as t approaches 0, continuity
of the derivative then implies that there must exist at least one maximum in the
interval [0, lz —y[? /d}

Let ¢,,(x,y) denote the largest maximum in the above interval. It will be shown
that t,,(x,y) is the only maximum. From our previous argument, equality will hold
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in for the value t,,(z,y). Suppose that tg < t,,(z,y). Then tg = t,n(z,y) — a
for some a > 0. We then have

(d-to+2(z,y))\/1+ 3 = (d-tm(z,y) —d-a+2(x,y))\/1+ 2
= (d tm(z,y) +2{z,y)) /1 +t3 —d-ay/1+ 3.

As equality holds in expression () for t,,,(z, y), it follows that the factor d-t,,(x, y)+
2(z,y) must be positive. Therefore

(d-to+2(x,y))\/1+2 < (d tm(z,y) +2(x,y)) V1+tm(z,y)? —d-a\/1+ 13
= (\:z:|2+|y|2) —d-a\/1+13

2 2
< (I + 1)
This demonstrates that the derivative must be positive for any ty < t,,(x,y).
Let’s now show the lower bound for t,,(x,y). First suppose that R is not con-
tained in the first layer. It will be shown that for any t; < |y| /(9 - d|z|), inequality
holds. From our previous argument, this will then imply that the function is in-

creasing on the interval [0, [y|/(9-d|z])). As y ¢ Qo(R), it follows that y satisfies
the bound |y| > 3|z|. We know that

We also have

(d-t1+2(2,y)) < (d-t1 +2[(z, y)])

lyl
< (L 49
_(9|x|+ 2| |yl
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This demonstrates that
2
|

1 Y
(-t 20w ) 1 < Glall) - 1412

2 2
= lyl\/|z]” + [yl
2 2
< (ol + 1yP%).

Now suppose that R is in the first layer and y ¢ Qo(R). Then |y| > 2'0d*. Let
ta < |y| / (9d). Then
1442 1 |3/|

(1P +|y\2
= | 93248 " 9242

2|y|?
S 2

On noting that |z| < V/d,

Y
<|+ﬂﬂy0
1
< (=42
(5-+20l)

1
< <9 + 2\/&) |y
< 3Vd ly| .
This finally leads to

(@-ts+20) i+ < (avl) (Y2

2
<yl

2 2
< (Jal* + F*) .

which validates our lower bound. O

Lemma 3.2. Fiz cubes R and R in A} with R’ C Qo(R)¢. Fiz points x € R and
y € R'. The mazimum t,,(x,y) satisfies the inequality

i (R)+35(R) tm(m y)
2§8-tm(£7y)\/7§ P
o + [y T 2
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Proof. Asy ¢ Qo(R), we have |y| > 216442/(®) and also |y| > 27(B)~1 The upper
inequality then follows from

jf” + [y” = ly[*
> 2j(R/)—1216d42j(R)
— 915 4493 (R)+j(R)

As for the lower bound, first consider when R is not in the first layer. On applying
Lemma [3.1] and recalling that |y| > ||,

21 (R)+j(R") ly|  [2B+iR)

tm(Iay) 2 2 Z 9d 2 2
2l + 1y] 2LV fof + 1yl

1 [|y)? 2 B)+i(R)

Ty 2z fyf?

Then on applying the bounds |z| < Vd2/(®) | |y| < vd2i(B) and |y| > 2164424 (R)
successively we obtain

25 (R)+j(R’) 1 [20(R)+i(R)

- > ——
PN P 9a Y 2a22
Ll
= 94V 257227
S 1 [216g42i(R)
= 94\ 243/22i(R)

> 2.

tin (z

Next, consider when R is in the first layer. Once again apply Lemma [3.1] and

ly| > |x| to obtain
[2®+iE) |y [23(R)
tm (T, Y0\~ 7 2 oy
jo* +[y* ~ 9d Y 2y)”
1 [2i(R)

T 9dV 2
Then, on successively applying the bounds |y| < Vd2i(B) and ly| > 216d*,

2R+ 2 1yl
jo* +1y* T 9dY 2vd
1 216 74

= 9d\l 2vd
> 2.

This concludes the proof. O
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The next lemma obtains an estimate on ratios of the form k¢ (z,y)-ky,, (z,4) (2, y) !

for fixed z and y. It will play a key role in the proof of Theorem [A]

Lemma 3.3. Fiz cubes R and R’ in A} with R' C Qo(R). Fiz the points x € R
and y € R'. Introduce the shorthand notation t,, := tm,(x,y). Define

23 (R)+35(R")
"+ |y]

Then we must have the bound

1
—1
kt(x7y) : ktm (xay) 5 2(G(R)+3(R))(d+1) (6)

1 |z]%+]y|?
forallt <t,,/M = g\/%‘

Proof. According to Lemma tm/M < tp. As t — ki(z,y) is increasing for
t < tm(z,y), it follows that it is sufficient to show @ for the value t,,/M. We then
have

Bt 1 (@,9) < i (2,9) ™ = M2 exp ((@ltm) = altm /M) (|2l + lyI*) )

2
X exp <|x2ty|(M - 1)) .

Let’s find a bound on the function «(t,,) — a(t,,/M) in terms of t,, and M. Define
the function 8 : Ryg — R through

ﬁwr:a<1)zvﬁ+52‘1_vT+w_u.

u 2/u B 2
For any u < 1, perform a Taylor expansion about the origin for 8 to obtain
1 w2 ut WS
=-(1= ST = ),
plu) =3 ( Yt TR T 6 )

According to Lemmal3.2] both ¢,, and ¢,, /M are greater than 1. The above formula
will therefore apply to these values.

atn) =50/tm) =3 (1= 14 g = i+ g — ).

2 22 8td ' 1615,

2 4 6
a(tm/M):;O_M ME o MT M >

E+2t3n %+16t§n B
which gives

(M-1) (MP-1) (M'-1) (M°-1)

a(tm) — altm/M) = 2% - At2 + 164 326 e
B 2 4 _
LMoy (-1 (MR-
= 2, 42, 16t4,
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As M?2—-1> MTQ and (1\14;;1) < 1%{; , we obtain
(M—-1) M2
tm) —a(ty, /M) < ——= — .
tm) = atm/M) < =5 162,

Once more from Lemma [3.2] we have that
MU < /29GR4I R (A1)
<y — ¥ 2GR @41)
< (ly| + |z|) /220 (B)+i(R))(d+1)
< (2B 4 9i(R))d/29G R+ (R (@+1)

It is easy to see that there must exist some A > 0, independent of both R and
R’, such that

(Qj(R) " 2j(R’)>d/2 o((R)+i(R)) (d+1) < A62.7‘(R)+j(R/)'
This would then give
MY29GR)+HI(R)(d+1) < 27 RFIED
On applying and the above,
Koy yar (@, 9) - o, (2, ) ~H U HED D
S MU HEDED exp ((alt) = altm/M) (|2 + |y1*))

|z — y|?
- M—1
><eXp< T ( )
D M-1) M?
< JRIRD . (M-1) 2 12
< exp (2 ) eXP(( T 16%) (le + |yl ))

X exp <|:vy(M - 1)>

2m

, - M-1 M?
= exp (QJ(RHJ(R) + g(m,w (|:U|2 + |y|2))

tm 162,
(mywiry (M —1) M?
< exp (2089 B o) = i (1o + %) ).

On applying M /t,, <1/ (24d2),

K 31 (9) - b, () "1 ROH D@D

) o M?
< exp <2J(R)+J(R) + [z Iy (|x|2 + y|2>>

2442 1612,
. o 2I(B)HI(R) pp2
< exp <2J(R)+J(R) + 51 - o (|x|2 I |y|2> ,
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from which the definition of M then provides

ko, v (2,y) - e, (2, y) TH20EDFHEDED < O

The next result is a direct analogue for A;r of the defining condition for the classic
A, class. It is unlikely that this condition is enough to completely characterise A;.

Lemma 3.4. Let w be a weight on R? and suppose that M, : LP(w) — LP(w) is
bounded for some 1 < p < co. Fiz cubes R and R’ in A} with R’ ¢ Qo(R). Then
there must exist some constant C' > 0, independent of both R and R', such that
1
w(R)? - w 7T (R)T < C -y, () (3,5)
forallz € R and j € R'.
Proof. 1t shall first be shown that
R C Qa9 (R).
Fix any point y € R’. From the definition of Q:(R), it will be sufficient to show
that
|yl < 2%t (2, )72
First suppose that R is not in the first layer. Then
2B ¢ (7,9)% > 2j(R)L.
&9 2 9242 |7|?
As |#] < Vd- 20| |y| <V/d-2|j| and |§| > d*2'627() | we have that
~ 94 (R) |yl 421694 (R)
m(Z,9)" > 0242 '2\/a' 422i(R)
= [yl
Next suppose that R is contained in the first layer. Then

9i(R) | ¢

| 2

)t (2,5)° > ;ﬁ ye
|y| 216d4
~ovd 92d?

> |yl

This demonstrates that R’ C @y, (z,5)(R). Then, for any Z € R and § € R/,

w) ([ sl ar) = [ w(z)de( Fwldr)

:W/R( waa@D) [ 15w |dy) w(z) do

5 [ M ) oPuto) do

&

- ktnz(IJ/) x y
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From the boundedness of ME;N we then obtain

wl®) ([ 150l dy) S e [ 1w

~ kt,, 9 (&, 9P Jr

Take f:= (w+ 5)_1’%1 for some € > 0. Then

for all € > 0. Which implies that

w w —51 : 1 (w(y) +¢€)
(R) ( / (wly) +e) dy) S RN T /R i) + o dy

= w(R)(//<w<y>+a>‘p“ dy)p_1< !

~ ktm(i,z}) (1,7 g)p

for each € > 0. An application of the Lebesgue monotone convergence theorem

then produces the desired result. O
Finally, enough machinery is in place to prove our main result.

Theorem A. Let w be a weight on R? and 1 < p < oo. Then we have

HM;;rHLp(w) <oo = |Tallpr@) <0 = ||Mf_arHLP(w) < 00.

Proof. The second implication follows quickly from the pointwise bound

T /() = sup /F ICCIOIE

t>0

—sup 3 [ ) )] dy

>0 prer(r) /R
sy S kAR [ )]y
>0 preF(R), R'CQu(R) R
= M, f(z)
for any f € LL _(R?) and z € R € AJ.

loc

As for the first implication, suppose that H/\/l;;r < 0. Then

HLP(w)—>LP(w)

r 1/p
1Teflrioy = | [ 1Tod @ wo)de]

- _/Rd (Sup e (fXF(R) (m))pw(x) dx}

t>0

_ p 1/p
-1/ <sup / kt<x,y>|f<y>dy> w(x)dx] .
Rd \ >0 JF(R,)

1/p
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The heat operators can be expanded dyadically to obtain

sup
t>0

J.

1 Tear f Nl 2o ()
R'€F(R,)

A

>0 preF(R.)

>

A

sup
t>0

+ sup
>0

>

On applying Minkowski’s inequality,

|| farf”LP

J.

_|_

A

sup
t>0

J.

of Loy

J.

>

R'€F(Ry), R'CQ:(Ry)

>

R'€F(Rz), R"ZQ+(Rg)

sup
t>0

+

far

= ™

+ sup

t>0

>

R'€F(Rz), R'ZQt(Rz)

sup Y kS (Ras B) I f | o )

p

p

/wym ) dy | w(w) da

ki (Ro, R £l gy

R/E]:(Rz)> R’CQt(Rm)

1/p

1/p

w(z) dx

P

ki (Ro, RO £l gy

R'€F(Rz), R'ZQ(Ra)

p

ki (Ro, R) £l o ey

w(z) dz

1/p

w(zx) dz

p

ki (Ra, ROl g ey

p

ki (Rey R 1 fll 1 oy

w(z) dzx

w(z) dx

359

1/p

1/p

1/p

It remains to bound the tail end term on the right hand side of the above expression.

On expanding dyadically once more,

p
[ (s 3 K (R B |l sy | wle) de
R\ ReF(R), RIZQu(R)
P
- / s S W RE) | we)de
ReA] >0 e F(R), R'¢Qi(R)
p
= Z sup Z kt*(R,RUIIfIILl(R/>w(R)1/p
real \"7 reF(R), R¢Qi(R)
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Let 2, and y}, denote points contained in R and R’ respectively that satisfy
EF(R,R) <2 k(2 9%).
On applying Holder’s property and Lemma [3.4] we obtain

> s > ki (BB f s gy w(B)HP

rea] \"7° ReF(R), R¢Qu(R)

_1 p=1 1
< Z sup Z ki (R,R)w™ 71 (R') 7 w(R)» 1A 2o (R o)

rea) \ Y reF(R), R'¢Q.(R)
S Z sup Z kt(l'%, y%’) ktm(xR yR)(wg%vy%’)il ||fHLP(R/,w)
reay \""° ReF(R), R'zQ.(R)

Note that since |yk,| > 25¢227(R®) it follows that

2
|$R| +|yR/ |y§>u‘
2i(R)+j(R') — 8 R)+j(R)

21 \/QJ(R’) 1. 98429i(R)
=3 9 (R)+j(R)
> t.

This implies that Lemma [3.3] can be applied to obtain

Z sup Z kt(xz}ia yi‘i’) : ktm(wk,y;/)(xﬁ%a yi‘i’)il ||fHLP(R')w)
real \"7 reF(R), R¢Qi(R)

< su 9~ (F(R)+3(R")(d+1) .
~ Z t>g Z 11z (R w)
ReA] R'eF(R), R'ZQi(R)

oo o0 P
LS <Z > T(M)(dm)

k=0ReL;, \l=0 R'clL,

oo o) p
<l D2 (Z . 2-<k+l><d+1>>
=0 1=0

~ ||fHLp(w bl

since the number of cubes in a layer Lj is bounded by a constant multiple of
okd_ ]

Theorems [A] and [B] together with the fact that | 7| ,(,, < oo if and only if

both [ T5zell Loy os £ o

lead to the corollary below.

) <00 and I farHLp(w)HLp(w) < oo for any weight w on R,
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Corollary 3.1. The following chain of inclusions holds for any 1 < p < oo:
A; - {w weight on R? : HT*HLP(¢y)—)LP(m)<OO} CA,.

The class of weights in the middle of the above chain of inclusions is a natural
candidate for the A, class associated with the harmonic oscillator. The above
corollary indicates that our A, classes are honing in on what should be the correct
class.

4. RELATION TO THE A;O CLASS

Recall the definitions of the classes A2° and Ag from Section |1} This section is
devoted to the proof of the strict inclusion A} C Ag. This will be accomplished by
first showing, for any 6 > 0, that the pointwise bound M7 f(z) < MY f(z) holds

far

for all f € LL _(R%) and 2 € R?, thereby demonstrating the inclusion Af) - Ag”*.

loc

The following upper bound for the heat kernel k will be utilised. Refer to [6] for
proof.

Lemma 4.1. For any N > 0, there exists a constant Cy > 0 such that

_ . —d/2 o 7@ ViV -

for all z,y € RY.

Recall that the sinh 2¢ factor in the above expression is due to the kernel rescaling
introduced in Section

Proposition 4.1. For any 6 > 0, there exists some Cy > 0 so that
ME f(x) < CoM° f(x)

far
for every locally integrable function f on R and x € RY.
Proof. For R € AJ and k > 0, define Cj,(R) to be the collection of cubes R’ € A]

that satisfy d(R, R') < 2FI(R). As F(R) C AJ/Co(R), the operator M. can be
decomposed as

Mif@ <sw Y KRR [ 11y

>0 prenyjco(R)

—sp Y KR E) [ 15w dy
>0 Rieny/co(R) R

o0

<> SRR [ 1wl d

>0 k=1 RreCk(R)/Ch 1 (R)

for z € R. Let’s find a bound on the values kX, ,, (R, R') for R' C Cx(R)/Ci_1(R).
Suppose that x € R and y € R’ € Ci(R)/Cr—1(R) where k > 1. Then, |z —y| >

Rev. Un. Mat. Argentina, Vol. 59, No. 2 (2018)



362 JULIAN BAILEY

2k=12-3(%)  From this bound, Lemma [4.1{ and the inequality p(x) < 2'=7(%),

) -N
) < 4—d/2 _lz—yl” NG
ksinnot(z,y) St €Xp < ot Lt p()

M/2 , N
< i/ t _ (1+2](R)—1\/7§)

|z -y

St (2j<R)\/i)M2*’“M (1 1 iR \f)
< 93(R)dg—kM (Qj(R)—l\/g) M—d (1 N 2j(R)_1\/£) -N
for any M > 0. Therefore
kdn o (R RY) S 27(Rdgm kM (ZJ 1\f) (1 + 2J'<R>*1\/{) -

for any R’ C Cx(R)/Cr—1(R). On applying this bound to our previous decomposi-
tion we find that M. f(z) can be estimated above by

sup Z 9i(R)do—kM (Qyuz) 1\/) (1 L 2j(R>—1\/,g> -

t>0
X > /If )| dy.

R'€Cr(R)/Cr—-1(R)

Define Ry, to be the smallest cube that contains every cube in the collection Ci(R).
Then

Mt () S 2B sup M4 (1 4 ) NZ?"“M 1/ (9)] dy,
s>0 =1 Ry,

where we set s := 20(®)=1/% Tt is obvious that if we set N > M — d, then the
supremum term must be bounded by 1. We then obtain

Mfar dZ2 kM/ )‘ dy

On noting that I(Ry,) ~ 2F277(%) and vp(Ry) < 2*¢, we have

k(M —d—gy 1 (2704
Mfar $) S.z Z 2 oko okd |f(y)| dy
Ry

k=1

< 2 k(M d— 9) d
Z (Rk)\Rkl I(y>| y

SMef()
for M >d+0. U

Proposition C. The following chain of strict inclusions holds for any 1 < p < oo:

00 +
A, CAX C AT

Rev. Un. Mat. Argentina, Vol. 59, No. 2 (2018)



HARDY-LITTLEWOOD ADAPTED TO THE HARMONIC OSCILLATOR 363

Proof. The strict inclusion A, ¢ AP° has already been proved in [2]. As for the
upper inclusion, the previous proposition demonstrates that A2° C Agj“*. It will
now be proved that A)° C Alpoc. Fix w € Aj°. Then there must exist some 6 > 0
such that w € Af,. It must be shown that there exists some B > 0 that satisfies

[w]Ap(N(R)) <B (8)

for every R € AJ. Fix any cube R € A} and @ a dyadic subcube of N(R). As
w E Ag, there must exist some C' > 0 such that

p—1 0
@i (@ <0l (1+ 44

As @ is a dyadic subcube of N(R), we have that I(Q) < 4p(cgr) and p(cg) >
p(cr)/8. Therefore

w(Q)Tw TT(Q)T <ClQl(1+32)
<33°C|Q|.

This demonstrates that holds with constant B := 33°C.
It will now be proved that the inclusion of A}® in A; is in fact strict. In
particular, the weight defined by

’w(x) = w(xl, - ,xd) — elml

for 2 € R? will be shown to belong to the class A;r but not Ap°.
Let’s first show that w € A;OC. That is, it will be proved that there exists C' > 0
such that for any R € AJ and dyadic subcube @ of N(R),

wQu™FT(QP L < CIQP. 9)

Note that for any = = (z1,...,24) € Q we must have the bound

’ng’ 427 < g | < ’cg’ 4427
where cg = (cg), . ,cg,g)). This gives
w(@Q) = / o1l dy
Q

<ewliql.

Similarly,

el igr.

This gives estimate @D and proves that w € A;OC.
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Next let’s prove that w € Afa”. That is, it must be shown that

||Mfa.erLP(w) ’S Hf”LY’(w)

for any f € LP(w). Expanding the norm on the left side of the above equation
leads to

HMfaerIIj,p(w)

- [ ME @) de

[ Y EEw) [ @) dy | e
REA 20 prer(R.), R
R'CQ¢(Rx)

P
- / sup ( / i (R Ry) | £ () w(y >iw<y>édy> w(z) de.
R4 £>0 Qt(Rz)NF(Ry)

On applying Hoélder’s inequality we obtain
P
HMfaerLP(w)

< / p</ kf(Rm,Ryf’w(y)—idy) w(@)da | 112
Re >0 \ JQu(R.)NF(R,)

7

< / sup (/ kj_(Rm;Ry)p, dy) w(x) dx ”fHLp(w .
Re >0 \ JQ,(R.)NF(R.)

Let M > 1, its exact value to be determined at a later time. It will now be proved
that the function

p

P
Iy

(t,z) — (/ ki (Ry, R,)Y dy> (10)
Q:(R.)NF(R,)

is uniformly bounded for ¢ > 0 and 2 € [-M, M]%. For x € R? and y € R?, let &
and § denote points in R, and R, respectively that satisfy k" (R, R,) < 2k(%, 7).
As § € F(R,) = F(Rz) we must have |& — §| > 277(%+)_ This implies that

1 1z — gI? 12 2
+ < — . _
kt (RI7Ry) ~ 9 d €xXp ( 2t €xXp ( a(t) (|l‘| + |y| ))

1 9—2j(Ra)
< — e
~ g P ( 2t )
1

4
2

(2-2i(R2) /2t)
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As z is restricted to [—M, M]?, the layer number j(R,) is bounded, implying that
(t,x,y) — ki (R., R,) is bounded. For ¢ < 1 the size of Q;(R,) is bounded proving
that is bounded for ¢ < 1 and x € [-M, M]%. For t > 1 note that

K (Ra Ry) < (2;)3 exp (— u ;f'2> exp (—at) (12 +131))

S exp (—a(t) 7).

Since |y| <2 <|gj\ + \/Zi) and « is an increasing function,

2
/ KRRy S [ e (—at) ('y'—w&) o) dy,
Qi(Re)NF(R,) R4 2

which is clearly integrable. This shows that is uniformly bounded for x €
[~M, M]* and ¢ > 0. Therefore, to complete the proof of w € A" it is sufficient
to show that

a
'Y

oot ) i
Re/[-M,M]4 t>0 \ JQ¢(Rz)NF(R,)

is finite. In fact, due to the form of the kernel, this can be further reduced to
proving that

D

p/
/ sup (/ k;‘(RI,Ry)p, dy) w(x) dx (11)
R% /[0,M]d t>0 RE NF(R,)

is finite. Note that for any = € R%/[0,M]?, y € RY N F(R,) we will have the
bounds |z| < 4vd|Z|, |y| < 4Vd|j|, and |z — y| < 4V/d|& — §|. This then leads to

<! oo _olt) (le2+|yl2) - exp Lzl
~ ont)? 124 24-2 |’

implying that is bounded from above by a constant multiple of

1 pal(t
[ sw ( [ e (<Z50 (1 + )
RE/10,M])4 120 \JRY (27¢) 2
Pz —yl? "
X exp <42d2t> dy) w(z)dr. (12)
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For t > 0 and x € R?, define the function

. 1 paft) 2 2 Pz — Z/|2
= | — exp(— g (el + 1) ) exp | 22 ) dy
+(27Tt)

1

> Pyi 1\ | Pz
- 0+ — d
X/O eXp( 24 (O‘(H% T g )

* P'y; 1Y | pzaya
X /0 exp (— 42:; (a(t) + o + 2dr dyq
td/2 !

p't 2 i
. €X v———— 4 erfc ——F——
5 (14 2)* p( 32d\/1+t2| | > ( 32dtv/1 + 2 1)

0
N
@
/|\
kS|
=
| B
[\v]
S
Q
—
—
N~—
+
X
~
~__
~—

Q

p/
- erfc —x4 |,
( 32div/1 + 12 d)

where erfc(a) := % faoo e~"ds is the complementary error function. To prove that

the integral is finite it is sufficient to prove that there exists ¢ > 0 such that

folz) < e=clal’ (13)
for all t > 0 and = € R% /[0, M]?. For ¢ > 1 this bound follows easily from

/
z) Sex
) S exp (L o).
for all z € R% /[0, M]?. For t <1 and x € R% /[0, M]? we have

d(p'-1)
fi(z) S P erfc pilml -+ erfe pilxd
32dtv/1 + t2 32dtv/1 + t2 32dt/1 + t2

= ﬁ erfe (%) e ﬁ erfc (%)

1 1 1 1
< —erfe ( ) . p erfc ( ) ,
(u/zy)® (u/z1) (u/zq)® (u/zq)
where we have set u := % V1L This gives

sup fi(z) < s ! erfc ( 1 ) s L erfc ( ! >
u X u S T <o SUp ——————€r — ).
tgll) e~ ugsléod (u/xq)®' =1 u/xy ugérﬁ)d (u/xq)P'—1 u/xq

Applying a simple integration by parts argument to the complementary error func-
2

tion yields the estimate erfc(z) < e™® for x > 1. From this it is not difficult to see

that there must exist 0 < & < 1 small enough so that the derivative of the function

1
—— erfe( =
1 erc(s)
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is positive on [0, €]. Therefore if we set M > i—d the function

u W]M erfc (uiz)

will be increasing on [0, 8d] for any z > M. This then gives

< @D iy L @' -D) (@>
ilglll)ft(x)“’xl erfc(sd) z, erfc i)

Bounding the above complementary error functions by Gaussian functions com-
pletes the proof of and we can therefore conclude that w € A;ar‘*‘.

Lastly, it must be proved that w is not contained in the class A;°. Consider the
cube @ :=[1,2) x --- x [[,2l) where | > 1. We have

21 21
w(Q):/l .../l ewldxl...dxd
21

Z/ et dxy
1

Similarly,

8|
k-1
| |=
—
S
=
L
vV |
Q\
TR TR
m‘ :
A —
= )
& ~
& )
L |
N——— S
=3 |
LA
8
=
QU
=
N
~_
=
L

This implies that

w(Qu T (QPFT! 2 (e —e)-et=¢ -1
It is impossible to bound this exponential of [ in terms of a polynomial of . There-
fore a bound of the type required for w € AZ is impossible for any 8 > 0. This
proves that w ¢ A7°. O

5. TRUNCATING THE HEAT OPERATORS

As a by-product of the techniques developed in this paper we now show that,
in searching for the appropriate weight class for the maximal function associated
with the harmonic oscillator, one can safely truncate the maximal function.

Definition 5.1. The truncated heat maximal operator 77 is defined through
T#f(@) = supe™|f - Xquma| (@)

for f € LL _(R?) and z € R%.

loc
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Lemma 5.1. Fizx € R € A andy € R' € A} where R’ C Qo(R)¢. Then for
any T € R and j € R,

ktm(:zz,y) (mv y) <C- ktm(z,y) (jja ?j) ’
for some constant C > 0 independent of both R and R’.

Proof. Introduce the shorthand notation t,, := t,,(x,y). Evidently
@ —y| > |7 - g| = VAU(R) + U(R)).
This implies that
oyl > |7 3* = 2Vd |z — 3| (U(R) + I(R)) +d (U(R) +I(R))*

and therefore

2
|z -y

exp —7215
m

< exp (ﬁ . W) e (m — 91 ((R) +Z<R’>>> exp <_d<l<R>+l<R>>>

2tm tm th
~  ~12 =~ /
SeXp<x2ty| ).exp<ﬂx i R)+1(R>>>.

(14)
Suppose first that R is not contained in the first layer. On recalling that || < ||
and applying the bound ¢,, > |y| / (9d |z]),
|7 — gl (((R) + UR)) _ (2] + |9]) ((R) + (R))

tm - tm
< 29[ (U(R) + (R))
lyl / (9 |[)
Then, from applying |§| < 2|y| and I(R') < I(R) in succession,
|7 — gl (I(R) + U(R)) _ 4-9d]z|]y| (I(R) + (R))

- [yl
<8-9d|z|l(R)
< 8.9d3/29i(R)9—i(R)

bm

=8-9d%/2,
Next consider the case when R is contained in the first layer. On applying the
bound ¢, > |y| /(9d),
7 — gl (I(R) + U(R)) _ 2]y ((R) + [(R"))
tm - lyl /(9d)
< 4-9dy[ ([(R) + [(R))
- ]

< 8.94%/2.
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This demonstrates that the above bound is independent of layer number. On
applying this estimate to (14]) we obtain

|z —y|” iz — g
_EZY ) < _r=y 1
eXp< o) Sexp T (15)

Let’s switch our attention to bounding the second exponential term in the kernel.
First consider the case when R is not in the first layer. Note that

x| > | = VdI(R) and |y| > [j] - VdI(R'). (16)
From this we obtain
—|a|* < —[&[* +2Vd - U(R) |#| - d - U(R)?

< —|Z]* +2d-279F2i(R) _ g |(R)?

< —|7|* +2d,
and similarly — |y|2 < - |ﬂ|2 + 2d. We then obtain

exp (~altm) (Jof +1917)) < exp (—altn) (12 +[5°) ) - exp (4 altm)).
As the function « is uniformly bounded by 1, we then have
exp (—altm) (Jal* + y”) ) S exp (~altm) (177 +13*) ) -

Combining this with leads to our result.

Next consider the case when R is in the first layer. As R' ¢ Qo(R), it follows
that R’ can’t also be contained in the first layer. For this scenario, the bound
might not be true for x and Z, but it must hold for y and §. We do, however, have
the bounds |z|,|Z| < v/d. Then

exp (—altn) (o +[y%)) < exp (~altm) lul*)
< exp (—a(tm) |gj\2> -exp (2d - a(ty)) .
Once again, on applying the uniform bound for o we obtain
exp (~altm) (Jof +191*)) S exp (~alta) [3°)

Note that since |Z| < v/d we must have —a(t,,) |#|> > —d. Then

exp (~altu) 5°) = e'e~"exp (~a(tu) i)

< eexp (—altm) (12 +131°) )

This leads to the desired bound and concludes our proof. O

In direct analogy to Lemma [3.4] the following lemma provides an estimate for
weights in the A class.
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Lemma 5.2. Let w be a weight on R? and suppose that Mg, : LP(w) — LP(w) is
bounded for some 1 < p < co. Fiz cubes R and R’ in A} with R' ¢ Qo(R). Then
there must exist some constant C > 0, independent of both R and R', such that

w(R)¥ - w w1 (RS <C- kT (R,R)~!

m (Z0,Y0)

for any xo € R and yo € R'.

Proof. Recall that R C Qy, (z.40)(R). Refer to the proof of Lemma for why
this statement is true. Then

w(®) ([ 150l dy)’
= [ ([ 1) o) ae
oo BB [ (b BB [ 1100 ) )
< ey B R [ Mo (1 xw) @) (o) o
< i taoa BB [5G o)

Then from arguments identical to those of Lemma our result is obtained. [

With Lemmas[5.1]and [5.2]in hand, the following result can be proved in a similar
manner to Theorem [Al

Theorem D. Fir 1 < p < oo. For any weight w on R?, the following equivalence
holds:

||T*||Lp(w)—>LP(w) <00 = ||T#HLT’(w)—>L1’(w) < 0.

Proof. 1t is trivially true that the equivalence holds for the local components of
these operators. That is, for any weight w on R,

< 00.

Tl <o & T

This leaves the far equivalence. The forward implication of the far equivalence
follows from the bound T# f(z) < 7*f(z) for all f € L{ (R?) and = € R%.
It remains to show that for any weight w on R?,

el Lo i) < =
1 taell oy oy < 00 (i
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Fix a weight w and suppose that ’Eﬁ : LP(w) — LP(w) is bounded. Fix f €
Li (R%). Then

loc

14

1Tl oy = / Tad@pu() d:c}

1
P ;
= / <supet£ |f “XN(R.) > w(zx) da:}
LJRd \t>0

- / <sup / kt<x7y>f<y>|dy> w(w)dx]
R? \ t>0 JR/N(R,)

= / <sup/ ke(z,y) [f(y)| dy
Rd \ ¢>0 JQ¢(Ra)/N(Rx)

+/ kt(m,y)lf(y)ldy> W(I)dx]
Re/Q¢(Rz)

l / (sup / ki(e,y) | £0)] dy

Rd \ t>0 JQ¢(R.)/N(Rz)

P 7
+ sup / k(o) |f )| dy | w(e)de| .
Re/Q¢(R.)

1
P

IN

t>0

On applying Minkowski’s inequality and expanding dyadically,

. %
1Tete Ny S l / <sup / k() 1F )] dy> (@) dx]
R4 \ t>0 JQ¢(R.)/N(R:)

P %
/ <sup [ kol dy> w(@dx]
R4\ >0 JR/Q1(Ry)

[

far

+

Lr(w)
P b

" /Rd e Z //kt(x,y)|f(y)|dy w(x)

>0 RieF(Ry), R'¢Qu(R.) 7R
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It remains to bound the tail end term on the right hand side of the above expression.
On expanding dyadically once more,

p

R CC I S IO RO

PO ReF(RL), RZQu(R)
P
Z/ sup Z / Ee(z,y) |f(y)| dy | w(z)dx
ReA] >0 preF(R), Rz Qi

P

<> |sw > KCRB) 1 fllpi gy | w(R).

real \"7° reF(R) R¢Qi(R)

For each ¢ > 0, let %, and y%, denote points contained in R and R’ respectively
that satisfy

Ef(R,R) <2 k(2,9

Note that since 7# : LP(w) — LP(w) is bounded, it is obvious that My, : LP(w) —
L?(w) is bounded as well. On applying Holder’s property and Lemma

p

Solse > KR g, | w@®)

rea] \"7° ReF(R),R'2Q:(R)
p
1 p=1 1
S Z sSup Z kt(‘r%vyﬁz/)w p_l(R/) P ’LU(R)P ”-f”LP(R/,w)
reay \""Y ReF(R).R'7Qi(R)
P
t t — N—1
S Z i;lg Z k(xR Yr) - k (@t )(RaR) ||fHLP(R',w)
ReA] R'€F(R),R'¢Q¢(R)
(17)

We know from Lemma [3.3] that

k(@ Ui ) S Koy (o, (T, Yly) - 27 VR EDEHD,

Lemma can then be applied to acquire

k(@R Yre) S Kooty pt ) (T, 9) .9 G(R)+i (R)(d+1)

for all Z € R and § € R'. Therefore

ke (s Yi) S by o g, (Ro B)2T UL,
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This can be applied to to obtain

P
dodsw Y K (RE) I lpiay | w(R)
rea] """ R'zQ.(R)
P
< Z sup Z 2*(j(R)+j(R/))(d+1)||f||Lp(R/w)
real \"7° rigQu(r)
5 ||fHLP(w) )
which concludes our proof. O

(1]
(2]

(3]

(4]
(5]

(6]
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