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DIRECT THEOREMS OF TRIGONOMETRIC APPROXIMATION
FOR VARIABLE EXPONENT LEBESGUE SPACES

RAMAZAN AKGUN

ABSTRACT. Jackson type direct theorems are considered in variable exponent
Lebesgue spaces LP(*) with exponent p(z) satisfying 1 < essinf, ¢[00+ P(2),
€SS SUP,c(0,2n) p(x) < oo, and the Dini-Lipschitz condition. Jackson type di-
rect inequalities of trigonometric approximation are obtained for the modulus
of smoothness based on one sided Steklov averages

1 v
3 f(r) = */ fG+t)dt
YJo
in these spaces. We give the main properties of the modulus of smoothness
(V) = =30 flL,  (reN)

in LP(*) where I is the identity operator. An equivalence of the modulus of
smoothness and Peetre’s K-functional is established.

1. INTRODUCTION

The main purpose of this work is to obtain a Jackson type direct theorem
for functions in generalized Lebesgue spaces LP() with variable exponent p(x) :
[0,27) — [1, 00), satisfying the Dini-Lipschitz condition and

1 < p:=essinfyeppon p(x) < ess supxe[O,Qﬂ)p(az) =P < o0.

The main difficulty related to LP() theory is that the spaces LP(") are, in general,
not translation invariant, see e.g. [I0, Proposition 3.6.1]. This inadequacy and the
structure of LP() cause some additional problems. For example Young’s Convolu-
tion inequality and Cavalieri’s equality do not hold in the spaces LP(). Maximal,
Poincére, and Sobolev inequalities do not hold in a modular form in LP() either.
Interpolation is not so useful in LP(). Solutions of the p (-)-Laplace equation are
not scalable.

To obtain a Jackson type inequality in LP(*) we can not use the classical modulus
of smoothness w,(f,-), because the classical translation t,f (z) := f(x +a) of
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f(-), where a € R, may not be in the class LP() even if f is in LP(), see e.g. [I0,
Proposition 3.6.1]. So the classical modulus of smoothness w, may not be suitable
for functions f € LP(). Instead of using the classical translation operator f — t, f,
a € R, we will consider the one sided Steklov average

:'jvf(glc)::11}/0Ut'mf(ac)du7 v > 0; 3of=f

in LP() [22) 23 2, 24]. Under some condition on p (z) Sharapudinov [22, 23] ob-
tained that the family of operators {3, f},.,<; is uniformly bounded on LPO) (see
Theorem below). -

Let T := [0,27) and let € be the class of Lebesgue measurable functions p (x) :
T — [1,00) such that 1 < p < P < co. The variable exponent p (z) is said to
satisfy the Dini—Lipschitz property on T ([22]) if there exists a (Dini—Lipschitz)
constant A > 0, depending only on p (x), such that

Ip(z) —p(y)|In2r |z —y| " <A < oo, (1.1)

for all x,y € T with = # y. We will denote by P the class of those exponents
p € & that satisfy the Dini—Lipschitz property on T. We define the variable
exponent Lebesgue space LP() as the collection of 2r-periodic Lebesgue measurable
functions f : T — R having the norm

£, = int {a >0 /T

where p € £. The space LP() is a Banach space. If p € P, p/ (z) := p (z) / (p (z) — 1)
for p(z) > 1, and p’ () := oo for p (z) = 1, then Holder’s inequality

1 1
Lir@a@lae< (142 = 5 )l lally o, =By Dol
holds when f € LP() and g € LP'(). We know that

[fllpey < @m+ D) 1fllgey = DIy (1.3)
forpefand1<p(x) <q(x) <g:=esssupyerq(x) <ooae onT.

f@)

p(x)
de <1 < oo, (1.2)

Theorem 1.1. Ifp e P, f € L*O), and 0 < v < 1, then

130 f 1oy < M30ll Loy oo 1) 5 (1.4)
where || f| ., is the Luzemburg norm (L1.2) of f and

A
136 A
IBullsrssnr B = () (24 )27, (15)

Inequality (1.4)) was obtained in [22] 23]; (L.5) can be proved similarly.
After this result one can define modulus of smoothness. For p € P, f € LP(),
and 0 < v <1, we set

Q (f,0)0) = 1T =30)" fllpey, 7€N. (1.6)
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For r = 1 see [24]. Note that modulus of smoothness is the main notion in the
approximation theory and it is used in many of the approximation results such as
Jackson type direct theorems, Salem—Stechkin type inverse theorems, Marchaud
type inequalities, etc. First of all the set of trigonometric polynomials is a dense
subset ([23, Theorems 6.1 and 6.2]) of L) when p € P. This allows us to consider
approximation problems in LP(). Jackson type inequalities in LP() were investi-
gated by several mathematicians. For example in [14] Israfilov and Testici obtained
the following estimate:

If f € LPO) p € P, then

h
Eu (P = ol If =ty =0 (1) s %/0 A—t) fOdd @7

0<h<1/n

p(-)
holds for n € N, with constant depending only on p, where 11, is the class of
trigonometric polynomials of degree not greater than n.

ForpeP:={peP:1<essinfperp(x)} seealso [I3]. In [2] the author proved
that

If feLPO), r>0,peP, then

Ey(f)yy=0(1)  sup

0<h;, t<1/n

() () =000 o]

holds for n € N, with constant depending only on p,r, where

x+h/2
nf@i=y [ rw

—h/2

|r| == max {n € N:n <}, {r} == r—|r|, Lis the identity operator, and (I — ®,){"}
is the fractional binomial series expansion of I — ®@y.

Here, and in what follows, A = O (1) B means that A/B is less than or equal to
some constant, depending on essential parameters only.

In [24], 28] Sharapudinov and Volosivets considered the following type of modulus
of smoothness of order r € N:

sup [[(T—3v,) -+ (T = 3v,) fll,0y

in the right hand side of (|1.7):
If fe PO, pe P, then (24, r =1], 28, r > 1])

En (f)py =0 (1) OSSEPS(; [T =30,) - (T=30,) pr(.) (1.8)

holds for n,r € N, with constant depending only on p,r.

In the present work we will consider a more natural and smaller modulus of
smoothness:

Q (f,0),0 = 1T =3.) fllpys ©>0
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for f € LP() and p € P. Our result, given below, refines the Jackson type estimates
(L7) and (L),

Theorem 1.2. We suppose that p € P, f € LP0), and r € N. In this case we have
inequalities

En (f)y) < C2 <f, ;) " (1.9)

1/n
& C2 (2e[1+B))" 1
Es (f) . <—Q | f, = , 1.10
(1;[1 ()()> B ( ”>p<~> (140

where C = 2B [max {21618%]1—]1 SY-IBI2[1 + 108BH + 432BH In Q]H .

=

For the constant exponent case p(x) = p, 1 < p < oo, the LP modulus of
smoothness was considered by Trigub in 1968 [27] for r =1, 1 < p < 00, and
by Ditzian and Ivanov [II] for » € N, 1 < p < co. In the case r =1, p € P, a
Jackson type inequality was obtained in [24] by Sharapudinov (see and [28]).
For the constant exponent case p (x) = p, in LP the inequality was obtained
by Natanson and Timan (see [21]) for r € N, p = oo.

Let X be a Banach space with norm |-|| . By X" we denote the class of functions
f € X such that f("=1) is absolutely continuous and f(") € X. Whenr € N, p € P,
and X = LPO) we will denote Wy = X"

The following second type Jackson inequality holds:

Theorem 1.3. Suppose that r,k,n € N, p € P, and f € W;'(_). Then the following
inequality holds:

n"En (f)py <C (B (1 +D QW)éil))T o (f(r)’ 711>p(~) .

One of the results of this paper is the following theorem, which contains an
equivalence of 2, and Peetre’s K-functional.

Theorem 1.4. Ifr €N, p e P, f € LPV), then the equivalence

=300 gy ~int {1 =gl +o 0] soewio}
holds for v > 0.
If A(t) =0 (B(t)) and B(t) = O (A(t)), we will write A (t) = B (t).

()

9

Corollary 1.5. Ifk €N, pe P, f € LPU), then
e (f,20),0) = O (1) (L+ M) (fr0),), 0,4 >0,

and

Q (f, v)p(') _

vk 5k ’
where |z| :=max{y € Z: y < z}, with constants depending only on k,p.

0<d<w,
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The rest of the present work is organized as follows. In Section 2 we give
upper estimates for the operator norm of Steklov and Jackson operators. Section 3
contains the main properties of the modulus of smoothness 2, and some integral
operators. In Section 4 we give a transference result. In Section 5 we give the proof
of the equivalence of the modulus of smoothness §2,. and Peetre’s K-functional K.
Finally, Section 6 contains the proof of the refined Jackson inequality and other
proofs.

In what follows, letters ¢, p, A, B, C,... will stand for certain positive constants
and these will not change in different places.

2. UPPER ESTIMATES FOR THE OPERATOR NORM OF STEKLOV AND JACKSON
OPERATORS

Theorem 2.1 ([Z3]). If p€ P, 9 >0, 1 <\ < oo, |7| <7A™Y, then the family of
operators {Sx r }1<r<oo, defined by

T+7+1/(2))
S f(z) = )\/ f(u) du,
z+7—1/(2X)
is uniformly bounded (in \ and ) in LPC):
||S>\,Tf||p(.) < ||S>\,T||Lp<~>_>Lp(-> ||f||p(.) (2.1)
with
1S3l o) S por < B. (2.2)

We point out that (2.1) was obtained in [23] and (2.2]) can be obtained in the
same way.
Let pe P, f e LP), 0 < v < 1. We note that

300 =3 [ trOdu=81470).
Let n € N and
1
Do flx) = ;/Tt_uf(x)@ﬁm(u) du eI,

be the Jackson operator (polynomial) where 75 ,, is the Jackson kernel

—T

It is known ([I2 p. 147]) that

3 3 5 3
2 B <, < 2B
22 TP o8
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126 RAMAZAN AKGUN

The Jackson kernel J; ,, satisfies the relations
L Ton(u) du =1,
T ()] < 2274, n3/t <u<m, 03
maxye | J2.n(uw)] < (7r2_1)4n,
Ly uTzm(u) du < 5-.

The next theorem was obtained in [24].

Theorem 2.2. If p € P and f € LPV), then the sequence of Jackson operators
{Dnfli<n<oo @s uniformly bounded (in n) in Lr0):

1Dnfll oy < NDnll oy poer 1l Lo s

where

||D7L||Lp(-)_>Lp(-)

T4 T 687 %
<E:=|— —
<e= 5" [F]

457°D
16

=

+H

157T5D:| F

1
1
22D
L [22
16 { -4

3

| 2m

3. MODULUS OF SMOOTHNESS
By Theorem [1.1] we have

1= 30"y < A+B) [ fllq -
For k € N we define the modulus of smoothness of f € LP), p € P, as
U0y = [A=307] o v
From [28] (3.2) and Corollary 2| we have
Lemma 3.1. Letpe P, ke N, and 0 <v < 1. Then

Ja-3t s <Bo2tofja-z)tt

1
p()’ fe Wp(')’

and
e
p()

(k) k
LA A

p()’ P

hold.
4. TRANSFERENCE RESULT

Here we state a variant of the transference result obtained in [5 Theorem 14].
Let pe P, f e LPO), G e LP'O), and |Gll,/(y = 1. Note that the dual of Lr0) s
LP'C). For any € > 0 there exists an h; < 1 such that

Pp, f(2) > f(a) —¢
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TRIGONOMETRIC APPROXIMATION IN VARIABLE LEBESGUE SPACES 127

(see [5, (18))). Everywhere in this work, this hy will be fixed. We define

(P, f(-+u),G) = [P, f(x+u) |G (x)de, for —hy <u < h,
Fy (u) := ¢ Ff (hy) for by <u <,
Fr (—h1) for m <wu < —hy.
(4.1)

Lemma 4.1 ([5, Lemma 13]). Ifp € P, f € LPU), then the function Fy (u) defined
in (4.1) s uniformly continuous on [—hy, hi] =: Ip, .

Theorem 4.2. Let p € P and f,g € LPO). If
1Esllor,,) < €lEsllep,,)

then
||9||p(‘) < 3cBH ||pr()

We define Peetre’s K-functional
Ky (F0.X) = inf {If =gl + 077}, v>o0.
and K, (f,v,p(-)) = K, (f,v,LPO)),, forr €N, pe P, v >0, and f € LP).

Proposition 4.3 ([, Corollary 20]). If0 <h <wv <1 and f € C[T|, the class of
functions continuous on T, then

[T =3n) fllepry < 7210 = 30) fllorr - (4.2)
Lemma 4.4. Let 0 <h<v<1,peP, and f € L’"). Then
1
3 1T =30) fllp) < T2ZBHII = 30) flly) - (4.3)

5. APPROXIMATION BY JACKSON OPERATORS

Proposition 5.1 ([24]). For everyn e N,pe P, f € Wpl(,), the inequality

Bu(Fyy S If =D fup()f—lHﬁ”Hp()
holds.

Theorem 5.2. Ifpc P, f € LPY), and n € N, then

1
If = Do fll,y < B[216H + 2[1 + 108BH + 432BH In 2] + 216EH] ©, (f ) .
p(-)

(5.1)

To find an equivalence between the modulus of smoothness Q.. (f,0) () and the
K-functional K. (f,6,p(+)),., we consider the operator (see [20} 24]) defined for

feLrt) peP,as
v h
(mvf)(x):g/ l/ flz+t)dt|dh, zeT,v>0.
UV Jy/2 h Jo
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128 RAMAZAN AKGUN

Note that for 0 < v <1, p € P we know that
1% f ) < BNl
hence f — R, f € LP0) for f € LPO). We set W7 f := (R, f)".
Lemma 5.3. Let 0 < v, p € P and f € LPV). Then
1T =%, fll,, < 216HB (T - 3,) /], -

Proof. If f € LP(), we can use the generalized Minkowski integral inequality and

Lemma [.4] to obtain
2 [ (1 ("

”(I - mv) pr(.) =
2w - sanan

p()

<2 [ 130 = Sl
v Sy h p()

(")
2 v
< 216HB [30f ~ [ dh = 2168 (X 30) Tl
v/2
O

Remark 5.4. Note that the function R, f is absolutely continuous ([24]) and
differentiable a.e. on T.

Lemma 5.5. Let 0 <v<1,peP,and f € Wz}(-)' Then

d d d d
ﬁﬂ%vf (x) = %v%f () and £3vf (x) = SU%]” (), ae onT. (52)
Proof. The proof is the same as the proof of Lemma 24 of [5]. O
Lemma 5.6. Let 0 <v <1,pe P, and f € LP") be given. Then
d
v||ZRef(@)| < 2[1+108BH + 432BHIn 2] (1= 3,) fll, ) - (5.3)
p(")

Proof. For f € LPC) by [24) p. 426] we know that

= % %%vf(:r) . < ‘vi(:c) = f(z) - % (3,/2f () — f (x)) ,
4 / N (30f () = £ (2) = 5 (3upad () = F (&) ) b )
and hence

1
s < (X=30) fllp) + 5 [(T—302) f”p(»)

_|_

//Q}L (130 (@) = £ @)+ 57 3n2F (@) = £ ()] ) dh

p(*)
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TRIGONOMETRIC APPROXIMATION IN VARIABLE LEBESGUE SPACES 129

One can find by Lemma @ and the generalized Minkowski integral inequality:
<= 30) Sl + 5 1= 30s2) Fll

+ +

p(-) p(+)
< (1+ 108BH) (T - 3,) fl,, + / L (138 = Py + I3ns = 1, ] o

[, @ - s wlan

| i3t @ = s @) an

1

< (14 108BH) [|(1 - 3,) £, + L4BH | 3,1 — fI| / L
v/2

< (1+ 108BH + 432BH In 2) || (I — 34) f1l., O
Lemma 5.7. Let 0 <v < 1,r—1€N, pe P, and f € L*V) be given. Then

dr - d dr— 1
dx” Rof (@) = dx q Y dxr—1

Proof. The proof is the same as the proof of Lemma 26 of [5]. O
Proof of Theorem[T4} Let r =1, p € P, and f € LP(). Since

d
Ki(f,0,0())pey S I =Roflly) +o %%vf(x)
from Lemma and (|5.3)) we find
Ky (f,v,p()p) < 2(1 4 108BH + 432BH In 2) [|(T — 30) f1|,(.)
From Lemma for g € Wr}(-)’

B
U (£ 0)yy < 0 (= 900y + D (6:0)y0) < A+ B) I =gl + 5009
and taking infimum on g € W;(_) in the last inequality we get

Q0 (fi0)p) < (L+B) K (f,0,0 ()

and the equivalence of [|(I — 3,) f|,, with Ky (f,v,p (")), is established.
Now we will consider the case » > 1. For r = 2,3, ... we consider the operator
(see [21)

— R f(z), zeT.

)

p()

r—1

T T _ _|rr\T — _qyr—itl T r(r—j)
A =T- (-2 =3 () (;) r(r=i).
From the identity I — K] = (I — R,) Z;;é R we find

r—1
1T =2) gll,y < { DB | 1T =R gl
j=0
r—1
< | 216BHY "B/ | [(T-3.) 9],
j=0
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130 RAMAZAN AKGUN

when 0 <v <1, p € P, and g € LPV). Since || f — AL f[l, ) = IT=R)" fl,.) a
recursive procedure gives

r
r—1

1 = AL o = 1T =R Fllyy < - < | 206BHY B | [[(T=30)" flp -
=0
On the other hand, using Lemmas [5.7] and [5.3] recursively,

dr d_. d!

i okl p() v”deﬂC%dﬂU’"‘l%lf P()
< 2(1 + 108BH + 432BH In 2) v" ! [|(I — 3,) dd%: r-l
. p(-)
< [2(1 + 108BH + 432BHIn 2)]" " v %mv T-3)""'r y
< [2(1 + 108BH + 432BH In 2)]" [|(T— 3,)" £, - ’
Thus
a
K, (favap('))p(.) <If- Aszp(.) + " dur AL f () "
r—1 "
< 2 |max ¢ 216BH Y ~B7,2 (1 + 108BH + 432BH In 2) 1T =30)" flly -
=0

For the reverse of the last inequality, when g € W;( ) from Lemma

Q (fi0)py £ A +B) f = gll,0) +Qr (9:0),0y

r —PRT,,T r (54)
<S@4+B) If =gl +27" B g o0y’
taking infimum on g € Wpr(,) in (5.4) we get
Qr (f7 U)p(.) S (1 + B)r KT' (fv v, p ())p() )
and hence
Qr (f?v)p(.) ~ K, (f,v.p ('))p(.) : (5.5)
O
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6. PROOFS OF THE RESULTS

6.1. Proof of the transference result.
Proof of Theorem[}.4 Let p € P and f € LPC) | In this case,

1Esllor,,) < €l llep, )

/cbhlf<x+u>|a<x>\dx
T

=c
C[In,]
= ¢ max / Oy, f(x+u) |G (z)|dx
u€lny | Jp

< CH£%X [@n, f (- + Wl 1Gl ) < HB £l
11

by Theorem [2.1]
On the other hand, for any €,7 > 0 and appropriately chosen G € L) with
(9,G) = [pg(2) G (x)dx > §|lgll,., — &, |G|,y = 1, one can find

1Follen,) 2 s 0 2 [ @ng(2) |G (2)]dz
T

1
> /Tg@c) G (a)| da —n/T G @) dz 2 5 llgl — =BT
Since €,n > 0 are arbitrary we have
1
||F9||C[]h1] Z g”g”p()a 5;”7—>0+7
and hence

1
3 g1l < ||Fg||c[1h1] < cHB | f[],,.) -
This gives the required result. O

Proof of Lemma[[Z Let 0 < h <v <1,p € P, and f € LPV). In this case, by
(#-2) and Lemma [4.1]

max |Fii_3,)s (u)| = max / Op, (I—35) f(r+u) |G (z)| de
u€lp, u€ln, | J
= max [(I— Sh)/ Oy, f(z+u) |G (z)| de
w€Elp, T

= max [(I—3p) Fy (u)] < 72 max |(I—3.) Fy (u)]

(S
=72 max |(I— SU)/ O, f (z+u) |G(x)| dz
u€lp, T
< 72 max / Oy, (I—3,) f(z+u)|G(x)|dz
u€lny | Jp

=72 Fa-
Ifg%}h’ﬂ 1-3.,)7 ()]
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< 72HJI€1211}3( [Pn, (L= 30) f (@ +u)ll,) 1G],
1
< T2HB [[(T—30) fll ¢ -

On the other hand, for any €,7 > 0 and appropriately chosen G € LP'0) with
(£.G) 2 L1 fl) — < and Gl =1, one can get

Jreu}j(|(I*3h)Ff(U)|Z|(I*3h)Ff(0)|
> (1=3) [ ®1f (@)1G (o) ds
:/Tq)'“ (I3 f (2) |G (2)| da
> /T (1-34) f (2) |G ()] do — nE|IL]

1
> 2= 38) Fllcy — = 181U -

Since €,n > 0 are arbitrary we obtain

o (1= 30) Fy ()] 2 5 10~ 30) Fl

w€Elp,

and hence

% 1= 3n) Fllpcy < moax [(X=3n) Fy (w)] < T2HB [[(T=30) flly) - O
6.2. Proof of Jackson’s inequalities.
Proof of Theorem[1.4 Let n,r € N. For g € W;'(_) we have by Theorem that

B ,
En (f)P(') <E,(f- g)p(<) + En (g)p(.) < ||f - g”p(.) + o g( )

p()
Taking infimum in the last inequality with respect to g € Wp(_), one can get, by

©.9),

r—1
, 1
< 2B |max ¢ 216BH Y B?,2[1 + 108BH + 432BH In 2] Q, (f, )
p(+)

j=0
1
=CQ, [ f, = .
<f ”>p<~>

At this stage, we will use the method given by Natanson and Timan [2I] to obtain
(1.10). By Corollary we have, for p < n,

Qr(ff) s[1+B]TC[1+”]TQT(f,1)
PJ ) B P /()
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TRIGONOMETRIC APPROXIMATION IN VARIABLE LEBESGUE SPACES 133

and hence
2 1 C " 1
H%(f,) <I[n+B ]B%{ +n} Qr(ﬂ)
=1 Plpty  p=1 p "/ p()

and consequently

(HQ (f’DP(.))l/n <(enBy 5o (£ )m.

From Theorem and the property F, (f)p(,) J asn T, we find

n 1/n n
1
E, (o] <(T[ce (f=
(,)1:[1 ) ()> <pl:[1 <f p)p(')>

< (2¢[1+ B])" C2B~'Q, (f, :L)
p(-)

and the result (1.10) follows. O

Proof of Theorem[1.3 Suppose that ©, € L., E, (f'),) = [[f' = Oull,(.), and
(/2 is the constant term of ©,,, namely,

=1 [ o= [ @0 r )

18/2] < o~ ||f Onlly Sfllf Onlly.
Furthermore,

1" = (©n = B/2) 0y < En ()py + 1872,
< By () + D @0)% B (£,
= (1 +D (277)%‘1> En ()0 -
We set u, € II,, so that u), = ©,, — /2. Then

En(Fyy = B (f ~ )y < 2 I = (©0 = /2l

1/n

We get

1oy 1
<B (1 +D(2m) 1) B () -

Rev. Un. Mat. Argentina, Vol. 60, No. 1 (2019)



134 RAMAZAN AKGUN

The last inequality gives
En (f)p(.) < [B (1 +D (2#)%_1>]T 1 E, (f(T))

n"

p()
Using Theorem [[.2] we obtain

W En (f)y) <C[B (1+]D>(27r)%*1)y9r (fj) o) .
"

Proof of Theorem[5.4 From Proposition [5.1} Lemma [5.3] and Theorem [2.2] we get
Hf - anHp() = Hf - Sﬁ{1/nf +%1/nf - Dnﬁl/nf + Dnﬁl/nf - D”pr()
< Hf - %1/nf|‘p() + ||m1/nf - Dn%I/anp(_) + HDn(ml/nf - f)Hp()

1 B
< 216BHO;, (f, n) 0 +— |}(9%1/nf)/“p(.) +E||Ri/nf — f||p<.)
ol

1
< B[216H + 2 (1 + 108BH + 432BH In 2) 4+ 216EH] Q4 (f, )
n
p(*)
and (|5.1)) follows. O
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