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SOi'lE LOCAL RESULTS ON THE INDUCED 3 - OPERATOR 

by Ricardo Nirenberg 

Ved~Qado al pno6e~on Albento Gonzalez Vom{nguez 

§1. INTRODUCTION. 

In a recent note [5], I proved an approximation theorem of the 

following type: if M is a COO submanifold of en satisfying certain 

convexity conditions at a point x E M, then any solution of the 

induced Cauchy-Riemann equations on M near x, can be uniformly B£ 

proxima ted on M by holomorphic functions defined on open sets co~ 

taining M. This theorem was proved under some restrictions on 

the dimension of M; to be precise, it was assumed that CR codim M 

< 2 (see §2 for definitions). The main object of the present pa­

per is to prove a result of the same type (Theorem 4.3), without 

any restriction on the. dimension of M, and under convexity condi­

tions that are rather more general than those in [5J. I have 

also added a paragraph (§8) on some of the consequences of the a£ 

proximation theorem. For example, under the right convexity con­

ditions, M will present the phenomenon of Hans Lewy [4J, that is, 

a solution of the induced Cauchy-Riemann equations on M will be 

locally extendible to a holomorphic function on some open set of 
en. 

In §2 we give the basic definitions of CR (Cauchy-Riemann) mani­

folds and CR functions (Coo solutions of the induced Cauchy-Rie­

mann equations on M). The convexity condition on M is given in 

§3, and in §4 we state the approximation theorem. 

The next three paragraphs consist of a proof of this result. 

The method of proof is quite similar to the methods that were 

used in [6J, with one basic difference: in [6J we used the L 2 esti 

mates for the d operator on a Stein domain, whereas here we will 

be also concerned with the support of the solution of the a equa-
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tion, in the sense that we will have to keep tne support of suc­

cessive solutions away from M. It is in that process that the 

convexity of M is needed. 

I would like to express my gratitude to Aldo Andreotti and to Fred 

I. Perticani for their valuable advice. 

§2. CAUCHY-RIEMANN MANIFOLDS. 

As we will be concerned with local results, we consider Mr to be 

a COO real submanifold of Cn of real dimension r. Let Tx(M) be 

the tangent space to M = Mr at x E M; it is a r-dimensional real 

linear subspace of Cn , and we denote by H (M) the maximal complex 
x 

linear subspace of Tx(M), and by hx(M) its complex dimension. We 

have 

(2.1) max(O,r-n) ~ hx(M) ~ [r/2) for x E M 

DEFINITION 2.1 . We say that M is a CR submanifold of cn if and 

onZy if h x (M) is constant on each connected component of M. If 

is a connected CR submanifo ld. h = h x (M) is called the CR dimen-

sion of M. If h = O. M is said to be totally real. 

If M is a CR submanifold of Cn and CR dim(M) > 0, we consider on 

M the induced" operator, which we write a (see (2), (6)). If a _ M 

M 

COO function f satisfies the equations "Mf 0 near a point x E M, 

we say that f is a CR function at x. 

LEMMA 2.2. Let M be a CR submanifold of cn of CR dimension m. If 

x EM and P1, ... ,p!/, are real valued COO functions defined on a 

neighborhood N of x in Cn such that 

(i) dp 1 fI ••• fI dp!/, f. 0 on M n N 

(ii) M n N = {x EN; Pi(x) = 0 , i 1 , ••• , !/,} , 

then there are k = n - m = CR codim (M) functions among the P. 

say P1, ... ,P k ' such that 
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(2. 2) 

on some neighborhood of x in M,and f E Coo(M) is a CR function at 

x if and only if for any extension f E Coo(N). with flM n N = f • 

we have 

on some neighborhood of x in M. 

The proof is elementary and we omit it. 

§3. THE NOTION OF CONVEXITY. 

Let V be an open subset of M, where M is a CR submanifold of CR 

dimension m in en. We say that f E Coo(V) is a CR function on V 

if it is CR at every point x E V. Now let x E M and let 

{Pl""'P~} be as in Lemma 2.2. Let U be an open neighborhood of 

x in en, where the p'S are defined and dP l A ... A dp~ # 0 on U. 

For real numbers tl, ... ,t~ we write 

so that 

V(O, ... ,O) 

p. (x) t. , i 
~ ~ 

V U n M • 

1, ... ,~} 

We will restrict our attention to systems {Pi'" .,p~} for which 

the family of submanifolds V(tl" .,t~) is locally CR trivial. 

More precisely, we make the 

DEFINITION 3.1. Let {Pl •...• P~} be functions defining M near 

x EM as in Lemma 2.2. We say that the system {Pl •...• P~} is CR 

regular for M at x if and only if there is an open neighborhood U 

of x in en such that Pl •...• P~ are in Coo(U) and d pl A A dp~#O 

in U. and an open neighborhood W of the origin in R~. and a COO 

diffeomorphism 

<I> W x V -+ U 



306 

such that 

(i) <I> (0) <I> I '{O} x V = Identity on V 

(ii) <I> (tl , ... , tJl,) = <I> I { (tl ' ... , tJl, ) } x V is an isomorphism 

of the CR structures of the CR submanifolds V and 

V(tl' ... ,tJl,L for every (tl , ••. ,tJl,) E W. 

Here the notion of CR isomorphism is the natural one, and in (ii) 
we are of course assuming that V(tl , .. . ~tJl,) is a CR submanifold 
for (tl , ••• , tJl,) E W. 

We observe first of all that CR regularity at x is invariant 
under holomorphic changes of coordinates. Secondly, for any CR 
submanifold M, and any point x E M, there are CR regular systems 
for M at x. For there is a neighborhood U of x in Cn and real co 
ordinates {Xl' . .. ,x2n } in U such that 

(3.1) 

where Yi E COO(U). Since translations are holomorphic diffeomor­
phisms, hence CR isomorphisms, the system Pi = xi -Y i (xJl,+1 ' ... ,x2~ , 
i = 1, .. . ,JI, is indeed CR regular at x. 

With respect to a CR regular system, a CR function satisfies a 
stronger condition than the one in Lemma 2.2. We have: 

LEMMA 3.2. Let {PI, ... ,pJI,} be a CR regular system for M at x. 
and let PI, ... ,P k (k=CR codim M) sati&fy aPI A ... A dPk # 0 at x. 
Then for every sufficiently small open neighborhood V of x in M. 
there is an open set U in Cn with U n M = V and such that for any 
CR function f on V we can find an extension f E Coo(U) of f to U 
satisfying 

(3.2) af A ap I A ••• A dPk - 0 on U 

Proof. We may take V small enough so that the mapping <I> of Defi-
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nition 3.1 is defined on it, and a small enough neighborhood of 
the orIgIn in Rl, W' C W , so that on $(W' x V) we still have 

aPl A ••• A aP k # O. 

-Then we define f on U $ (W' x V) as follows: 

-
Then f is a CR function on each CR submanifold V(tl, ... ,t~) 
(t l , ... ,t~) E W', and (3.2) is a consequence of Lemma 2.2. 

The notion of convexity that we will need is the following: 

DEFINITION 3.3. A CR submanifoLd M is said to be strongLy pseud£ 

convex at x E M if there is a CR reguLar system for M at x, 

{Pl""'P~} (~= codimR M) such that the functions Pl""'P~ are 

strictLy pLurisubharmonia at x. 

It is not hard to see that if there is a real COO hypersurface co~ 
taining M which is strongly pseudoconvex at x E M, then M is 
strongly pseudoconvex at x in the sense of Definition 3.3. 

§4. UNIFORM APPROXIMATION WITH HOLOMORPHIC FUNCTIONS. 

We first intruduce some notation. For a compact set K, C(K) will 
stand for the uniform algebra of complex valued continuous func­
tions on K. If K is a compact subset of en, we write r(K,O) for 
the algebra of sections over K of 0" the sheaf of germs of holo­
morphic functions in en, and A(K) for the closure of the natural 

image of r(K,O) in C(K). Similarly, if M is a CR submanifold of 
en and K is a compact subset of M, OM denotes the sheaf of germs 

of CR functions on M, and ~(K) is the closure of r(K,OM) in C(K). 

The following result was proved in [6]: 

THEOREM 4.1. Let K be a compact subset of M, where M is a totaLLy 

reaL submanifoZd of en (i.e.: CR dim M = 0). Then A(K) = C(K). 
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In the case where M is an hypersurface, which implies that M is a 
C~submanifold of CR codimension 1, we have a local theorem that 
was also proved in [6]: 

THEOREM 4.2. Let M be a COO hypepsupface. and let x E M. Then 
thepe is a fundamental system of compact neighbophoods {K} of x in 
Msuch that if K E {K} we have A(K) = ~(K). 

The main object of this paper is to prove an analogous result for 
higher CR codimension, but here we will need the extra assumption 
of convexity at x. 

THEOREM 4.3. Let M be a CR submanifold of en and let xE M. SUE 
pose M is stpongZy pseudoconvex at x in the sense of Definition 
3.3. Then thepe is a fundamental system of compact neighbophoods 
{K} of x in M such that if K E {K} we have A(K) = AM(K). 

The following three paragraphs will be denoted to the proof of 
this theorem. 

§5. EXTENDING CR FUNCTIONS FROM CR SUBMANIFOLDS. 

Let I be a mUlti-index (i l' ... , iN) , where the i's are chosen from 
among the integers 1, ... ,k. We set DIn = N. Also if 
numbers P1,···,P k , we set PI P. • P • .... P . , 

~l ~2 ~N 

If we are given a k-tuple of positive integers a 
we set 

and 

and 

we have 

The following lemma is essentially proved in §3 of [6], but we 

k 
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state it here in a slightly different form convenient for our 
purposes. and then give a sketch of the proof for the sake of 
completeness. 

LEMMA 5.1. Let {Pl •...• P~} be a CR regular system for M at x. an 

and let PI' ... 'P k (k = CR codim M) satisfy aPl A ••• ;.. aP k .; 0 at 

x. Then for every sufficiently small open neighborhood V of x in 

M there is an open set U in en with U n M = V such that the folp 

lowing is true: for any CR function f on V and any positive inte­

ger q. there is a function u E C~(U) satisfying: 

(i) ulv = f 

(ii) au t:. op 1 A 

(iii) 

on U. and as above. 

Proof. We take V and Uas in the proof of Lemma 3.2. and take -
Uo f. which satisfies conditions (i) and (ii). Hence on U we 
have 

Applying a to 

and therefore 

ah. 
l. 

this 

k 
L 

i=l 

k 

au 
o 

equation we get 

ah. A aP i - 0 
l. 

L h .. aPj on U 
j=l l.J 

h. E C~(U) . 
l. 

on U 

i 1 •...• k h .. E C~(U) 
l.J 

We define inductively hI for any multi-index of the type describE 
at the beginning of this §. and we observe that the hI are symme1 
ric. i.e .• remain unchanged when one permutes the indices of I 
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The desired function is given then by 

u = U 
'J 

q 
+ I 

m=l 

Q.E.D. 

Obseve that (iii) means that we can choose u so that the compo­

nents of 3u vanish on M to any prescribed order. 

§6. THE 3 OPERATOR ON L2 FORMS. 

In this number we will be concerned with the 3 cohomology with 

restrictions on the support of the differential forms. In 

stating the result, we will not aim at full generality, but will 

restrict ourselves to what is needed in §7. 

LEMMA 6.1. Let ~ be a COO real valued strictly plurisubharmonic 

function on some open set of Cn . Let z be such that ~(z ) = 0. 
o 0 

Then there is a fundamental system {Q} of Stein open neighborhoods 

of Zo such that the following is true: 

For a real number t set R(t) = {x E Q ; ~ (x) .;; t}. Let tl and t2 

be two real numbers such that R(t l ) and R(t 2) are non-empty. with 

tl < t 2 · Let f be a differential form of type (O,q) with 1 ';;q <n 

2 
in L (R(t 2)) such that 

3f = ° on R(t 2 ) in the sense of distributions 

supp(f) C R(t l ) 

Then there is a differential form of type (O,q-l) in L2 (R(t 2)) 

satisfying: 

(1) 3u = f on R(t 2 ) in the sense of distributions 

(2) supp(u) C R(t l ) 

(3) lIull';; C 11£11 
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where the norms are the L2 norms on R(t 2 ), and the constant C is 
independent of f, and of tl and t 2 . 

The proof of this result is omitted here, but will be included in 
a forthcoming paper. It is akin to the arguments in §3 of [11. 

We observe that as a corollary of the above Lemma, it is not dif­
ficult to verify that the same result holds if we replace ~ by 
the supremum of a finite number of such functions. 

§7. PROOF OF THEOREM 4.3. 

Let 1 = codimR M , k = CR codim M, and let {PI"" ,P 1 } be a 

strictly plurisubharmonic CR regular system at x EM. Assume that 

aP l A ... A aP k f 0 at x, and let ~ be a Stein open neighborhood 
of x in Cn such that K = ~ n M is contained in a neighborhood V 
of x in M for which the assertions of Lemmas 3.2, 5.1 and 6.1 
hold. Then if f is a CR function on some neighborhood V' of K in 
M, it has an extension u to a neighborhood U' of V' in Cn which 
satisfies (i), (ii) and (iii) of lemma 5.1. The order of the 
vanishing of u on M, which we call T, will be chosen at the end. 
of the proof. 

Consider now a family of functions ~t(x) of a real variable x in 
COO(R) , with t E R , t > 0 , such that: 

(1 ) ~t(x) for Ix I ,;;;; t 

(2) ~t(x) = 0 for Ixl ;;;. 2 t 
(7 . 1 ) 

(3) o ,;;;; ~t(x) ,;;;; for every x and every t 

(4) Id
m ~ I _._t (x) 
dxm 

,;;;; C t-m for some constant C. 

Let 

i 1, ... ,1 
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We use the following notation: for a mUlti-index J with "J" N, 

and differential forms f. , ... ,f. , we write 

I\f. 
j J 

1\ 
jEJ 

J1 I N 

f. 
J 

I\f. 
J J 

if N o . 

Let now J k be a mUlti-index of length "J" = k whose indices are 

chosen from the numbers {1, ... ,~} and are all distinct. We claim 

that 

(7.2) a </I .) 1\ au - 0 
t,J 

on 

for t > 0 sufficiently small. In fact, by choosing t small 

enough, we can make the expression in (7.2) vanish on Q - Q nu 

and on Q n U' it vanishes because a</l . = </I' (p .)"iiP. , 
t,J t J J 

{ap1' ... ,aPk} is a maximal linearly independent subset of 

{ap1, ... ,ap~} in U', and u satisfies (ii) of Lemma 5.1 on U'. 

For a multi-index J k_1 of length k-l which as before, has distinct 

indices from among {1 , .•• ,~} , we define the (O,k) form on Q (for 

t small enough) 

(7.3) TT </It,i • 
i= 1, .•. , ~ 
iff'J k _ 1 

a </I .• au 
t,J 

Equation (7.2) implies that the forms ~(t,Jk_1) are a-closed on Q. 

At this point we make the observation that we may assume that 

k < n, for if k = n, M is totally real, and the result is contain 

ed in Theorem 4.1. 

Consider now the support of ~(t,Jk_1). To this end we introduce 

the following sets: for a real number sand i = 1, ... ,£ , define 
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and for a mUlti-index J as above, write 

n 
iEJ 

R. (x.) 
1 

if II J II ° . 
Then from (7.3) we see that the support in Q of E; (t ,Jk _ 1 ) is 
contained in 

(7.4) R ( - t) U (Q - RJ (t)) 
J k _ 1 k-1 

Suppose that k> 1. Because of our assumptions on the functions 
P1, ••• ,P9- ' we can assume that Q is so small to begin with, that 
all these functions are strictly plurisubharmonic on a neighbor­
hood of Q, and so will be the maximum of any number of them. By 
Lemma 6.1 we can find forms w (t,Jk_1 ) of type (O,k-1) such that: 

(7.5) 

(1) w(t,Jk _ 1 ) E L2 (R(t)), where R(t) 

o (2) on R(t) 

(3) supp w (t,Jk_1) C RJ (-t) 
k-1 

9-
n Ri (t) 

i=1 

(5) w(t,Jk_ 1 ) is anti-symmetric in the indices of J k_1 

Pick now a mUlti-index J k_2 of the type described above, with 
II J II k- 2. k-Z 

We will denote by i J k_2 the mUlti-index of length k-1 obtained 
by adjoining i at the beginning of J k_Z. Then the (O,k-1) L2_ 
forms 

(7.6) E;(t,J )=TT l/J .• 1\ al/Jt .• Aau- I w(t,iJ k 2) k-2 ·-1 t,l ,J ·-1 -1- , ••• ,9- J k _ z 1- , ••• ,9-
i~Jk_2 if,EJ k _ 2 

o 
are a -closed on R(t) , by (2) of ·(7.5) . 
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o 

Also, the support of E; (t,Jk_2 ) in R(t) is contained in RJ (-t), 
k-2 

by (3) of (7.5). So, as before we can find forms w(t,Jk _ 2 ) of 

type (O,k-2) such that: 

(1 ) 
2 0 

w (t,Jk _ 2 ) E L (R(t)) 

o 

(2) "3w (t,Jk _ 2 ) = E; (t,Jk _ 2 ) on R(t) 

(7.5) , (3) supp w (t,J k _ 2 ) C RJ (-t) 
k-2 

(5) w(t,Jk _ 2 ) is anti-symmetric in indices of J k _ 2 . 

(Observe that (5) of (7.5)' is a consequence of (5) of (7.5)). 

If k = 2 , we stop here. If instead k>2, we proceed by taking 

any mult~index J k _ 3 of length k-3 of aforementioned type. Then 

by (7.6) we have: 

"3 [ IL, ... ,R, 

iE;l:J k _ 3 

L 
h= 1, ..• ,R, 
hEt;J k _ 3 

L 
h=l, ..• , R, 

hEt;J k _ 3 

alji II au ] t,j 

L w(t,ihJ k_3) . 
i=l, ... ,£ 
ilFh J k _ 3 

The double sum vanishes because of (5) of (7.5). Therefore, the 

(O,k-2) forms 

. II au - L w(t,hJ k_3) 
h= 1, .•. ,R, 

hlFJ k _ 3 
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are in L2(R(t)) and a-closed on R(t), and their support is contair 

ed in RJ (-t), by (7.5)'. 
k-3 

Continuining in this way, we finally arrive at a a-closed (0,1) 
2 a 

form in L (R(t)): 

(7.7) 
JI, 

n 1jJt,i· au - aCt) 
i=l 

where aCt) vanishes identically on a neighborhood of M n Q. In 

view of (7.1), we can make the L2-norm of the form in (7.3) arbi­

trarily small by takin~ t small,if we only choose T, the order of 

the vanishing on au on M, big enough. Because of conditions (4) 

in (7.5) and (7.5)', the same is true of the successive forms 

~(t,Jk_i) and w(t,J k_i ). Hence the L2-norm of (7.7) can be made 
a 

arbitrarily small in R(t) by taking a small t. We then solve the 

equation 

-(7.8) 3V t 

with 

(7.9) 

JI, _ 

n Wt,i. au - aCt) 
i=l 

a 

1;t on R(t) 

The function u - v t is as a result holomorphic on some neighbor-

hood of M n Q (where a (t) - 0 and 1jJt, i == 1 for all i) . The dif-

ference between this function and u itself, is -v on M n Q, and 
t 

it is an easy matter to see that the supremum of Ivtl on any com-

pact subset of M n Q can be made arbitrarily small if we take t 

to be small. 

This is a consequence of the fact that we can take Tas big as we 

please, of (7.8), (7.9) and Sobolev's Lemma. The details can be 

ei ther found in [61, or be provided by the reader. The proof is 

complete. 



316 

§8. SOME APPLICATIONS. 

a) Let M be a CR submanifold of en. Let H(M) be the vector bun­

dle over M whose fiber over x E M is Hx(M) ®R e. Let £(M) be 

the Lie algebra generated by the sections of H(M) over M, which 

we assume to have constant dimension, so that £(M) is the algebra 
of sections of a vector bundle V. We define 

(8.1) e = 
V 

fiber dime H (M) 

On the other hand, given a compact subset K of en, and connected 

subset K' of en with K c K' , K # K', we say that K is extendible 

to K' if the restriction map 

r (K' ,0) ---+ r (K,O) 

is onto. 

Greenfield [2] has proved the following result: 

THEOREM 8.1. If M is a "generic" CR submanifoZd of en (i.e., if 

equaZity hoZds in the first inequaZity of (2.1), so that 

max(O,r-n) = hx(M) Yx EM), and if dimR M> n , then M is ZocaZZy 

extendibZe to a set containing a differentiabZe manifoZd N, with 

dim N = dim M + e. If e = 0 , then M is ZocaZZy hoZomorphicaZZy 

convex. 

(For the definitions of local extendibility and holomorphic con­

vexity, see [2]). 

In [3] this theorem is proved for real analytic CR submanifolds 

of en whi~h are not necessarily generic, and also for non-generic 
Coo CR submanifolds with CR codim = 1. In these cases, one also 

has that M is not locally extendible to a set of dimension greater 
than dim M + e. For the proof in the case of a non generic COO CR 

submanifold of CR codimension 1, Greenfield makes use of Theorem 

4.2, and points out that local approximation of CR functions by 
germs of holomorphic functions implies a theorem like Theorem 8.1. 

MakIng use of Theorem 4.3 we get the following 
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THEOREM 8.2. Let M be a CR submanifold of en which is strongly 

pseudo convex at x E M. and suppose dimR M > n. Then if e > 0 • M 

is-locally extendible at x to a set containing a differentiable 

manifold N. with dim N = dim M+e • and is not locally extendible 

to a set of dimension bigger than dim M+e. If e = 0 • then M is 

locally holomorphically convex at x. 

The proof of this theorem (assuming the result of Theorem 4.3) is 

essentially described in [3] , and we omit it here. 

b) Under the assumptions of Theorem 8.2, with e > 0, we get a 

stronger extendibility result, of the type known as "H. Lewy's 

phenomenon". We say that the set K eM is CR extendible to K' 
(with K and K' as in (a)), if the restriction map 

is onto. (Recall the definitions at the beginning of §4). 

Then, as a consequence of Theorems 4.3 and 8.2 we get: 

THEOREM 8.3. Let M be a CR submanifold of en which is strongly 

pseudoconvex at X'E M. and suppose dimR M > n. Then if e > 0 • 

and K is a sUfficiently small compact neighborhood of x in M. K 
is CR extendible to a set K' which contains a differentiable mani 

fold of dimension dim M+e. 

Proof. Let f E r(K,OM)' By Theorem 4.3, if K is sufficiently 

small, we can find a sequence fj , j = 1,2, ... of elements in 

r(K,O) which converges uniformly to f on K'
A 

By Theorem 8.2, each 

of these germs fj can be extended to germs fj in r(K' ,0), for 

some set K' ~ K which contains a differentiable manifold of dimen 
sion dim M+e. Then we observe that the uniform convergence of 

{fj} on K implies the uniform conv~rgence of {fj} on K'. This is 

a simple consequence of the well-known fact that the extension of 

germs on K to germs on K' is unique. Hence {fj} converges uni -

formly to some element f E A(K'), and it is obvious that ilK = f. 

Q.E.D. 

When M is such that the extension of germs can be made to a set 
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K' containing an open set of en, we have the exact analogue of 

the phenomenon of H. Lewy. In particular, if M is generic, and e 

is as big as possible, that is, if V in (8.1) is the whole tan­

gent bundle T(M) ® e , then we have dim M+e 2n, and K' will co~ 

tain an open set of en. In this situation, a CR function f de­

fined in a small neighborhood K of x in M (M is strongly pseudo­

convex at x), can be extended to an holomorphic function defined 

on some open set U of en, such that K lies on its boundary. 
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