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ÉXTRINSIC k-SYMMETRIC SUBMANIFOIDS ARE TIGIIT 

1 N T RO D U C T I O N  

CRlsTL<N U. S.(NCHEZ 

Respetuosamente dedico este trabajo al Profesor Mischa Cotlar, 

por su obra y por la ayuda personal que de él recibiera en 

los comienzos de mi carrera. 

I n  [ 2 ] D .  Ferus introduc ed the no t io n  o f  extrins i a  s ymme tri a 

submanifa l d  of an eucl idean spac e o b t a i ning , a t O  the s ame t ime , 
a c l a s s i f i c a t ion o f  this  important fam i l y  o f  s ubma n i fo ld s . On 
the o ther hand in [ 3 ] he gave a proo f ,  independ en t  o f  the 
c la s s i f i c a t i o n , of the fac t tha t the s e  submani fo l ds of an euc l i  
dean s pace  ar e t i ght . I n  [ 5 ] the no t ion o f  extr ins ic  k - symme -

t r i e  s ubman i fo l d  o f  RN was introduced genera l i z in g  Ferus ' d e f i  
n i t ion t o  the c a s e  o f  t h e  so  c a l l ed � e gu lar � -manifa lds af 

a rder k ( s e e  [4 1 ) .  [ 5 ] contains  thé  c l as s i fi ca t i o n  of  the s e  
submani fo l d s  far the a a s e  a f  a dd k a s  weH a s  a pro o f  o f  tlü ür 
t i ghtne s s . Tha t pro o f  dep ends s trongly on  the na tur e of the 
order k and doe s  no t extend to the c a s e  of even order . I t  
s hould b e  po inted out tha t the c l a s s i f i c a t i o n  o f  thes � subma -

Th i s  r e s ea r c h " wa s  p a r t i a l l y  s up p o r t e d  b y  a g r a n t  f r om t h e  C o n �  

s e j o  d e  Inve s t i ga c io n e s  C i en t í f i c a s  y T e c no l ó g i c a s  d e  l a  P r o ­

v i n c ia d e  C ó r d o b a  ( C ON IC O R ) , A r g e n t i n a . 
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nifolds !fo r  k even i s  s t il l  an open pro b l em a l  though sorne par ­
t ia l  re sul t s  have been  o b t a ined . 

I n  t h i s  paper we give a pro o f  o f  th e t i ghtne s s  o f  the s e  sub ­
man i fo l d s  fo r "k even , c ompl ement ing the r e sul t s  ill ri [ 5 ] . The 
pro o f  that we give here is a general i z a t io n  of the one g iven 
by Ferus in  [3 ] .  But we mus t  po int out tha t this genera l i z a ­
t io n  i s  no t s tr a i gh t fo rward s inc e the c a s e  k > 2 requ i r e s  spe ­
c i a l  method s in s everal po ints ( s ee fo r ins tanc e the proo f o f  
O - t i ghtne s s  ( 2 . 1 » . Thi s fac t , b e s ides  the inter e s t  o f  the r e ­
sul t i t s e l f  i s , i n  our o p in i o n ,  wha t  j us t i f i e s  the p r e s ent pa � 
per . 

The content o f  the paper i s  the fo l l owing . I n  the next s ec t ion 
we r e ca l l  the d e f i n i t ion of extr ins ic k - symme t r i c  s ubmani fó l d  
and prove tha t  the imb edding i s  O - t i ght whi l e  in s e c t io n  3 we 
comp l e t e  the pro o f  of the t i ghtne s s . 

S E C T I O N  2 

I n  [5 ] the fo l l owing d e f i n i t ion i s  g iven . L e t Mn be · a compac t 

c o nne c t ed Ri emanni an mani fo ld and l e t  i : Mn � Rn+ q  b e  an i s o ­
me t r i c  imbedd ing whi c h  ha s the fo l l owing prope r t i e s . 

i )  Fo� each p E M ther e  i s an i s ome try a : Rn+q � Rn+q such 
p 

tha t  ak = id a (P) = P ,  a (Mf ) = ident i ty on  Mf (Mf deno te s  
p ' p p p  p p 

the no rmal spac e a t  p E M) . 

ti )  a (M) e M .  
P . 

i11) Let 9 = {a 1 M) . The c o l l e c t io n · { 9  : p E M} de fines o n M 
p - p . p 

a Riemannian r e gul ar s :' s truc ture o f  o rder  k ( [4 ] p . 4 - 6 )  i . e .  

for every pair o f  po int s x , y E M 9 0 9 = 9 0 9 whe r e . z = 9 (x) . 
y x z - y  y 

I f cond i  t ions (i) . (i i )  and (i i i) are s a t i s fied  by our imb e d ­

d ing , we say . tha t  Mn i s  an e x troins i a  k-symme troi a s ubmanifo l d 

of Rn+q . 
The o b j ec t ive o f  th i s  s e c t io n  i s  t o  prove the fo l lowing 
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( 2 . 1 ) THEOREM . Th e imb e dding i :  Mn + Rn+q i s  O - ti gh t .  

Proo f .  Le t V deno te the spac e Rn+q and S (V) = {v E V :  IIv ll = 1 }  
be  the uni t  s phere in  V .  For each v E S (V) l e t  0 v be the 
he i ght  func t i o n in the di rec t io n  of v .  For almo s t  every 
v E S ( V) the func t i o n  0 v i s  " s  tab l e "  i .  e .  i t is  a Mo r s e  fune ­

tio n w i th o n l y  o n e  eri tiea l p o i n t  a t e a e h  e r i t i ea l  l e v e l .  

Fo r each cr i t ic a l  po int  p o f  0 v ' the i s ome try 0p l eave s 0 v 
i nvar iant i .  e .  

° (o  ( x) ) v P 
<v , o (x »  

P 
< o  (v) , o (x »  

P P 
° (x)  v 

s ince v E � • 

P 

Sinc e 0 v i s  s ta bl e ,  we s e e  tha t e ach one o f  i t s  c r i t ic a l  points 
mus t  b e  l eft  f ixed  by 0 p  (p a c r i t i cal  po int .o f 0 v) .  I n fac t , 
i f  q i s  a cr i t ic a l  po int o f  ° and s = cr ( q) v p 
d o  1 o * 1 X = d e o  0 0 ) 1 X = d o  1 X = O s o  s . i s  al so a v s p q v p q v q 

c r i t ic a l  po int  o f  Q and s inc e ° ( s )  = ° ( q )  then s =q . v v v 

I n  order to prove ( 2 . 1 ) we need to show tha t 0 v has only  one 
cr i t ical  po int  o f  i ndex z ero . To that end we shal l  s e e  that by 
as suming tha t 0 v has  mo re than one c r i tical  po int o f  index z e ­
ro , we reach a c ontrad i c t io n  . 

. Le t P I and P z b e  the firs t two c r i t ical  po ints  ó f  index z ero 
of 0v  tha t we f ind by moving  in the d irect ion  of v .  S inc e M i s  
conne c t ed we mus t  have a cr i t ical  po int p o f  index one connec! 
ing P I and P 2 . C l ear ly the l evel  rO o f  Po mús t  be  h i gher than 
the l evel s r l and r Z o f  each one of the po i nts P I and P Z . For  

r o > r > Max Ú I , r Z } , in Mr = { x E M:  0 v ( x) '" r } , we have a t  
l e a s t two connec ted  component s  namel y  (Mr) and (Mr ) wh ich 

P I P z 
became one a t  the l evel  ro . 

L et  ( U , x l ' . . .  , xn ) b e  a Mors e coordinate  sys tem fo r 0 v around 

po . Then we may wr i te 

° ( x l , · · · , x ) v n 
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L e t  S ( t } = (t , O i . . .  , O ) the f i r s t  c o o r d i n a t e  curve in 

( U , X I , . . .  , Xn ) .  To f i x our i d e a s we can  s ay t h a t  S ( t ) E 

E (M
r o - { p o } )  ( c o mpo nent o f  P I ) fo r t > O .  L e t  now H b e  a n  

P I 

o p e n  s e t  such that P o E H e U and cr j ( H )  e U fo r e ac h  j = 1 , o o . , k .  
P o 

Fo r t > O the curve S ( t ) i s  de s a e n d i n g  i . e .  t < t '  � 

� o ( S ( t ) )  > o ( S ( t ' ) ) . L e t  E > O b e  a r e a l  numb e r  such t h a t  v v 

t E ( O , E ) � S ( t ) E H .  The n , o n  ( O , E ) , th e c urve S ( t )  i s  de s -

a e n d i ng and b e c au s e  o f  the . i nvar ianc e o f  o a l l  the curv e s  v 

crj ( S ( t ) ) , j = 1 ,  . . .  , k, are  d e s c e nd ing . Po 
L e t  W .  � 

The n  

L e t  u s  

W I  

W 2 

= { ( x l , · . .  , X ) . n 

= { ( X l ' " . · , xn ) 

c o n s i de r  now the 

E U :  

E U :  

s e t s. 

1 , 2  ( c o mp o n e n t  o f  p . ) . 
� 

2 n 2 x l > L x . , x l > O }  
j = 2 � 

2 n 2 x l > L x . , X l < O } . 
j = 2 � 

Q i = H n ,  W i i = 1 , 2 .  They s a t i s fy 

cr j ( Q . ) e W . i = 1  .. 2 ;  j = 1 , o o . , k b e c a u s e  cr j (H)  e U ,  fo r e a c h  j ,  
P o � � P o 

by d e f i n i t i o n  o f  H a nd cr j ( [M
r o _ { P o } ]  ) e [M

r o _ { P o } ]  i = 1 , 2  
P o . .  . P i P i 

r � j .  ( Th i s  i s  true b e caus e [M o _ { p o } ]  mus t b e  invar i ant by 
P i 

crj due to the i nvar iance o f  o and to the fac t tha t p .  i s  
P o ' v � 

f i xe d  b y  cr j ) .  The n , s i nc e b y  the d e f in i t io n  o f  E > O 
p o . 

S ( t ) E Q I  fo r t E ( O , E ) ,  we can conc l ud e  tha t 

The aurves cr j ( S ( t ) )  , f a r  t E [ O , E ] , a Z Z  Z i e  i n  W i  U { p o } '  
P o 

Le t us s tudy now the  c urve s cr j ( S ( t ) )  i n  c o o r d i n a t e s .  For  P o 
j = 1 , o o . , k and fo r t E [ O , E ) wr i t e  cr j ( S ( t ) )  = (YI . (t) , o o . ,y . ( t) ) .  

P o J nJ 

We c l e a r l y  have 



<5 ( crj ( S  ( t ) ) )  v P o 

1 26 

<5 ( S ( t ) )  = r _ t 2 
v O 

n 2 1: (y . . ( t ) )  . 
i =  2 1.J 

Now , due to the inva r i anc e o f  <5 , we ge t v 

and the n ,  

n 2 1: ( y  . .  ( t ) ) 
i = 2 1. J 

R 

sinc e Y I J. ( t ) � O fo r t E ( O , E ) ( The curv e s  crj ( S ( t ) )  
P o 

l ie in W 1  U {p o } ) ' we have 

Ther e fo r e , 

R Y l j - t = 
Y + t � O fo r t E ( O , E ) . 

l t 

Y 1 · 
� - 1 � O fo r t E ( O , E ) . 

L e t  us take now l im i t  fo r t + 0 + ( t  + O , t > O )  then we get  

Y 1 ·  l im -t- � 
t+O + 

L e . 

S inc e the c urve s cr j ( S ( t ) ) are  � i fferent i ab l e  we s e e  tha t the, 
P o . 

• + rig h t  hand s i de der iva t ive s Y 1 t ( O ) tha t we have c o mputed ar e 

in  fac t the deriva t ive s and then we have 

( 2 . 2 ) j = 1 , . . . , k . 

( Y l . ( 0 ) , . . . , y  . ( O ) ) and s inc e 
J nJ 

O we c l e ar l y  have 

k 
O = 1: Y l j ( O ) � k by ( 2 . 2 ) 

j = l 

whi c h  i s  a contrad i c t i on . 

Th i s  c o ntrad i c t ion o r i g ina ted in our a s sump t ion  o f  the exi s! 
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enc e  of  mo r e  than o ne c r i t ical  po int b f  index O for our 8 v ' 

Th i s  prove s ( 2 . 1 ) . 

S E C T I ON 3 

In  thi s  s e c t ion we prove the fo l l owing 

( 3 . 1 ) THEOREM . Th e imb e dding Mn + Rn+q ia  tigh t .  

Pro o f .  As we indica ted  i n  the introduc t io n ,  i f  k i s  odd t h i s  
fac t  wa s proved in [ S ]  then we  may as sume tha t k= 2 s . 

In order to g ive a proo f o f  ( 3 . 1 ) we proceed  by induc t ion  on  
the  d imens ion n o f  the  mani fo l d . If  d im M ' = O then  M i s  j us t  
a po int and the theorem i s  tr iv ial  i n  th i s  c a s e . Le t u s  a s sume 
tha t the r e sul t is true for every extr ins ic  k - s yrnme tr ic sub ­
mani fo l d  o f  d imens ion  < n in an euc l idean spac e . 

L e t  now Mn + Rn+q = V be  an extr ins ic 2 s - s ymme tric  submanifold  
o f  d imens ion n .  Take v E S (V) such that . 8v i s  "a tab L e "  and l e t  
a be  a c r i t ical  po int o f  8 v ' 

Le t N = F ( a s , M) b e  the  f ixed po int s e t  o f  a S in  M .  L e t  
a a 

N i ' "  � , Nn be  the connec ted c omponents o f  N .  I t  i s  we l l  known 

tha t each N i i s  a c l o sed  to t a l l y  geod e s ic  submanifo ld of M and 

al l o f  them are  conta ined in the subspace  W = F ( a s , V) . We pro -a 
ve now the fo l l ow ing  

( 3 . 2 ) LEMMA . , Each  o n e  of the comp o ne n ts of  N is  an ex tr i n s i c  

2 s -symme tri c s ubmanifo L d  o f  W .  

Pro o f .  L e t  Ni b e  one o f  the components o f  N a�d l e t  b b e  a 
po int in Ni ' I t  i s  e a s y  to  s e e  tha t ab (W) W and ab ( N i ) N . • 1. 

Now l e t  Norb ( Ni , W) b e  the no rmal spac e o f  the submanifold  Ni 

in W at  the po int b .  Then  we have 
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( 3 . 3 ) � n W .  

I n  fac t ,  i t  i s  c l e ar tha t 

and i f  we c a l l  Q the or thogonal comp l ement  o f  Tb Ni i n  Mb then 

- Y . The r e fo r e  W is c onta ined in the 

o r tho gona l c omp l ement o f  Q in V wh i c h  is Tb Ni ES � .  Th i s  implies 
( 3 . 3 ) . 
Wi th the s e  o b s erva t i ons i f  we put S b = ab l w  fo r e ac h  b E Ni i t  

i s  e a s y  t o  s e e  that  N i e W and the ' i s ome tr i e s  { Sb : b E Ni } 

s a t i s fy the c o nd i t ions ( i ) , ( i i ) and ( i i i } o f  the d e f i n i t ion 
o f  extr ins ic 2 s - man i fo l d . 

REMARK . I t  i s  no t hard to s e e tha t , in fac t ,  the comp onent o f  
the cr i t ic a l  po i n t  a i n  N i s  extrins ic  s - symme tr i c  i n  W but 
we do no t need th i s  fac t here . 

S inc e the func t i o n  0 v i s  s tab l e  and a i s  a cr i t i c a l  p o int we 
s e e , as  in the proof  of ( 2 . 1 ) , tha t the cr i t i c a l  p o i n t s  o f  0 v 
are  al l c onta ined in N .  

L e t  U b e  the grad ient  f i e l d  o f  ° in M .  v 

i . e .  <U , Y > = d o  1 y V q E M , V Y E Mq . The f i e l d  U s a t i s fi e s  
q v q 

a8 * 1 U = U 8 ( ) for p q q a,p . q 

d o 1 8 ( ) ( a 8 * 1 (Y) ) 
v ap q p . q 

each p c r i t ic a l  p o int o f  ° 
v 

d o 1 Y . v q 

b e c aus e 

The n  i f  p = a  a nd q E N we ge t a 8 * 1  U = U and ther e fo r e  ( U I N) 
a q q q 

i s  a tange n t  fi e ld o n  N . Thi s  means that the r e s tr i c tion o f  

Ó to N ( o I N) could only have a cr i t ic a l  po int q E N i f  
v v 

( U I N) = U = O and ther e fo r e  the  cri t i ca l p o i n ts o f  ( o  I N) 
q q p v 

are the c��t��a l p o i n ts of 8 o n  M. We know , by our cho i c e  o f  
i v 

0 v ' tha t th�� e c r i t ic a l  p o int s are  non - de gener a t e  in M but o f  
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cour s e  we mus t  check  that they are non - d e generate  on N . 

To tha t end we s tudy the He s s ian o f  ( o  I N) a t  a cr i t i c a l  po int . v 
q o f  ( ov I N) . Je want t o  show tha t He s s ( o  I N) I i s  no n - de gene -v q 

r a t e  i n  T N x T N .  L e t  y b e  the s e cond fundamental form o f  N 
q q 

in w .  I t  i s  we l l  known tha t for " the he i gh t  func tion  o I N  v 

He s s ( o  I N) I ( X , Y) = <y ( X , Y) , v > .  v q q 

I f  we c a l l  a the s e c o nd fundamental form o f  M in V ,  w the s e ­
c ond fundamen t a l  form o f  N in M and E the e ne for N i n  V we 
ha ve E = ( a I N) + w .  But , s inc e N i s  t o t a l l y  geod e s i c  in M ,  we 
ha ve w=O and so E = ( a I N) . Now we have , fo r X , Y E T N , 

q 

and the r e fo r e  E ( X ,  Y)  = Y ( X ,  Y) i .  e . 

( 3 . 4 ) y ( X ,  Y) q a ( X ,  Y) 'ti X ,  Y E T N • q q 

I f  the c r i t i c a l  p o i n t  q o f  ( o v l N) were a �e gener a t e  c r i t i cal  

po int t hen :3 X E T N such t hat < y  ( X , Y) ,v>  = .  O 'rJ Y E T qN 
q q 

and by ( 3 . 4 ) <a � ( X , y ) , v >  = O V Y E T qN .  

L e t  Q ,  a s  b e for e , deno t e  the or tho gona l comp l ement o f  TqN in  
Mq and take Z E Q .  Then 

. <a  ( X ,  Z )  , v >  q 
< cr S ( a ' ( X , Z ) ) , cr Sv >  a � q 

<a ( X , - Z ) , v > . q 

Th i s  c l early means tha t < a ( X ,  Z )  , v >  = O 'rJ Z  E Q and ther e fo r e  q 
�e get  tha t i f  He s s ( o  I N) I i s  de gene r a t e  then He s s ( o  ) I i s  

v q v q 

d e genera t e . I t  fo l l ows that ( o  I N) --i s  a MO l' s e  funo tion . Fur -v _ 

thermo r e , i f  we deno t e  by a . ( o ) the number o f  c r i t ic a l  po ints  J v 
o f  index j o f  o in M and a . C o  I N) = v J v 

n í a .  C o l N . )  i s the total 
i = l J v l. 
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number o f  cr i t ic a l  po int s o f  index j o f  ( 8  I N) then 
v 

n 
( 3 . 5 )  L 13 . ( 8 ) = L L 13 . ( 8  I N . ) . 

j � O  J v j � O  i = l J v 1. 

Now from ( 3 . 2 ) and the induc t ive hypothe s i s  i t  fol l ows , s inc e 
dim N .  < dim M ,  that 

1. 

( 3 . 6 ) L 13 .  ( 8 I N) 
j J v 

wher e b j ( Ni , Z 2 ) i s  the j - th B e t t i number o f  N i with  Z 2 c o ef i ­
c i ent s . 

s s 2 
Now ,  s ince N = F ( a , M) and ( a ) = idM , we have tha t N i s  the 

a a 

s e t  o f  fixed p o ints  i n  M o f  an ac t i o n  o f  the group Z 2 . The 
homo l o gical  s truc tur e of the s e t  of f ixed po int s of a Z 2 - ac ­
t i o n  i s  re l a ted to the homo lo gy o f  the o r i g ina l mani fo l d  M 
via  the Smi·t h  spe a i a l  homo l o g y  groups [ 1  , p  . 1 2 3 ]  and one o b ­
ta in  from [ 1 , p . 1 2 6 ,  Th . 4 . 1 l . 

( 3 . 7 ) í bk ( N , Z 2 ) ';;; í b
J
. (M , Z 2 ) ·  

k � O  j � O  

Now from ( 3 . 5 ) ,  ( 3 . 6 ) and (3 . 7) i t  fo l l ows that 

( 3 . 8 ) í bk (M , Z 2 ) > í 13 . ( 8  ) 
k �  O Q, x, v 

and s inc e the oppo s i te inequa l ity is  g iven by Mor s e ' s inequa.!. 
i t i e s  we s ee tha t ( 3 . 8 ) i s  in fac t an e qua l i ty and then 
Theo rem ( 3 . 1 ) is proved . 
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