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ABSTRACT. In th i s  paper w e  c on s id e r  two va riants o f  t h e  Hanke l  

tran s form ( they ar e c a l l ed B e s s e l -tr an s forma tions) wh i c h  ar e d e  

fined  b y: 

B ( f )  ( y) 
]1 

fOO x 2]1+1b (xy)f(x )dx 
o ]1 

, foo 2 + 1 
Y ]1 b ( xy)f(x)dx 

o ]1 

wher e b ( z )  = z -]1J ( z ),  J ( z ) b e ing  the B e s s e l  func tion o f  t he 
]1 . ]1 ]1 

f i r s t  k ind o f  o r d e r  ]1 . We extend the s e  �r an s fo rma tio n s  to c er ­

ta in.s pa c e s  o f  g en er a l i z ed fun c ti on s  and p r o v e  s ev e r a l  r e su l ts 

o n  inver s ion , un i qu en e s s , bound edn e s s  and ana l ytic i t y . The  

theo r y  d ev e l o p ed h e r e is  app l i ed to solve  c er ta in D ir i c hl e t  

pro b l ems . 

1. I N T ROD U CT ION 

Af ter L . S c hwar tz [ 1 0 ] ex tend ed  the Four i er tr an s form to c er ­

ta in spac e s  o f  d i s tr ibuti o n s  ( d i s tr ibution s o f  s l o w  growth), 

the exten s ion of c l a s s i c a l  inte g r a l  tr ans forms to g en er a l i z ed 

func ti o n s  c o n s ti tu te s a n  i n ter e s ting and a c tiv e  a r e a  o f  study . 

Ther e ar e two ma in appr o a c h e s  u s ed to extend the c l a s s i c a l  

tra n s form a s so c i a te d  to t h e  Kernel  K ( x, y) 
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(1 . 1 ) F ( y)  = T ( f ) ( y )  = f_: K (x , y ) f ( x ) dx 

to  g en e ra l ized  func t i o n s . The  first m e t ho d  c o n s i s t s  in  c o n s t ruc t 

ing a s pa c e  A o f  t e s t ing  func t i ons d e f in e d  o n  ( -00, +00) , wh i c h  

i s  c l o s ed w i t h  re s pe c t  t o  t h e  c l a s s i c a l  t ran s f o rm (1.1). T he 

t ran s f o rmat io n  o f  t h e  fun c t iona l f E A' (wh e re A '  s t and s f o r  

t h e  dua l s p a c e )  i s  d e f in e d  a s  t h e  adjo int t ran s fo rmat ion  o f  T :  

( T f )  ( ljJ) = f (TljJ) f E A' ljJ E A .  

T h i s  a ppro a c h  ha s b e en f o l l owed  by L .  S c hwar t z  [10] , A . H . Zemanian 

[12] , J . M . MEmd e z  [ 5] and G . Al t enbu rg [1]. 

In t h e  s ec o nd pro c edur e a s pa c e  B o f  t e s t ing fun c t i o n s  i s  c o n ­

str ucted such  t ha t  t h e  k e rn e l  fun c t ion  K (x ,y) i s  in B fo r e a c h  

rea l  o r  c ompl ex  y and then the transform T f  o f  t h e  g e ne r a l  ized 

funct io n  f i s  d e f in e d  by t he re l a t ion  

(Tf)  ( y )  = f ( K (x , y) ) 

Th i s  method  ha s b e en fo l l owed  by A . H . Zeman i an [ 1 3] , E . L . Ko h  

and A . H . Zeman ian [ 3] , L .S . Dub e and J . N . Pand ey [ 2 ] , and o t h er s . 

The B e s s e l t r a n s form 

(1  . 2) B
].1

( f) ( y )  
rCO 2 ].1+ 1 J x b  (xy) f ( x ) dx 

o ].1 

wher e b
].l

( z) = z- ].1J
].1

( z) , J
].1

( z) b e ing  t h e  Be s s e l fun c t io n  o f  t h e  

f i rs t  k ind o f  o r d e r  ].1, h a s  b e en ext end ed  t o  c e r t a in s p a c e s  of 

g en e ra l ized func t io n s  by u s in g  b ot h  appr oa c he s . Fo l l o wing t h e  

s e cond o n e , L .S . Dub e and J . N . Pand ey [2 ]  gav e  a n  ext en s io n  o f  

t h e  B e s s e l  t ran s fo rm ; t hey proved  an inv ersion t he o r em f or a 

c e rt a in c l a s s  o f  gen e ra l ized fun c t i o n s  inter pr e t i ng c o nv e rgen ­

c e  in t he wea k  d is t r ibut i on a l  s en s e .  Lat e r , W . Y . L e e  [ 4 ]  g a v e  

two s pa c e s  o f  t e s t in g  func t io n s  F and G , a n d  pr o v e d  t ha t  B ]l ].1  ].1 
i s  a cont inuou s  imb eddin g  o f  F in G . Then t h e  dua l o p er a t or 

].1 ].1 
B l  d e f in e d  b y  ]l 

( B lf ) ( ljJ) ].1 feB ljJ) ].1 

is a cont inuo u s  map o f  G1 int o  F '. Mo r e  r e c ent l y , G . Al t enbur g ].1 ].1 

) 
) 
) 

) 

.i 
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[ 1 ] and J . M . MEmde z  [ 5 ] invest igat ed the transform ( 1 . 1 ) on c er ­
t a in spac e HI o f  g enera l i z ed functions o f  s l ow growth . They 
u s ed the f ir s t  o f  the above ment ioned methods . 

The purpo s e  o f  th i s  pap er i s  to ext end two d iffer ent B e s s e l  
tran s forms , namely ( 1 . 2) ,  introduced by A . L . Schwar t z  [ 9 ] ; and 

2fl+ l roo 
t Bfl (f) (y) = Y J

o
bfl (xy) f (x ) dx 

s tud i ed by J . M . Mende z  [ 6 ] , to a spac e o f  g ener a l i z ed funct ions 
by us ing the s econd pro c edure . Our study has been sugg e s t ed by 
a pap er o f  E . L . Ko h  and A . H . Zeman ian [ 3 ]  on the compl ex Hankel 
transformat ion and a l so a work of W . Y . L ee  [ 4 ] , wher e the ext e� 
s ion that  we carry out her e is pr e s ent ed by h im as an open pr� 
bl em . As in [ 3 ] , the ind ep endent var iabl e y is a l lowed to be a 
compl ex , and the B e s s e l  transforms def ined turn out t o  be ana ­
lyt ic on a c er t a in s tr ip n, in contrast  with the  r e s t r ict ion 
in [ 2 ]  and [ 1 ] . We g ive s everal theorems on  boundedne s s ,  inve!. 
s ion and un iquene s s ,  together with an operational transform 
formula for a B ess e l  typ e  d iffer ent ial op erator .  In the l a s t  
paragraph we  study s ome applications of  the tran s format ions in 
the solut ion of c ert a in Dirichl et probl ems . 

2. THE TESTING FUNCTION SPACES Ifl,a' Ifl(cr) AND THEIR DUAL SPACES 

Let I be the int erva l ( 0 , 00) ,  a be a po s itive rea l  number and 
fl any rea l number . Then , for each pair (a , fl) we def ine  I , fl,a 
a s  the collection o f  the infinit ely differ ent iabl e comp l ex va ­
lued funct ions � on I such that the next inequal ity ho ld s  

for m E N , wher e 

1 -ax max(O ,fl)+I 
supJe x �m� (x )  I < 00 
xe:I fl 

D. fl , X 
- 2fl- l 2fl+ l x Dx D .  

We ass ign t o  I the topo l o gy generat ed by the countabl e mul -fl,a 
t inorm {nm } .. Henc e, I i s  a countabl e mul t inormed spac e . fl,a fl,a . 
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) 
) 
) 

The dual  spac e I' . cons i s t s  of a l l  cont inuous  l inear funct i o n  
� , a ) 

a l s  on I The dua l i s  a l in ear spac e endowed w i t h  the  weak ) �, a  
topo l o gy . 

We now pr e s ent some proper t i es o f  t he s e  spac e s. 

Property 1 :  I i s  a s equent i a l l y  comp l e t e  topo log ical  vector  
� , a  

spac e .  I i s  a Frechet spac e . 
� , a  

Proper ty 2 :  I C E ( I ) , for every cho i c e  of � and a ,  and t he 
�,a 

topology of I i s  stronger t han the  one  induc ed on it  by 
�, a  

E (I) . Hence , the  r e s t r ict ion o f  any f E E ' ( I )  t o  I i s  in 
� , a 

I �
, a

' and the  conv ergenc e in E '  ( I )  imp l i e s  weak converg enc e 

in I' . 
� , a  

Proper ty 3 :  D (I) i s  conta ined  in I�, a ' the inc l u s ion b e ing 

cont inuous . 

Property 4 :  If 0 < a < b ,  t hen I C I b and t he topo l o gy o f  
�, a � , 

) 

) 
) 
) 

) 

) 
) 
) 

I i s  s tronger t han that  induc ed on it  by I b' ) � , a � , 

Property 5: The operat ion � -+ � � i s  a cont inuou s  l inear map ­
� 

p ing o f  I into  i t s elf . The operator  
�, a  

� ' : I ' -- I ' � �, a  �, a 

f -------+1 � ' f :  I � ]..l, a  --�-+I C 

i s  a cont inuous l inear mapp ing o f  I '  into it s e l f . 
� , a 

Property 6 :  Let f be a l o c a l ly int egrab l e  funct ion d e f ined for  

x > 0 and sat i s fy ing 

ax e 

1 -max ( O'�) -2 
X dx < 00 

T hen f g enera t e s  a r egu lar gener a l i z ed funct ion in I' 
� , a 

) 

) 

) 
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Prop erty 7: For each f E l' , t her e exist s  a nonnegat ive int e ­]l ,a 
g er r and a po s it iv e  constant C such that , fo r a l l  � E I 

]l, a 

I f ( � ) I � C max nm ( �) .  
O"k�r ]l, a 

In v i ew o f  property  4 , we c an d e f ine t he fo l lowing  countabl e 

un ion spac e .  Let { a } N b e  a monotonica l l y  incr e a s ing s equen ­n ne: 
c e  o f  po s it ive  numb er s t end ing to a (po s s ibly  0=+(0) . Then we 

introduce  t h� un ion spac e 

I (a)  ]l 
00 

whi ch i s  equ ip ed w i t h  the  usual topo l o gy . 

Pro perty 8 :  The mapp ing s 

I:, : I (a) --+ I (a)  ]l ]l ]l 1:,': 1' ( 0) --+ I ' Ca )  ]l ]l  ]l 

are  cont inuous and l inear . 

We cons ider t he func t ion b]l(z), The fol lowing Lemma ( E . L . Ko h  
and A . H . Z eman ian [ 3 ] ) w i l l b e  u s e ful i n  t he sequ e l . 

LEMMA 1 .  Let a b e  a f i x e d  r e a l num b e r  s u c h  that ° < a < 00 

On e the n  ha s 

fo r e v e ry y i n  t h e  reg i o n  S"l = {y E C : I Im y l < a ,  y $. ( -00, 0] } ,  a 
fo r ° < x < 00 and 1 w h e r e  A do e s  n o t  depe n d  o n  x , fo r ]l ;;;a. -2 ' ]l 
a n d  y . 

An appl icat ion o f  t h i s  L emma l eads  to: 

Pro p erty 9 :  

1 if  ]l ;;;a. -2 ' for ev ery y in the  compl ex r e g ion S"l a ' x E ( 0 , 00) 

and m E N . 

The pro o f  fo l l ows from t he equal i t y  



1 0  

m E N .  

G . Al t enbur g [ 1 ] and J . M . Mfindez  [ 5 ] intro duc e as a spac e  H o f  

t e st ing funct ions , t he spa c e  o f  t h e  inf in i t e l y  d iffer ent iabl e 

) 
) 

comp l ex valued func t ions  � def ined on I and such t hat  ) 

00 

for each pa ir o f  nonnegativ e int eger s m and n .  

The c l a s s ical  B e s s e l  tran s form B� i s  an automorphism in H .  

Th i s  a l l owed b o t h  autho r s  t o  def ine the  g eneral ized trans form 

B� . in t he dua l spac e o f  H,  H ' , a s  t he adj o int of the  c l a s s ic a l  

transform , name l y : 

( B ' f ) (lji)  
� 

feB �) 
� 

for f E H' and � E H .  

Prov id ing ! b.x2 j (lD)j+m � (x) , for ev ery m E N ,  and 
. 0 J x 

J = 

2 �+ lb (x ) E I \ H f h ...... 1 > ° h Y � Y �,a ' or  eac � � -2 , a  , one  a s : 

Property  1 0 : H � I , for ev ery c ho ic e  o f  a > 0 ,  and the  t o ­
� ,a 

po l o gy o f  H i s  s t ronger t han t he one  induc ed on  it  by I 
� ,a 

Al so H � I�(o) and the  convergenc e in H imp l i e s  the  conv e r g en-

c e  in  I (0) . 
� 

3. A G E N E RAL I Z E D B ESS E L  TRANSFORM B' 
� 

1 Let  � b e  a r eal  number such t hat  � � -2 . Ac cord ing to  t h e  pro£ 

er ty 4 ,  i f  f E I I for some r ea l  numb er a ,  t hen there  ex i s t s �,a 

a real numb er of ( po s s ibly  of=+oo) such  t hat  fEl ' b for every ll, 
b < of and fel '  b 

�,  
for every b > of. 

S ince  y 2 �+ l b (xy) 
� E I for ev ery f ixed  y such t hat  y e ( -00, 0] , 

�,a 

1 1m  y l < of it  i s  po s s ibl e to  d ef ine  t h e  g enera l i z ed � - t h o r -

) 

) 

) 
) 
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der B! trans form o f  f by: Jl 

( 3 . 1 ) F (y) = ( B� f ) {y )  f (y2Jl+ lbJl (XY) ) , y E nf 

wher e nf = {y E C/ l Im yl < of y � ( -oo , O ] } . 

The r eg ion nf wi l l  be cal l ed the r eg ion o f  def in it ion for 
( 3 . 1 ) . However, if  f (x )  g enerat es a r egular g en era liz ed func� 
t ion f in I' "then : Jl , a 

2Jl+ I 2Jl+ I roo 
( Blf) (y ) = fey b (xy) ) = y J b (xy) f (x ) dx Jl Jl o Jl 

REMARK 1 .  The d e f in i t ion g iven by L . S . Dube and J . N . Pandey [2] 

is e s s ent ial l y  d iffer ent to ( 3 . 1 ) ; the  f ir st one impl i e s  t hat 
BI = B on t he l o ca l ly int egrabl e funct ions generat ing r egular Jl Jl 
d i s t r ibut ions . I n  t h e  paragraph 4 we analy z e  the  d e f in it ion 
g iv en in [ 2 ] . 

A B�-trans form i s  analyt ic on it s r e g ion o f  d ef in i t ion . We pr£ 
ve t h i s  s ta t ement in the fol lowing 

THEOREM 1 .  Le t F (y) = (B�f ) (y) fo r y E nf• T h e n. F (y) i s  a n  

anaZy t ia fun a t i o n  o n  nf and 

n 
f (_3 _{y2Jl+ lb (xy) )) , fo r n E N .  

3yn Jl 

Pro o f .  Let y be an arbitrary f ixed po int in nf• Choo s e  a r eal 

po s i t ive  number a such that y E na C nf• Let C and C 1 deno t e  

two . c ircl e s  with rad ius r and r 1 r e spect ively such t hat r < r l . 

These c irc l e s  l i e comp l et e ly within nf• F ina l l y) l et 6y be a 
nonz ero comp l ex incr ement such that 16yl < r .  Now cons ider the 
expr e s s ion: 



1 2 

wher e 

1/Jf::,y (x )  

By u s ing Cauchy int egra l  formula and int erchang ing 
m f::,� , we may wr i t e : 

Henc e ,  by L emma 1 ,  we have : 
1 

with  

-ax 2+max(O ,�) 
sup I e x f::,�1/Jf::,y (x )  I < H . f::,y --+ 0 , as f::,y � O . 
xe:I 

Thi s  prove s  that 1/Jf::, (x )  conv erg e s  to the nul l  funct ion in 
y 

I a s  f::,y -- O. Sinc e f E II it fol lows t hat  �,a �,a' 

l im F (y+f::,y) -F (y) 
f::,y y+O 

a 2�+ 1 f ( ay { y  b� (xy) }) .  

Rea son ing in nearly t he same way a s  before we can prove t he 
prec ed ing s tatement for n > 1 .  

The fo l l owing r e su l t  w i l l  b e  helpful . 

THEOREM 2 .  F (y) i8 b oun d e d  i n  e v e py p e g i o n  o f  t h e  fopm 

ria = {y E C :  1 1m y l  < a < crf a n d  y f/; ( -00 , 0 ] } . 

Mo p e  ppeqi8eZ-y� I F (Y ) I < l y I 2 �+ lp( l y I 2 ) ,  whe p e P i8 a p oZ-y-a a 
nom iaZ- dep e n d i n g  on a .  

The proof fo l lows from Property 5 and L emma 1 .  

Mor eover , F (y) sat i s f i e s  the inequal ity : 

{ Cly I 2�+ 1 

I F ( y) I ...;; 
Cly I 2�+ 1 +2 r 

, for 0 < I y I < 1 

for I y I < 1 

) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 
) 

) 
) 
) 
) 
) 

) 

\ / 

) 

j 

) 
) 
) 
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when r i s  a suff ic i en t l y  l ar g e  natur a l  numb er and C a po s i t ive  

constant appropiat ely c ho s en .  

I f  f E I�(a), then f E H ' ; t her efo r e  we can d e f in e  the  general 
i z ed transfo rm o f  f in two d iffer ent ways : a s  an el ement o f  

I�(a), by ( 3 . 1 ) ; and a s  an e l ement o f  HI , accord ing t o  G . Al t e� 

burg [ 1 ] and J . M . M€nde z  [ 5 ] . The fo l l owing theo r em s hows t he 

equ ival enc e o f  both d e f in i t ions . 

1 THEOREM 3 .  Let f be a m e m b e r  o f  I�(a) and � � -2' If � E H3then 

w here F (y) 

F (�) = f (B� ( �)) 

f (/ �+ 1 b (xy)). � 

Pro o f. Let y be  a po s it iv e  r ea l  number . By v irtue  o f  Theo r em 2 ,  

F (y) d e f ines  a r egul ar g enera l i z ed func t ion· in HI , a s  fo l l ows 

for � E H.  

Mor eover , 

J'" 2 �+1 f e y b (xy)�(y))dy 
o � 

a s  c an be  proved by u s ing t he t echn ique s  o f  R i emann sums  and 

the pr oof  is comp l et ed .  

REMARK 2 .  As we a lr eady po int ed out , our def in i t ion ( 3 . 1 ) i s  

d i ffer ent from the corr e s pond ing one  o f  L.S . Dub e and J .N . Pandey 

in [ 2 ] . For in stanc e , t he property  descr ib ed in Theo r em 3 

can ' t b� proved if  we adopt the  d e f init ion g iv en in [ 2 ] . 

Now we give an inv er s io n  theo r em . 

THEOREM 4 .  Let f E I�(a) a n d  let F ( y) be t he B� t ran sform o f  

f .  Then 

IN 2 + 1 ' 
( F (y)b (xy)x � dy) (�) --+ f ( �) 

o � 
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fo r ea c h  � E D ( I),  a s  N + 00 

Pr oo f .  The funct ion 

G (x)  r F (y) x � b (xy) dy Jr 2 + 1 o fl 

for each r > 0 and if  fl � -t ' generat e s  a r egul ar d i s t r ibu ­

t ion in D '  ( I)  def ined  by 

G (�) r Jro F (yn (y)  dy 

wher e t;. (y )  = B
fl 

(� ) . Hor e over , by u s ing the t echn iqu e  of Riemann 

sums , we obt a in 

We now cons ider t he func t ion : 

2U+ 1 JN 2fl+ 1  
GN ( t , x ) = (xt ) · y b ( ty ) b (xy) dy o fl fl 

For 0 < a < b we have 

b 
l im J 
N+oo a 

- 2fl- 1 = 
{ l�1 , t

t =

E

a 

(

o

a

r

, b )

t =b GN ( t , x) x  dx 

, t rt:. [a , b) • 

I n  v i ew t hat for each � E D ( I) with  suppor t  cont a ined in 

[a , b ] and mEN : 

�m { t - 2fl-1 Jb GN ( t , x ) � (x ) dx - � ( t ) } 
fl a 

wher e � (x )  m 

t- 2fl- 1 Jb x- 2fl- 1 G ( t , x ) (�  (x ) - � ( t ) ) dx N m m a 

( 2fl+ 1 - 2fl-l TIl 2fl+l Dx Dx ) (x  � (x ) ) , a met hod analogous 

) 
) 
) 

) 
) 
) 

) 
) 

) 

) 
) 
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to  t he emp l o yed by L . S . Dube and J . N . Pandey [2 ] l eads  us  to : 

l im f r 

r-+oo 0 

2]1+1 Y . b]1 (ty ) � (y) dy = � ( t )  

in the  s en s e  o f  I , for  0 < c < 0 )J,e This  proves  t h e  theo r em .  

An immed i a t e  cons equ enc e o f  Theo r em 4 i s  t he fo l l ow ing weak 

ver s ion  o f  a un i qu en e s s  t heor em : 

THEOREM 5 .  Le t F (y )  = ( B�f ) (y )  fo r y E nf, Z e t  G (y)  = ( B�g ) (y) 

fo r y E ng' a n d  a s s ume t ha t  F (y)  G ( y )  for y E nf n ng. T h e n  

f=g,  i n  t he s e n s e  o f  e q u a Z i ty i n  D '  ( I ) . 

4 .  T H E  GE N E R A L IZE D T R A N S FO R M  tB� 

J . M . Mend e z  [ 6 ]  d e f ined  a var iant of t he B e s s el trans form 

B ( f )  ( y )  
t )J y

2 ]1+ 1 fOO
b (xy) f (x ) dx 

o )J 

stat ing it s invers ion formula . 

J . M . Mende z  [ 7 ]  a l so ext end s this  tran s format ion to  a space  o f  

g eneral i z ed funct ion s tH� , dua l of the  spa c e  of t e s t ing func ­

t ions  

H 
t ]1 {"�. E Coo ( I ) : y)J (,/.) 'i' m n 'i' , 

sup I x
m

(� D)n (x-2]1- 1� (x) ) 1 < 00 ,  m,n EN} 
xE:I 

The c l a s s ical  tran s form 
t

B)J i s  an automorph i sm in tH)J. The 

g eneral  i z ed trans format ion tB� in 
t
H� is def ined as the adjoint 

o f  t he c l a s s ic a l  t r an s form : 

In t h is paragraph we  introduce  a comp l ex g en er a l i z ed tran s� 

form analo gous to t hat  g iven by L . S . Dube  and J . N . Pandey  [ 2 ] , 

alt hough t he s e  aut ho r s  cons idered only  a r ea l  trans format ion . 
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For each po s it ive r eal number a and for each r ea l  number II we· 
def ine the func t ion spac e 

tI = { ,I, E C"'(1): nm (1/1) ll.a 0/ t ll,a sup l e-axx- 211- 1 +max (O,1l) t��1/I(x) I }  
xE:I 

where 

mE:N . 
211+ 1 - 2 11- 1 Dx Dx • 

Propert i e s  s imilar to t hos e l i s t ed in Sect ion 2 can b e  proved 
for the space I and it s dual , t I t . Henc e ,  tI s at i s -t ll,a ll,a fl,a 
f i e s  the fol lowing cha in of topo logical  inclus ions : 

Mor eover for every y E n = { y  E C :  1 1m y l  < a ,  y � ( - "' , O ] }  a 
II � -2 • m E N , the funct ion 

is a member of I . t ll.a 

Al so , if { aV }VE:N i s  a monotonically increas ing s equence  o f  

po s it ive number s t end ing t o  0 ( po s s ibly 0=+(0) , the countabl e 
un ion space can be  def ined 

00 
U I 1 t ll,av 

which i s  equ iped with t he usual topology .  

I t  can easily b e  s e en that i f  fE lt for some a > 0 ,  t hen t ll,a 
there ex i st s  a pos it ive r ea l  number of such that fe lt t ll,b 
for every b > of and f E t I� ,b' for every b < of; hence , 
f E tI�(crf)' We def ine  t B�f ,  the general i z ed trans form o f  f ,  

a s  fo l l ows : 

F (y )  = ( Btf ) (y )  = f (x
2 11+1b (xy)) t fl II 

) 
) 
) 
) 

) 
. ) 
) 

) 
:) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

) 

) 
) 
) 
) 

if II � -} and y is in the region nf = {y E C: 11m y l < crf, y � ( -00 , 0] } .  ) 
\ 
) 

) 
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The proofs of the fo l l owing theo r ems ar e very s im i l ar t o  t ho s e  

i n  the prec eding paragraph and t her efo r e  ar e omit t ed .  

THEOREM 6. Let F(y) = (tB�f)(Y) for y E �f' T h e n, F (y) i s  a n  

ana ly t io funotion o n  �f' a n d: 

n E N 

THEOREM 7 .  F (y) i s  b o un d e d  o n  any  r e g i o n  � , a c c o rding to a 

wh e r e  P i s  a p o l y n o m i a l dep e n di n g  o n  a a n d  � den o t es th e s a -a a 
m e  r e g i o n  a s  i n  form e r  s e cti o n s . 

1 THEOREM 8 .  L e t  f b e  a m e m b e r  o f  t I � ( cr ) a n d  � � -2' If � E tH�, 
t h e n: 

w h e r e  
2�+ 1 F (y ) = f (x b� (xy) ) .  

THEOREM 9 .  Let f E I � ( cr ) a n d  l et F (y) b e  t h e  tB� - t r a n s fo rm o f  

f . T h e n  

fo r e a c h  

IN 2 + 1 l im ( F (y ) b (xy ) x � dy) (�) = f (�) 
N+oo 0 � 

� E D ( I ) . 

THEOREM 1 0 .  L e t  F (y) = ( t B�f )  (y) for y E �f' l e t  G (y) = 

( t B�g )  (y) for y E n , an d a s s um e  tha t F (y ) = G (y ) fo r g 
y E �f n � Then, f= g ,  i n  the  s en s e  o f  e q u a l i ty i n  D ' ( I )  . 

g 

5 .  APP L I C A T I ONS 

I n  the so lut ion of t he d i fferent ial equat ions o f  the k ind 

wher e B l::,.' or  B � 

P (B ) u = g 
, 

tl::,.� , the dual operator o f  tl::,.
�

, P i s  a po -
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lynom ial , u and g ar e t r an s fo rmabl e  funct ions , the  fo l l owing 

operat ional rul e i s  o f  int er e s t . 

THEOREM 1 1 .  L e t  P b e  a p o l ynomia l ,  t h en  

( B ' P (t. ' ) u ) (y)  jJ jJ 
fo r e v e r y  u E l � (a) 

, for e v e r y  u E tl � (a) . 

The s e  r e su l t s  ar e inferr ed without d iff icul ty  from t h e  e qual ­

ity t.jJ,xb
jJ

(xy) = _y2 bjJ ( XY) . 

The int egral  tran s forms def ined in t h i s  pap er ar e u s e fu l  in 

the so lut ion  of some D ir ichl et pro b l ems whi c h  w i l l be now 

d i scus s ed .  

Suppo s e  t hat we w i s h  t o  f ind a funct ion v ( r , z ) d e f ined in the  

) 
) 
) 

I 
) 
;. 

) 

reg ion { (r , z ) : r > 0 ,  z > O } and sat i s fy ing the  d iffer ent i a l  ) 
e quat ion 

( 5 . 1 )  

with  jJ � -i ' and the  fo l low ing boundary c ond it ions : 

( a )  v ( r , z ) converges  to  the  gener a l i z ed funct io n  f E tl � (a) 

in the  s en s e  o f  convergen c e  in D '  ( 1 ) , a s  z + 0
+

. 

( b )  v ( r , z) + 0 ,  as  z + 00 , un ifo rmly  on r E ( 0 , 00) .  
I 

ec ) rjJv ( r , z ) = o ( r
- Z

) , a s  r + 00 

(d )  v (r , z ) i s  bounded on  r E ( 0 , 00) , for z > 0 .  

A forma l app l icat ion o f  the  B jJ- t ran s form boundary c o nd it ions  

C a )  and ( b )  a l l ow t o  o bt a in 

Th i s  funct ion sat i s f i e s  ( 5 . 1 ) and ( a ) - (d ) , and i s  a s o l ut ion 

o f  t he probl em .  I n  the  pro o f  of  (a )  we have t o  use  L e b e s gue ' s  

) 
) 
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dom i na ted conv er g en c e th eo r em and ( c )  f ol l o w s  a s  an appl i c a ­

tio n  o f  Ri emann - L eb e s gu e  L emma . 

We c an ta c kl e  in a s im i l ar way app l y ing  the t B�- tr a n s form the 

fo l l o w ing D ir i c hl e t  p r o b l em .  The  fo l l o w ing  di f f er entia l e qua ­

tio n  i s  co n s i der ed 

2 
d v ( r , z ) + � v ( r , z) 

dZ 2 t �,r 

w i th the c ond i tio n s : 

° for  

(a )  v ( r , z )  c o nv er g e s  to the g enera l i z ed fun c ti on f E 1I(a) in the 
� 

s en s e  o f  the c o nv e r g en c e  in D I  ( I ) . 

( b )  i f  1 � -Z , v ( r , z ) -+ 0 ,  a s  z -+ 00 un i fo rml y on r E ( 0 , 00 ) 

if > 1 v (r , z) � -Z , -+ 0 ,  a s  z -+ 00 un i f o r m l y  o n  r E ( O , c) 

fo r c > 0 .  

, a s  r -+ 00 

(d) i f  � 1 -2 ' v ( r , z) i s  bound e d  o n  0 < r < 00 , f o r  z > 0 ,  

i f �> 1 -z ' v (r , z ) -+ 0 ,  a s  r -+ 0 ,  fo r z > O .  
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