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CONSTRUCTING BIRATIONAL GAMES WITH GIVEN EQUILIBRIUM POINTS

EZIO MARCHI and JORGE A. OVIEDO

ABSTRACT. This work is addressed to the problem of constructing
birational games with predetermined equilibrium points. We
develop techniques which generalize those introduced for bima-
trix games.

A necessary and sufficient condition for a pair of strategies
to be a unique equilibrium point of a birational game is given.
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I. INTRODUCTION

This work is concerned with presenting. techniques for construc
ting birational games with predetermined equilibrium points.
These techniques are similar to the method for constructing
bimatrix games.

A birational game is defined by a quadruple (A,B;C,D) of real
mxn matrices together with the Cartesian product XxY of all
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m-dimensional probability vectors X and all n-dimensional pro-
bability vectors Y. When B=D=Jy ,, where Jy, , is the mxn matrix
with every element equal to 1, a birational game reduces to an
ordinary bimatrix game.

If (x,y) € XxY, the payoffs of the game (A,B;C,D) for player i,
i=1,2, is defined by E(x,y) = xAy/xBy and F(x,y) = xCy/xDy,
respectively. E(x,y) (F(x,y)) is defined (though possibly equal
to +x) provided its numerator and denominator are not simulta-
neously equal to 0.

A point (x,y) in XxY is an equilibrium point of the game
(A,B;C,D) if xAy/xBy > £Ay/gBy for all £ € X and xCy/xDy =

> xCn/xDn for all n € Y. Marchi [1976] proved that every ratio
nal game (A,B;C,D) with B> 0 and D> 0 (i.e., every element

bij’dij of B,D are positive real) has an equilibrium point.

Von Neumann [1937] in the course of analyzing a model of econo
mic growth, has been the first in cohsidering a two-person
zero-sum game with nonlinear payoff function. Subsequent develo
pment of the model has been synthesized by Morgenstern and
Thompson [1976]. The same payoff function appears in a special
case of a stochastic game proposed by Shapley [1953]. Marchi
[1976] extended and generalized the equilibrium points of a ra
tional game to a. n-person game€ with a rational payoff func-
tion. Marchi [1979] and Marchi, Tarazaga, Elorza [1983-4] ap-
plied such results to obtain a new approach to expanding eco-
nomies.

II. CONSTRUCTING A GAME WITH GIVEN EQUILIBRIUM POINTS

Let (x,y) be an equilibrium point, with a = xAy/xBy and
B = xCy/xDy the corresponding payoffs. Denote by S(x), S(y),
M(x) and M(y) the following sets: )

[}
"

S(x)
M(y)

{i: x; > 0} S(y) {j:‘yj > 0}

{j: xC ;= BxD.j}

L}
]

{i: A; y= aB; y}  and M(x)

where A, (B; ) is the ith row of A (B) and C.j(D.j)the jth co-
lumn of C (D).
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THEOREM 2.1. Let (x,y) represent a pair of probability vectors
in XxY, let a,B be real numbers and let B,D > 0 be mxn real
matrices. There exist two matrices A and C such that the bira-
tional game (A,B;C,D) has (X,y) as an equilibrium point and

o,B as the corresponding payoff to the players.

Proof. Without loss of generality we assume that ¢ > 0 and
B > 0 (because if xAy/xBy < 0 there exists c¢ > 0 such that
x(A+cB)y/xBy > 0; a similar result is valid for B). Regard x

. . 1 .
and y as linear transformations from E" and E" to E , respecti-

vely. Let cl,...,cm_l”and ajs...5a be bases respectively,
for the nullspaces of x and y. For i € S(x) let

n-1
A; = aB, + ) A;x2x» Where X, ~are arbitrary real numbers and

k=1
m-1
for.j € S(y), let C_j= BD . + kzl ijck, where ij are arbitra-

ry real numbers. For i € S(x), let A = (1/2)aBi. For j & S(y),
let B i< (1/2)BB i Then the birational game (A,B;C,D),ﬁas an

equilibrium point (x,y).

A point (x,y) of XxY is said to be a completely mixed point if
x; > 0, i=1,...,m, and.yj >0, j =1,...,0.

THEOREM 2.2. Let (Xx,y) be a completely mixed point and  B,D >0,
A necessary and sufficient condition for the existence of a
birational game (A,B;C,D) that has (X,yY) as its unique comple-
tely-mixed equilibrium point <s that m = n.

Proof. Assume m = n. Choose, as before, a basis a ,a

12"
be a basis'for the

n-1

127 2%q1

nullspace of x. Let A be the nxn matrix whose i-th row is .

A. = aB. + a., i=1,...,n-1, Let A = aB_ . Let C be the
i. i . n. n. . 5

for the nullspace of y. Let c c

1.

nxn matrix whose j-th column is C i = BD i + cj j=1,...,n-1.

Let C = 8C . Then (A,B;C,D) has an equilibrium poiht (x,y).

Let (x*,y*) be another completely—miked equilibrium point with
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payoffs o*, B*. Then Ay* = o*By* and x*C = B*x*D, in particu-
lar An y* = a*Bn y* and x*C 0 B*x*D L It follows from the

definitions of A n and B n that o* = a and B* = B; but the

systems (A-aB)z = 0 and (C-BD)w = 0 have rank n-1, implying
x = x* and y = y*.

The proof of the necessity is similar to the proof given by
Millham [1973, Theorem 2].

We generalize Theorem 2.2 for arbitrary probability vectors.

THEOREM 2.3. Let (x,y) be a pair of probability vectors and
B,D > 0. 4 necessary and sufficient condition for the existen-
ce of a birational game that has (X,y) as its unique equili-
brium point is that |S(x)| = |S(y)]|-

We omit the proof since it is similar to that of Kreeps [1974].
In our case we have to replace systems (1) and (2) in Kreeps'
paper by the following

m
- - - = i= 2. \
izl xjey57c41-B(d55-d47)) = 0 J= 2k
T Mm
_Zl x;(cg5c5,=B(dg4-d;p)) <0 j = X+1,.0m. )
1=
n \
J.Zl yj(a;5-215-8(by5-by5)) = 0 =2,k
kS q (2)
I yj(azs-a;5-B(b;5-b15)) <0 j=k+,...,m |

.
—

Under the conditions given by Millhan [1973, Theorem 4] two
equilibrium points in bimatrix games are interchangeable. This
result is found to hold true also for birational games.

THEOREM 2.4. Let (xl,yl,al,sl),(xz,yz,az,Bz) be two equili-
brium points and payoffs for a birational game (A,B;C,D). A

necessary and sufficient condition for (xl;yl,al,Bl),
(xz,yz,az,Bz) to be interchangeable is S(xl) c M(yz),
sx®) cMiyh, soyh e Mi?), sir?) € M.



156

Proof. Suppose (xl,yz) and (xz,yl) are equilibrium points. Then

xi >0 implies'Ai y2 = azBi y2 or S(xl) [« M(yz), and similarly
x2 >0 implies Ai yl

i

alBi y2 or S(xz) c M(yl). The remainder

of the necessity aspects of the proof are clear.

Suppose, on the other hand, that the given conditions holds. The

condition S(xl) c M(yz) implies that if A yz < azBi y2  then

P4

X; = 0, and the condition S(yz) c M(xl) implies that if

xlc i lelD i then'y§ = 0, from which if follows that (xl,yz)

is an equilibrium point with payoffs a? and 81. The rest of the
proof is identical in nature to that stated.
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