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ON THE E-SUBDIFFERENTIAL OF A CONVEX FUNCfION, n 

TELMA CAPUTTI 

1 .  I N T R O D U C T I O N 
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In thi s  not e  we pr e s ent a g eneral i z a t ion of the al gor i thm for 
min im i z ing a local ly  L ip s ch i t z  cont inuous func t ion f :  Rn + R l 

that  i s  not nece s sar ily d ifferent iabl e or convex propo s ed by 
Caputt i [ 1 ] . 

We pr e s ent a descent a lgor ithm de s igned to l ocate  stat ionary 
po int s of func t ions of the form 

F = h 0 f 
wher e f :  Rn + Rm i s  

'
d :i,ffer ent iaOf-e- and h :  Rm -+- R i s  convex . 

Thi s  prob l em and techn iques to so lve i t  play a c entral ro l e  in 
cont empor ary stud i e s  in mathemat ical pro gramming . For examp l e ,  
the funct ion h may b e  taken t o  b e  the ident ity , a norm , a p en� 
ty func t ion or the d i s tanc e funct ion to some conv ex s et . The 
cond it ions under which accumulat ion po int s of  s equenc e s  g ener� 
t ed by our algor ithm are a l so stat ionary po int s of F c an b e  
det ermined v ia th e  not ion o f  ep i - convergenc e a s  th e  natural 
and appropr iat e t echn i que . 

2 .  T H E  A L G O R I T H M  

Fo l l owing . Wet s  [ 2 ]  we cons ider a mapp ing p :  Rn + ( - 00 , +00] 

that  sat i s f i e s  the fo l l owing four cond i t ions 

i) p is a clo s ed proper convex �u"ct ion 
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i i ) 0 E int (dom p )  
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i i i )  0 p ( O )  ' = min { p ( d ) : d E Rn } 

iv ) p i s  inf - compac t ,  or equ ival entl y ,  l im p (x )  = +00 . 
II x I I +00 

( 2 . 1 ) 

We now employ the s e  funct ions p in def in ing our pr imary analy ­
t ic tool  for the development of t echniques int ended to minimi ­
z e  ( 1 . 1 )  that i s , the c l a s s  o f  convex funct ions 

d -+ ¢ (d ; x , p ) :  Rn -+ R 

def ined by the relat ion 

¢ (d ; x , p ) : = h ( f (x) +f ' (x ) d )  + p (d )  ( 2 . 2 ) 

for every x E Rn and p as in the previous cond itions ( 2 . 1 ) wher e 
h :  Rn + R l i s  a f in i t e - va lued convex funct ion on Rm and 
f :  Rn + Rm is Frechet d iffer ent iabl e on Rn . 
Taking into account [ 1 , Propo s it ion 2 . 2 ,  Propo s it ion 2 . 3 ] we 
may general i z e  as fo l l ows .  

PROPOS I T ION 2 . 1 . Under the above conditions, the foli owing 

s tatements are valid 

i )  0 ..-;; F (x )  - inf { ¢ (d ; x , p) :  d E Rn } ..-;; e: if and only if 

o E i \ ¢ ( O ; x , p )  

i i )  If 0 � d e: ¢ ( O ; X , p )  and d is any vector such that 

� * (d / d e: ¢ ( O ; x , p ) )  < 0 then F (x)  - inf ¢ ( Ad ; x , p )  > e: where 
A > O  

� * denotes th� support function of a non-empty compact con 

vex subset d e: ¢ ( O ; X , p )  [ 1 ] . 

S inc e this r esul t i s  a s tra ight-forward appl icat ion o f  Pro po ­
s it ion 2 . 2  and ( 2 . 3 ) in [ 1 , Sect ion 2 ]  we omit i t s  proo f .  

REMARK 2 . 2 .  The cho ic e  o f  s earch d irect ion in the d e s c ent 
a l gor ithm pre s ent ed by Caputt i [ 1 , Sect ion 3]  can be g eneral ­
i z ed a s  fol lows . 

For x E Rn and r E ( 0 , 1 ) we cons ider 
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{ :ax { r P . if  o E a
E

< l>C o ; x , p )  
E ( X ) 

o f!- a 
r P

¢ ( 0  ; X ,  p ) , p = O , l ,  . . .  } otherwise . 
( 2 . 3 ) 

and we d ef ine t h e  c l a s s  o f  s ea r c h  d ir ect ion s  by 

E (X ) = 0 
D (x ; p , r) ( 2 . 4 ) 

and F (x) -CP (d ;x , p) ;;?> E (x) otherwise. 

I f  0 f!- a ¢ ( O ; x , p )  t h e  stat ement t hat  t h e  s et D ( x ; p , r )  i s  non ­

empty i s  ea s i l y  s e en t o  b e  equ iva l ent to t he above P r o po s i ­

tion 2 . 1 , par t i i) . 

AL GORI THM 2 . 2 .  The type  o f  a l go r i t hm t ha t  w e  s tudy i s  o f  t h e  

form 

( 2 . 5 )  

where  

"
k 

= max { r P : F (x
k

) - F ( x
k

+r Pd
k

) ;;?> r P E ( x ) ,  p = O , 1 , 2 ,  . . . } , 

d
k 

E D (x ; p , r ) , E ( X )  ;;?> 0 ,  r E ( 0 , 1 )  and x E Rn . 

We no t e  t ha t  t h e  numb er E (X )  and t h e  s e t  D (x ; p , r ) s a t i s fy 

the  fo l l o w ing  t hr e e  cond i t ions : 

i )  D (x ; p , r )  f 0 a c c o r d ing  w i t h  the  abo v e  o b s erva t ion 

i i )  0 E D ( x ; p , r ) i f  and only  i f  E (X )  = 0 i f  and o n l y  

i f  0 E a F ( x
k

) ( 2 . 6 ) 

i i i )  h ( f (x
k

) + f '  ( x
k

) d
k

) - F (x
k

) ,;;;; - E.:(x )  

wher e a F (x k ) '  t he C l ar ke subd i f f e r ent ial  o f  F a t  x k ' ha s t he 

r e pr e s entat ion 

for a l l x E Rn [ 3 , Propo s it io n  1 0 ] . 

We s e e  t ha t  any d ir ec t ion d
k 

for whi c h  h ( f (x
k

) � £ � ( xk) d
k) < 

< h ( f ( x
k

) )  i s  a d e s c ent d ir e c t ion fo r F . Ther e fo r e , c o nd i ­

t io n s  C 2 . 6 ) a l ong  w i t h  t h e  s t o pp ing criterion 0 E a F  (x
k

) ( x
k 
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is a s t a t ionary po int of F )  guarant e e  that a l go r i t hm ( 2 . 5 ) i s  

a l ways we l l  d e f ined . 

The convergence result for algorithms o f  type ( 2 . 5 ) that  sa t i s fy 

cond it ions  ( 2 . 6 ) to t h e  e f f e c t  t ha t , 

" I f  { xk } i s  t h e  s e qu enc e generated  by  a l go r i t hm ( 2 . 5 ) w i t h  in i ­

t ia l  po int X o and s t opp ing criterion 0 E a F l x ) , t hen prov id ed 

that condit ions ( 2 . 6) hold , one of the fo l l ow ing mu s t  o c cur : the a l ­

g o r i t hm t erm ina t e s  f in i t e ly a t  x k w i t h  0 E a F ( x k ) ;  and / o r  o 
. 0 

F (x k) .j. - 00 ; and / o r  t h e  s e quenc e { l l d k" }  d iv er g e s  to  + 00 " ,  is s imi -

l ar to  t h e  pr o o f  o f  c o nver g enc e g iv en by B er t s e k a s  and Mit t er 

in t h e ir paper  [ 4 ] . 

We may v i ew t h e  a l go r i t hm a s  succ e s s i v e l y  m in im i z ing a s e qu en ­

c e  o f  convex func t i o n s  t hat  ar e t hems e l v e s  l o c a l  approx ima ­

t io n s  to t h e  func t io n  in wh i c h  our r ea l  int er e s t  l i e s . The na ­

tur a l  and appr o priate t ec hn i qu e  by wh i c h  such  o p t im i z a t ion 

s c hem e s  ar e ana l y z ed i s  v ia t h e  no t io n  o f  ep i - c onv e r g enc e .  The  

b a s ic  pro p er t i e s  of  ep i - conv er g ent s equ enc e s  o f  c onvex func ­

t io n s  a s  app l i ed to  o p t im i z a t ion pro b l ems , ar e d ev e l o p ed in , 

for examp l e , t h e  wo r k  o f  Ro c ka f e l l ar and Wet s [ 2 , 5 ] . 

DE F I N I T I ON 2 . 3 .  L e t  { f i } := o b e  a s e qu enc e o f  c l o s ed convex 

func t io n s  w i t h  doma in in Rn and rang e R *  : = R U { +oo } . We say 

t ha t  { f . } c o nv e r g e s  po intw i s e  to  t h e  c l o s ed c o nv ex func t ion 1. 

f :  Rn + R *  and wr i t e  f . g f i f  l im f . ( x )  = f ( x )  f o r  a l l  x E Rn . 1. i 1. 
e 

We say t ha t  { f . }  ep i - conve rges to f and wr i t e  f .  + f i f  the 1. 1. 
ep i - graphs o f  t h e  f .  conver g e  to  t h e  ep i - graph o f  f ,  that i s  1. 

l im sup ep i ( f . ) = l im inf ep i ( f . )  
i 1. i 1. 

whe r e  t he ep i - graph o f  a conv ex func t ion  g :  Rn + R *  i s  the  s e t  

ep i ( g )  = { (x , a ) E Rn x R : g ( x )  ';;; a ; x E dam ( g ) } . 

Ta k ing  int o  a c c o unt [ 2 , Co ro l l ar y  4 ,  Theor em 7 ,  Theor em 9 ]  we 

may prove the fo l l o w ing r e sul t 
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THEOREM 2 . 4 .  L e t { x k } be the sequence g e n era t e d  by  A l go r i t hm 2 . 5 
w i t h  i n i t i a l  p o i n t  X o E RU , s t o p p i n g  c r i t erion 0 E a F ( x ) . If 

x * i s  an a c cumu l a t i o n  p o i n t  o f  { xk } w i t h  Yj j x * a n d  

p c .  , y . ) � p ( . , x * ) fo r s o m e  s u b s e q u e n c e  { y . }  o f  { x k } ,  t h e n  J J J 
Lim (min{cp (d ;y . , p) :  d E RU } )  = min{¢(d ;x* , p) : d E RU } = F (x*) , ( 2 . 7 ) 

j J 
F ( x k ) � F (x * ) a n d  0 E aF (x * ) .  

Pro o f .  L e t  { y . } b e  a s  in t he hypo th e s i s  w i t h  p C .  , y . ) r p ( . , x * ) .  J J 
Then , CP ( , ; yj ' p )  r ¢ ( .  ; x * , p ) .  Hen c e , by [ 2 , Coro l l ary 4 ] , 

e 
¢ ( ' ; Yj ' p )  -+ cp ( . ; x * , p ) .  Thu s , by [ 2 ,  Theo r em 7 ] , we hav e  t he 

f ir s t  ha l f  o f  ( 2 . 7 ) and by [ 2 . Theor em 9 ] , ( 2 . 7 ) a l s o  ho l d s . 
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Fur t h ermo r e , F (xk ) t F ( x * ) ,  s inc e { F (xk ) }  i s  a d e c r e a s ing s e - ) 
quen c e  and t h e  s e qu enc e { l I dk l l } i s  un i fo rml y bounded s inc e 

{ d i } C { d : cp ( d ; x , p ) � F ( x ) } .  

From Propo s i t io n  2 . 1  i )  we  know t ha t  

for  a l l  k suff ic i ent l y  l ar g e . 

We hav e t hat , 

Ther e fo r e ,  by t h e  f ir s t  ha l f  o f  ( 2 . 7 ) , we hav e  t ha t  

F (x * ) = L im F ( y . ) = L im [ min{¢ (d ;y . , p) :  d E  RU l 
j J j J 

m in { cp ( d ; x * , p ) : d E RU } 

and s o  0 E o f ( x * ) .  
( q . e . d . ) 
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