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Abstract 
The obj ective of this work is to interpret the formula: 

1 1 I "vp - 8  = - - 8  " 
x 2 

from the point of view of Nonst andard Analysis. The validity of this identity 
in the cl assic sense was establ ished in [lJ . For this purpose, we use -Takeuchi 's  
space G of nonstandard functions , ( [2] ) .  This space is an algebra and i t  con-

. tains , in some sense, the classical distributions of Laurent S chwartz ( [ 9] ) .  

1 Preliminaries 
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We explain here the nonst.andard basic concepts.  According to Robinson's  theory, 
the system of real numbers lR may be view as a subficld of a more ample field , 
totally ordered called the hiperreal system numbers JR ' .  
I n  order to make this we kw e  included the basic definitions and propertieH o f  the 
theory of filters . 

1 . 1  Filters and Ult rafilters 

D efinition 1 . 1  : A non-empty set :F of s1Lbset of a non-empty set X is cal led a 

filter if it has the following properties: 

(i) If E E :F and E C P ==?- P E :F. 



(ii) If E ,  F E F :::} E n F E F. 
(iii) 0 (j. :F. 
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Moreover, a filter F is called ultrafilter iJJ 

(iv) If E c X then E E F or X - E E F, {but not both, by (ii) and (iii) . 

Exam ple 1 . 2 : If X is an infinite set, the set: 

F = {A � X\X - A is finit e }  
is a filter called fi l tcr o f  Frcchct. o n  X. 

Definit ion 1 . 3  : A filter j: on X is called free if nEEF E = 0 .  

Remark 1 . 4  : If X is an infinite set, the Frechet filter o n  X is free.  

The following result shows the existence of free ultrafilter: 

Theorem 1 . 5  : For every filter F on X exists an ultrafilter U on X which contains 
to F .  

Coro llary 1 . 6  : If X is an infinite set then -it exist.s a free ultrafilter o n  X. 

1 . 2  The system o f  hiperreal numbers 

Let IN be the set of positive integral numbers and let !RN be the set of every 

sequences of real numbers . Let < 1'1 , 1'2 , . . .  > or simply < ri > denote the 

elements of !R N .  We define in !RN the operation of addition and multiplication in 

the following way: 

If 1' , 8 E !R N  
r ED s  = < ri + Si > ;  
1' 0 s = < ri . s i  > .  

l' = <  ri > s = < Si > ,  

Thus , !RN be a conmutative ring with an identity < 1 , 1 ,  . . . > and a zero < 
0 , 0 "  . .  > .  

We introduc:-. in !R N a equivalence relation " � " which makes !RN /rv  a linearly 

ordered field. In fact ,  lct U be a free ultrafilter on IN :  

Definition 1 . 7  : If l' = (7';)  and s = (S i )  are in !R N ,  then l' rv S iff 
{i  E TN : S i  = ri } E U . We then say that ( l'i ) = (S i )  almost eve1'ywher-e (a. e) . 
Remark 1 . 8  : The relation rv is an equivalence relation of !RN . 
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D efinition 1 . 9  : Let JR* denote the set of all the equivalence classes of JRN induced 
by " ,..... " .  The equivalence class containing a partic111ar seq11ence S = {S i ) is denoted 

by (8 ) .  
Elements of m'" are called nonstandard or hyperreal numbers. 

D efinition 1 . 1 0  : Let 1' , s E  JR. ; r = [ (ri ) ]  ; S = [ (S i ) ] . Then: 

(i) r + s = [ (ri + S i ) ]  

(ii) r.s = [(ri . s i ) ]  

(iii) r < s iff {i E IN : " '; < 8;}  E lA, and T :<:; 8 iJJ l' < S o'r '/' = 8 . 

. 
Theorem 1 . 1 1  : JR* with the operations defined in 1 . 1 0  is a linearly ordered field. 

We define now a mapping * : IR ---7 JR* as follows: 

D efinition 1 . 1 2  : If r E JR, we define *(r)  = *r where *r = [< r ,  T ,  . . .  >] 

Thus, JR. contains a isomorphic copy to JR because * : JR ---7 JR· is an order­
preserving isomorphism. If (IR) * = { * T : r E JR} then (JR) * is the set of standard 

numbers of m" and we will identify with m. JR* contains numbers other than stan­
dard numbers, for example w = [< 1 , 2 , 3 , . . .  >]  and � .  
D efinition 1 . 1 3  : If s E fR ' ,  w e  dp.finp. thp. absolute value of 8 a8 fol lows: 

D efinition 1 . 1 4  : 

1 S 1= { s i! s � 0 , 
- s  if s < 0 ,  

(i) A number s E JR" will  b e  callp.d infinite number if 1 s I >  n for all n E IN .  

(ii) A rm,mber s E m* will be callp.d finite number if 1 s 1 < n for any n E IN . 
(iii) A n1.1mber s E JR" will be called infiuitesimal number if I s 1 < � fo'(' all 

n E  IN .  

D efinition 1 . 1 5  : Let x , y E JR",  we say that x and y are infinitely close and we 

denote x ;::::: y if x - y is an infinitesimal n11mber. 

Remark 1 . 1 6  : By definition 1 . 1 5  wP. conclll,dp. that if s E m' is infinitAsimal thp.n 
s ;::::: 0 .  

Theorem 1 . 1 7  : If x E JR" i s  finde, there is a uniq1te standard 'Tl.1lmber r E JR with 
the property x ;::::: r .  

D efi n it i on 1 . 1 8  : If x E IR *  is finitp., thp. uniq1f.p. standard numbp.T r E m  vlith 
x ;::::: r we call standard part of x and we dp.note s t (x) = r .  
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Defi nition 1 . 1 9  : 

(i) We call G(O) the subset of m* of all finite numbers.  

(ii) We call standard pa1't map, the map: 

si :  G(O) � m 
l' � st (r) 

Theorem 1 . 2 0  : The map st is an o1'de1'-preserving homomorphism of G(O) onto 
fR , i. e:  

(i) s t (x ± y )  '= st (x ) ± s t (y) , 

(ii) s t (x .y )  = st (x) .st (y) , 

(iii) st ( � ) = :�i:� , if st (y ) =1= 0, 

(iv) s t (x) < st (y)  if x < y .  

The following lemma shows that there i s  a reasonable relationship between the 

asymptotic behavior of {an } and the value of a = [< an > ] ,  
a E m*.  

Lemma 1 . 2 1  : If a sequence of 1'eal numbers {sn } has limit L then 
L � s = [<: ,Sn > ] . 

1 . 3  The algebra G o f  Generalized Functions 

D efinition 1 . 2 2  : 

(i) A seqnence {An} of subsets of IR defines a subset (An )  of 'lR* by: 

[< Xn >] E (An) iff {n : Xn E An} E U.  
The snbset of JR- which can be  obtained in  t.his way is  called internal . 

(ii) A seqnence of f1mctions {In } ,  fn : m � JR. ,  defines a function 
Un) : JR* � m* in the fol lowing way: 

(jn ) ( [< Xn > ] )  = [< In (xn) >J , 
and any function on m* which can ')e obtained in this way is cal led internal . 

A function I : JR- -, JR* is called nonstandard function . 

Our interest will be to stmiy the nonstandard functions obtained from a sequence 
{J n }  of real functions, i .c ,  t.he nonstandard internal functions defined ill 1 . 22 .  

According t o  Yu Takeuchi i n  [2] , w e  define: 
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D efinition 1 . 2 3  : We called C the s e t  of all nonstandard internal functions. 

Thus, if 9 E G then there exists a sequence {gn} of real functions, gn : fR -T fR, so 
that 9 = (gn) .  

Theorem 1 . 2 4  : Let f, g E C,  f = (In) and 9 = (gn) . Then, the following state­
ments are equivalent: 

(i) f = g ,  
(ii) {n : f n = gn} E U ,  
(iii) There a l'l�  8eq'l/,encl�s of Teal funclions {in } and LOr. } so tha/. J = U:. )  and 

9 = (an) and in = gn for all n E IN . 

We define addition, product and product by a number in JR' in C ,  in the following 
way: 

Let I = (In) , 9 = (gn ) , 1 E fR ' ,  t.hen: 

• l + g = (In + gn) , 

• f.g = (In .gn) , 

• 'Y .f = (cn .fn) if 1 = [ (cn) ] . 

Moreover, if we consider a sequence of functions {In}  where for each n ,  
In(x) = 1 for all x E JR ,  then J = (In)  i s  the unit in  C .  The fllllction 0 E C 
generated by the sequence of null functions is the neutral element of the addition. 
In this way C is a commutative algebra with a unit and zero. 

Example 1 . 2 5  : Let I : JR -T JR .  The map f* E C generated hy the sequence 
{I ,j , . . .  ) will be called "canonical extention of I " . 

Exam ple 1 . 2 6  : The functions 9 : lR* -7 lR* defined by g (x) = 1 ,  ., E JR' ,  where 
. 'Y is fixed, belong to G .  In fact if I = [ ( cn ) ] then 9 = (9n ) with 
gn = Cn \:In E IN ,  \:Ix E fR .  

Examp le 1 . 2 7  : Let 0 : fR *  -7 JR *  df'-fined by: 

O(T ) = { � if - E: < T < c; 
o if I T I � c ,  

wher'e c = [ (  en) 1 i s  a positive infinitesimal n11.mber � 0 in  JR*) . Then 0 = (on) 
where On : 1R -T m are defined hy: 

1j - en < X < en ; 
if I X I �  en · 

The function thus defined is hy no mmns the canonical extention for some real 
j1J.nction. 
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Remark 1 . 2 8  : There exist nonstandard junctions which are not in C (cf. (2j, The-
orem 1 ,  p . 124) . . 

Theorem 1 . 2 9  : Let 1 E C ,  1 = Un ) .  If In converges to 10 uniformly in [a , b) then 

1 (7)  � 10(T) for any T E m* , a s T S b, (a and b are not necessarily finite) . 

1 . 4  Continuity o f  functions i n  G 

Let 1 : m ....... m be a real function. In Nonstandard Analysis the cont.inui t.y of a real 
fUllCtiOll is eqll i valent to tlw fol lowiug fac t :  

j*(a + €) = J* (a) 

where 1* is the canonical extension of  the real function f. 

D efinition 1 . 3 0  : Let f : JR* ....... JR"  a function in C. Then 1 is  continuo7ls in 
a E JR' if: 

f (a + t} � f (a) '1;/£ � o .  

Remark 1 . 3 1  : 

• The canonical extens'ion oj a contin1J.01lS real function is contin1w1Ls. 

• The rwnstandam junction generated by a seIJ1I.ence of equicontin1L01ls Teal func­
tions, is continuo'lls. 

1 . 5  Differentiation o f  functions i n  G 

D efi nition 1 .32  : Let f = Un ) ,  then 1 is differentiable if 

{n : In is ]Jiecewise sm.ooth } E U .  

"Vc assume that. a function 9 i s  piecewice s mooth i f  it i s  continuous and differentiable w i t h  contin­

uous differential except for a fin i te  number of  point , in which we consider g' (c} = I imx .... o+ g' (a; } . 

D efinition 1 . 3 3  : If f = (In)  is differentiable, the junction f' E C defined by: 

is called the differential of .f . 

Example 1 . 34 : Let: 

Il,, (x l  � { 

l' = U�)  

1 if 
n J: if 
0 if 

l < x  n - , 
O s x < +" 

x < O .  
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Then H = (JIn) E G is given by: 

H (r)  � { � 
if ± :::; T ,  
if O :S T < ± ,  
if T < 0 ;  

where >. = [( n) ) . Then; i t  is valid: 

H'(T }  = { AO 1f 0 :::; T < ± ,  
, T < 0 and T 2: { " 

We observe that H' is not a continuous function because IT'(O) = A and HI( - ± )  = 
o and - ±  � O . 
1 . 6  Integration of functions i n  G 

D efinition 1 . 35 : Let  l E  C , f = (In ) . If 

{ n : In 'is integrable in any interval } E U, 

we  shall say that the nonstandard function I i s  integrable. 

D efinition 1 . 3 6  : Let I = Un) E G be an integrable function. For a = [(an)) and 
(3 = [ ((3n) )  with a < (3, we define the definite integral of I in the following way: 

Example 1 . 3 7  : Let 

1� l�n '" 
f (T )dT = [( an fn(x)dx)] . 

8 (T ) = { A if 0 < T < A ,  
o in any other case, 

where A is an infinite positive number. Then: 

J: 8(r )dT = 1 and 
for any a < 0, (3 > 0 non infinitesimals . 

. 1 .  7 Primitive of a function in G 

D efinition 1 . 3 8  : 

• A differentiable fnnction 1" E G is a p'T'imitive of the function / E G if: 
1"1 = / , 

• A function 1" is called p'T'imitive of order k ,  k � 0, of the function f if: 
p (k) = f.  
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1 . 8  NonStandard Model o f  the D irac's delta function 

Definition 1 . 3 9  : A function 8 E G is ci. NonStandard Model of the Dirac 's delta 
function if it has the following properties: 

(i) 8(r )  � 0, \lr E JR" and 8(r ) ::::: 0 \lr non infinitesimal. 

(ii) It 8( r )dr ::::: 1 for Cl. , fJ E JR *  , Cl.  < 0 and fJ > 0 non infinitesimals. 

Theorem 1 .4 0  : If f E G is of finite value (i. e  f (x) E G(O) , 'Ix E JR*) and con­
tinuous in 0 then: 

id f (r)8 (r )dr ::::: f (O) 

. where s t (c) < 0, st (d) > O .  

1 . 9  NonStandard representation o f  D istributions 

The following theorem deals with the sufficient conditions which must Qe performed 
by a nonstandard function in G in order to determine a distribution: 

Theorem 1 . 4 1  : {Takeuchi, [2], Teor. 9,pg. 144J Let h E G be a nonstandard func­
tion so that given a finite interval exists some primitive bounded in it (of order 
k ,  k � 0). Then the function h determine a distribution by: 

(h , J) = st L: h (r)cP*(r )dr 
where cP* is the canonical extension of cP E 'D .  

(1) 

Theorem 1.42 : Let h E G be a COO nonstandard f1Lnc tion which s atisfies the 
conditions of Theorem 1 . 4 1 ,  thus h determines a distrilmtion by formula (1) .  Then 
the differential of 01'lier i of the d'istribution h, h (i) E 'D' is equal to the distrifmtion 
determined by the nonstandard function 'Di h E G, that is: 

(h (i) , J }  = st i: Dih (r)! * (r)dr , 

where f* is the canonica.l extension of J in 'D .  
Remark 1. 4 3  : There exist nonstandard functions h E G which are not distri­
butions . For example, if 8 E G is a nonstandard mode l oj the Dimc 's delta, then 
52 , 83 ,  . . . . .  are functions in G which are not distributions. 

The following theorem asserts that all classic distributions can be represented by a 
flulction in G . 

. Theorem 1 . 44 : Let T E 'D' , then it exist,s a nonstandard function h E G s7lch 
that; 

(T, J) = s t  1: h (T ) ! * (T ) dT 
for all f E 'D, where 1* is the canonical exteT/,sion of f .  



85 

2 Validity of the formula "vp18 x _ 18' " in the 
2 . 

nonstandard space G 

The classic formula is due to A. GonzaJez Domfnguez and R. Searffiello [lJ . They 
have considered singular kernels {gn} which satisfy: 

(ii) J�oo 1 gn (x) 1 dx < lvI , 

(ill) !imn_oo 11 I gn (x) 1 dx = 0 for all interval I so that 0 � I .  
Moreover if 

(iv\ h- = g- (x) * up !. = roo �2dy I n n \ X ,I -00 x-v 1 

we order that 1 xhn(x) 1 <  lvI and that gn has a bounded derivative for every n.  

To turn the formula " vp�8 = - �8'" into nonstandard language we have to 
see under what conditions a sequence that verifies the conditions (i) , (ii) and (iii) , 
generat.es a nonst.andard model for Dirac's delta, according with t.he model proposed 
by Yu Takeuchi ( [2] , §6, pg. 139) . 

Proposition 2 . 1  : The conditions (i) and (iii) involves that J� O(T ) � 1 where 
o E G , 0 · = (g1l ) , 0: < 0 non ·i'lljinit.p.siinal and fI > 0 non infi:n:itp.s·imal. 

Proof. Let Q , /3 E JR" of the form Q = [-nJ , /3  = [nJ where n E IN .  We shall 
show that :  

By definition: 

For each n, we have 

then 

st J: o(T ) dT = 1 .  

{1I 111. la o(T ) dT = [ ( -n gn{T ) dT ) J .  

1n 
gn (x)dx = 100 gn (x)dx - ( gn (x)dx , 

-n -00 Jlx l>n 

(2) 

(3) 

(4) 

I { g1l(x)dx 1 :-:; ( I gll (X) I dx = 1-" I gn (X) ! dx + (OO 1 gn (X) I dx . (5) Jlxl>n Jlxl >n . -00 In 
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We choose a E JR , O < a < 1 ,  then a < n ,  Vn E IN .  Taking into account ( - 00 ,  -n) G:: 
(-oo, - a) and (n , oo) c (a , oo ) ,  then: 

The inequality (6) holds for every n E IN so, that passing to the limits in both sides, 
we obtain that the left hand side tends to zero (from (iii) ) ,  and we deduce that 

Hm ( gnex}dx = 0 n-+oo Jlxl >n 
Then, we obtain from (4) and (i) : 

and so (2) holds. t 

Hm
. 
In 

gn(x)dx = 1 n--looo -n 

(7) 

(8) 

We shall prove now the other condition required in order to the nonstandard 
function 8 = (gn ) be a nonstandard model of Dirac's delta, Le: 

6 (T )  � 0 ,  VT, T 'fi 0 ,  T E JR* . (9) 
For it , the sequence {gn }nEN must converges uniformly to the null function on 

each interval I that 0 rt I. This last fact involves the validity of condition (iii) , i.e: 

lim ( i  gn (x) I dx = 0 ,  for all interval I so that 0 <f. 1 .  n-..oo jr 
So, we asume the uniform convergence of the sequence {g", } for all interval I so that 
o <f. I. Let be T E IR" ,  T 'fi o. Then I T I >  e, e E JR+ . Given the uniform convergence 
of {gn} in [e, 00 ) , by theorem 1 .29 we obtain: 

8(T )  � 0 ,  VT E JR" , T � e .  

The same happens if T < - c .  So, (9) is valid. Moreover, if the singular kernel {gn} 
satisfies the condition gn(x) � 0 ,  Vx E IR then 8(T )  � 0 ,  VT E JR".  

To conclude, if the singular kernel {gn} satisfies the additional conditions: 

• 9n(x) � 0 ,  Vx E IR 

• gn � 0 ,  VI so that 0 <f. l 
t.he fll llt.ion 8 E C ,  /i = (gn) is It Ilollst.al l d anl model of Dime's tlel t:a, aecord iug to t.he 
definition (1 .39) . We consider now the sc�quence {hn} (iv) which converges weakly 
t 1 ·  o VP; ,  Le: 

fa 1 
Hm hn(x)cP(x}dx = Cup- ,  cP) ; S'lLPPcP c (-a ,  a) . n-+SXJ -a X 
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This means that the nonstandard function Vp = (hn) E C is a nonstandard model 
to the distribution vP� in the sense that : 

sf L: Vp(T)cp· (r )dr = (vp� , cp) 
where cp. is the canonical extension of cp E V. According to the definition of product 
in C, we obtain: 

o.vp = (gn) (hn) = (gnhn) , 

the sequence kn = gn .h" converges weakly to _ �O' , (cf. , [l ] ) . Then the nonstandard 
function K E C ,  K = (kn) is a nonstandard model of the distribution - �O' , and is 
valid: 

o. vp = K 
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