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ON THE COHOMOLOGY RING OF FLAT MANIFOLDS WITH
A SPECIAL STRUCTURE

1.G. DOTTI * AND R.J. MIATELLO *

1. Introduction.

A Riemannian manifold is said to be Kdhler if the holonomy group is contained
in U(n). It is quaternion Kdhler if the holonomy group is contained in Sp(n)Sp(1).
It is known that quaternion Kéhler manifolds of dimension > 8 are Einstein, so
the scalar curvature s splits these manifolds according to whether s > 0, s = 0
or s < 0. Ricci flat quaternion Kéhler manifolds include hyperkahler manifolds,
that is, those with holonomy group contained in Sp(n). Such a manifold can
be characterized by the existence of a pair of integrable, anticommuting complex
structures, compatible with the Riemannian metric, and parallel with respect to
the Levi-Civita connection (see [Be], for instance).

The simplest model of hyperkihler manifolds is provided by R** with the stan-
dard flat metric and a pair J, K of orthogonal anticommuting complex structures.
This hyperkihler structure descends to the 4n-torus Ty := A\R*", for any lattice
A in R*, If Mp = I'\R*" is a compact flat manifold such that the holonomy action
of F' = A\T centralizes (resp. normalizes) the algebra generated by J, K, then Mr
inherits a hyperkéhler (resp. quaternion Kéahler) structure.

In [DM] (see also [JR] and [BDM]) we described a doubling construction
for Bieberbach groups which allows to give rather simple examples of quaternion
Kahler flat manifolds which admit no Kéahler structure.

The purpose of the present paper is to study the real cohomology ring of low
dimensional compact flat manifolds endowed with one of these special structures.
In particular, we will determine the structure of this ring in the case of all 4-
dimensional Kéahler flat manifolds and all 8-dimensional compact flat kyperkéhler
manifolds. We shall make use of the known classification of space groups in dimen-
sion 4, given in [BBNWZ], and of the classification of flat hyperk&hler 8-manifolds
due to L. Whitt ([Wh]). It turns out that the integral holonomy groups of hy-
perkéhler 8-manifolds are obtained by doubling the holonomy groups of the Kéhler
flat 4-manifolds and as a consequence we will show that the cohomology ring is an
exterior algebra in generators of degree one and two.

In [Sa], [Sa2] and [Sa3], Salamon obtains a family of linear relations among
the Betti numbers of general hyperkahler manifolds (see Remark 4.2). In Section
5 we give several examples (5.1 - 5.3) showing that these relations may not hold
in the quaternion Kéhler case.

* Dedicated to the memory of our colleague and friend Angel Larrotonda.
Research partially supported by grants from CONICET, ANPCyT and SecytUNC (Argentina).
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134 1.G. DOTTI AND R.J. MIATELLO

As a second interesting class we study the hyperkéhler manifolds obtained by
doubling (twice) a Hantzsche-Wendt type manifold (see [MR]). This gives, for any
m > 3, a 4n-dimensional compact flat hyperkahler manifold with holonomy group
Zg_l. We will show that the cohomology ring is generated by the F-invariant
forms of degree 2 and 3, giving a procedure to find the relations. In particular we
shall see that this algebra has a complicated structure and, even in the simplest
case (n = 3) is far from being an exterior algebra, as seen in the 8-dimensional
case.

The interest in understanding the structure of the cohomology ring of hy-
perkdahler and quaternion Kahler flat manifolds was stimulated by the study of
the Betti numbers of hyperkédhler manifolds in the work of Salamon (see [Sa],
[Sa2], [Sa3]) and Verbitsky ([Ve]).

2. Hyperkahler and quaternionic Kabhler structures on flat manifolds.

We first recall some basic notions on compact flat manifolds (see [Ch] or [Wo]).
A compact connected flat Riemannian manifold has euclidean space R™ as its
universal covering space and a Bieberbach group I' as fundamental group (i.e. a
discrete cocompact subgroup I' of I(R™) which is torsion-free). If v € R™, let L,
denote translation by v. By Bieberbach’s first theorem, if I' is a crystallographic
group then A = {v : L, € T'} is a lattice in R”. We will identify the lattice A
with the translation lattice {L, : v € A}, a normal and maximal abelian subgroup
of I'. The quotient F' = A\T is a finite group, the point group (or holonomy group)
of I'. When T is torsion free, the geometric interpretation of A\I' is that of the
holonomy group of the flat Riemannian manifold M.

Let T’ be a Bieberbach group with holonomy group F and translation lattice
A CR"™ Let ¢: FF — R"™ be a 1-cocycle modulo A, that is, ¢ satisfies ¢(B1Bs) =
B;'¢(B1) + ¢(Bz), modulo A, for each By, By € F. Then ¢ defines a cohomology
class in H'(F;A\R") ~ H?(F;A) and one may associate to ¢ a crystallographic
group with holonomy group F' and translation lattice A. Furthermore, this group
is torsion-free if and only if the class of ¢ is a special class (see [Ch]).

Definition 2.1. Let I' be a Bieberbach group with holonomy group F' and trans-
lation lattice A C R™. Let ¢ : F¥ — R" be any 1l-cocycle modulo A. We let dyI’
be the subgroup of I(R?") generated by elements of the form [ £ §] Ly(B),p) and
Ly, for vy =BLy €T and (A, pn) € ADA.

We point out that if the holonomy group F' of I" centralizes a complex structure
on R”, then M is Kéhler. We now review a procedure to construct compact flat
manifolds endowed with a Kéahler, hyperkahler or quaternionic Kéhler structure.
We refer to [DM] for the details. This method will be used in later sections.

Proposition 2.2. Let I', ¢ and dyI' be as in Definition 2.1. Then

(i) dgT" is a Bieberbach group with holonomy group F, translation lattice A ® A
and dyI'\R?*" is a Kdhler compact flat manifold.

(ii) If T\R"™ has a locally invariant Kdhler structure, then dgT'\R*" is hy-
perkéihler. In particular, if ¢’ : F — R?™ is any 1-cocycle modulo A & A, then
dgrdgD\R*™ is hyperkihler.
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COHOMOLOGY RING OF FLAT MANIFOLDS 135

Remark 2.3. Benson-Gordon have proved ([BG]) that if N is a simply connected
nilpotent Lie group, I' is a discrete cocompact subgroup of N, and M = T'\ N has
a Kéhler structure (J, g) (with g positive definite) then M is a torus. The above
proposition says that there are plenty of compact flat riemannian Kéhler manifolds
other than tori.

Remark 2.4. In general, there are many choices of ¢ as in Proposition 2.2. In
this paper we shall work with ¢ the 1-cocycle associated to I', as in [BDM]. We
will denote dgI' by dI' in this case.

For many Bieberbach groups I' one can enlarge dI' into a Bieberbach group
d,I" in such a way that some element in the holonomy group of d,I" anticommutes
with the complex structure Jo, in R?”. By repeating the procedure twice, one
gets a Bieberbach group such that any element in the holonomy group will ei-
ther commute or anticommute with each one of a pair of anticommuting complex
structures, hence the quotient manifold will be a quaternion Kahler flat manifold
which in general, will not be Kéahler.

Definition 2.5. Let I' be a Bieberbach group with holonomy group F ~ Zk
with translation lattice A and such that b € %A for any v = BL, € T'. Set
E, = [ _;] € I(R*). Set dg(T',v) = (dT', By Ly 0)), where v € R".

Under rather general conditions, dq(I', v) contains dI' as a normal subgroup of
index 2, and v € R™ can be chosen so that d,(I",v) is torsion free, so Mg, 18
a compact flat manifold with holonomy group F' X Zs having as a double cover
the K&hler manifold Myr. Furthermore F' commutes with J, but E,, only anti-
commutes with J. If we use this construction twice we get a Bieberbach group
d2(T,v,u) := dg(dg(T,v),u) C I(R*") such that the holonomy group normalizes
two anticommuting complex structures, .J;, Jo, on R*", hence dg(F, v,u)\R*" will
be a quaternion Kéhler manifold.

In the next results we give conditions on v € R™ that ensure that dg(I',v) is
torsion free. We also note that if n is even, My, (r.) will always be orientable.
This construction will be used in Section 5.

Theorem 2.6. Let I' as above. Then
(i) If v € R™ is such that 2v € A and satisfies
(B—1I)v€E€A for eachy=BL, €T,

then d,I' is a crystallographic group with translation lattice A ® A and holo-
nomy group Z’;H. Furthermore, d U is torsion-free if and only if v ¢ A and
for each v = BLy € T’ we have:

(B+I)(¢(B)+v) € A\ (B+ DA, or (B—I)b¢ (B—I)A.

(ii) If every element in the holonomy group F' commutes or anticommutes with a
translation invariant complex structure and v satisfies the conditions in (i),
then dg (T, v)\R*" is quaternion Kdhler.
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136 1.G. DOTTI AND R.J. MIATELLO

3. Cohomology of Kahler compact flat manifolds of dimension 4.

In the computation of cohomology, in this and in later sections, we will make
much use of the following result of H.Hiller ([Hi]):

Theorem 3.1. Let T' be a Bieberbach group and My = T\R". If K is a field such
that the characteristic of K does not divide |F|, then the cohomology ring of Mr
with coefficients in K is given by

H*(Mp,K) =~ (\ (A® K))F.

Let I be a 4-dimensional Bieberbach group with holonomy group F. It is not
hard to see that in order for M = I'\R* to be Kéhler, it is necessary and sufficient
that F' commutes with a complex structure J on R*. Using the classification of
compact flat manifolds of dimension 4 in [BBN'WZ]| we see that those groups I';
with non trivial holonomy group which have such property have cyclic holonomy
groups F of order 2,3,4 or 6, and have the form T'; = (v;, A;), with v; = o;Ly,,
1 < i <7 as follows:

1 1 1
1 1 e
F~7y: o01= 1 , 02 = 1 , bi=ba=F
I —1 -1
M1 ] 1 0 O 1
. 1 o 10 1 .
F~74: o03= 0 -1 |- o4 = 00 0 -1 |° b3—b4—4
I 10| 001 0
1 0 0 0 1 0 0 0
01 0 0 _ |0 1 -1 0 e
Felsios=19 ¢ 1 1| |00 -1 -1 »=b=53
(00 1 0] 0 0 0
(1
1 o
F"“ZG g7 = 0 1 s b7:F.
i 11

We note that in the case of the torus T#, the cohomology ring is an exterior
algebra generated by elements of order 1, and the Poincaré polynomial is p(t) =
(t+ 1)%. For general flat Kéhler 4-manifolds we have:

Theorem 3.2. If Mt is a 4-dimensional Kdhler flat manifold which is not a torus,
the cohomology ring is an exterior algebra in {e1,e2,m,n2} where the e; (i =1,2)
have degree 1 and the n; (j = 1,2) have degree 2. Furthermore, in all cases one
has Bo = PB4 = 1, f1 = P2 = B3 = 2 and the Poincaré polynomial is given by
p(t)=F+1)(t+1)%, 1<i<T.
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COHOMOLOGY RING OF FLAT MANIFOLDS 137

Proof. To determine the real cohomology rings of the Kéhler flat manifolds of
dimension 4, we need to compute the F-invariants in each degree, for each Bieber-
bach group I'; in the family considered above.

We shall carry out this computation only in the case of the group I'g. The other
cases are similar and their verification will be left to the reader.

It is easy to see that in degree 1, the fixed space is spanned by the elements
€1,€2.
Assume now that n = Zl<i<j<4 ajje; A e; satisfies ogn = 1. Now

oen = aj2e1 N\ eg + ajzer A (—62 —e3 + 64) + ayge1 A (—63) +
a923€2 A (763 + 64) —+ a24€2 A (763) + a34(762 —+ 64) A (763).
NOW, g =1 implies ajp = a12 — a13 and a1z = —a13 — a4, thus a13 = A14 = 0.
Also, it follows that ass = —ao3 — as4 + a4 and aoy = ass, thus 3ass = asy, hence

the og-fixed space in degree 2 is spanned by the invariant 2-forms e; A es and
ea Nes+ex Aeg+ 3es Aeg = (ea + 3es) A (e3 + eq), as asserted.

We now turn into degree 3. Let
n=uaey Neag ANeg+beg Nes Aeg+cey ANes Aeg+dea Nes ey
with a,b,c,d € R. Now
ogn=(—a—b+cleg Nea ANeg+aey ANea Aeg+cer ANeg ANeg+ des Aeg Aey.

Thus ogn = 7 implies a = b, ¢ = 3a. Thus we get that the space of F-
invariants in degree 3 is generated by the 3-forms e A ez Aey (a =1,d =0) and
e1 ANea A(es+eq)+3e1 Aes A(es+eq) = e; Ang. This completes the verification
for T's.

In the remaining cases the invariants are computed similarly. We now give a
table that lists the F-invariants in each degree, for each group.

Degree 1 2 3 4
Fiss7 e e1 N ez e1Nes ey e
€2 es N\ ey ex Nes N\ey
I's el e1 N\ e e1 NesAey e
e es N\ (—61 + 264) es Nes A (—61 =+ 264)

Ty e1 e1 A e e1 Ana e
(D) (61 + es —263)/\(—63+64) =M e2 N\ N4

s e e1 N\ ez ea ANes ey e
€2 (e2 +3e3) A (es + ea) := 16 e1r \ e

Here e = e; Aeg Aeg A ey.
The assertions on the Betti numbers and on the structure of the ring follow
immediately from the information in the table, thus the theorem follows. O
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138 1.G. DOTTI AND R.J. MIATELLO

4. The cohomology ring of hyperkahler flat 8-manifolds.

By doubling the 4-dimensional Bieberbach groups listed in the previous section
we obtain a family of 8-dimensional hyperkéhler flat manifolds. In [Wh] L. Whitt
gives a full classification of such manifolds, showing there are 12 diffeomorphism
classes. This classificaton shows in particular, that the holonomy representations of
all such manifolds are obtained by doubling the holonomies of Kahler 4-manifolds.
The goal of this section will be to determine the cohomology ring of this family.
We first need to recall Whitt’s classification. For simplicity of notation we shall

10 0 —1 0 1
SR AR E I LR
0

1

o (1) -2 AL e [1 0]

Furthermore, let E;; be the 2 x 2 matrix with 1 in the (4, j) place and 0 otherwise.

set

According to [Wh], Theorem 4.3, the holonomy group of T" is cyclic with generator
given by o9 = I, or by one of the following:

=} 0 I, | OL I, | OF
F~75:01= 4 :|, g2 = 0L , 03 = 0X s

L0 —h 0 | —L 0 | —IL
[ I, | L Exn
oa=| | LEn |,
L 0 -1y
_ I+ | 0 L Is+ | L FEqio
L 0 L L o0
F~74:05= J , O = , O7 = B
J J J
- J J
I L Is | L FEoo
0 L L 0 L
F~7s: 08 = , 09 = , 010 = N )
N N N
N N

Wetakeblzbgzb3:b4:e—1 b5:b6:b7:%7b8:b9:b10:%and
b11 = %.

The next theorem gives the cohomology rings over R of the hyperkéhler mani-
folds T;\R®, where I'; = (v;, A;) with v; = 0;Ls,,1 <i < 11, and T'; is one of the
8-dimensional Bieberbach groups listed above.

Theorem 4.1. Let Mr be an 8-dimensional hyperkdhler manifold that is not a
torus, where I' = T';, 1 < 4 < 11, 4s one of the Bieberbach groups given above.
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COHOMOLOGY RING OF FLAT MANIFOLDS 139

Then the cohomology ring is an exterior algebra with generators e;,n; given as
follows:

If 1<i<4:{e;:1<i<4,dege;=1,n;: 1<j<6; degn; =2}
If 5<i<1l:{e;:1<i<4, dege;=1,1n;:1<j<4;degn; =2}.

The Poincaré polynomials of Mr, are respectively given by

() = (t+ 1D+ 612 +1), for 1 <i<A4,
POZ0 (+ 14 + 442 4+ 1), for 5 <i < 11.

Proof. In this case we will not proceed as in Theorem 3.1, but, instead, we will
diagonalize the induced holonomy action of F on C8.

In the case when I' = I'y, clearly the F-invariants are an exterior algebra gen-
erated by the elements of the form e;,1 <i <4 and e; Ae; with 5 <7 < j <8 If
I' = T3, the answer is the same, with the same generators of degree 1; as elements
of degree two we have to take f; A fj, 5 <9 < j <8, where f; =e¢; for j =5,7
and fg = eg + %el, fs =es + %63. The cases of I'3 and I'y are identical to that of
[s.

In the next case, when F' ~ Z,, the holonomy action can be diagonalized over
C in a suitable basis so that of; = f; for 1 < j < 4, and of; = if; (resp. —ifj),
for i = 5,7 (resp. for i = 6,8). Thus the algebra of complex F-invariants is an
exterior algebra with generators f;, 1 < j < 4, and exterior products of the form
fi N fj where i =5,7, j = 6,8. Furthermore we have that fs = fs and fs = fr.

We now determine the real F-invariants in degree two. We have, over C, that
the generators are f5 A fs, fr A fr, fs A fr and fr A fs.

If we set fs5 = g5 +ihs, f7 = g7+ ihy, with g5, g7, hs, h7 real forms, we see that

fs A fs = —2igs A hs,
fr A fr= —2ig7 A\ hr,
fs N fr= (95 Ngr+hs Nhr) +i(hs A gr — g5 A hr),
frANfs = —(g5 AN gr+hs Ahz)+i(hs Agr —gs A hy)

Thus, we get that the real cohomology of Mr, in degree two is spanned by
g5 A\ hsy g7 AN e, gs A gr +hs Ahz and hs A g7 — g5 A by

Similarly, if F' ~ Zs3, the holonomy action can be diagonalized over C in a basis
fj, such that of; = f; for 1 < j < 4, and of; = wf; (resp. wf;), for i = 5,7
(resp. for i = 6,8). Here w is a primitive root of 1 of order 3. Furthermore, again
Jfe = f5 and fs = f7.

Thus, in this case, the algebra of F-invariants is an exterior algebra with gen-
erators f;, 1 < j <4, and exterior products of degree two f; A f; where ¢ = 5,7,
J = 6,8. The real invariants are obtained in the same way as in the case F' ~ Z4.

The situation when F' ~ Zg is entirely similar except that we must take w to
be a primitive root of 1 of order 6.
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140 1.G. DOTTI AND R.J. MIATELLO

Using the above information we see that the Betti numbers of the manifolds
Mr,, 1 <i <4, are as follows:

2
fr =4, 52=<;L)+(;l>=12, B3 = 28, ﬁ42(3> +2 =38,

whereas, for 5 <i < 11:

4 4 4
Bi=4, Bo= <2> - (1> =10, B3=4+4*=20, B1=2+ (2>4:26.
As a verification, we note that in both cases we have that Zfzo(fl)i,()’i =0 (as it
should).

One finally easily checks that the corresponding Poincaré polynomials are re-
spectively given by (t+1)*(t* + 6t +1) and (¢t + 1)*(t* + 6t> + 1), as asserted. O

Remark 4.2. (i) In the case when Mr is the torus 7%, we have I' = Z®, and the
cohomology ring is just the exterior algebra A" R"; we have 3; = (’:) for0 <i<8.
(ii) We note that all Poincaré polynomials are divisible by (¢ + 1)%, a fact valid
for all hyperkédhler manifolds ([Sa]). This fails to be true in the quaternionic
Kahler case (see Example 5.2).
In [Sa] Salamon obtains a general identity for the Betti numbers of a 4m-
dimensional hyperkéahler manifold. This identity reads, for n = 4,8,12:

A1+ B2 =22 (n=4) (1)
2501 + B3 + B4 =46 + 1032 (n = 8) (2)
4801 + 1685 + f5 = 70+ 3085 + 681 (n = 12) (3)

In the next section, we shall give examples showing these identities need not hold
in the quaternionic Kahler case.

5. QUATERNIONIC KAHLER MANIFOLDS

The purpose of this section is to compute the cohomology ring of some quater-
nionic Kéahler flat manifolds which are not hyperkahler. These examples will reveal
several new features.

Example 5.1. We first look at a simple 4-dimensional manifold with holonomy
group Zs.

Let I' = (ELe, A) where E = I
2 —42

that I is essentially the double of the Klein bottle group.
Consider the two anticommuting complex structures in R* given by

seP ) o[ 3]

It is easy to verify that EJ; = J1E, EJ; = —JoF, thus it follows that Mr is
quaternionic Kahler.

I . . .
2 and A is the canonical lattice. Note

Rev. Un. Mat. Argentina, Vol 46-2



COHOMOLOGY RING OF FLAT MANIFOLDS 141

Relative to the Betti numbers we have fy = 84 =1, 61 = B3 = 2, B2 = 2, since
the F-fixed vectors in degree 2 are e; Aeg, e3 Aey. Again, the algebra of invariants
is an exterior algebra with generators of degree one and two: e, eq, e3 A ey.

Thus we see that 4081 + 82 = 10 # 22, so Salamon’s identity (1) does not always
hold in the 4-dimensional quaternionic Kéahler case.

Furthermore the Poincaré polynomial is

p(t) =1+2t + 262 +2t3 +t* = (t + 1)2(t* +1).
Thus we see that p(t) is not divisible by (¢ + 1)%, but only by (¢ + 1)2. Note that
this should be the case, since Mt is Kéhler (the complex structure J; descends).

Note also that the torus 7% is a hyperkihler covering of Mr. It has Poincaré
polynomial (¢ + 1)%.

Example 5.2. We now look at the cohomology ring for a quaternionic Kéhler
8-manifold with holonomy group Z4 x Zs. Let I' = <AL%2,CL%1,A> where A is
the canonical lattice and

I, I

C= J A=
J

I
.y
Iy

Consider the two anticommuting complex structures on R® given by

J 0 L, 0 0
g S O

Ji= J =10 g 0 ol (5)
_J 0 0 L 0

Recall that as usual, J = {(1) 01}

Here, note that C' commutes with both J;, J, and A commutes with J; and
anticommutes with J5. Thus Mr is a quaternion Kéhler manifold. It is also Kéhler
since J; descends.

It is easy to see that, in degree 1, the F-invariants are generated by e, es and
in degree 2, by e1 A ea, ez A ey, €5 Aeg, e7 Aeg. Thus f1 =2, B, = 4.

In degrees 3 and 4 we find that

3
/\ (R®)F = span{e; Aes Aey, ea Aes Aey, e1 Aes Aeg, ea Aes A eg,
61/\67/\68, 62/\67/\687 63/\65/\67, 63/\65/\68,
eqg Nes ANer, eq N\ eg N\ 68}.

/\4(R8)F =span{e; Aea Aes Aeq, e1 Aea Aes Aeg, €1 Aea Aer Aes,
epr NesNes Ner,er Nes NegNeg, el Neg N\eg/esg,
ep Neg Nes Ney, es Neg Ner Neg, es Neqg N\ ey N esg,
es Neg Nes Neg, ea Ne3 Neg ANeg, ea Neg Nes N er,

62/\63/\65/\67,62/\64/\66/\68}.
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142 1.G. DOTTI AND R.J. MIATELLO

The Poincaré polynomial is given by:
p(t) = 142t +42 1063 4148+ 1065 44154207 445 = (£4-1)% (15 +-3t +-413 4312 4-1).

We see that this cannot be the polynomial of a hyperkahler manifold, since the
odd Betti numbers are not a multiple of 4 and p(t) is not divisible by (¢ + 1)*.
Note also that Salamon’s identity (2) is not satisfied. Indeed

2531 + B3+ By =252+ 10+ 14 = 74 £ 46 + 108, = 46 + 10.4 = 86.  (6)

Example 5.3. We now look at a quaternionic square double of the Klein bottle.
As shown in [DM], there are several such manifolds non diffeomorphic to each
other. Since they all have the same holonomy representation it will suffice to
consider only one example of this type. Let I' = (EL%, A”L%z, B”L%, A) where
A is the canonical lattice and

Ey I
By
A// —
) _12
FE4 I

I

E = , B = [14 ] Let
-1

£y

Ji, Jo be the following anticommuting complex structures on R®:

J

Ji = 4 g , ng[o 14] (7)

0 -1 1 0
Here, as usual, J = [1 0 } and Fy = {O _1} .

In this case, each of the elements in the holonomy group, either commutes or
anticommutes with Jp, Jy but neither of these complex structures descends; Mr is
a quaternion Kéahler manifold.

It is easy to see that, in degree 1, the F-invariants are generated by e; and in
degree 2, this space is zero.

In degrees 3 and 4 we find that

/\B(R”)F = span{es A ez Aey, €2 Aes Aeg, ea Aer Aes, ez Aes Aer,

63/\66/\68, 64/\65/\68, 64/\66/\67}.

/\4(R”)F =span{e; Aea AegAey, e1 ANea Aes Aeg, €1 Nea Aer Aeg,
ep1 Nes Nes Ner,er Nes NegNeg,er Neg Nes N es,
epr NegNeg Ner, es Neg Ner Neg,es Neg Ner N\ esg,
es Neg Nes N\eg, ea Neg NegN\eg, ea Neg N\es N ey,

eaNesANegNer, ea Neg ANes Aeg}

The Poincaré polynomial is given by:

p(t) = 1+t + 783+ 14t + 765 +¢7 +48 = (t + D)*(t* — 43 + 612 — 3t +1).
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We see that this cannot be the polynomial of a hyperkahler manifold, since the odd
Betti numbers are odd and they should be a multiple of 4. Actually Mr cannot
even have a Kéhler structure since odd Betti numbers are odd and s = 0.

On the other hand, we observe that the Poincaré polynomial is divisible by
(t+1)* and Salamon’s identity (2) is satisfied. Indeed

2501 + B3 + B4 = 25+ 7+ 14 = 46 = 46 + 1002. (8)

By inspection, we see that in this (non hyperkéhler) case, the algebra of invariants
is not an exterior algebra. The invariants in degree 1 and 3 do not suffice to
generate the invariants in degree 4 unless we include the action of the star operator.

6. Doubling Hantzsche-Wendt groups.

In this section we shall compute the cohomology ring of M = dI'\RS, and
M2 = d’T'\R'? where T is the classical Hantzsche-Wendt Bieberbach group in
dimension 3 (see [Wo]). We shall see that the cohomology ring of M12 is far from
having the structure of an exterior algebra in this case.

-1
Let I' = {AL,,BLy, L., : 1 < i < 3}, where A = -1 B =

1
— — €3 — éirez
1 a=S0=932

-1

It turns out that I‘\]R3 is the only 3-dimensional compact flat manifold with 5; =
0. It is called the Hantzsche-Wendt manifold ([Wo]). The Poincaré polynomial is
given by p(t) = 1+ t* and the holonomy group is Z3. We shall next study the
cohomology ring of Myr and Mgar.

Theorem 6.1. The cohomology ring \* (RG)F of Myr is a graded algebra of
dimension 16 generated by the elements of degree 2 : {n; : 1 < i < 3} and of
degree 3: {0; : 1 < j < 8} subject to the relations n? = n;6; = 6;.0; = 0.

The Poincaré polynomial of Mgr is given by

p(t) =1+ 3t2 + 82 + 3t* + 5 = (1 +)2(¢t* — 2t + 6t2 — 2t 4 1).

Proof. The generators of the holonomy group F of dI" are

-1 1
-1 —1

1 1 !/ _ —1
A= -1 B = 1
—1 -1
1 —1

The holonomy action on the exterior algebra diagonalizes in the canonical basis
with eigenvalues 41. Clearly there are no vectors fixed by both A’, B’. Thus
B1(Mgr) = 0. On the other hand, the fixed vectors in degree d > 1 are:

N’ (ROF = span{ey A es, e A eg, €1 A ey}, thus Gy = 3.

A’ (RO)F = span{e; Aej A ey, : exactly one of 7,7, k is 1 or 4 and one is 3 or 6}.
That is:
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/\S(RG)F = span{e; Aeg Aeg, e1 Aes Aes, e1 Aeg Aeg, e1 Aeg Aes, eq Aeg A
e, eq Neg Nes, eq Neg/N\ea, g4\ eg\ 65}. Hence (33 = 8.

/\4(R6)F = /\Q(Rﬁ)F A /\2(R6)F = span{ea A es Aeg Aeg,ea Aes Aer ey, ez A
es Ney Aeg}. Thus By = 3.
AN ROF =0, A(RO)F =Rey Aea Aes Aes Aes A eg.

The remaining assertions in the theorem follow immediately from the above
description of the F-invariants. O

We now look at the case of d°I’. By Proposition 2.2, Mézzr = d’T\R? is a
12-dimensional hyperkihler manifold with holonomy group F = Z2.

Theorem 6.2. The even cohomology ring \“*(M'?)F is an exterior algebra gen-
erated by ny,. .., ms € \° (R12)F i.e., the R-algebra generated by {n; : 1 < i < 18}
subject to the relations n? = 0,m;n; = n;n:. The full cohomology ring N\* (R is
generated by elements of degree two {n; : 1 < i < 18} and degree 3 {6; : 1 <i <
64}, subject to the relations:
n; =0, mn; =i, 67 =0, ;05 = —0;05, Mbm = Sk

and furthermore ko, may (or may not) be equal to zero. This vanishing can be
explicitly given in terms of k, m (but is complicated).

Proof. The holonomy group is generated by:

li !
S I

Again, we need to compute the F-invariants in A" (R!2). Clearly, we have no fixed
vectors of degree one, hence #; = 0. Now consider the three complementary sets:

S1 = {es,eq,€9,e12} = set of basis vectors fixed by A",
Sy = {e1,eq,e7,e10} = set of basis vectors fixed by B”,
S3 = {ea, e5,¢e8,e11} = basis vectors fixed by neither of A”, B”.

In degree 2, we note that e; A e; is F-invariant if and only if e;, e; lie both in
one of Sy, Sy or S3. Thus A*(R'2)F = span{e; A e; : {ei,e;} C Sk, k=1,2,3}
has dimension 3(;) =18.

Similarly, we see that the fixed vectors in higher degrees can be expressed in
terms of the sets S;:

/\3(R12)F = span{e; Ae; Aey : exactly one of e;, €5, e lies in S7, one in Sy and
one in Sg}. Thus B = (1) = 64.

/\4(R12)F = span{e; A e; A eg A ey, : an even number of the e;, e;, e, ey, lie in
each one of Sy, S5, S55}. Thus, 8, =3 (i) + 3(3)2 =3+108 =111.

/\5(R12)F = span{e; A e; A e Aep Aep i an odd number of the e)s lie in each
one of Sy, Sy, Ss}. Hence 85 = 3(3) ()7 = 3 x 64 = 192.
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A (R12)F = span{e; A ej Neg A ey Aep Aep : an even number of the e]s lie in
cach S;, i = 1,2,3}. Hence s = 6(%) + ()" = 36 + 216 = 252.

Thus, the Poincaré polynomial p(t) is given by:

1+ 18¢% + 64¢3 + 111¢* + 1926 + 252¢5 + 192¢7 + 111¢8 + 64¢° + 18410 + ¢12
= (t4+ 1) (t® — 47 4+ 28° — 28t° 4 10t — 283 4 28% — 4t + 1).

As a verification, note that Salamon’s identity (3) holds:

48.0 +16.64 + 252 = 1024 + 252 = 1276
70 +30.18 +6.111 = 70 4 540 4 666 = 1276.

We now look at the cohomology ring. By the description of the invariants it is
clear that A*(R!2)F gencrates A**(R'2)F for any 0 < k < 6, while it is not hard
to check that AZ* ™ (R12)F can be generated by A?(R'2)F and A*(R'2)F. The
relations in the statement can also be easily verified.

Thus, the cohomology ring is generated as an algebra by /\2 (R*2)F and /\3 (R¥2)F
as claimed. O

Remark 6.3. There is a natural generalization of the previous example. It is
known that for any n odd, there exists a large family of n-dimensional Bieberbach
groups with holonomy group Zg_l, and such that the corresponding flat manifold
Mt is a rational homology sphere, i.e. all Betti numbers except (g, 3, are equal to
zero (see [MRY]). These manifolds generalize the classical 3-dimensional Hantzsche-
Wendt manifold ([Wol) and are called HW -manifolds, for short. The argument
in the proof of Theorem 6.1 can be adapted to any odd dimension n and gives a
similar result on the cohomology ring of Myzr, for any HW-group I

Indeed, for any n odd, one shows that the cohomology ring of any HW -manifold
A (R4 is generated by A?(R4")F. Actually, it is an exterior algebra generated
by {n; : 1 <i < 6n}, subject to the relations n? =0, nin; = n;n:, @ # j.

The full cohomology ring A(R*")¥ is generated by A*(R*™)F and A®(R*")F.
It has generators {n; : 1 < i < 6n} of degree 2, and {6; : 1 < j < 4"} of degree 3.
They satisfy the following relations

n; =0, min; =i, 6; =0, 8;6; = —6;6;, m:; = 8,7

Furthermore, we note that there are more relations, linking n;0; with 7,d,,, for
different i, j, k, m.

The basis {e;}#", is split into n complementary sets Sy, S, ..., Sy, with S; =
{€i,€it3,€ite6, Cito}, and where S; is the fixed set of BY, for i =1,...n.

By arguing as in the case n = 3 we see that

A’ (R*)F = span{e, Ae, : both e,, e, lie in the same set S;}. Hence we obtain
B2 = n(;l) = 6n.

Similarly

A*(R4™)F = spanf{e,, A...Aey, : an even number of er,;’s lie in each S;} for
each 1.
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A THR™F = span{e,, A ... Aery,,, : an odd number of e;,’s lie in each S;}
for each .

We note that this implies in particular that 5; = 0, for ¢ odd, i < n.

Let us illustrate the previous discussion by computing the cohomology for n = 5.

Clearly we have By =1, #; = 0. Furthermore

/\Q(RZO)F ~ span{e, A es : both e,,es lie in one of the S; 1 < i < 5}. Thus
Ba =5(3) = 30.

A (R2)F ~ span{e,, A ey, A ey, such that each S; (1 < i < 5) contains one of
the e, }. That is, 33 = 0.

Similarly:

2

5a=5() + () (2)° = 365

Bs = (4)” = 1024,

B =20(1)(3) + () (2)° = 2280,

ﬂ7_ )G )() _20><256=51207

=@ )2( ) +5(5° () + ) (4)'= = 10+ 5 x 216 + 30 x 216 = 7570,

() ()" (1) = 10240,

510 = )35 O+ OO G + (D)7 =10 x 18420 x 216436 x 216 = 122276.

Therefore, we finally obtain:
p(t) = 1T+20 +30(t2 + 18) + 365(t* + ¢16) + 1024(£5 + ¢15) + 2280(t6 + t14) +
5120(t7 + ¢13) + 7570(t® + t12) + 10240(¢° + ') + 12276¢10.
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