REVISTA DE LA
UNION MATEMATICA ARGENTINA
Volumen 47, Numero 2, 2006, Paginas 77-84

EINSTEIN METRICS ON FLAG MANIFOLDS

EVANDRO C. F. DOS SANTOS* AND CAIO J. C. NEGREIROS**

ABSTRACT. In this survey we describe new invariant Einstein metrics on flag
manifolds. Following closely San Martin-Negreiros’s paper [26] we state re-
sults relating Kéahler, (1,2)-symplectic and Einstein structures on flags. For
the proofs see [11] and [10].

INTRODUCTION

We recall that a Riemannian metric g on a manifold M is called Einstein if
Ric(g) = cg for some constant c. As we know Einstein metrics form a special class
of metrics on a given manifold (see [4]). In this note we announce properties of
these metrics and new examples of Einstein metrics on flag manifolds as described
in [11] and [10].

With this purpose in mind, we consider g as being a complex semi-simple Lie
algebra and 3 a simple root system for g. If © is an arbitrary subset of X, (©)
denotes the roots spanned by ©. We have

9=0® ) 8@ D ga® Y, 8O >, g (1)
ae(O) a€(O) Bellt—(O) Bellt—(O)

where §j is a Cartan subalgebra of g and g,, is the root space associated to the root
a. Let

Poi=h®& > 8@ Y ga® Y s (2)
ae(O) ace(®

) BeIt —(O)
the canonical parabolic subalgebra determined by ©. Hence

g=pe® Y.  gp (3)
Bellt—(O)

Fo = G/P is called a flag manifold, where G has the Lie algebra g and P is
the normalizer of p in G. Each manifold Fg has a very rich complex geometry,
containing families of invariant Hermitian structures denoted by (Fg, J, ds3).

The case F = Fg for © = (), i.e., the full flag manifold is nowadays well under-
stood. Starting with the work of Borel (cf. [7]), the classification of all invariant
Hermitian structures is known and it was derived in [26].
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On the other hand, the case Fg for © # () is much less known so far. Some
partial results are derived in [27] and [28].

We now describe the contents of this survey. In the first two sections we discuss
all the invariant Hermitian structures on Fg and the associated Einstein system of
equations. In Section 3 we present new invariant Einstein metrics on generalized
flag manifolds of type A;.We suggest Besse’s book [4] as a reference for Einstein
manifolds.

In Section 4 we state the classification of all invariant Einstein metrics on F(4)
and state some partial results relating Kahler, (1,2)-symplectic and Einstein struc-
tures on F(n).

For a very stimulating article see [1].

All manifolds and maps between them will be assumed to be C*° in this survey.

We would like to thank to FAEP-UNICAMP and FAPESP (grant 02/10246-2)
for the financial support.

1. GENERAL RESULTS ON THE INVARIANT HERMITIAN GEOMETRY OF FLAG
MANIFOLDS

We denote by (-, -) the Cartan-Killing form of g, and we fix a Weyl basis { X4 }aen
for g. We define the compact real form of g, as the real subalgebra

u = spang{ibhr, Ay, 1S, : a € I},
where A, = Xoo — X_o and S = X + X 4.
Let zo be the origin of Fg. T, ,Fe is identified with
T:oFo =~ me =spang{A,,iS, :a ¢ (©)} =

= )
a€ell\(©)=Ile
where 1, = (ga ® g—o) Nu = spang{A,,iS,}. Complexifying mg we obtain
TS, Fe, which can be identified with

= Y g (4)

BEI\(©)

A U-invariant almost complex structure J on Fg, is completely determined by
a collection of numbers ¢, = £1, o € Ilg.

A U-invariant Riemannian metric ds3 on Fg is completely characterized by the
following inner product (-, ) on mg

<Xa Y>A = _<AX7 Y>a (5)

where A : mg — mg is definite-positive with respect to the Cartan-Killing form.
On each irreducible component of mg, A = A\,id with A\_, = A, > 0.

Consider 7 = the conjugation of g relatively to u. Hence, ((X,Y))a = (X, 7Y )a
is a Hermitian form on g, that originates a U-invariant Hermitian form on Fg.

If Q@ = QA denotes the corresponding Kéhler form then

U Xa, Xp) = —V—1ae5(Xa, X5). (6)
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We recall that a almost-Hermitian manifold is said (1, 2)-symplectic if dQ(X,Y, Z) =
0 when one of the vectors X, Y, Z is of type (1,0), and the other two are of type
(0,1). If J is integrable and d) = 0, we say (Feg, J,ds3) is a Kihler manifold.

2. Riccl TENSOR AND THE EINSTEIN SYSTEM OF EQUATIONS
We now consider {e,} a B-orthogonal basis adapted to a decomposition of

1
m = @ myg. In other words, e, € m; for some ¢ € {1,---,l},and a < fif i < j
k=1
with e, € m;, eg € m;. Define, as in [29],

A::Yz,B = ([60”65],67), (7)

Zer=[ .t ©

where in the second equation we take all indices «, (3, with e, € m;,eg €

that is,

mj, e, € my. Notice that ikj ] is independent of orthonormal frame chosen
for m;, m;, my and [eq, e5] =3, A5 ey
k _ k - j
TG d i |k i
Furthermore, if w is an element of Weyl’s group then
w(v) gl
= 9
oo | = [ W
The following result is due to Wang-Ziller [29] (see also [2]):

LEMMA 2.1. The components ry of the Ricci tensor of an U-invariant metric
on M =U/K are given by:
l

l
1 1 Ak k 1 i j
- > | T , k=11
"k 2k * 4dy, < A [ 2 :| 2dy, Z i\ |: k4 ( s ) )a
i,j=1 J = J

l
where m= @ my, di = dimmy.
k=1

More generally, Arvanitoyeorgos proved in [3] the following result
PROPOSITION 2.2. The Ricci tensor of an invariant metric (Ay) = {Aa >
0, a € Iy} on a flag manifold Fg is given by
Ric(Xq, X3) =0, if a,f0elly, a+p ¢y

1 m2 5(A2 = Nags — A3)?)
Ric(X,, X_o) = 2ot S
ic(Xa, X—a) (@) + Z Mo T 7 Z Aat8A3
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We have the following non-homogeneous version of this equation

1 A% = ik = Aji)?
)\ij _ 2+ - Z 1] ( ? J )
2 ~ Aij Ajke
ki, j 17
With each solution we associate the Einstein constant, which is defined as the
value of the Ricci tensor r;; when A is re-normalized to have unit volume.

3. NEw EINSTEIN METRICS

Using the Einstein system of equations described above, we describe now the
known and new Einstein metrics on F(n) as in [11] and [10].

a) The normal metric. We notice this metric is not Kéhler.

b) Kéahler-Einstein metrics

On the flag manifold F(n) (n > 3), up to permutation there is a unique inte-
grable structure J, and associated with it a unique (up to scaling) Kéhler-Einstein
metric (which corresponds to the choice ¢ = § = % > 3 [ according to Matsushima
[19] or [4]):

0

1 1
2n n 2n
1 1 .
w0 o
1 1 1
A=| wn m O n
n-1 110
2n . n 2n

Thus, counting in the symmetry of this metric, we have %‘ Kaéhler-Einstein
metrics on F(n).

¢) The Arvanitoyeorgos metrics

Arvanitoyeorgos ([3]) considers for all s € [1,n] metrics in F(n) (n > 4) satisfy-
ing

Xij =A (sed{ij}), Aij = B otherwise

The Einstein system is reduced to the equations in A, B whose solution is
A=n—1and B = n+ 1. Counting permutations, we get n Arvanitoyeorgos
metrics whose Einstein constant is seen to be

(n* —n+2)¢/(n—1)2(n+1)"2
CAro. = dn(n —1)2 '
d) The Sakane-Senda metrics
Sakane and Senda in [25] consider metrics in F(2m) (m > 3) satisfying
Xij=A (i,j<mori,j>m), Aij = B otherwise
Again, the the Einstein system is reduced to two equations in A, B whose
solution is A =m + 2 and B = 3m — 2.
e) A new family
If m > 6 we find another solution in F(2m), for A =m + 5 and B = 3m — 5.
f) Two new families

Rev. Un. Mat. Argentina, Vol 47-2



EINSTEIN METRICS ON FLAG MANIFOLDS 81

On F(2m + 1) (m > 6) we consider
Xij=A (i,j<m+1lorij>m+1), Aij = B otherwise
There are two families as solution of the Einstein system. The Einstein con-
stants for these two families are, respectively,
_ an/ n+3 £ Y/ (n—5)(n—13
= (% + ﬁ(("T“) i%/2(2—21)2—4n+16)2) \/( . \/(4 : ))nil'
g) A new metric
Still assuming the same pattern, with m = 2, we find on F(5) the invariant
Einstein metric with A = 1 and B = 2. The Einstein constant of this metric is

114
40 -

We define the class ENK = {ds3; ds} is a Einstein non-Kéhler metric in a) or

c)ord)ore)orf)org). }.

A complete classification of the Einstein metrics for F(n) (n # 3, 4) is completely
unknown. It is not even know if the number of such metrics is finite (the Bohn-
Wang-Ziller conjecture).

In [11] and [10] we use the procedure described above in order to obtain new Ein-
stein metrics on non-maximal A;-type manifolds. Our notation will be F(n;ny, ..., ng)
where (nq,...,n,) represents block-matrices of size n = Zle n;. All the entries
in each block are equal, so that the metric is completely expressed by a reduced k
x k matrix, which we denote by A

THEOREM 3.1. a) On F(5;2,1,1,1). The set of restrictions A2 = Mz =
A1a and Aoz = Xog = A3y, produce two invariant non-Kdhler FEinstein. On the
other hand the restrictions A1 = A3 = Ao3 = Aog and A4 = X34 do not produce
any solution.

b) On F(n;k,q,q, -+ ,q) = %, ie. n=k+sq(q(Vs?—4+2—-35)<
2k,) we look for a (s 4 1) x (s + 1) reduced matrix A with

):j =A(1e{ij}), B otherwise

In this way we can produce two non-Kéhler Einstein metrics.

c) On F(n; k,k,--- ,k) with n = sk the invariant metric represented by the s
x s matrix A is Einstein if, and only if, the same matrix represents an Einstein
metric on F(s).

4. RESULTS ON THE CLASSIFICATION OF EINSTEIN METRICS ON F(n)

Gray and Hervella in [13] gave a complete classification of triples (M, g, J) into
sixteen classes for arbitrary almost Hermitian manifolds. San Martin-Negreiros
discussed in [26] the case where M is a maximal flag manifold. They have proved
that the invariant almost Hermitian structures on maximal flag manifolds can be
divided only in three classes, namely

(a) Wy @ Wo

(b) W1 @ W5

(c) W1 @ Wy @ Ws,where the class Wi @ Wa @ W3 contains any invariant almost
Hermitian structures.
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In [26] it is proved that an invariant pair (J,A) € W @ Ws if and only if for all
{1, 2}-triple of roots {«, 5,7}

€adra + €823 + 4Ny = 0. (11)

The next lemma characterizes the Hermitian structures belonging to W7 & Wy
(see [26]) for more details.

LEMMA 4.1. A necessary and sufficient condition for an invariant pair (J,A)
to be in Wi @ Wa = W1 @ W3 & Wy is Ao = Ag = Ay V {0, 3}-triple {e, 3,7}

In [11] or [10] the following result is proved:
THEOREM 4.2. Ifds3 € ENK forn > 4, then this metric belongs to Wy @ Wi.

This result leads us to conjecture that any invariant Einstein non-Ké&hler metric
on F(n) is in W7 @ W3. One result supporting this conjecture is

THEOREM 4.3. The space F(4) admits (up to scaling) precisely 3 classes of in-
variant Einstein metrics: The Kdhler-Einstein [7], the 4 Arvanitoyeorgos’s class [3],
and the class of the normal metric [30].
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