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EXPONENTIAL FAMILIES OF MINIMALLY
NON-COORDINATED GRAPHS

FRANCISCO SOULIGNAC* AND GABRIEL SUEIRO

ABSTRACT. A graph G is coordinated if, for every induced subgraph H of
G, the minimum number of colors that can be assigned to the cliques of H
in such a way that no two cliques with non-empty intersection receive the
same color is equal to the maximum number of cliques of H with a common
vertex. In a previous work, coordinated graphs were characterized by minimal
forbidden induced subgraphs within some classes of graphs. In this note,
we present families of minimally non-coordinated graphs whose cardinality
grows exponentially on the number of vertices and edges. Furthermore, we
describe some ideas to generate similar families. Based on these results, it
seems difficult to find a general characterization of coordinated graphs by
minimal forbidden induced subgraphs.

1. INTRODUCTION

Let G be a graph, with vertex set V(G) and edge set E(G). Denote by G the
complement of G. Given two graphs G and G’ we say that G contains G' if G’ is
isomorphic to an induced subgraph of G. If X C V(G), we denote by G \ X the
subgraph of G induced by V(G) \ X.

A complete set or just a complete of G is a subset of vertices pairwise adjacent.
A clique is a complete set not properly contained in any other. We may also use
the term clique to refer to the corresponding complete subgraph. Let X and Y be
two sets of vertices of G. We say that X is complete to Y if every vertex in X is
adjacent to every vertex in Y, and that X is anticomplete to Y if no vertex of X
is adjacent to a vertex of Y. A complete of three vertices is called a triangle.

The neighborhood of a vertex v is the set N(v) consisting of all the vertices which
are adjacent to v. The closed neighborhood of v is N[v] = N(v) U {v}. A vertex
of G is simplicial if N(v) is a complete. Equivalently, a vertex is simplicial if it
belongs to only one clique.

*Partially supported by UBACyT Grant X184, Argentina and CNPq under PROSUL project
Proc. 490333/2004-4, Brazil.
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Given a graph G, we will denote by Q(G) the set of cliques of G. Also, for every
v € V(G), we will denote by Q(v) the set of cliques containing v. Finally, define

m(v) = [Q(v)].

The chromatic number of a graph G is the smallest number of colors that can be
assigned to the vertices of G in such a way that no two adjacent vertices receive
the same color, and is denoted by x(G). An obvious lower bound is the maximum
cardinality of the cliques of G, the clique number of G, denoted by w(G).

A graph G is perfect if x(H) = w(H) for every induced subgraph H of G. Perfect
graphs were defined by Berge in 1960 [1] and are interesting from an algorithmic
point of view: while determining the chromatic number and the clique number of
a graph are NP-hard problems, they are solvable in polynomial time for perfect

graphs [3].

A hole is a chordless cycle of length at least 4. An antihole is the complement of a
hole. A hole or antihole is said to be odd if it consists of an odd number of vertices.

Given a graph G, the cligue graph K(G) of G is the intersection graph of the
cliques of G. A K-coloring of a graph G is an assignment of colors to the cliques
of G such that no two cliques with non-empty intersection receive the same color
(equivalently, a K-coloring is a coloring of K(G)). A Helly K-complete of a graph
G is a collection of cliques of G with common intersection. A Helly K-clique is a
maximal Helly K-complete. The K-chromatic number and Helly K-clique number
of G, denoted by F(G) and M(G), are the sizes of a minimum K-coloring and a
maximum Helly K-clique of G, respectively. It is easy to see by definition that
F(G) = x(K(G)) and that M (G) = maz,cveym(v). Also, F(G) > M(G) for any
graph G. A graph G is coordinated if F(H) = M(H) for every induced subgraph
H of G. Coordinated graphs were defined and studied in [3]. There are three main
open problems concerning this class of graphs:
(i) find all minimal forbidden induced subgraphs for the class of coordinated
graphs,
(ii) determine the computational complexity of finding the parameters M and F
for coordinated graphs and/or some of their subclasses, and
(iii) is there a polynomial time recognition algorithm for the class of coordinated
graphs?
Recently, in [2] and [4], questions (i) and (ii) were answered partially. For question
(iii), it is shown in [9] that the problem is NP-hard and it is NP-complete even
when restricted to a subclass of graphs with M = 3. In this note, we answer a
question related to these problems, which is: how many minimally non-coordinated
graphs with n vertices and M = 3 are there? In particular, we show (algorithmic)
operations for generating a family G; of minimally non-coordinated graphs, of size
2% such that every graph of the family has 16k + 9 vertices and 24k + 14 edges,
for every k. It is not difficult to see that the operations we give are not enough for
generating every minimally non-coordinated graph with M = 3, so the question of
how to generate every minimally non-coordinated graph is still open.
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2. GENERATING NON-COORDINATED GRAPHS

It has been proved recently that perfect graphs can be characterized by two families
of minimal forbidden induced subgraphs [7] and recognized in polynomial time [6].

Theorem 1 (Strong Perfect Graph Theorem [7]). Let G be a graph. Then the
following are equivalent:

(i) no induced subgraph of G is an odd hole or an odd antihole.
(ii) G is perfect.

%rdinated graphs are a subclass of perfect graphsL]. Moreover, C7, Cs, Cq,
2P, are minimally non-coordinated [3, 5]. Therefore, C is not coordinated for all
kE>T1.

In [2, 4] and manuscript [5], partial characterizations of coordinated graphs by min-
imal forbidden induced subgraphs were found. In these partial characterizations,
the families of minimal forbidden induced subgraphs with & vertices have O(1) size
for every k. Another partial characterization which is not difficult to prove (see [9]
for a sharper result) is the following.

Theorem 2. Let G be a graph such that M(G) < 2. Then the following are
equivalent:

(i) G is perfect.

(ii) G does not contain odd holes.

(iii) G is coordinated.

Corollary 3. Let G be a graph with M(G) < 3. Then G is coordinated if and only
if G does not contain odd holes and F(G) < 3.

The aim of this note is to show, for every k, a family of minimally non-coordinated
graph of size 2¥ such that every graph has 16k + 9 vertices and 24k + 14 edges. In
order to define our families, we are going to use exchanger and preserver graphs
which were defined in [9].

A graph G exchanges colors between two different vertices vy, ve, or simply G is

an exchanger between vy, ve, if G satisfies the following conditions:
i) No induced subgraph of G is an odd hole.

(ii) F(G) = M(G) = 3.

(iil) m(vy) = m(ve) = 2.

(iv) Every induced path between vy, ve has odd length.

(v) In any 3-K-coloring of G the cliques of Q(v;) U Q(vz) are colored with the
three colors.

Vertices v; and wvs are called connectors. Call redundant to every simplicial vertex
z € V(Q) such that K(G\{z}) = K(G). We say that an exchanger G is a minimal
exchanger if and only if G\ {z} does not satisfy condition (v) for every non-
redundant vertex z (although this is not the standard way to define minimality,
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this minimality is useful for “joining” G with other graphs, because redundant
vertices of G may be needed so that the cliques of G are also cliques of the joined
graph). Please note that conditions (i) and (iv) are hereditary and that if G satisfies
(i) and (ii) but G \ {z} does not satisfy (ii) then, by Theorem 2, G \ {z} does not
satisfy (v).

A graph G preserves colors between a set of distinct vertices {vy, ..., v}, or simply
G is a preserver between vy, ..., v, if G satisfies the following conditions:

(i) No induced subgraph of G is an odd hole.
(i) F(G) = M(G) <3,
(iii) m(v;) =1 for every i € {1,...,k}.
(iv) Every induced path between v;,v; has odd length for all 1 <7 < j < k.
(v) In any 3-K-coloring of G the cliques of U 1 Q(v;) are colored with only one

color.

Vertices vy, ...,v, are called connectors. We say that a preserver G is a minimal
preserver if and only if G\{z} does not satisfy condition (v) for every non-redundant
vertex z. Please note that conditions (i), (ii) and (iv) are hereditary and that
condition (v) is satisfied only if condition (iii) is also satisfied.

Let G1,G2 be two graphs (V(G1) N V(G2) may be non-empty). The graph G =
G1UG3 has vertex set V(G) = V(G1)UV (G2) and edge set E(G) = E(G1)UE(G3).

We say that graphs G1, Ga, . .., Gy, are compatible when {Q(G1), Q(G2), ..., Q(Gk)}
is a partition of Q(Uf:1 G;). We call them minimally compatible if they are com-
patible and Ule G; contains no redundant vertices.

Theorem 4. Let GX be an exchanger between v, w and GP be a preserver between
v, w such that GX,GP are compatible and V(GX)NV(GP) = {v,w}. Then G =
GX UGP is non-coordinated. Moreover, if both GX and GP are minimal and
minimally compatible then G is minimally non-coordinated.

Proof. Since {Q(GP), Q(GX)} is a partition of Q(G) and mgx (v) + map(v) =
max (w) + mgp(w) = 3 by definition, then it follows that mg(v) = mg(w) = 3,
ma(u) = max (u) for every u € V(GX) \ {v,w} and mg(u) = mgp(u) for every
u € V(GP) \ {v,w}. Consequently, M(G) = 3.

Suppose, contrary to our claim, that G is coordinated. Then, there exists a 3-K-
coloring ¢ of G. Since the cliques of GX are also cliques of GG, then the K-coloring
cgx obtained by restricting the domain of ¢¢ to the cliques of GX is a 3-K-coloring
of GX. Analogously, define cgp which is a 3-K-coloring of GP. Since GX is an
exchanger then there exist cliques Q1, @2, @3 such that cqx (Q;) =i fori € {1,2,3}
where, w.l.o.g., v € Q1 N Q2 and w € Q3. Also, since GP is a preserver, there
exist cliques Ry, Ro such that cgp(R1) = cgp(R2) where v € Ry and w € Rs.
Therefore, ¢(Q;) = i for i € {1,2,3} and 1 < ¢(R;) = ¢(R2) < 3 which is a
contradiction because Q1, @2, Q3, R1 and Ry are pairwise different, v € Q1NQ2NR;
and w € @3 N Ry. Consequently, G is a non-coordinated graph.
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From now on, suppose that GP and GX are both minimal and minimally compa-
tible. Let us see that G contains no odd hole. On the contrary, suppose G contains
an odd hole C. Since neither GP nor GX contains odd holes and V(GP) \ {v,w}
is anticomplete to V(GX) \ {v,w}, then it follows that C' can be partitioned into
two paths P;, P> from v to w with disjoint interior and such that P; is an induced
path of GP and P, is an induced path of GX. But this is impossible, because every
induced path between v and w has odd length in both GP and GX, by definition.

Let H be any proper induced subgraph of G; we have to prove that F(H) = M (H).
Since G contains no odd hole then, by Corollary 3, if M(H) < 2 it follows that H
is coordinated. Thus, it suffices to prove that if M (H) = 3 then F(H) = 3 which
is equivalent to prove that F(G \ {u}) < 3 for every vertex u € V(G) (because
F(H) < F(G) for every induced subgraph H of G). We divide the proof into three
cases:

Case 1: u=v (u = w is analogous). If G\ {v} = GX \ {v} then F(G \ {v}) < 3.
Otherwise, let cgx be a 3-K-coloring of GX \ {v} where the cliques of Q(w) are
colored using colors from the set {1, 2}, and let cgp be a 3-K-coloring of GP \ {v}
where the clique to which w belongs has color 3. Since G\ {v} # GX \ {v} and
GP \ {v} is connected it follows that the clique to which w belongs in GP has at
least one more vertex, thus it is still a clique in G\ {v}. Therefore cgp Ucgx is a
valid 3-K-coloring of G \ {v}.

Case 2: u € V(GP) \ {v,w}. Suppose first that u is a redundant vertex of GP,
that is, u is simplicial and K(GP \ {u}) = K(GP). Since K(G\ {u}) # K(G)
(because GP and GX are minimally compatible) and u is simplicial in G, then
it follows that N(u) is a complete but not a clique of G \ {u}. Since Q(G) is
the disjoint union of Q(GP) and Q(GX) and N(u) is a clique of GP, it follows
that N(u) C V(GX) and N(u) is complete in GX. Hence N(u) C {v,w}. Since
map(v) = mgp(w) = mgp(u) = 1 and GP is connected, it follows that GP is a
triangle, consequently G\ {u} = GX and F(G \ {u}) < 3. Now, suppose that u
is not simplicial or K(GP \ {u}) # K(GP). Then, GP \ {u} has a 3-K-coloring
cap where the clique containing v has color 1 and the clique containing w has color
2 (because GP is minimal). Let cgx be a 3-K-coloring of GX where the cliques
containing v have colors 1,2 and the cliques containing w have colors 1,3. Then
cap Ucgx is a valid 3-K-coloring of G \ {u}.

Case 3: u € V(GX) \ {v, w}. By minimality, if u is not redundant then GX \ {u}
has a 3-K-coloring cgx where the cliques of Qg x(v) U Qgx (w) are colored with
at most two colors, say 2,3. Let cgp be a 3-K-coloring of GP where the cliques
containing v and w all have color 1. Then cgp U cgx is a 3-K-coloring of G \ {u}.
If w is redundant then, as before, it follows that N[u] is the clique {u,v,w} in GX
and v,w belong to a clique @ in GP. Let cgx be a 3-K-coloring of GX where
{u,v,w} has color 1 and cgp be a 3-K-coloring of GP where @ has color 1. Then
(cax Ucegp) \ {{u,v,w} — 1} is a 3-K-coloring of G\ {u}. O
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3. THE EXPONENTIAL FAMILIES

In this section we define a recursive operator for constructing exponentially many
non-isomorphic exchangers. Then we use these exchangers and one preserver to
generate the exponential families, as in Section 2. More operators for constructing
exchangers and preservers are shown in the next section.

Let u # v be vertices of a graph G; and w # z be vertices of Go. The graph
G = Join(G1,Ga,uw,vz) has V(G) = V(Gy) UV (Gsy) and E(G) = E(G1) U
E(Gy)U{uw,vz}. In particular, when G is an exchanger between u, v, G is a pre-
server between w, z, and G1 N Ga = 0, we denote Join(G1,G2) = Join(Ga,G1) =
Join(G1,Ga,uw,vz). Figure 2 shows examples of this operation, using graphs in
Figure 1.

GP GP; GX

1

Figure 1. Preservers GP; and GP» and exchanger GX. In every graph
the connectors are v and w.

Join(Join(GX,GPy), GP,) Join(Join(GX,GP,), GPr)

Figure 2. Join(Join(GX,GPy),GP;) and Join(Join(GX,GP2), GPy)
are shown. Both graphs are minimal exchangers with connectors v and
w.

Lemma 5. Let GX be an exchanger between u,v and GP be a preserver between
w, z where w is not adjacent to z. Suppose also that V(GX)NV(GP) = 0. Then
G = Join(GX,GP) exchanges colors between w, z. Moreover, if both GX and GP
are minimal then G is also minimal.
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Proof. Arguments similar to those in Theorem 4 show that G contains no odd
hole and that M(G) = 3. Also, since mgp(w) = mgp(z) =1 and {{u,w},{v,z}}
are cliques, it follows that mg(w) = mg(z) = 2.

Let P be an induced path between w, z. If P is also a path of GP then it must have
odd length. If P is not a path of GX, then there must exists a subpath P’ which
is a path of GX between u,v such that P = wuP'vz. Since P’ has odd length it
follows that P also has odd length.

Suppose for a moment that G is 3-K-colorable and let c¢g be a 3-K-coloring of
G. Let Q1(u), Q2(u) and Q1(v), Q2(v) be the cliques of u and v in GX, respec-
tively, and Q(w) and Q(z) be the cliques of w and z in GP, respectively. Since
9(G) = Q(GX)UQ(GP)U{{u,w},{v, z}}, and this union is disjoint, then it follows
that the coloring cgx obtained by restricting the domain of c¢g to the cliques of
GX is a 3-K-coloring of GX. Analogously, define cgp. Therefore, we may assume
without loss of generality that cq(Q1(u)) = 1, cg(Q2(u)) = 2, ca(Q1(v)) = 1,
ca(Q1(v)) = 3. Then cg({u,w}) = 3, cg({v,2z}) = 2 and by definition of GP,
ce(Q1(w)) = cg(Q1(2)) = 1. Hence in every 3-K-coloring of G the cliques of
Q(w) U Q(z) are colored with the three colors. By using the conditions derived
for cg, it is easy to see that G has at least one 3-K-coloring as supposed, thus

F(G) = M(G) = 3.

From now on, suppose GP and GX are both minimal. Let z € V(GX). If z = u
then w belongs to only one clique of G. Since GP is a preserver, the clique of w
has the same color as one of the cliques of z, therefore, G \ {x} does not satisfy
condition (v). The case x = v is analogous. If # ¢ {u, v} is redundant in V(GX),
then it is also redundant in G. If ¢ {u, v} is a non-redundant vertex of GX then,
by minimality of GX, there exists a K-coloring cgx which contradicts condition
(v) for GX \ {z}. As in Theorem 4, it is easy to combine cgx with a K-coloring
of GP such that the coloring obtained is a K-coloring of G not satisfying condition
(v). Similar arguments can be used to conclude the proof when z € V(GP). O

We are now ready to show the exponential families of minimally non-coordinated
graphs. Let GP; and GP, be the preserver graphs and GX be the exchanger graph
shown in Figure 1. Let Fj, (k > 0) denote the family of minimal exchangers defined

by:
YR ={ox).
Fr1={Join(Join(X,GPy),GPy), Join(Join(X,GP),GPy)} xecr,

Both graphs of F; are shown in Figure 2. It is easy to see that graphs in Fy
are pairwise non-isomorphic and that |F;| = 2¥. Also, by construction, |V (G)| =
|[V(G")| = 16k + 5 and |E(G)| = |E(G’)| = 24k + 7 for every G,G’ € Fj. Finally,
every exchanger in Fj is a minimal exchanger by Lemma 5, and is minimally
compatible with GP; (where connectors of GP; are identified with the connectors
of the exchanger). Now, define G, = {XUGP; } xcr, for every k > 0. By Theorem 4
every graph in Gy, is minimally non-coordinated, that is, Gy is one of the exponential
families.
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Figure 3. Examples of sketches. On the left there is a component
for an exchanger X, in the middle there is a sketch component for a
preserver P between vz, v3, and on the right there is a sketch for X U P.

4. OTHER OPERATIONS

In this section we show other recursive operations for constructing exchangers
and preservers. The motivation is to show how exchangers and preservers can
be “joined” in a recursive manner. The proofs that these operations generate ex-
changers and preservers are left to the reader, and can be done in a similar way as
the one in the previous section. Instead, we are going to draw sketches showing how
vertices of the input graphs are tied together. The components of these sketches
are shown in Figure 3. To represent a preserver P between vy,vy; we are going
to draw an oval labeled with P together with two points labeled vy, vy each one
joined to the oval by a line. The oval represents the graph P\ {v1,v2}, the points
represent v; and vy and the line between v (v2) and the oval represents the clique
of v1 (v2). In a similar manner, to represent an exchanger X between vq, vy we are
going to draw an oval labeled with X together with two points labeled vy, vy each
one joined to the oval by two lines. Again, the oval represents X \ {v1,vs}, the
points represent vertices {v1, v} and the lines represent their cliques (in this case,
one line of v; and one of vy, may represent the same clique). Finally, a clique with
n vertices is represented by an oval labeled with K,, and n points outside the oval,
representing each of the n vertices. A line from one point to the oval means that
the vertex belongs to the clique. Recall that a clique is a special kind of preserver,
thus their vertices are also called connectors. Sometimes we also decorate the lines
of the sketches with colors that represent a valid K-coloring.

Let G1, G2 be graphs which are preservers or exchangers between V; and Vs, res-
pectively, where G; NGy C V1 NV, and let S; and S5 be sketches representing G
and Go, respectively. We are going to represent the graph G U G with a sketch
formed by S7 and Sy, where for every vertex v of G; NGy, the corresponding points
of S1 and S5 are drawn as a single point. One of such sketches is shown in Figure 3.

The sketches in Figure 4 represent preservers between two vertices vy, vs, the
sketches in Figure 5 represent exchangers between wvi,vs and the sketch in Fig-
ure 6 represents a preserver between vy, vs,v3,v4. If the set of graphs of a sketch
S are minimally compatible and minimal (as preservers or exchangers) then the
graph represented by S is also minimal.
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Figure 6. A sketch of a preserver between v, vz, vs, va.
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5. CONCLUSIONS AND FURTHER REMARKS

In this note we have shown one exponential-size family of minimally non-coordinated
graphs for every natural number, and several operations for building preservers and
exchangers. It is not difficult to define other operations for constructing minimal
preservers or exchangers in order to generate different families of minimally non-
coordinated graphs. Also, adding edges to some minimally non-coordinated graph
may result into another minimally non-coordinated graph. Moreover, it is not
clear that preservers and exchangers are enough to define every minimally non-
coordinated graph. Perhaps a set of basic graphs together with operations for
generating minimally non-coordinated graphs can be defined in a more convenient
way.

With all these observations it seems difficult to find a characterization of coordi-
nated graphs by minimal forbidden induced subgraphs, even when we restrict our
attention to the class of graphs with M = 3. This is in turn a complementary result
to that one in [9], which states that the problem of determining whether a graph
in a very restricted subclass of graphs with M = 3 is coordinated is NP-complete.
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