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ON THE NON-UNIQUENESS OF CONFORMAL METRICS
WITH PRESCRIBED SCALAR AND MEAN CURVATURES ON
COMPACT MANIFOLDS WITH BOUNDARY

GONZALO GARCIA AND JHOVANNY MUNOZ

ABSTRACT. For a compact Riemannian manifold (M™, g) with boundary and dimension n, with
n > 2, we study the existence of metrics in the conformal class of g with scalar curvature R4 and
mean curvature hg on the boundary. In this paper we find sufficient and necessary conditions for
the existence of a smaller metric § < g with curvatures Rg = R4 and hz = hgy. Furthermore, we
establish the uniqueness of such a metric g in the conformal class of the metric g when Ry > 0.

1. INTRODUCTION

Let (M™, g) be a compact Riemannian manifold with boundary and dimension
n, with n > 2. Let R, denote its scalar curvature and h, the mean curvature of
its boundary, OM. The conformal class of the metric g, [g], is the set of metrics
of the form pg where ¢ is a smooth positive function defined in M. In recent
years, there has been an increasing interest to establish to what extent the scalar
curvature and the mean curvature of the boundary determine the metric within
its conformal class. For instance, in the case of empty boundary (OM = &), Y.
Lou in [7] established some uniqueness and non-uniqueness results. In the case of
non empty boundary (OM # &), J. Escobar in [3] established results analogous
to those obtained by Y. Lou (in the case of M = @), when the mean curvature
hg <0 on 0OM for n > 3 and when the geodesic curvature k; < 0 for n = 2. On
the other hand, G. Garcia and J. Mutioz in [6] found sufficient conditions for the
uniqueness of g, when the scalar curvature R, > 0 for n > 2, instead of assuming
that hy < 0 for n > 2, as done by J. Escobar (see [3]). In particular, Garcia et
al’s results generalized the uniqueness result of O. Montero in [8], obtained only
for Ry = 0.

As we know, if g = uﬁg (n > 3) for some positive function u : M — R, then
u satisfies the nonlinear elliptic problem,

Agu — c(n)Ryu + c(n)Rgu% =0 in M,

a_:; 2Ry — B2yt = () on OM,

(1)
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30 G. GARCiA AND J. MUNOZ

for ¢(n) = 4(’:;21). If g = e2%g (n = 2) for some positive function u : M — R, then

u satisfies the non linear elliptic problem

Agu— K, + Kze* =0 in M,
ou w (2)
— + kg —kze" =0 on OM,
Ing
where Ry = 2K, and k, = hy. Given g € [g] with R, = R in M, and hy = hg on
OM , we see directly that u =1 for n > 3 and u = 0 for n = 2 are solutions of the
problems (1) and (2), respectively. As a consequence of these facts, we conclude
that the geometrical uniqueness of the metric g is equivalent to the uniqueness of
the solutions of the problems (1) for n > 3 and (2) for n = 2.
Before we go further, we note that if § = pg with Ry = Rz =0and hy = hs; =0
(g € [g]), then ¢ must be a constant function. Thus, we will assume hereafter
that (M",g) is an n-dimensional compact Riemannian manifold with non empty
boundary such that Ry, = Rz and hy = hy are not identically zero, simultaneously.
As in J. Escobar in [3], and G. Garcia and J. Mufioz in [6], we will adopt the
following definition. We say that the metric g is smaller than the metric g (g < g),
if g = g for some smooth positive function ¢ such that ¢ < 1.
We will see below that the non-uniqueness of the metric g depends on the eigen-
values associated to the linear operators (L1, By) defined for n > 2 by

n—1

Ly =A,+ 2o in M, 3)
By =52~ —hg on OM,

and (L, B) defined for n > 3 by

{ L=A,—-c(n)R, in M,

B = a%g—I—"szhg on OM. (4)

We denote the first Dirichlet eigenvalue and the first Neumann eigenvalue of this
operator by A(L, B) and S(L, B), respectively, and we denote the first Dirichlet
eigenvalue and the first Neumann eigenvalue of the operator (L1, By) by A(L1, B1)
and B(Lq, By), respectively. For 2-dimensional manifolds the Euler Characteristic
of the manifold M, x(M), will play the role of the eigenvalue of the conformal
Laplacian (L, B).

The results in this paper are related with the work of J. Escobar in [3] on non-
uniqueness of the metric g, and existence and uniqueness of small metrics, in the
case of having nonpositive mean curvature. Escobar in [3] proved the following
theorem

Theorem. Let (M™,g) be a compact manifold with boundary and mean curvature
hg <0. Ifn > 3, there exists a metric g < g with Rg = Ry y hg = hg if and only if
AL, B) <0 and AM(L1, B1) < 0. If n =2 there exists a metric g < g with Kz = K,
y kg = kg if and only if x(M) < 0 and X(L1, B1) < 0. Furthermore, there exists at
most one such a metric g.
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In this paper we prove a stronger existence result than Escobar’s theorem be-
cause we do not impose any restriction either on the scalar curvature R, in M or
on the mean curvature hy on dM. Our existence theorem is

Theorem 1. Let (M™,g) be a compact manifold with boundary. If n > 3, \(Lq,
B1) <0 and A(L, B) < 0 then there exists a metric § such that g < g with Ry = Ry
and hg = hg. If n =2, A(L1,B1) <0 and x(M) < 0 then there exists a metric g
such that g < g with Kg = Ky and kg = kj.

We also establish a similar result to Escobar’s Theorem replacing the condition
about the nonpositive mean curvature by < 0 on M by one about the nonnegative
scalar curvature R, > 0 in M.

Theorem 2. Let (M™,g) be a compact manifold with boundary. If n > 3 and
Ry > 0 there exists a metric g < g with hy = hg and Ry = Rg if and only if
AL1,B1) < 0 and A\(L,B) < 0. Whenn =2 and K, > 0 there exists a metric
g < g with Ky = kz and kg = kg if and only if x(M) < 0 and A(L1,B;) < 0.
Furthermore, there exists at most one such a metric g.

This paper is organized as follows: In section 2 we prove Theorem 1 and when

R, > 0 we give necessary conditions for the existence of a smaller metric. In section
3 we prove Theorem 2.

2. EXISTENCE OF SMALLER METRICS

Let (M™, g) be a compact manifold with boundary of dimension n > 2. In this
section we will give necessary and sufficient conditions for the existence of a smaller
metric g < g with the same scalar curvature and the same mean curvature of g.

First, let us consider the linear operator (E, E) defined by

L(p)=Dgp—Hp in M,

~ d
B((p)za—s;—i—ﬁp on OM. (5)

We will say that B\ is a Neumann type eigenvalue of the linear operator (E, E) if
there exists a function ¢ that satisfies

Lig)=0  in M,
{ ﬁ(gp)zﬁap on OM. ©)

We also say that the function ¢ is an eigenfunction associated to 3
The study of the Neumann type eigenvalues for the linear operator (L, B) is
associated with the functional in H12(M) given by

B = [ 19eP+ [ m+ [ gt 7)

It is not hard to see that in the case

E
I )
S inond JoM P
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32 G. GARCiA AND J. MUNOZ

is finite, then f is the first eigenvalue of problem (6), and there exists a positive
function ¢ such that § = E(p) (see [6]). As observed by Escobar in [5], 8 can be
—o0, but in [6] Garcia et al’s showed that j is finite if and only if the first Dirichlet
type eigenvalue p of

=0 on IM

is non negative.
We start the discussion establishing in the coming lemmas necessary conditions
for the existence of a smaller metric g.

Lemma 1. Let (M™, g) be a compact manifold with boundary and Ry > 0. If there
exists g < g with Ry = Ry and hy = hg, then for n > 3, A(L,B) < 0, and for
n=2, x(M)<O0.

Proof. Assume thatn > 3 andlet g = uﬁg where u is a solution to problem
(1). Multiplying the first equation of (1) by u and integrating by parts we get

-2
E(u) = /M |Vul* + c(n) /M Ryu* + z 5 ows hgu?
n -2 n—
=c(n) Rgu% + hgu%.
M oM

Using the second equation in (1) and integrating by parts we find that

2(n—1)

n—2 2(n—1) ou u n-2
hgu n—2 — -
2 Jom om O un—=z —u

2(n—1)

u n—2
= —Au
M un—2 —

2(n—1) 2
= —c(n)/ Rgu n—2 (]_ + un72)
M
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Hence

n

2
un n—2 un 2__)
(" ) 2
B = —etn) [ Rt [ pup——
un 2_1)

Since v < 1 and Ry > 0 we obtain E(u) < 0. From the variational characterization
of \(L, B),

o E(y)
PEHV2(M), o0 in OM [ o’

AL, B) =

we find that A\(L, B) < 0.
Now assume that n = 2 and let § = e2“g. The function u satisfies problem (2).
Using the boundary condition in (2) and integrating by parts we get

)
om om \€*—1/ 0n
- 1 2 e/ll/
- /M(eu—l)A“ /1w e
eu
= — K, (1+e" —/ Vu|?—.
f motren = 19

From this equation and The Gauss-Bonnet theorem we have

2rx(M) = /aMk'g—l-/MKg

< / k‘g-l-/ Ky(1+e")
oM M

and therefore x (M) < 0. O

Lemma 2. Let (M™,g) be a compact manifold with boundary and Ry > 0. If there
exists a metric § < g with Ry = Ry and hy = hg, then A\(L1,By) < 0.

Proof. When n > 3 let g = uﬁg and v = w77 — 1. The function v
satisfies the equations

2 n—1
Av + Riv(u%2 +1)= 7n2u = Vul> in M,
8_:; = hgv on OM.
Therefore v satisfies in M the following differential inequality
2 n—
Av + Ry v = D= |Vu|® + v(l — u%) > 0. (11)

n—1_ (n—-2)2 2(n _1)

The previous inequality follows from the inequality R, > 0 and from the fact that
the function v < 1 is not a constant. Multiplying both sides by v, integrating and
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using that v is positive we find that

R
/ vAv —|—/ % >0. (12)
M M n— 1
Integrating by parts we get
/ |Vol? —/ L 9, <o, (13)
M mn—1 an On
0
On the other hand from equations (10) we have a—:; = hgv, and therefore

E(v):/ |Vv|2—/ Ry 1)2—/ hgv? < 0. (14)
M mn—1 oM

From the variational characterization of A(L1, B1) we conclude that

ALi,B) = inf E(w)Q <.
@EHL2(M),0#0 fM ||

When n = 2 we let § = e?g with u < 0. The function v defined by v = e2% — 1
satisfies the following equations

Av+ Kgo(l+e*) = e %|Vul? in M,

g—z = kgv on OM.

The proof in this case follows in the same fashion as the proof in the case n > 3,
keeping in mind that v satisfies equations (15) instead of the equations (10). O

(15)

Now we will prove the result on the existence of a smaller metric g.

Proof of Theorem 1. In order to show the existence of the metric g we use the
method of upper and lower solutions (see [1]). First we will find a lower solution
of problem (1). If n > 3, let b > 0 be an associated positive eigenfunction to the
eigenvalue A(L, B). That is the function v satisfies the problem

L)+ ML,BW =0 in M, 6
B(¢) =0 on OM. (16)
Since A(L, B) < 0 then

E(p)

B(L,B) = PR
( ) pEHY2(M), p#£0 in OM faM |50|2

is negative or —oo, where

n—2
Bo) = [ Vel etn) [ Roe+ T [ hg,

In the first case B(L, B) is the first eigenvalue of the problem
{ L(p)=0 in M, (17)

B(p) = B(L,B)¢  on OM,

where ¢ > 0 is an associated positive eigenfunction to 5(L, B).
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ON THE NON-UNIQUENESS OF CONFORMAL METRICS 35

Let ¥ = ¢ + 1. Without loss of generality we assume that max,¢cy; 9(z) =1
Define the function u = € where € > 0. We will show that for e small, the function
u is a lower solution to problem (1) when R, = Rz and hy = hg. In fact

n+2

feAﬁ—ec( n)Ry¥ + ¢(n)R, ez

77+2

=eL(p) + eL(¥) + c(n)Ry YR

= —e\(L,B)Y + ¢(n)Ry s 9
= (ML BY + c(n) Ryert7073 )

Agu — c(n)Ryu + ¢(n)R, ur

> (=ML B) mig b — e Ry ).

Since A\(L, B) < 0, then taking e small enough, we conclude that

n+2

Agu— c(n)Ryu + c(n)Ryun—=2 > 0.
Now on M we have
ou n—2 n—2 o n—2 n—2
5‘_n+ 5 hgu — 5 hu™? _68_n+6 5 hg19——2 hg(ed)™
n—2 n_ o _n
=€(B(¢) + B(Y)) = —5—hyem 707
-2 n n
=ef(L,B)p — i hgem29n-2

<ep (ﬁ(LB) +

n—2 _2_
en—2||hg||oo) |

Since (L, B) < 0, then taking e small enough, we show that
Ou . n—2 b T 2
on 2 9=
and consequently u is a lower solution to problem (1).
Now consider the case 3(L, B) = —oo. Then the first eigenvalue p of the problem

{Ag¢—c(n)Rg¢+p¢—0 in M, (18)

h un

2 <0,

6=0 on OM,

is negative (see [0]).
Let ¢ be an associated eigenfunction to the eigenvalue p, from the variational
characterization of p, we can take ¢ > 0. From the maximum principle ¢ > 0 in

9¢

M ~. OM. By Hopf’s lemma, we have that 8_77 < 0. Since the boundary of oM
is compact, there exists 6 < 0 such that % < 6 < 0. Now define the function
n

u = e(yp + ¢) with € > 0, where we may assume that max,c;(¢ + ¢)(z) = 1.
Proceeding as in the case §(L, B) negative, using that A\(L, B), p and J are negative
and taking e small enough, we find that u is a lower solution of problem (1).
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36 G. GARCiA AND J. MUNOZ

Now we turn to the case n = 2. Let ¢ be a solution of the following boundary
value problem:

Ap =K, — (M) in M,
vol(M) (19)
Q¢ _ X (M) on M.

on 7" vol(OM)

Define the function u = —N + ¢, where N > 0. We claim that for NV large enough
the function u is a lower solution to problem (2), for K, = K and k; = k;. In
fact for NV large enough we have that

Agu—Kg+ Kge? = Ap— Ky + Kge2(=N+9)
T

= —— " (M K e2(=N+¢)

vorany XM + Kye >0
and
g—% + kg — kge®t = g_go + kg — kge Nte
_ wx (M) N4

Fo T Soitant) e ke

_ TFX(M) _ —N+¢

= Selgany e T <0

Consequently u is a lower solution of problem (2).
Now we will find an upper solution of problem (1). If n > 2, let b > 0 be an
associated positive eigenfunction to the eigenvalue A(L1, B1), that is ¢ satisfies

Ll(w) = )\(Ll, Bl)w in M,
{ Bi(¢) =0 on OM. (20)

Since A(L1, B1) < 0, then

E(p)

Li,By) = _Elp)
B( 1 1) QEHY2(M), ¢#£0 in M f8M|Sﬁ|2

is negative or —oo, where

R
E(@)Z/ IVsOIQ—/ %1502_/ hg”. (21)
M M oM

In the first case, (L1, By) is the first eigenvalue of the problem

Li(p) =0 in M,
{ Bi(¢) = B(L1, B1)y on OM. (22)

where ¢ > 0 is an associated positive eigenfunction to 5(L1, B1).

Let ¥ = ¢ + 1. Without loss of generality we assume that max,c; ¥(z) = 1.
If n > 3 define the function @ = 1 — e, for € > 0. We will show that for ¢ small
enough, the function @ is a upper solution to problem (1), for Ry = Rz and hy = hj.
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+ n+2

Ayt — e(n) Ryt + c(n)Ryun—2 = —eA9 — c(n) Ry (1 — e9) + c(n) Ry (1 — )72
A(L1, B1)y n R, <1 =2 <1 —619> L 2 (1 — e9)n- )]

4 e 4 e

A(L1;931)1/) N nﬂigl <1+ n;2(1 _ o) (u_ei)—ﬁq))] |

Since A\(L1, B1) < 0, then taking e small enough, we get that

Ay — c(n)Ryu + c(n)Rgﬂ% < 0.
On the boundary of M, we have that

on n-—2 n—2 oy n-—2
- - 7 — ymn-2 = ——n — 1 — n—2 — (] —
an + 5 hgt 5 hgt 65‘7) 5 hg (1 — ) (1—ev))

= (BB gt = "0 (- )7 - (- )

o (—/3@1,31)@ _h lH n—2((1-e): (1 —eﬂ))D |

v 2 e

Since (L1, By) < 0, then taking € small enough, we find that

Jou n—2., _ n—2.  __n
8_77 + 5 hgti — 5 hgin=2 > 0.
Hence @ is an upper solution of problem (1).
For n = 2, we define u = —e} and show for € small that @ is an lower solution

to problem (2), provided that K, = K5 y kg = kg. In fact
Al — Ky + Kge?" = —eAY — Ky + Kge >
= ALy, B))Y 4+ 2eK,0 — K, + Kge >
) (A(Ll, BU)Y | 2K, — Ky + ngw)

0, eV
ALy, By 2¢) — 14 2V
= _ K -
el ( 3 + K, = <0,
for € small enough. Now, on the boundary of M we have
ou - 09 e
a—n+kg—kg62 :—ea—n—i—kjg—kge v

= —e(ky0 + B(L1, B1)@) + kg — kge ™’

_ B(Ly, Br)y (—ed +1—e)
=€) (— 3 + kg = > 0,

for e sufficiently small. Consequently @ is an upper solution of problem (2).
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38 G. GARCiA AND J. MUNOZ

Now consider the case (L1, B1) = —oo. Then the first eigenvalue p of the
problem
R, .
{ quﬁ-i-m(ﬁ—f-p(ﬁ—() in M, (23)
0=0 on OM,

is negative (see [0]).

Using the same type of arguments as above, we are able to prove for e small
enough that the function @ = 1 — €(¢) + ¢) is an upper solution of (1) in the case
n > 3, and the function @ = —e(y) + ¢) is an upper solution of problem (2) in the
case n = 2. For n > 3, we take € < 1/2. Then

u=1—ed>1—€e>ec>e =u.

From the result on lower solutions and upper solutions by Escobar in [4], there
exists a function u satisfying (1) and such that

O<u<u<u<l.

Consequently g = u_ﬁg < g. If n =2, let us take ¢ > 0 small enough and N > 0
large enough, such that u < @. Again using Escobar’s result [1], there exists a
function u satisfying (2) such that

u<u<u<0.

Consequently § = e?%g < g. O

3. UNIQUENESS OF SMALLER METRICS

In the previous section we gave sufficient conditions for the existence of a metric
g < g with the property of having the same scalar and mean curvature of the metric
g. Assuming that R, > 0, we are ready to establish that this metric g is the unique
smaller metric with this property in the conformal class of g . The result follows
by doing a slight modification of the proof of the uniqueness of smaller metrics due
to Escobar in [3], obtained in the case hy < 0.

Now, we will consider for n > 3 the operator T' : C(M) — C(M) defined by
T(p) = 1, where 9 is the unique function that satisfies the following boundary
value problem

n+2 .
Agp — v = —yp + c(n) Ry (so - 90"*2) in M

o ~ a (24)
oy ~PY = mpe T igthy (077 — ) on oM,
where 7 > ﬁ 1R]| o and p < —(n — 1)]|hgll -

For n = 2, we define the operator T : C(M) — C(M) as T(p) = v, where 9 is

the unique function that satisfies the boundary value problem
Agp —vp = =y + Ky(1 — %) in M
0
a—:f —p = —pp+ kg (¥ —1) on IM, (25)
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ON THE NON-UNIQUENESS OF CONFORMAL METRICS 39

where p < —||kg||cc and v > 2||K4||oo. The well definition and the compactness of
the operator T follows by the general theory for elliptic operators (see [1, 2, 10]).
Hereafter, we only consider the case n > 3 and we leave to the reader the details
of the case n = 2.

Let us consider the set A = {u € C(M)|u < u < @ < 1} where u and @ are
lower and upper solutions of problem (1) obtained in last section. In particular,
u,u € A. Recall that the set A, when n > 3 depends on e.

For the proof of the next lemma see ( [3], Lemma 8).

Lemma 3. The operator T satisfies T(A) C int(A).

As a consequence of previous lemma, we are able to define the Leray-Schauder
degree of the function I — T on the set A, which we will denoted by deg(I —
T, A,0). Moreover, since the Leray-Schauder degree is invariant under homotopy,
we conclude that deg(I — T, A,0) =1 (see [3], Lemma 9).

For a function u € C(M), we define the index of T in u as

i(T,u) = deg(I =T, Bs(u),0),
where Bs(u) = {¢ € C(M) : |l¢ — ullos <}, for § being a small positive number.

Lemma 4. Let Ry = R; > 0 and hy = hg. If u € A is a solution of problem (1),
then u is an isolated fized point of T, and i(T,u) = 1.

Proof. We start claiming that the derivative of the operator T in u, denoted
by D, T, does not have eigenvalues A > 1. Note that (D, T is the unique solution
to the problem

(Ag =N((DuT)yp)

(—7+C(H)R§(1—"+2u" 2))@ in M,

0 _ n 2
(8_77 - ) (DuT)p) = (_P+ 252 hy (n72un72 - 1)) ¢ on oM.
Assume that D, T = Ap. Then ¢ satisfies
Myp = ('y()\ —1)+c¢(n)R; (1 — L2y 2)) ® in M,
d¢

o (P(/\ — 1)+ 252hy (ﬁum - 1)) ® on oM.

Multiplying by ¢ and integrating by parts we get

Assuming that A > 1, we conclude that
2 n+2 _a_ 5 n—2 n 2 5
— 1_ n—2 — n—2 —1 < .
/MIIVWII +C(n)/MRg< U )w 5 /(9th<"*2“ )so <0
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40 G. GARCiA AND J. MUNOZ

This fact implies that there exist an eigenfunction ¢; > 0 and an eigenvalue A\; <0
for the problem

Agp1 — c(n)Ry (1—"—+2u" 2)301—1—)\1301:0 in M,
01 _ns ) (52
on

Multiplying the last equation by (u — u72) > 0 and integrating we obtain

8901 n n_2/ < n _2 > n_
U —un—2)— hgp1 ur—2 —1)(u—u»2)=0.
/aM 877( ) 2 om n—2 (

Using the equation on M in problem (1) we get

8301 / ou ( n 2 )
w—unz) + - un—z2 — 1) =0.
/dM 377( ) aMwlaU n—2

Integrating by parts we conclude that

/ VgolV(u—un 2)—|—/ (u—um2)Apy

/ Vu.V (sm

The previous equation yields to
_n_ n _2_ 2n 2 _n—4
—un-2)A n—2 — 1] A _— \V4 n—2 = (),
[amwmmso+ [ our - nesut 2 [ o vuty
Since u solves (1) and ¢ solves (26)
n+2 _a _n_
/M c(n)Ryp1 [1 - Ut 2} [u —un—72]
2

/R u—u:§+§][ n ur—2 — 1]¢1

(26)

un?—l)apl—o on JM.

u"2—1)>—|—/( i uﬁ—l)golAuzo.
M 2

n —

-2
+27n |Vu|2u7% =A / [u —un-z]
(n=2p [y ™" u?! |
-2
Recalling that ¢(n) = h, from the last equality we obtain
n—
/ _Bgpr | on, {1 oy +u—}
m2(n—1)

2n 9 _n—4 n
\V4 n—2 — )\ —un—-2).
+(n—2)2/M<pl| ul 1/M<,01(u u)

Since R, > 0 we get

N 5 \2
OS/ %unﬂ (1—uﬁ>
M 4=

2 n— n
+7n2/ <,01|Vu|2u_n—;L :/\1/ p1(u—un-—2) <0.
=2)* Ju M

(n
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ON THE NON-UNIQUENESS OF CONFORMAL METRICS 41

Thus we conclude u is a constant function. Since we assumed that R, and h, do
not vanish simultaneously and v satisfies (1) the function v must be identically
equal to 1, which is a contradiction with u € A since @ < 1. Consequently, if \ is
an eigenvalues of D, T', then A < 1, and thus we have that ¢(T,u) =1 ('see [9]). O

Proof of Theorem 2 Assume that n > 3. If there exists g € [g] with g < ¢
such that hy = hy and Ry = Ry > 0, then Lemma 1 implies that A(L, B) < 0, and
Lemma 2 implies that A(Ly, By) < 0. Conversely, if A\(L, B) < 0 and A(L1, B1) <0,
then Theorem 1 implies the existence of a metric § € [g] with § < ¢ such that
hg = hz and R, = Ry.

Now we want to establish the uniqueness of the smaller metric g. Let us consider
the metrics g; = u “?g satisfying R, = Ry, > 0, hy = hg, and 0 < w; < 1 for
1 = 1,2. By constructlon of the upper and lower solutions, we are allowed to
choose € > 0 small enough such that u < u; < @. From Lemma 4, any solution u of
(1) in A = A(e) is an isolated fixed point of T'. Since A is bounded in C(M) and
the operator T' is compact, there are uy,us, ..., uy solutions to the problem (1) in
A with 1 < k < co. The additivity of the degree theory of Leray-Schauder implies
that

k
1=deg(I—T,A,0)=Y (T, up) =k (27)
m=1
Thus k& = 1, and so g is unique. The proof for n = 2 is similar to the case n > 3. O
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