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ON BARYCENTRIC CONSTANTS

FLORIAN LUCA, OSCAR ORDAZ, AND MARÍA TERESA VARELA

Abstract. Let G be an abelian group with n elements. Let S be a sequence of elements of G,
where the repetition of elements is allowed. Let |S| be the cardinality, or the length of S. A
sequence S ⊆ G with |S| ≥ 2 is barycentric or has a barycentric-sum if it contains one element
aj such that

∑

ai∈S

ai = |S|aj . This paper is a survey on the following three barycentric constants:

the k-barycentric Olson constant BO(k,G), which is the minimum positive integer t ≥ k ≥ 3 such
that any subset of t elements of G contains a barycentric subset with k elements, provided such
an integer exists; the k-barycentric Davenport constant BD(k,G), which is the minimum positive
integer t such that any subsequence of t elements of G contains a barycentric subsequence with k

terms; the barycentric Davenport constant BD(G), which is the minimum positive integer t ≥ 3
such that any subset of t elements of G contains a barycentric subset. New values and bounds on
the above barycentric constants when G = Zn is the group of integers modulo n are also given.

1. Introduction

Let G be an abelian group with n elements. The study of barycentric sequences
in G was started in [7] and [8]. Recall that a sequence of length ≥ 2 in G is called
barycentric if it contains one element which is the “average” of its terms. Formally,
the barycentric sequences are defined as follows:

Definition 1 ([8]). Let a1, a2, . . . , ak be k not necessarily distinct elements of G.
The above sequence is k-barycentric if there exists j such that a1 + a2 + . . .+ aj +
. . .+ ak = kaj . The element aj is called a barycenter. When {a1, a2, . . . , ak} is a
set, we refer to it as a k-barycentric set.

For example, the set {0, 1, 2, 3, 4} ⊆ Z8 is 5-barycentric with barycenter 2,
whereas the set {0, 2, 3, 4, 5} ⊆ Z8 is not 5-barycentric. The barycentric-sum prob-
lem consists in finding the smallest integer t ≥ 2 such that any sequence of length t
contains a k-barycentric subsequence for some k, which might be specified before-
hand or not. The barycentric-sum problem was born in 1995 in [7] and [8], and
was inspired by a theorem of Hamidoune from [21] asserting that every sequence
of length n+ k − 1 contains a k-barycentric subsequence.
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Notice that a k-barycentric sequence in G with k a multiple of n is a sequence
with zero-sum. The problem of the zero-sum asks to find the smallest positive
integer t such that any sequence of t elements of G contains a subsequence of
length k of terms that sum to 0 for some k ≥ 2, where again k might be specified
beforehand or not. The zero-sum problem started in 1961 with the celebrated
Erdős, Ginzburg and Ziv theorem [10], which asserts that in G = Zn every sequence
of 2n − 1 elements contains a subsequence of length n having a zero-sum. The
Davenport constant D(G) was first introduced in 1966, as being the minimum
integer t such that every sequence of length t contains some subsequence with zero-
sum. For the state of the art on results, problems and conjectures on the zero-sum
theory the reader is referred to the nicely structured surveys of Caro [3] and of Gao
and Geroldinger [13]. More information on zero-sum problems can also be found
in [9, 12, 18, 21, 22, 23, 26, 25, 32, 35, 40]. Both the zero-sum problem and the
barycentric-sum problem are central questions in the field of combinatorial number
theory.

The following notion was introduced in [37].

Definition 2. The k-barycentric Olson constant BO(k,G) is the minimal positive
integer t ≥ 3 such that every subset of t ≥ k ≥ 3 elements of G contains a k-
barycentric set, provided such an integer exists.

Conditions for the existence of BO(k,Zn) as well as some values for this constant
for specific k and/or n are given in [37, 39].

The following notion was introduced in [8].

Definition 3. The barycentric Davenport constant BD(G) is the minimal positive
integer t ≥ 3 such that every subset with t elements of G contains a barycentric
set.

It is easy to see that 3 ≤ BD(Zn) ≤ n.
The following notion was introduced in [7].

Definition 4. The k-barycentric Davenport constant BD(k,G) is the minimal pos-
itive integer t such that every sequence with t terms in G contains a k-barycentric
sequence.

Let |S| be the cardinality, or the length, of a set, or a sequence S in G, respec-
tively. In [22], Hamidoune gives the following condition.

The Hamidoune Condition. Let S be a sequence of elements of G with |S| ≥
n + k − 1. Then there exists a k-barycentric subsequence of S. Moreover, in the
case when k ≥ n, the above lower bound can be replaced by |S| ≥ k +D(G) − 1,
where D(G) is the Davenport constant, and the conclusion still holds.

Thus, by the Hamidoune condition, we have that BD(k,Zn) ≤ n+ k − 1.

The existence of BD(k,G) is assured by the Hamidoune condition. In [8], it
was shown that BD(G) ≤ O(G) + 1, where O(G) is the Olson constant. Recall
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that O(G) is the minimum integer t such that every subset S with t elements of G

contains a subset with a zero-sum. It is known (see [34]) that O(G) ≤ 3
√

|G|. In
general, the existence of BO(k,G) is an open problem. This problem is equivalent
to the existence of a subset {a1, a2, . . . , ak} of G such that a1+a2+ · · ·+(1−k)aj+
· · ·+ ak = 0 for some j. Thus, one needs to understand zero-sums with weights. A
nice survey on zero-sums with weights is [13]. Not covered by these surveys are the
recent results of Griffiths [17], Hamidoune [24], and Luca [29]. The main result up
to now in this area is a weighted version of the Erdős, Ginzburg and Ziv theorem
obtained by Grynkiewicz [19].

The main goal of our paper is to survey the state of the art on the barycentric in-
teger constants BO(k,Zn), BD(k,Zn), BD(Zn), as well as on the constant O(Zn).
We also give some new values and bounds on these constants. In Section 2, we
describe the theory of orbits which are used to calculate the barycentric constants.
Sections 3, 4 and 5 deal with BO(k,Zn), BD(k,Zn), and BD(Zn), respectively.
We use the letter p to denote a prime number.

2. Orbits

In this section, we present the orbits as well as some of their properties. More
information about them is available in [11]. They were used in [7, 8, 37] to obtain
some exact values as well as some existence theorems for BD(Zn), BO(k,Zn) and
BD(k,Zn). Analogous investigations for non-cyclic groups where so far not under-
taken. They were also used by Chapman, Freeze and Smith in their investigations
on the minimal zero-sequences and the strong Davenport constant [4].

Let Zn,k be the subset of Zk
n consisting of all the subsets with k elements of Zn.

In what follows, we shall introduce an equivalence relation on Zn,k which partitions
this set in orbits with certain properties.

Let

Gn = {fa,b : Zn → Zn, fa,b(x) = ax+ b, a, b ∈ Zn, gcd(a, n) = 1}.
Observe that Gn is a group of order nφ(n), where φ(n) is the Euler function of n.
The group Gn acts linearly on Zn,k in the obvious way

fa,b({x1, . . . , xk}) = {fa,b(x1), . . . , fa,b(xk)}.
The above action defines an equivalence relation on Zn,k in the usual way in which
two sets with k elements are equivalent if there is some map fa,b in Gn which maps
one of the sets onto the other. These equivalence classes are called orbits. Their
most important property for us is that they preserve the barycentric property.
Namely, if some element x in Zn,k is either barycentric or contains a barycentric
subset with t elements, then all elements in the orbit of x will also have the same
property. Thus, it makes sense to make the following definition.

Definition 5 ([37]). If x is a barycentric set with k elements, then its orbit θ(x)
is called barycentric. If x contains a t-barycentric set, then its orbit θ(x) is called
t-barycentric. An orbit is called barycentric-free if it is not t-barycentric for any
t ≥ 3. Finally, an orbit is not barycentric-free if it is t-barycentric for some t ≥ 3.
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It is easy to see that θ({0}) is the only orbit of Zn,1. It is also easy to see
that the orbits of Zn,2 are all of the form θ({0, z}). The next result is a finer
characterization of the orbits of Zn,2.

Lemma 6. The orbits in Zn,2 are of the form θ({0, d}) with d | n and d < n.
Furthermore, there are as many orbits in Zn,2 as there are proper divisors d of n.

Proof. Let x = {x1, x2} be some point in Zn,2. Observe that f1,−x1
(x) = {0, y},

where y = x2 − x1 is nonzero modulo n. Let d = gcd(y, n) and write y = dy1.
Then d < n and y1 is coprime to n/d, so it is invertible modulo n/d. Let z1
be the inverse of y1 modulo n/d and extend z1 to some congruence class modulo
n. Then fz1,0({0, y}) = {0, z1y} = {0, d}, which is what we wanted. To see that
distinct divisors d of n give rise to distinct orbits, assume that this is not so, and let
1 ≤ d1 < d2 < n be two divisors of n such that fa,b({0, d1}) = {0, d2}. If fa,b maps
0 to 0, then b = 0 and ad1 ≡ d2 (mod n). Since d2 divides n, we get that d2 | d1a,
and since d1 < d2, it must be that a and d2 have a greatest common divisor larger
than 1, which is false. If fa,b maps 0 to d2, then b = d2 and 0 = fa,b(d1) = ad1+d2.
Thus, we get ad1 ≡ −d2 (mod n), and the preceding argument applies and leads
to a contradiction. This completes the proof of the lemma. �

Remark 7 ([37]). Let us observe that the orbits of Zn,k can be obtained from the
orbits of Zn,k−1 in the following way: for each orbit θ({x1, . . . , xk−1}) of Zn,k−1, we
get an orbit θ({x1, . . . , xk−1, xk}) for some xk ∈ Zn \ {x1, . . . , xk−1}. All possible
orbits of Zn,k are obtained in this way, but of course they are not all distinct since
the elements of group Gn might induce some further identifications among these
orbits.

We have the following obvious lemma.

Lemma 8 ([37]). The number of orbits of Zn,k is equal to the number of orbits of

Zn,n−k.

In [20], the following inductive algorithm was used to obtain all the orbits of
Zn,k. All these were calculated for all 3 ≤ k ≤ n ≤ 11.

Process 1. [20] Set Zn,k = {{x1, x2, . . . , xk} : xi ∈ Zn} with 1 ≤ k ≤ n−1. When
k = 1, we have that Zn,1 = θ({0}), while Lemma 6 gives all the orbits of Zn,2.
Finally, Remark 7 explains how to get all the orbits of Zn,k for k ≥ 3 from the
orbits of Zn,k−1.

We have also the following nice result:

Theorem 1. If p > 3 is prime, then Zp,3 has ⌈p/6⌉ orbits.

Proof. We start with the only orbit θ({0, 1}) of Zp,2 and analyze the number of
ways in which we can extend it to an orbit with three elements. Let {0, 1, x} be
a set with three elements modulo p and assume that it is equivalent to {0, 1, y}.
Since fa,b is determined on the images of two points, it follows that there are
only 6 such possible maps, namely the ones sending the pair (0, 1) to the pairs
(0, 1), (1, 0), (0, y), (y, 0), (1, y), (y, 1), respectively. Solving for each one of them
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the resulting equations for a and b and using also the fact that x must go to the
only element of {0, 1, y}\{fa,b(0), fa,b(1)} via fa,b in each of the six cases, we get

y = x, 1− x,
1

x
,

1

1− x
,

x− 1

x
,

x

x− 1
, (1)

respectively. Indeed, let us do one of these calculations. Assume that fa,b sends
(0, 1) to (1, y). Then 1 = fa,b(0) = a · 0 + b = b and y = fa,b(1) = a · 1 + b = a+ b,
from where we get (a, b) = (y−1, 1). Now 0 = fa,b(x) = a ·x+ b = (y−1)x+1 and
solving for y we get that y = (x − 1)/x, as claimed. Let us now look at instances
when the six residue classes appearing in (1) are not distinct. Say x ≡ 1/x (mod p).
Then x2 ≡ 1 (mod p), leading to x ≡ −1 (mod p). This leads to

y ∈ {−1, 2, 1/2}.
If x 6∈ {−1, 2, 1/2}, then all possible identifications among the six residue classes
modulo p showing up at (1) all lead to x2 − x + 1 ≡ 0 (mod p), which is also
equivalent to (2x − 1)2 ≡ −3 (mod p). For p > 3, by Quadratic Reciprocity, this
last congruence has no solutions when p ≡ 2 (mod 3) and has precisely two distinct
solutions x1 and x2 modulo p when p ≡ 1 (mod 3). So, when p ≡ 2 (mod 3), we
get that if x 6∈ {0, 1,−1, 2, 1/2}, then all residue classes appearing in (1) are distinct
and therefore Zp,3 has precisely

1 +
p− 5

6
=

p+ 1

6
=

⌈p

6

⌉

orbits in this case. When p ≡ 1 (mod 3) and x ∈ {x1, x2}, then among the six
residue appearing in (1) one checks that there are only two distinct ones, namely
x1 and x2, and so if x 6∈ {0, 1,−1, 2, 1/2, x1, x2}, then again all residue classes
appearing in (1) are distinct. Thus, the number of orbits in Zp,3 is now

1 + 1 +
p− 7

6
=

p+ 5

6
=

⌈p

6

⌉

as well, which completes the proof of the theorem.
�

3. The k-barycentric Olson constant

In this section, we deal with the existence of BO(k,Zn) and give some of its
values. Note first that if n is odd, then BO(n,Zn) = n, whereas if n is even then
BO(n,Zn) does not exist. Moreover, if n is odd, then BO(n−1,Zn) does not exist,
and when n is even we have BO(n − 1,Zn) = n − 1. From now on, we deal with
the case k ≤ n− 2.

We have the following easy lemma.

Lemma 9.

i. θ({0, 1, . . . , k − 1}) is a barycentric orbit of Zn,k for k odd and n ≥ k.
ii. θ({0, 1, 2, 5}) is a barycentric orbit of Zn,4 for all n ≥ 6.
iii. θ({0, 1, 2, . . . , k/2, k/2+ 2, k/2+ 3, . . . , k − 1, k+ 1}) is a barycentric orbit

of Zn,k for all n > k + 1 ≥ 7 with k even.
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Lemma 9 implies easily the following theorem.

Theorem 10 ([37]). BO(k,Zn) ≤ n− 1 whenever 3 ≤ k ≤ n− 2.

Proof. By Lemma 8, Zn,n−1 and Zn,1 have the same number of orbits, namely one,
and this orbit is k-barycentric by Lemma 9. �

Lemma 9 has also the following easy consequence.

Lemma 11. The inequality BO(k,Zp) ≤ p− 2 holds for all 3 ≤ k ≤ p− 2 with p
prime.

Process 2. [20] The k-barycentric Olson constant BO(k,Zn), whenever it exists,
is the minimal positive integer t such that all the orbits of Zn,t are k-barycentric.

Using Process 2, the exact values of BO(k,Zn) with 3 ≤ k ≤ n ≤ 12 were
calculated in [20].

The following theorem was proved by Dias da Silva and Hamidoune in [6].

Theorem 12 ([6]). Let H be a subset of Zp. Let d ∈ [2, |H |] be an integer. Set

∧dH = {
∑

x∈S

x : S ⊂ H with |S| = d}.

Then | ∧d H | ≥ min{p, d(|H | − d) + 1}.
Using Theorem 12, the following two results were proved in [37].

Theorem 13 ([37]). The inequality BO(3,Zp) ≤ ⌈p/3⌉+ 1 holds for all p ≥ 5.

Theorem 14 ([37]). The inequality

BO

(⌈

p− 1

d

⌉

+ 1,Zp

)

≤
⌈

p− 1

d

⌉

+ 1 + d

holds whenever d ≥ 2 and p ≥ 2d+ 1. Furthermore, the inequality

BO

(⌈

p− 1

2

⌉

,Zp

)

≤ p+ 3

2

holds for all p ≥ 7.

The following theorem shows that BO(k,Zp) = o(p) as p → ∞.

Theorem 15 ([41]). Let k be a positive integer and c > 0. Set A ⊆ {1, 2, · · · , N}
with |A| > cN. Then for N sufficiently large, A contains an arithmetic progression

T of length k.

4. The k-barycentric Davenport constant

Recall that by the Hamidoune condition, we have BD(k,Zn) ≤ n+ k − 1. Fur-
thermore, when BO(k,Zn) exists, then every subsequence with BO(k,Zn) different
elements contain a k-barycentric subsequence.

The following theorem is derived from the Dias da Silva-Hamidoune Theorem
12.
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Theorem 16 ([8]). The inequality

BD(3,Zp) ≤ 2
⌈p

3

⌉

+ 1

holds for all p ≥ 5.

Furthermore, from the theorems of Vosper and Cauchy-Davenport one can de-
duce the following result.

Theorem 17 ([7]). The inequality

BD(k,Zp) ≤ p+ k − 2

holds for all 4 ≤ k ≤ p− 1.

Remark 18.

(i) BD(n,Zn) = 2n− 1: by Hamidoune condition or by Erdős, Ginzburg and
Ziv theorem, we have the inequality BD(n,Zn) ≤ 2n − 1. In the reverse
direction, the sequence 0n−11n−1 does not contain any n-barycentric se-
quence.

(ii) 2n − 2 ≤ BD(n − 1,Zn) ≤ 2n − 3: by a similar reasoning because the
sequence 0n−21n−2 does not contain any (n− 1)-barycentric sequence.

Theorem 19 ([7]). Assume that k > p ≥ 5 and that the remainder of the division

of k by p is in {4, . . . , p − 1}. Then BD(k,Zp) ≤ p + k − 2. When the remainder

is p− 1, we actually have BD(k,Zp) = p+ k − 2.

Process 3 ([20]). Here, we discuss a process producing a sequence of length
BD(k,Zn). When BO(k,Zn) exists, the process starts with sequences of length
BO(k,Zn) and with 2 ≤ s ≤ BO(k,Zn) − 1 distinct elements from the non-k-
barycentric orbits of Zn,s. When BO(k,Zn) does not exist, the process initiates
with sequences of length n + 1 and with 2 ≤ s ≤ n different elements from the
non-k-barycentric orbits of Zn,s. The length of the sequence being constructed
increases when a larger sequence without k-barycentric subsequences is found. We
repeat this construction as many times as possible by changing the number of initial
elements when we reach a sequence containing a k-barycentric subsequence.

Using Process 3, the exact values of BD(k,Zn) with 3 ≤ k ≤ n ≤ 12 and
3 ≤ k ≤ n were calculated in [20].

5. The Barycentric Davenport constant

The following algorithm is obvious.

Process 4 ([20]). The barycentric Davenport constant BD(Zn) is the minimal
positive integer t ≥ 3 such that all orbits of Zn,t are non-barycentric-free.

Using Process 4, the exact values of BD(Zn) for all 3 ≤ n ≤ 13 were calculated
in [20].

Theorem 20 ([8]). The inequality BD(G) ≤ O(G) + 1 holds for all finite abelian

groups G.
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From Theorem 20, we can see that there is a relation between constants BD(G)
and O(G). Some results about O(G) are given in what follows. The reader is
invited to look at paper [38], where last advances on O(G) are found; they can be
inspiring to obtain results of BD(G) from O(G).

Let ZFSs(G) be the set of zero-free subsets of G. It is clear that

O(G) = 1 +max{|S| : S ∈ ZFSs(G)}.
In [32], Olson showed that O(Zp) ≤ 2

√
p. This is better than the bound O(G) ≤

3
√

|G| from [34] valid for all finite abelian groups G mentioned in the introduction.
Some values of this constant appear in Table 1 in [8, 40]. Hamidoune and Zemor
[27] improved Olson’s bound by showing that O(Zp) ≤

√
2p+5 ln(p) + 1. This was

further improved by Nguyen, Szmerédi and Vu in [31] where they eliminated the
logarithmic term. In particular, one gets immediately that O(Z3) = 2, O(Z5) = 3
and O(Z7) = 4. More numerical examples are presented in [8, 40].

We next present a theorem due to Gao and Geroldinger [12].

Theorem 21 ([12]). Let

G = Zn1
⊕ · · · ⊕ Znr

⊕ Z
s+1
n

where r ≥ 0, s ≥ 0, 1 < n1| · · · |nr|n and nr 6= n. If G is a p-group and r+s/2 ≥ n,

then

O(G) =

r
∑

i=1

(ni − 1) + (s+ 1)(n− 1) + 1.

Corollary 22. O(Zs
p) = s(p− 1) + 1 for s ≥ 2p+ 1.

From the above corollary, we obtain immediately the following values.

Theorem 23 ([8]).

i. O(Zs
2) = s+ 1 for all s ≥ 1.

ii. O(Zs
3) = 2s+ 1 for all s ≥ 3.

We have the following theorem.

Theorem 24 ([30]). O(Zp ⊕ Zp) ≤ 2p− 2 for p ≥ 3.

From the above theorem, one can easily deduce that O(Z2
3) = 4. Next we turn

our attention to lower bounds for O(G).

Theorem 25 ([8]). Set f(n) =
⌊√

2n− 1/2
⌋

. We then have the following inequal-

ities:

i. O(G ⊕H) ≥ O(G) +O(H) − 1.
ii. O(Zn) ≥ f(n) + 1.
iii. O(Za ⊕ Zab) ≥ O(Za) + af(b).

The following two lemmas can be used to inductively build zero-free sets.

Lemma 26 ([40]). Let S be a zero-free set in Z
s
3 with s ≥ 3 and |S| = 2s. Then

S ∪ {es+1, e1 + es+1} is a zero-free set in Z
s+1

3 .
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Lemma 27 ([40]). Let S be a zero-free set in Z
s
3 with s ≥ 3 and |S| = 2s. Suppose

that each vector in S has two coordinates equal to 1 and all other coordinates equal

to 0. Then S ∪ {e1 + es+1, e2 + es+1} is a zero-free set in Z
s+1

3 .

We have the following theorem.

Theorem 28 ([15]). If p > 4.67× 1034, then O(Z2
p) = p+O(Zp)− 1.

The next theorem improves Theorem 28:

Theorem 29 ([1]). If p > 6000, then O(Z2
p) = p+O(Zp)− 1.

By Corollary 22, we have the equality O(Zs
p) = D(Zs

p) = s(p− 1) + 1 provided
that s ≥ 2p+ 1.

For S ⊆ G let us put
∑

(S) = {
∑

x∈A

x : A ⊆ S}.

For any natural number k let us define

F (G, k) = min{|
∑

(S)| : S ∈ ZFSs(G) with |S| = k}.

Recently Gao, Li, Peng and Sun [14] obtained the following result.

Theorem 30. Assume that k is a natural number, c > 0 is a real number, and

that F (G, k) ≥ 1 + c−2k2. Then O(G) < c
√

|G| − 1 + 1.

The following conjecture from [35, 40] is still open.

Conjecture 31 ([40]). O(G) ≤ O(Zn).

Using Theorem 20 together with the Hamidoune-Zemor bound on O(Zp), one
calculates easily that BD(Z3) = 3, BD(Z5) = 3, BD(Z7) = 4, and BD(Z11) = 5.
More examples are given in [8].

Theorem 32 ([8]). BD(Zs
2) = s+ 2 for all s ≥ 1.

The following two conjectures are equivalent.

Conjecture 33. Let s ≥ 2 and S ⊆ Z
s
3 be such that |S| = 2s+1. Then there exists

a ∈ S such that S − a \ {0} contains a subset with zero-sum.

Conjecture 34. BD(Zs
3) = 2s+ 1 for s ≥ 1.

Next we show that Conjectures 33 and 34 are true for small values of s.

Theorem 35. Conjectures 33 and 34 are true for s = 2, 3, 4, 5.

Proof. We start with some general considerations. It is clear that BD(Z3) = 3.
Assume now that s ≥ 2. Let {ei : 1 ≤ i ≤ s} be the canonical basis of the vector
space Z

s
3. Set

A = {0} ∪ {ei : 1 ≤ i ≤ s} ∪ {ei + ei+1 : 1 ≤ i ≤ s− 1}.
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It is clear that A \ {0} is a zero-free subset. It is also easy to see that A is a
barycentric free set, from where we get that 2s + 1 ≤ BD(Zs

3). Since BD(G) ≤
O(G)+1 and O(Zs

3) = 2s+1 for s ≥ 3, we have that BD(Zs
3) ≤ O(Zs

3)+1 = 2s+2.
Now let T ⊆ Z

s
3 have cardinality 2s + 1. Assume that T does not contain

barycentric subsets. Then we can write T = S ∪{0}, where S is a zero-free subset.
Since D(Zs

3) = 2s + 1, it follows that Z
s
3 = 〈S〉 (see [12] for this assertion). In

particular, S contains a basis of Zs
3 and without loss of generality we can suppose

that it is the canonical basis. Let S1 = S \ {e1, e2, . . . , es}. We will see that it
is not possible that |S1| = s. Let x be in S1. Suppose, up to a reordering of its
coordinates, that its coordinates are

x = (2, . . . , 2, 1, . . . , 1, 0, . . . , 0).

Say, x has its first a2 coordinates equal to 2, the next a1 coordinates equal to 1,
and the last a0 = s − a2 − a1 coordinates equal to 0. If a2 = 0, then we take the
barycentric-free set {x, ea2+1, . . . , ea2+a1

}. This set has sum 2x. Hence, a1 +1 6≡ 2
(mod 3). Further, by looking at {0, x, ea2+1, . . . , ea2+a1

}, we see that a1 + 2 6≡ 2
(mod 3). To summarize, if a2 = 0, then a1 ≡ 2 (mod 3). If a1 = 0, then we take
the barycentric-free set {0, x, e1, . . . , ea2

}. This set has sum 0, a contradiction.
Thus, a1 > 0. If a1 = 1, we then take the barycentric-free sets {x, e1, . . . , ea2+a1

}
and {0, x, e1, . . . , ea2+a1

}. Both have sum 2ea2+a1
, so a2+a1+1 6≡ 2 (mod 3), and

a2 + a1 + 2 6≡ 2 (mod 3). Thus, if a1 = 1, then a2 ≡ 1 (mod 3).
Now let us analyze the small values of s.

s = 2 The only possible elements in S1 are of the form (1, 1) or (2, 1). Since
(1, 0)+ (1, 1)+ (1, 2) = (0, 0), we conclude that S1 cannot have 2 elements.

s = 3 The only possible elements in S1 are of the form (1, 1, 0) or (2, 1, 0) or
(2, 1, 1). It is clear that each pair of such elements together with an appro-
priate element of the basis yields a barycentric set in S ∪ {0}. Thus, it is
not possible to find a set S1 with 3 elements.

s = 4 The only possible elements in S1 are (1, 1, 0, 0), (2, 1, 0, 0), (2, 1, 1, 0), (2, 1,
1, 1), (2, 2, 1, 1). By simple inspection, we can discard barycentric subsets
in S ∪ {0} until reaching the conclusion that it is not possible to find such
S1 with 4 elements.

s = 5 The only possible elements in S1 are of the form: (1, 1, 1, 1, 1), (1, 1, 0, 0, 0),
(2, 1, 1, 1, 1), (2, 1, 1, 1, 0), (2, 1, 1, 0, 0), (2, 1, 0, 0, 0), (2, 2, 1, 1, 1), (2, 2, 1,
1, 0), (2, 2, 2, 1, 1), (2, 2, 2, 2, 1). Again, we can derive from these elements
as many barycentric sets in S ∪ {0} as to conclude that we cannot have
such an S1 with 5 elements. However, the computations are becoming
cumbersome.

�
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