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SOME RESULTS ON O*-GROUPS

SEBAHATTIN IKIKARDES AND RECEP SAHIN

ABSTRACT. A compact Klein surface with boundary of algebraic genus g > 2 has at most 12(g—1)
automorphisms. When a surface attains this bound, it has maximal symmetry, and the group of
automorphisms is then called an M*-group. If a finite group G of odd order acts on a bordered
Klein surface X of algebraic genus g > 2, then |G| < 3(g —1). If G acts with the largest possible
order 3(g — 1), then G is called an O*-group. In this paper, using the results about some normal
subgroups of the extended modular group T, we obtain some results about O*-groups. Also, we
give the relationships between O*-groups and M *-groups.

1. INTRODUCTION

Let X be a compact bordered Klein surface of algebraic genus g > 2. In [8],
May proved that the automorphism group G of X is finite, and the order of G is at
most 12(g — 1). Groups isomorphic to the automorphism group of such a compact
bordered Klein surface with this maximal number of automorphisms are called M *-
groups [9]. These groups were investigated intensively [1-3,5,8-10,15,16] . The
first important result about M *-groups was that they must have a certain partial
presentation. An M*-group is generated by three distinct elements «, /3, v obeying
nontrivially the following relations,

OéQ _ 62 :72 _ (67)2 — (Oé')/)g —I.

The order q of af is called an index of the presentation GG. There is a nice
connection between the index and the action of G on X. If G is an M*-group
with an index ¢, then G is the group automorphisms of a Klein surface X and the
number of boundary components of X equals |G| /2q.

In [9], May proved that there is a relationship between the extended modular
group and M *-groups which says a finite group of order at least twelve is an M *-
group if and only if it is the homomorphic image of the extended modular group.
In fact, by using known results about normal subgroups of the extended modular
group, he found an infinite family of M*-groups.

Additionally, in [11, Theorem 1] May showed that an M*-group G is supersolv-
able if and only if the order of G is 4.3" for some positive integer r.
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On the other hand, if a finite group G of odd order acts on a bordered Klein
surface X of algebraic genus g > 2, then |G| < 3(g — 1). If G acts with the largest
possible order 3(g—1), then G is called an O*-group (see, [13] and [14]). A noncyclic
group of odd order G is an O*-group if and only if it is generated by two elements
of order 3, (see [13]).

If G is an O*-group and N is a normal subgroup of G with [G : N] > 3, then
the quotient group G/N is an O*-group, [13]. Of course, an O*-group may have
quotient groups of order 3 or trivial, but these are not O*-groups. For example, Zs
is not an O*-group, even though it clearly acts on a bordered surface of genus 2 (a
sphere with three holes or a torus with one hole). Finally, O*-groups are solvable,
since all groups of odd order are solvable by the Feit-Thompson Theorem [5].

In this paper, we obtain some results about O*-groups using the results about
normal subgroups of the extended modular group I'. Also, we give some relation-
ships between O*-groups and M *-groups.

2. THE EXTENDED MODULAR GROUP AND RELATED RESULTS

The extended modular group I' = PGL(2,7Z) has a presentation

T=(r, o, r3| 7 =12 =712 = (r172)? = (r1r3)® = I =Dy %4, D3

where

—_

. —Z

R

and the signature of T' is (0;+;[2,3];{(—)}) (see [7]). The modular group ' =
PSL(2,7) is a subgroup of index 2 in the extended modular group I'.

ri(z) = =, ro(z) = =%, and r3(z)

I\

It is known that the first commutator subgroup T of T is a free product of two
cyclic groups of order three, i.e.,

—
' = (rirs,rarsrirs | (rir3)® = (7“27“37“17“2)3 =1)27Z3x7Zs,

and the signature of T' is (0;451[3,3];{(=)}). The orders of the commutator quo-
tient groups f/f/ and f//f” are 4 and 9, respectively. T =T =TI? where T
is called the m-th power subgroup — the subgroup of I' generated by the m-th
powers of all elements of T.

Now we give some results related with the normal subgroups of T.

Theorem 2.1. i) There are exactly 2 normal subgroups of index 12 in T where I is
the first commutator subgroup of I' and T's is the principal congruence subgroup of I'
of level 2. Explicitly these are T = (rorsrarsrirs, rorsrirsrars) and I'y = (rarsrars,
(7“27“37”17“3)2>.

i) ‘f’ LT

=3 and ‘f/:Fg‘:S.

111) T =T = T2 where T" is called the m-th power subgroup — the subgroup
of T generated by the m-th powers of all elements of T.

Proof. See [15] and [10]. O
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The study of O*-groups lies in the study of factor groups of the first commutator
subgroup T of T. Thus we give the following theorem.

Theorem 2.2. A noncyclic group G of odd order is an O*-group if and only if G
18 a homomorphic image of the first commutator subgroup T of T.

Proof. 1t is clear that O*-groups are finite quotient groups of T'. On the other
hand, let G ~ T /N be a factor group of odd order larger than 3. It is easy to
see that if some of the elements 173 and rorgrire belong to IV then ‘f/ : N‘ < 3.
Therefore the images R R3 and RoR3R1 Ry of riry and rorgriry, make T /N an
O*-group. O

Now we get the following results.

Corollary 2.3. i) The quotient groups f//fﬁ and f// (fl)?’ are O*-groups.
ii) If G is an O*-group, then |G : G'| =3 or |G : G'| = 9.

Proof. i) It is easy to see from the Theorem 2.1 and ‘fl T’ =9,

ii) Let G be an O*-group. We know that the order of the quotient group T /f”
is 9. By the Theorem 2.1, the index |G : G'| divides 9 Then |G:G'| =1, 3 or
9. Since the order of GG is odd and all groups of odd order are solvable, the index
|G : G'| is not equal to 1. Thus |G : G'| =3 or 9. O

Theorem 2.4. Any O*-group G possesses either one or two subgroups of index 3.
An O*-group G possesses at most one normal subgroup of index 9.

Proof. Let G be an O*-group. G can have at most two subgroups of index 3
since T' has exactly two subgroups of index 3 (namely IV and T's). Since G is
a homomorphic image of fl, the subgroups of G corresponding to each of I
and FQ are G1 = <R2R3R2R3R1R3, R2R3R1R3R2R3> and G2 = <R2R3R2R3,
(RaR3R1R3)?). Also, G can have at most one subgroup of index 9 since T has a
unique normal subgroup of index 9 (namely f/,). Then if G has a subgroup G3 of
index 9, then G5 is a homomorphic image of the subgroup T of T. 1

Notice that T2 = T is the only normal subgroup of the modular group I' of
index 2 [4, Table 1]. Using the results in [13] and the table for normal subgroups
of T in [4], we give the following result.

Corollary 2.5. Let N be a normal subgroup of I such that N C T'2.

i) If | : N| = 2.3p for an odd prime p such that 3 divides p — 1, then I'?/N s
an O*-group.

i) If [T : N| = 2.3p* for an odd prime p such that 3 divides p — 1, then T'? /N is
an O*-group.

iii) If [T : N| = 2.3p? for an odd prime p such that 3 divides p + 1, then T'? /N
is an O*-group.

This result have impact upon the existence of O*-groups of certain orders. Now
we give the following example using the table in [4].
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Example 2.1. i) If p =7 then |N| = 42 then I'?/N is an O*-group.
ii) If p =13 then |N| = 1014 then I'?/N is an O*-group.
i) If p = 11 then |N| = 726 then I'?/N is an O*-group.

3. RELATIONSHIPS BETWEEN O*-GROUPS AND M *-GROUPS

In this section, we examine some relationships between O*-groups and M*-
groups. Firstly, we give the following theorem, which is based on a result of Bu-
jalance, Cirre and Turbek in [2, Corollary 3.5].

Theorem 3.1. If G is an O*-group generated by two elements u and v each of
order three and if G admits any two of the following automorphisms

1 1 1

hru—utvosol, Siu—v, v—u d3iu—v Lo u

then the semidirect product group H = G X5 (C2 x Cg) is an M*-group.

Note that Corollary 3.5 of Bujalance, Cirre and Turbek in [2] characterized all
M*-groups H with a normal subgroup G of index 4. But, this normal subgroup G
may not be an O*-group. Since the order of any M*-group H is 12(g — 1), g > 2
integer, the order of G may be even number or 3. For example, the group Zs x S3
is an (supersolvable) M*-group and has a normal subgroup Zj of index 4, but it is
not an O*-group. Now we have the following.

Corollary 3.2. If a M*-group H contains a normal subgroup G of index 4 and
if G is generated by two elements of order 3 such that the order of G is an odd
number larger than 3, then G is an O*-group.

Of course, there are several O*- groups which can be obtained from M*-groups.
For example, if H is a supersolvable M *-group of order 4.3", » > 2 and if G is a
subgroup of index 4 in H, then H is an O*-group. For r = 2, the supersolvable
M*-group D3 x D3 acts on a torus with three holes and it has a normal subgroup
Zs3 x Zs of index 4. Therefore Zs x Zs is an (the smallest) O*- group.

On the other hand, an M*-group can be obtained from an O*-group as in The-
orem 3.1.

Example 3.1. We consider the group M, with presentation
(u, v|u®=v>= (w)® = (u ) =1), (see, [12)).
This group has order 3p®. If p is an odd number greater than one or a power of
3, then each group M, is an O*-group. For example, the group Mz is an O*-group
of order 27. From [2, Examples 3.6 (i)], each group M, admits the above automor-

phisms 61 and d2. Therefore M, x5 (Co x C3) is an M*-group. The associated
Klein surface can be chosen to be a torus with p* boundary components.

Note that, in general, not every M*-group can be obtained from an O*-group
as in Theorem 3.1.

Theorem 3.3. Let p be a prime such that 3 divides p — 1. The O*-group G of
order 3p does not admit any two of the above automorphisms 61, do and d3.
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Proof. From [13, Theorem 7], it is known that the group G of order 3p is an O*-
group if p is a prime number such that 3 divides p — 1. Of course, here p is greater
than 5. Thus, if the group G admits any two the above automorphisms 1, d2 and
03, then the group G x5 (C2 x C3) of order 12p would be an M*-group. But this
is impossible, since there are no M*-groups of order 12p for any prime p > 5,
see [10, Lemma 4]. O

Finally, by using the Theorem 3.1 and some results of Bujalance, Cirre and
Turbek in [3], we give the index of the presentation of an M*-group which can be
obtained from its commutator subgroup.

Corollary 3.4. i) Let G be an O*-group. If |G :G'| # 3, then G admits the
automorphisms 61 and 02 and also H = G x5 (Co x C3) is the only M*-group which
has G as its commutator subgroup.

1) If G is an O*-group generated by two elements u and v each of order three
and if H = G X5 (Cy x C3) is an M*-group then the index of the presentation of
H is 2 ord(uv™1).

Proof. For i) and ii) see Corollary 3.12 and Proposition 3.15, in [3], respectively. [
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