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MONADIC WAJSBERG HOOPS

CECILIA ROSSANA CIMADAMORE AND JOSE PATRICIO DIAZ VARELA

ABSTRACT. Wajsberg hoops are the {®, —, 1}-subreducts (hoop-subreducts)
of Wajsberg algebras, which are term equivalent to MV-algebras and are the
algebraic models of Lukasiewicz infinite-valued logic. Monadic MV-algebras
were introduced by Rutledge [Ph.D. thesis, Cornell University, 1959] as an
algebraic model for the monadic predicate calculus of Lukasiewicz infinite-
valued logic, in which only a single individual variable occurs. In this paper
we study the class of {®, —,V, 1}-subreducts (monadic hoop-subreducts) of
monadic MV-algebras. We prove that this class, denoted by MW®H, is an
equational class and we give the identities that define it. An algebra in MWH
is called a monadic Wajsberg hoop. We characterize the subdirectly irreducible
members in MWH and the congruences by monadic filters. We prove that
MWH is generated by its finite members. Then, we introduce the notion
of width of a monadic Wajsberg hoop and study some of the subvarieties of
monadic Wajsberg hoops of finite width k. Finally, we describe a monadic
Wajsberg hoop as a monadic maximal filter within a certain monadic MV-
algebra such that the quotient is the two element chain.

1. INTRODUCTION

Hoops are a particular class H of algebraic structures which were introduced
in an unpublished manuscript by Biichi and Owens in the mid-seventies and later
investigated in [4] and [I3]. They are partially ordered commutative residuated
integral monoids satisfying a further divisibility condition. Bosbach showed that
‘H is a variety.

The variety of hoops includes two classes of algebras that are closely related to
familiar algebras of logic: the variety of Brouwerian semilattices, defined relative to
H by the identity z © x = x, and the variety of Wajsberg hoops, defined relative to
‘H by the axiom (z—y)—y =~ (y—2x)— 2. It is known that Brouwerian semilattices
are the {A, —, 1}-subreducts of Heyting algebras, which are the algebraic models of
intuitionistic propositional logic, and Wajsberg hoops are the {®, —, 1}-subreducts
(hoop-subreducts) of Wajsberg algebras, which are term equivalent to MV-algebras
and are the algebraic models of Lukasiewicz infinite-valued logic.
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64 C. R. CIMADAMORE AND J. P. DIAZ VARELA

Monadic MV-algebras (MMV-algebras for short) were introduced and studied
by Rutledge in [I5] as an algebraic model for the monadic predicate calculus of
Lukasiewicz infinite-valued logic, in which only a single individual variable oc-
curs. He gave MMV-algebras the name of monadic Chang algebras. Rutledge
followed Halmos’ study of monadic boolean algebras and represented each sub-
directly irreducible MMV-algebra as a subalgebra of a functional MMV-algebra.
From this representation, he proved the completeness of the monadic predicate cal-
culus. As the MMV-algebras form the algebraic semantic of the monadic predicate
infinite-valued calculus of Lukasiewicz, then the subvarieties of the variety MMV
of MMV-algebras are in one-to-one correspondence with the intermediate logics.

In this paper we study the class of all monadic hoop-subreducts of MMV-
algebras, that is, the class of all {®,—,V,1}-subreducts of MMV-algebras. In
we prove that this class is an equational class, which we denote by MWH, and
we give the identities that define it. An algebra in MWH is called a monadic Wajs-
berg hoop. We characterize the congruences of each monadic Wajsberg hoop H by
means of monadic filters. More precisely, we establish an order isomorphism from
the lattice Conpyy (H) of congruences of H and the lattice Fp(H) of monadic
filters of H, both ordered by inclusion. Moreover, we prove that the lattice Fa; (H)
is isomorphic to the lattice F(VH) of filters of the Wajsberg hoop VH. From this,
we characterize the subdirectly irreducible members of MW%H. Since MWH is
exactly the class of all monadic hoop-subreducts of MMV-algebras, we obtain a
closed relationship between varieties of monadic Wajsberg hoops and varieties of
MMV-algebras. As an application, we prove that MWH is generated by the set
{CF :m,k € N}, where CF, is the monadic Wajsberg hoop-reduct of the MMV-
algebra Sk .

In {4 we introduce the notion of width of a monadic Wajsberg hoop. We char-
acterize a subdirectly irreducible algebra of finite width k as a subalgebra of a
functional monadic Wajsberg hoop. Finally, we study some of the subvarieties of
algebras of a finite width k, including cancellative subvarieties.

In [1I] the authors construct, given a Wajsberg hoop H, an MV-algebra M'V (H)
such that the underlying set H of H is a maximal filter of MV (H) and the quotient
MV (H)/H is the two element chain. In §5| we see that if the given Wajsberg hoop
H is a monadic Wajsberg hoop, then we can enrich MV (H) with an existencial
operator and a universal operator making MV (H) an MMV-algebra, obtaining
from here a description of a monadic Wajsberg hoop as a monadic maximal filter
within an MMV-algebra.

2. PRELIMINARIES

In this section we recall some definitions and collect the properties of MMV-
algebras and Wajsberg hoops needed in the rest of the paper.

An MV-algebra is an algebra A = (A;®,,0) of type (2,1,0) satisfying the
following identities:
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MONADIC WAJSBERG HOOPS 65

MV1) z® (y@2)~(xdy) Dz, (MV4) ~—z=u,
(MV2) zoy~y®uw, (MV5) 2@ -0 = -0,
(MV3) 2®0 =~ z, (MV6) ~(—zdy) by~ -(-ydz)d.

MV-algebras were introduced by C. C. Chang in [6] as algebraic models for
Lukasiewicz infinite-valued logic. On each MV-algebra A we define the constant
1 and the operations ® and — as follows: 1 := =0, z ®y := —(—a ® —y), and
x—y =~z dy. For any two elements a and b of A, we define a < b if and only if
a—b=1. It follows that < is a partial order, which is called the natural order of
A. The natural order determines a lattice structure in A. Specifically the join a Vb
and the meet a Ab of a and b are given by aVb = (a—b)—band aAb=a®(a—D).

The real interval [0, 1] enriched with the operations a @ b = min{1,a + b} and
—a = 1 — a, is an MV-algebra denoted by [0,1]. Chang proved in [7] that this
algebra generates the variety MV of MV-algebras. Let N be the set of positive
integer numbers. For every n € N, let S, = {0, %, R "T_l,l} and denote by
Sy = (Sn;®,,0) the finite MV-subalgebra of [0, 1] with n + 1 elements.

Mundici defined a functor I’ between MV-algebras and (abelian) ¢-groups with
strong unit, and proved that I" is a categorical equivalence ([I4]). For every abelian
£-group G, the functor I" equips the unit interval [0, u] with the operations xz &y =
u A (z+7y), v =mu—=z and 1 = u. The resulting structure ([0, u];®,—,0) is an
MV-algebra. Set S,, ., = I'(Z x Z, (n,0)), where Z is the totally ordered additive
group of integers and Z x Z is the lexicographic product of Z by itself. Let us
observe that S,, is isomorphic to I'(Z, n), and we write S,, = T'(Z,n).

A hoop is an algebra H = (H; ®, —, 1) of type (2,2,0) such that (H;®,1) is a
commutative monoid and the following identities are satisfied:

(H1) z -z =1,
(H2) z0(z—y) =yo (y— ),
H3) 2= (y—=2)rz0y— 2.

The first systematic study of the structural properties of hoops appeared in
Ferreirim’s thesis [I3]. We also refer to [4] for a study of hoops and for further
references.

IfH = (H;®,—,1) is a hoop then (H;®,1) is a naturally ordered residuated
commutative monoid where the order is defined by a < b iff a - b = 1, and
residuation means that a @b < ciff a < b— ¢. Any hoop is a meet semilattice and
the meet is term-definable as a Ab = a® (a—b). In the following lemma we collect
some properties of hoops.

Lemma 2.1. Let H= (H;®,—,1) be a hoop. For every a,b,c € H, the following
holds:

(H4) 1 > a=a,

(H5) a—1=1,

(H6) a - b < (c—a)— (c—=D),
(H7) a <b—a,

(H8) a < (a—b) —b,

(H9) a—=(b—c)=b— (a—c),
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(H10) a=b< (b—=c¢)— (a—0¢),
(H11) a < b impliesb—c<a—c andc—a < c—b.

The variety WH of Wajsberg hoops is defined relative to the variety of hoops
by the axiom (T)(z — y) >y ~ (y = ) — . The underlying ordering of a
Wajsberg hoop is a distributive lattice ordering and the join is term-definable by
aVb= (a—b)—b. Since any hoop satisfies the identity (x - y) = (y—>z) = y— =
([B]), any Wajsberg hoop satisfies (x — y) V (y — ) ~ 1. Then 1 is join-irreducible
and, in consequence, any subdirectly irreducible Wajsberg hoop is totally ordered.

A hoop H = (H;®,—, 1) is cancellative if (H;®,1) is cancellative as a monoid.
Cancellative hoops form a variety, axiomatized relative to hoops by the identity
z~y—(zOy) ([A). It can be shown that cancellative hoops coincide with negative
cones of abelian £-groups in the following sense. If G is an abelian ¢-group and G~
is its negative cone, then the structure (G~;®, —, 1) is a cancellative hoop, where
a®bi=a+b,a—b:=(b—a)A0,and 1:= 0% Conversely, if H is a cancellative
hoop, then H can be identified with the negative cone of an abelian ¢-group ([4]).
Any cancellative hoop is a Wajsberg hoop and cancellative hoops are axiomatized
(relative to Wajsberg hoops) by the identity z — (v ® z) ~ x. If H is a nontrivial
totally ordered cancellative Wajsberg hoop, then V(H) (the variety generated by
H) is equal to V(C,), where C, is the cancellative hoop given by the negative
cone of Z.

A hoop is bounded if it has a bottom element with respect to the order. A
Wajsberg algebra is a bounded Wajsberg hoop in the enriched language (®, —, 1,0),
where 0 is the constant for the bottom element. Wajsberg algebras and MV-
algebras are term-wise equivalent. Indeed, if (4;®,—,1,0) is a Wajsberg algebra
and we define ~a := a—0 and a @b := —a— b, then (A; ®, —,0) is an MV-algebra.
Conversely, if (A;®,—,0) is an MV-algebra and we set 1 := =0, a — b := —a @ b,
and a ® b := =(—a & —b), then (A; ®,—,1,0) is a Wajsberg algebra.

In any Wajsberg hoop H = (H;®,—, 1) we can define the operation

a®b=(a— (a®b))—b

If H has a least element, then it is easily seen that @ is the usual Lukasiewicz sum,
while if H is a cancellative hoop then a @ b = 1 for all a,b € H ([2]). Moreover,
the identity z & x ~ 1 axiomatizes the variety of cancellative hoops relative to the
variety of Wajsberg hoops.

Congruences in MV-algebras and Wajsberg hoops are completely determined by
filters. A filter of a Wajsberg hoop or MV-algebra A is a nonempty subset F' of A
such that a € F and a < b implies b € F, and a,b € F implies a ® b € F. Note
that a filter is a subhoop. Filters form an algebraic lattice that is isomorphic with
the congruence lattice of A. If A is a bounded hoop, then its congruences do not
depend on the fact that we look at A as an MV-algebra or a Wajsberg hoop.

We define a' = @ and a"*!' = a ® ", for each n € N.

Let H be a nontrivial bounded Wajsberg hoop, with bottom element 0. For
every a € H, let the order of a, written ord a, be the least n € N such that a™ = 0,
provided that such an n exists. If a™ # 0 for every n, then we set orda = w. We
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define the order of H by
ord(H) = sup{orda : a € H — {1}}.

If this supremum does not exist then we say that the order of H is infinite and we
write ord(H) = w. Let the radical of H, written Rad(H), be the intersection of all
maximal filters of H. If H is totally ordered then Rad(H) = {a € H : orda = w}.
It is easily seen that Rad(H) is a proper filter of H and a cancellative subhoop of
H. We define the rank of H by

rank(H) = ord(H/ Rad(H)).

There is an important relation between varieties of MV-algebras and varieties
of Wajsberg hoops. If K is a class of MV-algebras, let S"(K) be the class of hoop-
subreducts of algebras in K. It follows that if V is a variety of MV-algebras then
S™(V) is a variety of Wajsberg hoops. In particular, the variety W#H is the class of
hoop-subreducts of MV ([4]).

An algebra A = (A; ®,—,3,0) of type (2,1, 1,0) is called a monadic MV-algebra
(an MMV-algebra for short) if (A;®,—,0) is an MV-algebra and 3 satisfies the
following identities:

(MMV1) z < 3Jz, (MMV4) 3(Fz @ Jy) = Iz & Ty,
(MMV2) 3(zVy)~ Iz V Iy, (MMV5) 3(zx @ x) ~ Iz © Iz,
(MMV3) 3-3z ~ -3, (MMV6) Iz @ z) = Jz & Ju.

MMV-algebras were defined by Rutledge in [15]. Let A be an MMV-algebra
and let us define Ya := —3—a, for every a € A. Clearly, the following identities
dual to (MMV1)-(MMVG6) are satisfied in every MMV-algebra:

(MMVT) Vo <z, (MMV10) V(Vz 0 Vy) = Vz O Yy,
(MMVS8) VY(x Ay) = Vz AVy, (MMV11) V(z © x) = Vz O Vz,
(MMV9) V-Vz ~ =V, (MMV12) V(z @ x) =~V & V.

For our purposes, it is more convenient to consider the operator V instead of 3.
So, from now on, we consider an algebra A = (4;®,—,V,0) as an MMV-algebra if
V satisfies the identities (MMV[7)~(MMV[I2). We often write (A;V) for short.

The next lemma collects some basic properties of MMV-algebras.

Lemma 2.2 ([15]). Let A € MMV and a,b € A. Then the following properties
hold:

(MMV13) V0 = (MMV17) V(Ya — Vb) = Va — Vb,
(MMV14) v (MMV18) V(a — b) < Va — Vb,
(MMV15) W (MMV19) ¥(a v ¥b) = Va \V Vb,
(MMV16) ( ® Vb) Va & Vb, (MMV?20) V3a = Ja, IVa = Va.

Let VA be the set {a € A:a=Va} = {a € A:a=3Fa}. It follows that VA =
(VA; ®,-,0) is an MV-subalgebra of the MV-reduct of A.

Let A be an MV-algebra and X = {1,...,k} be a finite set. Let us consider
the product algebra AX, where @, = and 0 are defined pointwise. If we define
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Vallay,...,ar)) ={ag A---ANag,...,a1 A--- Aag), then AX = (AX; @, =, V,,0) is
an MMV-algebra. We denote this algebra simply by A*.
Let us consider the identity

k+1
(o) \/ ( x; V)= \/ Vms> ~ 1,

1<i<j<k+1
if k> 2, and
(') x ~ V.

The width of an MMV-algebra A, denoted by width(A), is the least integer k
such that (a*) holds in A. If k& does not exist, then we say that the width of A
is infinite and we write width(A) = w. This definition is motived by the following
result.

Proposition 2.3 ([10]). Let A be a subdirectly irreducible MMV-algebra that sat-
isfies (a¥). Then A is isomorphic to a subalgebra of (YA)*.

If A is a subdirectly irreducible MMV-algebra and width(A) = k& < w, then the
algebra of complemented elements B(A) is isomorphic to a subalgebra of the simple
monadic boolean algebra 28 = (2%; v, A/ |V, (0,...,0),(1,...,1)), where 2 = {0,1}
and V: 28 — 2% is defined by Va = { 2(1)(1)5 EZESB .
known that there is a correspondence between the family of all subalgebras of 2*
and the partitions of the set of coatoms of 2*. In addition, the partitions of this
set are in a natural correspondence with the partitions of the set {1,...,k}. So we
have a one-to-one onto correspondence between the set of subalgebras of 2¥ and
the set of all partitions of {1,...,k}. Then we can associate to A the partition
P = {P,P,,...,Ps} of {1,...,k} determined by the subalgebra 2° = B(A) of
B(Sk).

Let

It is well

s+1
(B2) N\ vt v 2zt \/ v(227TT)
1<i<j<s+1
Let A be a subdirectly irreducible MMV-algebra such that rank(VA) = n
ord(VA) = w, and width(A) = k. Then, the identity (87) holds in A if and
only if B(A) is isomorphic to a subalgebra of 2. The boolean width of A, denoted
by bwidth(A), is the least integer s such that (57) holds in A ([I0]).
Let A be a subdirectly irreducible MMV-algebra such that width(A) = k. The
following results are proven in [10]:
o If ord(VA) = m, then V(A) = V(SE).
e If rank(VA) = n, ord(VA) = w, bwidth(A) = k, then V(A) = V(Sk ).
e If rank(VA) = n, ord(VA) = w, bwidth(A) = 1, then V(A) = V(SE1),
where Sﬁ’ylw is the MMV-subalgebra of Sfl’w generated by the constant ele-
ments V(SF ) and the radical Rad(S}; ) of S}

n,w
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o If rank(VA) = n, ord(VA) = w, bwidth(A) = s with 1 < s < k, then there
exists a partition P = {Py,..., Ps} of the set {1,...,k} associated with A
such that the following identity is satisfied in A:

((/\ 2" & o) AN (@ vt 1) | A
1<i<j<s

i=1
(/\(\my+1 “ 0)> A ( N\ @27t 1))] (fhP)
i=1 i=1
Po(i) O'(l) o'(z) -
- \/ (/\a w+1 7"'7Zpu(i)+1)> ~ 17
oc€P({1,...,s}) o (1)

where the cardinal of each subset P; is denoted by p;, the operation <
is defined by = + y = (z = y) A (y = ), P({1,...,s}) is the set of all

permutations of the set {1,...,s}, and
aPe® U(i) o (i)
VQ n+1( 1 ""’Zl)a(i)-‘rl)

o (i)
is an abbreviation of

Po(i)t1 Po(i)t1
— n+1 o(i) n+1
v \/ /\ Zpy | V2ol | = \/ (sz \Y 23:0(2.)> ,
r=1 Jj=1
where Z = {70 ;(2>+1} and Z- = Z — {zZ"}. Moreover, V(A) =

V(SELD), where
S’C b={ac S o :a(i)/Rad(S,..) = a(j)/ Rad(Spw) if i,j € P, for some ¢} .

3. MoNADIC WAJSBERG HOOPS

In this section we define the variety MWH of monadic Wajsberg hoops. We
prove general properties of MWH and characterize the congruences of each monadic
Wajsberg hoop H by means of monadic filters. More precisely, we establish an or-
der isomorphism from the lattice Con 3 (H) of congruences of H and the lattice
Far (H) of monadic filters of H, both sets ordered by inclusion. Moreover, we prove
that the lattice Fps(H) is isomorphic to the lattice F(VH) of filters of the Wajs-
berg hoop VH. From this, we characterize the subdirectly irreducible members
of MWH. We also prove that MWH is exactly the class of all monadic hoop-
subreducts of MMV-algebras, obtaining a closed relationship between varieties of
monadic Wajsberg hoops and varieties of MMV-algebras. As a first application,
we prove that MWH is generated by the set {CF : m,k € N}, where CF, is the
monadic Wajsberg hoop-reduct of the MMV-algebra Sk,

Definition 3.1. An algebra H = (H;®,—,V, 1) of type (2,2,1,0) is a monadic
Wagjsberg hoop if (H;®,—,1) is a Wajsberg hoop, and the following identities are
satisfied:
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(MH1) V1~ 1

(MH2) Vo -z ~ 1,

(MH3) Y((x — Vy) = Vy) = (Vo — Vy) = Yy,
(MH4) Y(x = y) — (Vo — Vy) = 1,

(MH5) V(Vz — Vy) = Vo — Vy,

(MH6) V(z ® x) =V @V,

(MH7) V((x = Vy) = x) =~ (‘v’a: — Vy) — Vz,
(MHS) V(xz Ay) =V AVy,

(MH9) V(Vz O Yy) = Va © Vy.

Let us observe that (MH3)) can be written as V(z V Vy) ~ Vz V Vy.

Lemma 3.2. Let H be a monadic Wajsberg hoop, and let a,b € H. Then we have
the following.

(MH10) Va = Wa.

(MH11) If a <b then Ya < Vb.

(MH12) (Va @ Vb) = Va @ Vb.

(MH13) Y(a ® a) = Va & Va.

(MH14) IfVH ={Va:a € H} then VH = (VH; ®,—,V, 1) is a subalgebra of H.

Proof. From M and M we have
VYa =Wa V Va = VY (Va V Va) = Wa.
If a < b, and taking into account (MH4)) and (MH[L)), we have
1=V(a—b) = (Va—Vb) =V1— (Va—Vb) =1— (Va— Vb) = Va — Vb.
So, Va < Vb.
From (MHJ) and (MHf), we write
V(Va @ ¥b) = ¥((Ya — (Ya ® Vb)) — Wb) = V((Ya — V(Va & Wb)) — Vb)
=V(V(VYa — V(Ya ® Vb)) = Vb) = ¥Y(Va — ¥(Va © Vb)) — Vb
= (Va = V(Va ©® Vb)) = Vb = (Va — (Ya ® Vb)) — Vb = (Va & Vb).
Let us prove now (MH]13|). From Va < a, we have that Va & Va < a ® a. Taking
into account (MHI2) and (MHTI), we obtain Va & Va = V(Va & Va) < V(a & a).
Since V(a ® a) < a ® a, then (a = (a ®a)) = a < (a - V(a ® a)) — a. That
is, a®a < (a—V(a®a)) = a. Consequently, from (MHT) and (MH§]), we have
Y(a®a) <V((a—=VY(a®a))—a) = (Va—VY(a®a)) =Va = (Va— (Va®Va)) —Va =

Va @ Va. So, (MH]L3)) holds.
Finally, we obtain that VH = (VH; ®, —,V, 1) is a subalgebra of H from (MH[J),

(MHE), (MHE) and (MHTG). O

Let H be a Wajsberg hoop and H* the Wajsberg hoop direct product of H, where
k is a positive integer number. We define V,: H* — H* by VA ((a1,...,ax)) =
(¢,...,c), where ¢ = /\f:1 a;. The next result is straightforward.

Lemma 3.3. If H is a Wagsberg hoop then H* = (H*;®,—,V5,1) is a monadic
Wagsberg hoop.

Rev. Un. Mat. Argentina, Vol. 57, No. 2 (2016)



MONADIC WAJSBERG HOOPS 71

A filter F' of a monadic Wajsberg hoop H is a monadic filter of H if Va € F,
for each a € F. Let us observe that if F' is a monadic filter of H, then F' is closed

by all the operations of H. In consequence, every monadic filter is a subuniverse
of H.

Theorem 3.4. Let H € MWH. The correspondence Conpanyy(H) — Far(H)
defined by 0 — 1/0, where 1/0 = {a € H : (a,1) € 0}, is an order isomorphism
whose inverse is given by F — O, where

0 ={(a,b) e HXx H:(a—b)®(b—a) e F}.

Proof. Let 6 € Conapwy(H). We only need to prove that 1/6 is a monadic filter.
For that, let a € 1/0, that is, (a,1) € 6. Then, (Va,V1) = (Va,1) € 1/6.

Let F' € Fp(H) and (a,b) € H x H such that (a —b) ® (b —a) € F. Then,
a—be Fand b—a € F. Since F is monadic, we have that V(a — b) € F and
V(b—a) € F. Taking into account that F is increasing and from (MH4)), we obtain
that YVa — Vb € F and Vb — Va € F. Thus, (Va — ¥b) ©® (Vb — Va) € F and
O € Conppwy(H).

The order isomorphism 6 — 1/6 is now a straigthforward computation. O

Given H € MWH and a non-empty set X C H, let FMg(X) denote the monadic
filter generated by X in H. Then,

FMg(X)={b€ H :Ya; ®Vaz ®--- ®Va, <b for some ay,...,a, € X}.

In particular, if X = {a} then FMg({a}) = {b € H : (Va)™ < b, for some n € N},
and it is denoted simply by FMg(a). Let us observe also that FMg(X) = Fg(VX).

Theorem 3.5. Let H € MWH. The correspondence Fy(H) — F(VH) defined
by F — FNYH is an order isomorphism whose inverse is given by M — FMg(M).

Proof. If F' € Fp;(H), then it is easy to see that F'NVH € F(VH). Let us prove
that FMg(FNVH) = F. From FNVH C F, we have that FMg(FNVH) C F. Let
us consider now f € F. Then, Vf € FNVH and consequently Vf € FMg(FNVH).
Taking into account that FMg(F NVH) is increasing in H and Vf < f, we obtain
that f € FMg(FNVH).

Let M € F(VH). Let us see that FMg(M)NVH = M. Clearly, M C FMg(M)nN
VH. Let z € FMg(M) NVH. Then there are a,as,...,a, € M such that a; ®
as®---®a, =Va; ®Vas ®---®Va, < z. Since M is a filter of VH, we have that
a1 @as®- - ®a, € M. From z € VH and M increasing in VH, we obtain that
z€ M. O

Corollary 3.6. If H e MWH then
CODMW}L (H) = fM(H) = f(VH) = COIIWH(VH)

As an immediate consequence, we have the following characterization of the
subdirectly irreducible members of the variety.

Corollary 3.7. Let H € MWH. Then, H is subdirectly irreducible (simple) if
and only if VH is a subdirectly irreducible (simple) Wajsberg hoop.
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Since subdirectly irreducible algebras in the variety WH are totally ordered, the
following result is also immediate.

Lemma 3.8. If H is a subdirectly irreducible monadic Wajsberg hoop then VH is
totally ordered.

Then we clearly have the following result.

Proposition 3.9. Fvery monadic Wagsberg hoop is a subdirect product of a family
of monadic Wajsberg hoops {H;}, i € I, such that VH; is totally ordered.

We use the order isomorphism between congruences and monadic filters to prove
that MW®H has the congruence extension property.

Proposition 3.10. The variety of all monadic Wajsberg hoops has the congruence
extension property.

Proof. Let A be a monadic Wajsberg hoop and B a subalgebra of A. Let F' be a
monadic filter of B and let us consider F' = FMg(F'), the monadic filter generated
by F in A. It is clear that F C F' N B. Let b € F' N B. Then there exist
ai,...,a, € F such that Va; ® --- ® Va,, < b. Since F is a monadic filter of
B, then Va; € F for each i. So, Ya; ® --- ® Va,, € F since F is closed under
multiplication. In addition, from b € B and F' upward closed we have that b € F.
Hence, F' = F' N B. d

It is known that a totally ordered Wajsberg hoop is either bounded or cancella-
tive. It is bounded and cancellative if and only if it is trivial (see |2, Proposition
2.1]).

Proposition 3.11. If H is a monadic Wajsberg hoop such that YH is totally
ordered, then H is bounded or cancellative. If it is both, then it is trivial.

Proof. We know that VH is bounded or VH is cancellative. If VH is bounded then
H is bounded. Indeed, if there exists a bottom element Vb in VH, then Vb < Va < a,
for all @ € H. If VH is cancellative then Va @& Va = 1, for all @ € H. Then, from
(MH2), a® a >Va®Va=1. So,a®a =1 for all a € H. Thus, H is cancellative.

If VH is bounded and cancellative, then YH = {1}. This implies that H = {1},
taking (MH2) into account. O

The following characterization will be needed in

Corollary 3.12. If H is a subdirectly irreducible monadic Wajsberg hoop, then H
s bounded or cancellative.

Proof. Tt follows from Lemma[3.8] and the last proposition. O

In the next lemma we prove that in every bounded monadic Wajsberg hoop we
can define an MMV-algebra structure.

Lemma 3.13. Let H= (H;®,—,V,1) be a bounded monadic Wajsberg hoop with
first element 0. Let us define the operations

—a:=a—0 and a®b:=-a—0,
fora,be H. Then (H;®,—,V,0) is an MMV-algebra.
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Proof. Tt is known that (H; @, —,0) is an MV-algebra. So, it is enough to see that
(H;®,~,V,0) satisfies the MMV-axioms. Axioms (MMV[7)), (MMV[), (MMV]L0)),
(MMV]I1)) and (MMV[I2) are immediate from (MHZ2)), (MHS), (MH9), (MH{@), and
(MH[13)) respectively. Clearly, if 0 is the bottom element then Y0 = 0. Now, from
(MHJ)), we have that V(—Va) = V(Va — 0) = Va — 0 = —Va, for all a € H. Then,
(MMV[g) holds. m

Lemma 3.14. The monadic hoop-reduct, that is, the {®,—,V,1}-reduct of an
MMV-algebra, is a monadic Wagjsberg hoop.

Proof. The identities (MH]), (MH2), (MH3), (MHA), (MHE), (MH{), (MHE), and
(MHED are immediate from (MMV|14)), (MMV@, (MM, (MMV]18)), (MMV|L7)),
(MM7 (MM, and (MMV]10)), respectively. The identity (MH[7)) is proved in
[11, Lemma 3.1]. O

In the following, we prove that the variety of monadic Wajsberg hoops is exactly
the class of all monadic hoop-subreducts of MM V-algebras.

Let H be a monadic Wajsberg hoop and let @ € H. Let [a) = {b € H : a < b}
and (a] ={b€ H :b < a}. For each z,y € [a), we define

TO.y = (zOyY)Va.

It is easy to see that ([a); ®4,—, 1) is a bounded Wajsberg hoop. Let us observe
that [a) is closed under —, since <y — .

Lemma 3.15. Let H = (H;,—,V,1) € MWH and a € VH. Then, [a) =
([a); ®a,—, ¥, 1) is a bounded monadic Wagjsberg hoop.

Proof. From the remarks above it is enough to prove the MWH-axioms. Identities
(MH[), (MH2), (MH3), (MHE), (MHJ)), and (MH]7)) are immediate.

Let 2,y € [a). Let us prove first that (MH6|) holds. Indeed, V(x ©4 z) =
Vi(x@z)Va)=V(xox)Va=VzrOVr)Va=Vre, V.

For (MHR), we write V(z A, y) = V(2 @y (z = y)) = V((z © (z = y)) Va) =
Y(zo(x—y))Va = (VzAYy)Va = (VO (Ve —=Vy))Va = Ve O, (Ve —Vy) = Ve A, Vy.

Finally, V(Vz ©, Vy) = V((Vz ©Vy) Va) = V(Vz O Vy) Va = Yz ©, Vy. So, (MHY)
is satisfied.

Hence, [a) is a bounded monadic Wajsberg hoop. O

Theorem 3.16. IfH is a monadic Wagjsberg hoop then H € ISPy ({[Vz) : z € H}).

Proof. Let us consider the family {(a] : a € H}. Since (a Ab] = (a] N (b], the family
{(a] : @ € H} has the finite intersection property. Thus, there exists an ultrafilter
F in the boolean algebra Su(H) of subsets of H, containing all the members of the
family. Let ¢: H — ([],cy[V2)) /F be defined by

Y(a) = (aVVz).en/F.
So, given a,b € H,

Y(a) =1(b) if and only if {z € H:VzVa=VzVb}eF.
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Let us see that ¥(Va) = ¥(¢(a)), Y(a®b) = ¢¥(a) 09 (b), Y(a—b) = P(a) = ()
and that ¢ is injective.

For each a € H, VzV VYa = ¥Y(a V Vz). Then, Y(¢¥(a)) = V((aVV2).en/F)
—V((a\/Vz)zeH)/F (v (a\/Vz))z u/F={MaVvVz)), .y /F =v(Va).

Ifz<a®bthenv,z\/( b) = a@b—(Vz\/a)@(Vz\/b). Then, (a ©

b C{ze€e H:VzV(a®b) = (Vz2Va)© (VzVb)}. Since (a ©®b] € F, then
{z€ H:V2V(a®b)=(VzVa)®©(VzVb)} € F. Thus, ¥(a®b) =1(a)® ().
Note that ¥(a — b) = ¢(a) = (b) if and only if
{ze H:VzV(a—b)=(Vz2Va)— (Vz2Vb)} €F.
Let ¢ € H be such that ¢ < g and ¢ <b. Let us see that
(c]C{zeH:VzV(a—=b)=(VzVa)— (VzVb)}.

Indeed, if z € (] then V2 < 2z < ¢ < a,b. So, Vz < a — b and conse-
quently V2V (a - b) = a —-b = (VzVa) — (Vz2V D). Since (¢] € F, then
{ze H:VzV(a—b)=(VzVa)— (VzVb)} €F.

Finally, let us consider a,b € H such that ¢(a) = ¥(b). Since (a] € F, then
(a]N{z € H:VzVa=VzVb} € F. In particular, this intersection is not empty.
Let w € (a]N{z€ H:V2Va=VzVb}. Then,a =VwVa=VwVband b < a.
Analogously, considering (b] € F' we obtain that a < b. So we prove that a =b. O

Corollary 3.17. Ck € ISPy ({CF, : m € N}).
Proof. If z € Ck then [Vz) is isomorphic to CF,, for some m € N. O

Since in every bounded monadic Wajsberg hoop we can define an MMV-algebra
structure (Lemma(3.13)), it follows from Theorem that every monadic Wajsberg
hoop can be embeddable in an MMV-algebra.

Corollary 3.18. If H is a subdirectly irreducible monadic Wajsberg hoop then H
can be embeddable in an MMV-algebra A such that VA is totally ordered.

Proof. Let H be a subdirectly irreducible monadic Wajsberg hoop. From The-
orem [3.16] we know that H can be embeddable in an MMV-algebra A. From
Lemma we also know that VH is totally ordered and consequently, for each
z € H, we have that V([Vz)) is totally ordered. Since the property of being totally
ordered is preserved under ultraproducts, then VA is totally ordered too. U

If K is a class of MMV-algebras, let S"(K) be the class of all monadic hoop-
subreducts of the algebras in /C, that is, monadic Wajsberg hoops that are monadic
Wajsberg subhoops of some algebra in .

Proposition 3.19. If V is a variety of MMYV-algebras, then S"™ (V) is a variety
of monadic Wagsberg hoops. In particular, MWH is the class of all monadic hoop-
subreducts of MMV-algebras.

Proof. Clearly S"™(V) is closed under subalgebras and direct products. In ad-
dition, since MWH has the congruence extension property (Proposition [3.10)), it
follows that S"™ (V) is closed under homomorphic images.

Rev. Un. Mat. Argentina, Vol. 57, No. 2 (2016)



MONADIC WAJSBERG HOOPS 75

From Lemma Lemma and Theorem we have that S"™(MMYV) =
MWH. O

Corollary 3.20. Let A be an MMV-algebra and H its monadic hoop-reduct. Then
V(H) = 8" (V(A)).

The variety of MMV-algebras is generated by the finite algebras S, ([10]). Then
the following result is a consequence of Proposition [3.19

Corollary 3.21. The variety MWH is generated by the set {CE, : m, k € N}.

Let us observe that in an MMV-algebra we can express the operation 3 by means
of — and V in the following way:

Jx = V(x — V) > V.

To prove this it is enough to see that Iya = Va(a = Vaa) — Vaa, for each
€ [0,1]%, since the variety of MMV-algebras is generated by the MMV-algebras

([0,1]%:3,). Let a = {ay,...,ax) €[0,1]%, and let us consider that mins{as} = a;
and maxs{as} = a;. Then a; - a; < as = a;, for all 1 < s < k. Then
Vala—=Vaa) = Vaa = ((a; = a;) = ai,...,(a; = a;) = a; =(a;Va,,...,a; Va;) =
(aj,...,a;) =3va.

Taking the above expression of 3 into account, in any monadic Wajsberg hoop
H=(H;®,—,V,1) we can define

Ja = V(a — Va) — Va.

In addition, since the variety MWWH is exactly the class of monadic hoop-
subreducts of the variety MMV, then every monadic Wajsberg hoop satisfies
any MMV-identity in which — and 0 are not involved. In particular, identities
(MMV]1)), (MMV2), (MMVH)), (MMV[)), (MMVIED7 and (MMV]20)) are satisfied in
every monadic Wajsberg hoop. The following identity will also be necessary for

Lemma 3.22. Let H = (H;®,—,V,1) be a monadic Wajsberg hoop, and let a,b €
H. Then,

(MMV21) 3(b— a ®b) = Vb— Ja ® Vb.

Proof. Let us prove that (MM holds in every MMV-algebra. For that, let
A be an MMV-algebra and let a,b € A. Then b > a©b = -b® (a®b) =
=b @ (=(—a @& —b)) = (b ® (ma ® —b)) = =(b® (b — —a)) = =(b A —a). Thus,
A(b—aGb) = I(—(bA—a)) = V(bA-a) = =(VOAV—a) = =(VbA—Ta) = Vb—TaB®Vb.

Since MWH is the class of all monadic hoop-subreducts of MMV, MMV.
holds in every monadic Wajsberg hoop.

4. VARIETIES OF MONADIC WAJSBERG HOOPS OF WIDTH k

In this section we define the width of a monadic Wajsberg hoop. We characterize
a subdirectly irreducible algebra of finite width k as a subalgebra of a functional
monadic Wajsberg hoop. Finally, we describe some of the subvarieties of finite
width.
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Let us consider the Wajsberg hoop VX of all functions from a nonempty set X
to a Wajsberg hoop V, where the operations ®, —, and 1 are defined pointwise.
If for p € VX there exists the infimum of the set {p(y) : y € X}, denoted by
inf{p(y) : y € X}, then we can define the constant function V,(p) € VX as

Va(p)(z) = inf{p(y) : y € X},
for every x € X.

A functional monadic Wagjsberg hoop H is a monadic Wajsberg hoop whose
hoop-reduct is a Wajsberg subhoop of VX and such that the universal operator is
the function V.. Observe that H satisfies that

(1) for each p € H, inf{p(y) : y € X} exists in V;

(2) for each p € H, the constant function V(p) is in H.

The proof of the next result follows completely analogously to [I0, Proposition
4.5]. Because of this, we do not include it in this paper.

Proposition 4.1. If H is a subalgebra of a functional monadic Wajsberg hoop
(VE:Y\) such that V and YH are totally ordered, then H is isomorphic to a sub-
algebra of ((VH)F; V).

Let us consider the identity

k+1
(™) \/ (V(Jcz V) — \/ Vms> ~1,
1<i<j<k+1 s=1
if k> 2, and
(') x ~ V.

We define the width of a monadic Wajsberg hoop H, denoted by width(H), as
the least integer k& such that (a*) holds in H. If & does not exist, then we say that
the width of H is infinite and we write width(H) = w.

Theorem 4.2. If H is a subdirectly irreducible monadic Wajsberg hoop that sat-
isfies (a¥) then H is isomorphic to a subalgebra of ((YH)*;V,).

Proof. From Corollary we have that H is a monadic hoop-subreduct of an
MMYV-algebra A such that VA is totally ordered. If H satisfies (o), then [Vz) also
satisfies (a*), for each z € H. Then, by the construction of A, it follows that (a*)
holds in A too.

Then we know that A is isomorphic to a subalgebra of the functional MMV-
algebra ((VA)*;V,) (see [10, Corollary 4.6]). From Lemma the monadic
hoop-reduct of ((VA)¥;¥,) is a functional monadic Wajsberg hoop. Finally, the
result follows from Proposition O

Remark 4.3. Let us observe that if H is a subdirectly irreducible monadic Wa-
jsberg hoop and width(H) = &k > 1 then the representation given in Theorem
has exactly k factors. Indeed, let us suppose that there is some ig, 1 < i < k,
such that a(ig) = 1 for all a € H. For simplicity, we are here identifying H with
the corresponding subalgebra of ((VH)";V,). We will show next that H satisfies
(a®=1) and this contradicts that width(H) = k. Let A = {a1,as,...,a} C (VH)*
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and let A7 = A\ {a;} for each i € {1,...,k}. Let us denote by A A and A A; the
infimum of all the elements of A and A; respectively. Since VH is a totally ordered
Wajsberg hoop, A has k elements and a;(ip) = 1 for all ¢, then there is some j
such that AA = A A;. Thus, A A; < a;. In addition, if i # j then A A; < ay,

and from this we have that \/f:1 NA;7 < a;. ThenV (\/f:1 /\AZ_) < Va; and
4 (\/f=1 /\A:) — Va; = 1. In consequence, \/?=1 (V (\/f=1 /\A:) %Vaj) =

v (\/f:1 A A;) —>\/§:1 Va; = (/\1§1'<j§k V(a; Vv aj)> —>\/§:1 Va; = 1. This implies
that (a*~1) is satisfied (Cf. [10, Theorem 4.13]).

In what follows, we describe some subvarieties of monadic Wajsberg hoops of
finite width. We begin by studying cancellative subvarieties.

Proposition 4.4. Let H be a subdirectly irreducible monadic Wajsberg hoop such
that width(H) = k. If H is cancellative, then H has a subalgebra isomorphic to
Ck.

Proof. If k = 1, then H is a cancellative totally ordered Wajsberg hoop. In this
case, the result is a well-known fact.

Let us suppose now that k > 1. From Theorem[4.2] we have that H is isomorphic
to a subalgebra of ((VH)k ;VA). For simplicity, we identify H with this subalgebra.
Since width(H) = k, there are k elements a; € H C (VH)", satisfying a;(i) = 1 if
i # j, and a;(j) = ¢;, where ¢; € VH \ {1} and 1 < j < k (see Remark [4.3). Since
VH is totally ordered, we can assume without loss of generality that ¢; < --- <
¢; < <cp Let bj = (Qse{l,...,k}\{j} as) — Yay. It is easy to see that bj(i) =1

if i # j, and b;(j) = cx. It is now straightforward to prove that the subalgebra of
H generated by the set {b; : 1 < j < k} is isomorphic to C¥. O

Lemma 4.5. Let A and B be two Wajsberg hoops such that A € Vywy(B). Then
the monadic Wagjsberg hoop (A¥:V,) € Vapwu ((BF;VA)).

Proof. Let A € Vyyu(B) = HSPywy(B). Then there is W € SP(B) such that A
is a homomorphic image of W. Let h: W — A be the hoop-epimorphism from W
onto A. Then h induces naturally a monadic hoop-epimorphism h: (Wk;V,) —
(A*:¥,\) defined by h((wi,...,wg)) = (h(wy),...,h(wg)). On the other hand,
W is a subalgebra of a direct product [[,.; B of B. It is straightforward to see

that (W*:v,) is a monadic Wajsberg subhoop of <(Hi€[ B)k ;Va). Moreover,

k :
¢: (Ilier B)" = [lie; B® defined by o((af)ier, .-, (al)ier) = ({ai, ..., af))ier is
an isomorphism. So A¥ € HSP(B¥), and this means that A* € Vyywy(BF). O

Theorem 4.6. If H is a subdirectly irreducible cancellative monadic Wagsberg
hoop such that width(H) = k, then V(H) = V(CE).

Proof. From Proposition we know that CF is isomorphic to a subalgebra of H.
Then, V(CF) C V(H).

On the other hand, we know that VH is a totally ordered cancellative Wajsberg
hoop and then Vyy3,(C,) = Vywx(VH) (see [2]). Then, by Lemma we have
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that V(CF) = V((VH)*). So, from Theorem H € V(CE). In consequence,
V(H) € V(Ch). 0

Let H be a bounded monadic Wajsberg hoop. We define the boolean width of
H, denoted by bwidth(H), as the boolean width of the MV-reduct of H.

Let Cf;w, CELZ}J, and Cﬁ’,g be the monadic Wajsberg hoop-reducts of the MMV-
algebras Sﬁyw, SZ’,L» and Sﬁ:g, respectively.
Theorem 4.7. Let H be a subdirectly irreducible monadic Wagjsberg hoop such that
width(H) = k.
(a) If H is cancellative then V(H) = V(CF).
(b) If ord(VH) = m, then V(H) = V(CE ).
(¢) If rank(VH) = n, ord(VH) = w, bwidth(H) = k, then V(H) = V(C} ).
(d) If rank(VH) = n, ord(VH) = w, bwidth(H) = 1, then V(H) = V(Ck'1).
(e) If rank(VH) = n, ord(VH) = w, bwidth(H) = s with 1 < s < k, then there

exists a partition P = {Py,..., Ps} of the set {1,...,k} such that the equation

<( /\ 207 = v( /\ Qx?“)) AN @ vt | A

i=1 i=1 1<i<j<s

<, : (V2 — V(/s\ zx;”l))) A (/\ azxy“)] (vEP)

1 =1
S
Po (i) o (i) o (i) ~
— \/ L, (277, ... ’Zpam-&-l) ~ 1,
oeP({1,...,s}) \i=1 o(®)

is satisfied in H, where p; denotes the cardinal of each subset P;, P({1,...,s})
is the set of all permutations of the set {1,...,s}, and

Do (i) (1) o (i)
L, (217, ... ’Zpam-&-l)
o(i)
is an abbreviation of
Po(i)t1 Po(i)t1 4
v \/ /\Z,,_ v 2303@1 — \/ (Vz;(l) v 21167;?;)1) ;
r=1 Jj=1

where Z = {zf(i),...,zgfg)H} and Z, = Z — {zf(i)}. Moreover, V(H) =
V(Crd)-

Proof. Let H be a subdirectly irreducible monadic Wajsberg hoop such that
width(H) = k. From Corollary we know that H is bounded or cancellative.

If H is cancellative, the result follows from Theorem Let us consider H
bounded. Let A be the MMV-algebra obtained by considering the first element 0
of H as a constant. From Corollary m we know that V(H) = S"™(V(A)).

In case (b)), V(A) = V(SE)) by [10, Lemma 5.2].

In case (c), V(A) = V(S ,) by [10, Proposition 5.12].
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In case @ V(A) = V(SkL) by [10, Theorem 5.19].

Observe that equatlon (Wn ) is analogous to equation (f¥F). More precisely,
we exclude from equation (f*¥) superfluous implications and replace both appear-
ances of 0 with V(A’_, 227"*1). Note that if {ay,...,as} C Rad(A), then 247" =1
for all 4, and (7%F) holds in A. If not,

<(/\ 207 = ¥ 2‘15“)) AN @apttvearthy | A

i=1 i=1 1<i<j<s

(/S\(V2a?+1 — V(/S\ 2a?+1))> A </S\ E|2a?+1>
i=1

=1 =1

if and only if the set {2a™! ... 2a7*!} is exactly the set of coatoms of B(A). In
addition, if the last set is not the set of coatoms then

<(/S\ 207 — V(i\ a”+1)> A /\ (2a7 v 2a}1+1) A

i=1 1<i<j<s

(/S\ V2an+1 /\ 2a"+1 ) A </S\ 32@?"'1)
i=1 =

Therefore, (7%F) holds in A if and only if (f%) holds in A. Then, by [10, Theorem
5.26], we have that V(A) =V(SkE).
Now, from Corollary we have the desired result. O

=0.

5. MONADIC MV-CLOSURES OF MONADIC WAJSBERG HOOPS

For a given Wajsberg hoop H, there exists an MV-algebra MV (H), called the
MV-closure of H, such that the underlying set H of H is a maximal filter of
MV (H) and the quotient MV (H)/H is the two-element chain (see [I]). In this
section, we show that if the given Wajsberg hoop H is a monadic Wajsberg hoop,
then we can enrich MV (H) with an existential operator and a universal operator
making MV (H) a monadic MV-algebra. We begin this section recalling briefly the
construction of the MV-closure of a Wajsberg hoop. For more details, we refer the
reader to [].

Let H = (H;®n,—u,1y) be a Wajsberg hoop. The MV-closure of H is the
MV-algebra defined as follows. Let

MV(H) = <H X {07 1};@mv7_‘mv70mv>7
where Opp := (11,0), o (a, i) = (a,1 — ),
(a®pb1) ifi=j=1,
(aai)@mv (b7]) = ( e ) 1 717 o ji
(a—pb1l) ifi=0and j=1,
(@@ b,0) ifi=j=0.
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We define 1y, = “muOmes (a,8) Omw (b,7) ==
and (a,%) —mo (b,7) := “mo(a, 1) Omy (b, 7), as usual. It is easily checked that

L = (1H7 1)7

(a®y b, 1)
(a%Hb 0)
(b—>Ha 0)
b,0)

(avi) Omo (bvj) =

a®gb,0)

“mo (_‘mv (a

ifi=j5=1,
ift=1and j =0,
ifi=0and j =1,
ifi=7=0,

iti=5=1,
ifi=1and j =0,

al) Omoy 7

(a®
(a —)Hb 1)
(a,1) = mo (b,7) = E

Sy b, 1)
(b*)H a,l)

ifi=0andj=1,
ifi=j=0.

The map a — (a,1) is a hoop-embedding from H to MV (H). If we identify a
and (a, 1) for every a € H, we can consider H a subalgebra of the hoop-reduct of
MV (H). If b = (a,0) for some a € H, then b = =, (a, 1) and we write b = —ppa.
Then we can consider MV (H) as the disjoint union of H and =, H.

The order relation on MV (H) is given by: (a,i) < (b,7) if and only if one of
the following conditions holds:

e a<pgbfori=j =1,
e abgpb=1ygfori=0and j=1,
e b<pgafori=35=0.
Let us consider now a monadic Wajsberg hoop H =
let us define in H x {0,1} the following quantifiers:

(H;®On,—g,Yg, 1x), and

Sa,i) = 1
(Via,0) ifi=0,
and
1) ifi=1
Wlai) = ¢ Tre ) B
(3ma,0) ifi=0,

where 3ga =Vy(a =y Vga) =g Vga (see §3)).
Theorem 5.1. If H is a monadic Wajsberg hoop, then
MMV (H) = (H x {0,1}; ®mv, "mv, 3, Omo)
is an MMV-algebra. Moreover, H is a monadic maximal filter of MMV (H) and
MMV (H)/H = Si.

Proof. We only need to check that MMV (H) satisfies the MMV-axioms.
(a,i) € H x {0,1}.

Let us suppose that ¢ = 1. Then 3(a,1) =
i = 0 then 3(a,0) = (Vya,0)

Let

(3ga,1) > (a,1), since Iga > a. If
> (a,0), since Vga < a. So (MMV1) is satisfied.
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Let us see that (MMV3) holds. Let us assume first that ¢ = 1. Then 3—,,,3(a,1) =
F-pw(3ga, 1) = I(Fga,0) = (Vg3Iga,0) = (Iga,0), since VgIga = Iga. How-
ever, (3ga,0) = —,(3ga, 1) = —3(a,1). So F—e3(a,l) = —ppI(a, 1), If
i = 0, and from IyVya = Vga, we have that 3-,,,3(a,0) = I, (Vya,0) =
A(Vya,1) = 3uVha,1l) = (Vga,1) = —(Vaa,0) = ﬁmvﬂ( ,0). In consequence,
(MMV3) is satisfied.

Since g (a®ga) = Iga©y Iga, we have I((a, 1) Ome (a,1)) = I((aGpga, 1)) =
(HH(CL O CL), 1) = (EIHa Oy Jga, 1) = (EHCL, 1) Omu (HHQ, 1) = ( 1) Omu ( )
If i = 0, and from Vg (a ®y a) = Vga ®y Vga, then 3((a,0) Oy (a,0)) = I((a®n
a,0)) = (Vu(a®ga),0) = (Vga®y Vua,0) = (Vua,0) Omy (Vra,0) = I(a,0) Omey
3(a,0). Thus, (MMV5) holds.

Since gy (a @y a) = Iga By Iga then I((a,1) By (a,1)) = (e By a,1)) =
Fula®ma),l) = (Fwa®y3Ina),l) = 3ua,l)®me (Fma, 1) = 3(a, 1) Bmy 3(a, 1).
Let us consider now that ¢ = 0. Since Vgy(a Oy a) = Vga On Vga, we have
3((a,0) ©mo (0,0)) = 3((a Om a,0)) = (Vu(a ©On a),0) = (Vaa On Yya,0) =
(Vra,0) Bme (Vra,0) = 3(a,0) By I(a,0). Then, (MMVE) holds.

Let us prove now (MMV?2). Let (b,j) € Hx{0,1}. If i = j = 1 then 3((a, 1) Vino
(b,1)) =3(aVyb,1) = 3u(aVvyb),1) = BgaVyIgb,1) = (3ga, 1)V, (3gb, 1) =
A(a, 1) Vi (b, 1).

It = j = 0 then 3((a,0) Vo (5,0) = 3(((a,0) <o (5,0)) =y (5,0)) =
3((1)—)}[ a, 1) —mu (b7 0)) = H(bQH (b—)H a), 0) = H(b/\H a 0) (VH(b/\H a) 0)
(VHb Ay Vya, 0) = (VHG,O) Voo (VHb, 0) = H(G,O) H(b 0)

If i =1 and j = 0, and taking (MMV]21)) into account, we have 3((a,1) V
(6,0)) = 3(((a,1) =mv (,0)) =me (0,0)) = 3((a O b,0) —my (b,0)) = I(b -y
(a OH b),].) = (HH(b —H (a O b)), ].) = (va —H HH(I OH VHb, 1) = (EIHCL (O)7
VHb, 0) —>mo (VHb, 0) = ((HHG,, 1) —>mo (VHb, 0)) —>muo (VHb, 0) = (HHG,, 1) Voo
(Vizb,0) = 3(a, 1) Viny 3(b,0). So, (MMV2) holds.

Let us show now that (MMV4) is satisfied. If i = j = 1, then 3(3(a, 1) Do
H(b, 1)) = 3((3]{&, 1)@7”@ (HHb, 1)) = 3((E|HGEBHE|HZ), 1)) = (HH(HHCLEBHHHZ)), 1) =
(HH(I @ dpb, 1) = (HH(Z, 1) Do (HHb, 1) = 3((1, 1) Dmo H(b, 1)

If i = 0 and j = 1, then 3(3(a,0) By 3(b,1)) = I((VHa,0) By (b, 1)) =
H(VHa—anHb, 1) = (HH(VHUJ—MLIHHb), 1) = (VHG—)HHHZL 1) = H(G,O)@mya(b, 1)

Finally, if ¢ = j = 0 then we have 3(3(a,0) ®pyp 3(b,0)) = IH((Vra,0) By
(Vgb,0)) = A(Vga Oy Vb, 0) = (Vg(Vga O Vgb),0) = (Vga O Vgb,0) =
(Va,0) ®me (Vib,0) = 3(a,0) By 3(b,0). So, (MMV4) holds.

We have proved that MMV (H) is an MMV-algebra. From this and [I, Theorem
3.5], we have the desired result. O

A subset S of an MV-algebra satisfies the finite product property (fpp for short),
provided 0 cannot be obtained as a finite product of elements of S, that is, the
filter generated by S is proper.

Theorem 5.2. Let H be a monadic Wajsberg hoop and A an MMV-algebra.
If h- H — A is a monadic hoop- homomorphzsm then there is a unique MMYV-
homomorphism h: MMV (H) — A such that h | g= h.
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HC_~ MMV (H)
h
A

In addition, if h is injective and h[H| has the fpp in A, then h is also injective.
Proof. For each a € H we define h(a,1) = h(a) and h(a,0) = —=h(a). In view of

[1 Theorem 3.6], we only need to verify that h is an MMV-homomorphism. Let
(a,1) € MMV (H). Then

h3(a,1) = h(3ga,1) = h(3ga) = Iah(a) = Iah(a,1).
Now, let (a,0) € MMV (H). Then
h3(a,0) = h(Vga,0) = ~ah(Via) = ~aVah(a) = Fa—ah(a) = Iah(a,0). O

Corollary 5.3. Let h: H] — Hs be a homomqrphism of monadic Wagsberg hoops;
then there is a unique MMYV-homomorphism h: MMV (H;) - MMV (H;) such

that h [m,= h. Moreover, if h is injective, surjective, or bijective, so is h.

Now, we can define a functor M from the category MWH of monadic Wajsberg
hoops into the category MMV of MMV-algebras as follows. Given a monadic
Wajsberg hoop H, let M(H) = MMV (H), and given a homomorphism h: H; —
H, of monadic Wajsberg hoops, let M(h) = h defined in Corollary As in [1I,
we can see that M is left adjoint to the forgetful functor U: MMV — MWH, and
we call MMV (H) the monadic MV-closure of H.
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