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QUOTIENT p-SCHATTEN METRICS ON SPHERES

ESTEBAN ANDRUCHOW AND ANDREA C. ANTUNEZ

ABSTRACT. Let S(H) be the unit sphere of a Hilbert space H and Uy (H) the
group of unitary operators in H such that u—1 belongs to the p-Schatten ideal
By, (H). This group acts smoothly and transitively in S(H) and endows it with

a natural Finsler metric induced by the p-norm ||z||, = tr ((zz*)P/2)1/p. This
metric is given by
Ivllz,p = min{llz — yllp : y € g2},

where z € Bp(H),p satisfies that (dmgz)1(2) = z- 2 = v and g, denotes the
Lie algebra of the subgroup of unitaries which fix x. We call z a lifting of v.
A lifting zo is called a minimal lifting if additionally |[v||z,p = ||z0|lp. In
this paper we show properties of minimal liftings and we treat the problem
of finding short curves « such that a(0) = = and &(0) = v with x € S(H)
and v € T S(H) given. Also we consider the problem of finding short curves
which join two given endpoints z,y € S(H).

1. INTRODUCTION

Let H be an infinite dimensional Hilbert space and B(H) be the space of
bounded linear operators. Denote by B,(H) the p-Schatten class

B,(H) = {v € B(H) : ol|2, = tr((v"0)'2) < oo},

where tr is the usual trace in B(H).

Denote by U(H) the unitary group of H and consider the following classical
Banach-Lie group:

Upy(H)={ueU(H):u—1€ B,(H)},

where 1 € B(H) denotes the identity operator. The Lie algebra of U,(H) can be
identified with B, (H )qn, the space of skew-hermitian elements of B, (H).

Let S(H) = {«z € H : ||z|| = 1} be the unit sphere in H. The group Uy,(H) acts
on S(H),

m:Up(H) x S(H) — S(H), U- T = ULT.

It is clear that this action is smooth and transitive.

The purpose of this paper is to study the Finsler metric induced in S(H) by the

action of U, (H).
For z € S(H), let G, C U,(H) be the isotropy group at z, i.e.,

Gy ={ueUy(H):u-xz=ua}.
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22 E. ANDRUCHOW AND A. C. ANTUNEZ

The Lie algebra g, of G, consists of operators w in B, (H) such that w* = —w and
w -z = 0. Consider the quotient p-metric in T, S(H): if v € T, S(H) then

[0]le,p = min{[|z = yll, : y € g2},
where z € B,(H)qp satisfies (dmy)1(2) = z- @ = v. We call z a lifting of v. A

lifting zo is called a minimal lifting if ||v||5,» = ||20]lp- The quotient norm induces
a metric in S(H):

dsinyoluz) = {2, = [ 50l 7 € SUD. A(0) = 2. (1) = ua ).

We study the problem of finding the geodesic curves, or short paths, for this met-
ric. The results are obtained by applying techniques developed in [2] for abstract
homogeneous spaces of U,(H), to the case of S(H).

This paper is organized as follows. In Section 2 we collect some preliminary facts
concerning the geometry of S(H) and U,(H). The quotient p-metric is introduced
in Section 3. In Section 4 we study minimal liftings of v € T,,S(H). In Section 5
we show the consequence of these facts on the existence and uniqueness of geo-
desic curves in S(H). Section 6 is devoted to the case p = 2, where a reductive
homogeneous structure is introduced.

2. PRELIMINARY FACTS

In this section, we introduce the necessary definitions and we recall certain
known facts on the Riemmanian differentiable structure of the sphere S(H), as
well as some results on the metric in the unitary group U,(H).

The tangent space at x, denoted T,S(H), may be identified with the set of
vectors v € H satisfying Re({v,z)) = 0. By this condition, the double-tangent
TTS(H) consists of the set

{(:muu,w) cx € SH); vyueT,S(H); we Hy Re((w, z) + (v, u)) :0}. (1)

We consider the metric in U,(H) given by the length functional Ly:

Lyfa) = [ o)l

where a : [to,t1] — U,(H) is a piecewise smooth curve. Recall that || - ||, denotes
the p-norm of operators:

1/p

Izl = tr ((72)7/2)
The rectifiable distance between u; and ug in U, is
dp(u1,uz) :=inf{L,(a) : o C Up(H), « joins ug and u}.

The following theorem collects several results concerning the rectifiable p-distance
in U,(H). Proofs can be found in [2].

Theorem 2.1. Let 2 < p < co. The following facts hold:
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QUOTIENT p-SCHATTEN METRICS ON SPHERES 23

(1) Let u € U,(H) and v € Bp(H)qn with |[v]| < w. Then the curve p(t) =
w e, t €[0,1], is shorter than any other smooth curve in U,(H) joining
the same endpoints. Moreover, if ||v|| < 7, this curve is unique with this
property.

(2) Let ug,u1 € Uy(H). Then there exists a minimal geodesic curve joining
them. Moreover, if |lug — u1|| <2, this geodesic is unique.

(3) There are in Uy(H) minimal geodesics of arbitrary length. Thus the diam-
eter of Up(H) s infinite.

(4) If u,v € U,(H), then

2

= 55 do(u,0) < llu = vl < dy(u,v).

In particular, the metric space (Up(H),dy) is complete.

1

Next, we recall the following results concerning the geodesic distance. These
results are the key in obtaining minimality of geodesics en S(H). Proofs for these
statements can be found in [2].

Theorem 2.2. Let p be an even positive integer, u € U,(H) and 5 : [0,1] — U,(H)
be a non-constant geodesic such that

3c B, (u g) = {w € Uy(H) : dy(u,w) < 7/2}.
Assume further that u does not belong to any prolongation of 3. Then
fp(s) = dp(u, 5(s))?
18 a strictly convex function.

Corollary 2.3. Let uy,uz,uz € Up(H) with uz,uz € By(uy, §) and assume that
they are not aligned (i.e., they do not lie in the same geodesic). Let -y be the short
geodesic joining uy with uz. Then d,(u1,7v(s)) < & fors € [0,1] and T is the radius
of convezity of the metric balls of U,(H).

3. QUOTIENT p-METRIC IN S(H)

In this section, we describe the quotient metric in S(H). Note that S(H) is the
orbit of any  in S(H) by the action of U,(H).

The action of U,(H) in S(H) induces two kinds of maps. If one fixes x € S(H),
one has the submersion

7 Up(H) = S(H), 7 (u) 1= ux.
If one fixes u € U,(H), one has the diffeomorphism
l,:S(H)— S(H), ly () = ux.

We will consider the orthogonal decomposition induced by z, H = (x) @ (z)*,
in order to describe operators in B(H ).
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24 E. ANDRUCHOW AND A. C. ANTUNEZ

If x € S(H), the isotropy G, is the subgroup 7~ !(z), which consists of all
operators of the form
1 0
( 0 Ug )’

where g : (z)* — (z)* is an operator in U,((x)
We will denote by (dmy)y @ Bp(H)en, — T'S(H) the differential of 7, at v. In
particular, if v =1 :=1d € U,(H) then

(dmz)1(v) = va.

Its kernel is the Lie algebra g,. In terms of the decomposition of H with respect
to x, an element in g, has the form

(00)

where ¢ : (z)+ — (z)* is skew-hermitian and belongs to B,({(z)"1).

Since dr,, is an epimorphism, we can identify the tangent space T,,S(H) with the
quotient By, (H )qp/ ker(dm,). This viewpoint enables to define the following Finsler
metric in S(H):

J_)'

[v]lzp = min{[z = yllp : y € g},
where z € B,(H)qp, is any lifting of v, i.e. an element such that (dr;)1(2) = z-z = v.
If zo satisfies |[v]|z» = [|20]p, 20 is called a minimal lifting. We denote by L, the
length functional for piecewise smooth curves in S(H), measured with the quotient
norm defined by
/ &l

As usual the metric distance in S ( ) is defined as the infimum of the lengths of
the arcs in S(H ), namely,

dy(z,ux) = inf{fp(v) cy C S(H), v(0) ==z, v(1) = ux}

A straightforward computation shows that this metric d, is invariant by the
action of U,(H), i.e., given u € U,(H), x € S(H) and v € T,S(H),

[(dlw)e(V)]luz = V]|

In [2] it was proved that if U,(H) acts transitively and smoothly on a manifold
O and we endow the tangent bundle of O with the quotient metric as above, then
(O,d,) is complete.

We are interested in describing the minimal liftings of a given v € T,,S(H). Note
that these satisfy

VP

1zollp < 20 — yllp for all y € ga.
Let @ be the (non linear) projection @ : By(H )., — 85 which sends z €
B, (H)qn to its best approximant Q(z) € By, (H) satisfying
Iz = Q(2)llp < llz—yllp

for all y € g,?. The map @ is continuous and single-valued because B,(H) is
uniformly convex and uniformly smooth (see for instance [5]).
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In particular, a minimal lifting zg of v € T,,S(H) belongs to the set

gy = Q7(0) = {2 € By(H)an : |12l < |2 = yll, for all y € g, }.

4. CHARACTERIZATION OF MINIMAL LIFTINGS

Note that any z € B,(H).n can be decomposed as
z2=2-Q(2) +Q(2),

where @ is the (non linear) projection onto g, z — Q(z) € g+ and Q(z) € g,. Since
7, i submersion, the differential (dm, )1 is surjective and then, for any v € T,,S(H),
there exists z € B,(H )qn such that (dm;)q1(2) = zo = v. Then a minimal lifting is

20=2-Q(2) €g;.
The following theorem establishes the uniqueness of minimal liftings in S(H).
Theorem 4.1. Let p be a positive even integer, x € S(H) and v € T, S(H). An
element zy € By(H)an such that zox = v is a minimal lifting of v if and only if

tr(zgfly) =0 for ally € g,. The lifting zo satisfies this condition if and only if its
matriz with respect to the decomposition H = (z) @ (x) is

- Al —b*
(0 )
where b : (z) — (z)+ and X € R.

Proof. Suppose that zg € B,(H)qn is a minimal lifting. For a fixed y € g, let
f(t) = llzo — ty||b. It is clear that f is a smooth map with a minimum at ¢ = 0.
Then f'(0) = 0. Since f'(t) = —p tr((zo — ty)?~'y), then tr(zF~"y) = 0.

Conversely, let 29 € By(H)an be a lifting such that tr(z5""y) for all y € g,.
Suppose that zy is not minimal, namely, there is yo such that ||zo — yoll, < ||20]lp-
Then, the convex function f(t) = |[zo0 — tyo||} (with f’(0) = 0) would not have a
minimum at ¢ = 0, and this is contradiction.

Note that the condition tr(z5~"y) = 0 is equivalent to

(2 (80 o(d )

for all ¢ € B,((z)*) skew-hermitian. Then a is the null operator in B,({z)*). O

Corollary 4.2. Let x € S(H), v € T,S(H) and p = 2. Then the unique minimal
lifting of v is given by
M =g
20 = ( Vo 0 > )
where vo :=v — (v,z)x € ()L, A € R and \i = (v, z).
In the special case when the velocity vector v is (complex) orthogonal to the

position z, the minimal lifting zy is easy to compute.
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26 E. ANDRUCHOW AND A. C. ANTUNEZ

Corollary 4.3. Let x € S(H), v € (z)t and p > 2 an even integer. Then
20 € Bp(H)an ts the unique minimal lifting of v in = if and only if it has the form

(0 -
2=\wv o0
with respect to the decomposition H = () @ (z)*.

Proof. Since v € {(x)* and 29 € By(H)ap satisfies zox = v, then
(zox, ) = (v,z) = 0.

Then p,zop, = 0, where p, denotes the orthogonal projection onto (z). Therefore
the minimal lifting of v has the matrix form

0 —a*
ZOZ(CL 0 )

It remains to prove that the column a of zj is precisely v. Let {eg = z,e1,€2,...}
be an orthonormal basis of H. The infinite matrix of zy in this basis is

Since p > 2 is an even integer, the map f(s) = sP~! induces a bicontinuous map
from By, (H )4 onto itself. Accordingly, the minimal lifting of v should satisfy

0 ~bi —by —bs
by O 0 0
ngl _| b O 0 0 ’
bs 0 0 0
where b; € C.
The relationship between the coeflicients of z; and 2871 is:
b
aj = ——— .
(2o 1bs[2) = 7T
Since zgx = v, this implies:
0 —a1 —a2 as 1 0
a0 0 0 0 V1
20T = as 0 0 0 0 — (% =,
az 0 0 0 0 U3
where v; = (v,¢;) for all i € N. Then, a; = v;. O

So far we have considered a complex Hilbert space.
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Corollary 4.4. If H is a real Hilbert space and p is a positive even integer, then
the unique minimal lifting of v € T, S(H) = (x)* has the form (with respect to the
decomposition H = (z) @ (z)*)

(0 -
zZ0 = v 0 .

Let us present some properties of the minimal lifting of v when (v, z) # 0. Since
pis even, for a € B(H), A is an eigenvalue of a if and only if A’~! is an eigenvalue of
aP~!. Namely, there exists a bijection between the spectrum of a and the spectrum
of aP~ 1.

Lemma 4.5. Let v € S(H) and consider the decomposition H = (z) @ (z)*. If
m € By(H)ap is
— Ao —b*
S \b 0 ’
where 0 # X € R and 0 # b € (x)*, then its eigenvalues are o =0 and
sg(A)i
i = B2 [P AP + ]
sg(A)i
o = 22 VI A - )

Moreover, the eigenvectors {e1, ea} of p1, pe are (respectively)

sg(A)i \/7 1
==—[VIAP +4[6]% + [X*]=
. /AR +
€1 = o oL ’
(AR + 4[] v 1
NEETIEEE
sg(A)i 1
NV ERT LI
V2
€ = e aEE
(ERSTTEE b

[VIAZ +4[][% — [A2]2
The nullspace of 1 =0 is (b)* N (z)*.

Proof. Note that m is a rank 2 operator, thus 0 € o(m). Let be w = wo + wy €
(x) @ (x)* such that

ANi —b* wo o )\iwo — b*w1 o 0
b 0 w1 - wob o 0 '
This equality holds if and only if wy = 0 and b*w; = 0. Namely, ker(m) =

()= N (b)*.
Next, we will prove pu;, i = 1,2, are eigenvalues of m. Let

w;(@)
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28 E. ANDRUCHOW AND A. C. ANTUNEZ

Then
Ao —b* Xipg — ||b]]?
1_ Hi o) _ H1
= (0 )08 )= (™),
2
1_(
,U/lU _( Nlb )
It follows that u2 = Xipy — ||b]|?, because
2_ 1 2 2 2
i = - [VINP Al + |

-1
= [P+ 4lbl? + A2 + 29/ TN+ 4P|

D e
=7 2= 2
S el -

-\ |
= = [+ VI TP = 1612 = diga — (1]

These facts imply that mv! = pyv'. The normalization of v' is e;. The other
computation is similar. O

A2 + 4[]

Proposition 4.6. Let p > 2 be an even integer and x € S(H), and let v = ai+a €
TS(H), (where a € {(x)*). Then there exists a unitary operator u such that the
unique minimal lifting zo € By(H)an of v in x is

=Y/ 17 0
0 —Yus 0
w=U| o 0 0 Ut
Proof. Straightforward using and O

We close this section with the following result, which determines the norm of
the minimal liftings.

Proposition 4.7. Let x € S(H) and zy € By(H)qn, such that

(A b
=0 )

with respect to the decomposition H = (z) @ (x). If A\ # 0, then

p 1 2 2 p’%l 2 2 ppj
leolly = e 4 [V ATBIE + )7 4+ [VIRE+4T0IE = N7
IfA=0, then
ol = 21je]
Proof. The proof is apparent. O
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QUOTIENT p-SCHATTEN METRICS ON SPHERES 29

Remark 4.8. In the case p = 2, the above result shows the difference between the
quotient metric and the usual metric in S(H). If v is a curve parametrized in the
interval [0, 1] with constant velocity, then

2

1
[m@ﬁ{émm}wﬁuﬁwwz

in the quotient metric. However, its length measured with usual metric is
2

1
[m@ﬁ{émﬂ = ol = A2 + []12

This shows that the quotient metric in the sphere of a complex Hilbert space is
different from the usual metric. If H is a real Hilbert space, both metrics coincide.

5. MINIMALITY OF GEODESIC CURVES IN S(H)
Let ad, : B,(H) — Bp(H) be the operator ad,(x) := za — ax.
Proposition 5.1. Let x € S(H) and Q = Qg, the best approzimant projection.
Let v(t) := T'(t)x C S(H), where I : [0,1] — U,(H) is a piecewise C' curve.
Put F(z) == 627_. Then there exists a piecewise C* curve z : [0,1] — g, with
z(0) = 0 such that '
F(ad,)z = —Q(T*T).
If up = e® € G, then up(t) € By(H) is a solution of the differential equation
iruf = ~Q(IT)
and L,(ur) < 2L,(T).
Proof. See [2]. O

Remark 5.2. Let € S(H) and v := I'c C S(H) parametrized in the interval
[0,1]. Let u, be the curve of the previous proposition. Since ur € G, we have

T'upxz = . Moreover, by this same proposition L,[5] = L[y] < L,(T'). The curve
B is called an isometric lifting of ~.

Theorem 5.3. Let p be an even positive integer, x € S(H), v € T,S(H) and
20 € Bp(H)an the unique minimal lifting of v. Let p: [0,1] — S(H) be the curve
u(t) = e*x
which satisfies p(0) = x and [1(0) =v =i+ vy € H = () ® (x)*. If
T
leolly < 7
then the curve u is shorter than any other curve in S(H) joining the same end-
points.

Proof. The proof is based on the existence of minimal lifting of curves (in Re-
mark and the convexity of the maps f,(t) = d,(1,e*e'¥) for any y € g, (by
Theorem. This theorem was proved in [2] for homogeneous manifolds on which
Up(H) acts transitively and smoothly and the group G, is locally exponential. [
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30 E. ANDRUCHOW AND A. C. ANTUNEZ

The previous theorem establishes conditions which guarantee that a short arc of

the curve v(t) := e**x minimizes length among all curves with the same endpoints.

When v € (x)*, by Corollary the minimal lifting of v has matrix form, with
respect to H = (z) @ (x)*,
(0 —v*
zZ0 = v 0 .

Note that this lifting is independent of p > 2. Hence, we obtain a uniform bound
for all p even in terms of ||v||, in order that the curve v(t) := e'*0x is short.

Theorem 5.4. Let p be an even positive integer, x € S(H), v € (z)+ C T,S(H)
and zg € By(H)qap be the unique minimal liftmg of v. If

ol < T2
then the curve u(t) = e**°x, which satisfies n(0) = z and (0) = v, is minimal in
the interval [0,1]. Moreover, if ||v| < T3 this curve is short for all p-quotient
metrics (p an even integer).

Proof. The result follows from Corollary [5.3] and Theorem [£.7] O

Corollary 5.5. Let H be a real Hilbert space and p > 2 an even integer. Given
x € S(H), the minimal lifting of v € T,S(H) defines a minimal geodesic in the
interval [0,1] if

ol < 7775

6. THE CASE p =2

In this section, we describe the quotient 2-metric of the sphere S(H). S(H)
is an infinite dimensional homogeneous reductive space. The geometry of these
spaces has been studied in [6] in the C*-algebra context. From this reference we
take definitions and calculations.

Given z € S(H), we consider the decomposition H = (x) @ (x)* and the matrix
form of the operators in terms of this decomposition.

We define the metric induced by the decomposition

BZ(H)ah =0: D gj;_v

where g, is the Lie algebra of G at x € S(H).
Consider again the map 7, and its derivative (dm,);. We denote by

0z := (dmy)1 |gé: gi‘ — T, S(H)

given by 6,(z) := zx. This map is a linear bounded isomorphism between these
spaces. Then, we can define its inverse

kp(v) =z, if (64)1(2) =v.
By Corollary n Kz (v) has matrix form

A —ug
K (V) = ( " Oo >’
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QUOTIENT p-SCHATTEN METRICS ON SPHERES 31

where v = i\ + vg, vo € (x)*, and A\ = Im(v, z) € R.
Let z,w € H. Denote z ® w € B(H) the elementary rank one operator

z®@w(h) :=w*z(h) = (h,w)z.
We can write x, as
k() =v @2 —2Q@v— (v,T)r Q.

By definition, it is clear that d, o k; = Idy, s(g) and K, 06, = Py the orthogonal
projection onto g*. Indeed,

0z 0k (V) =0 (V@ —2®v— (v,2)r @ T)
= —(z,v)x + ||z|*v — (v,z)z = 0.
Here we use that (v,z) = —(z,v), because v € T,,S(H), i.e. Re(v,z) = 0.
To prove the other equality, note that the projection onto g is given by
Py (2) = puzpe + (1 = pa)zpe + puz(1 = pa),
where p,, is the projection onto (x) given by x ® x. Then
Po(z)=2er)zez@r)+(1-z@z)z(r®@z)+ (z@2)z(1 -z ® )
=z—-(1l-z®z)z(l —x®x).
Then,
Kz 004(2) = Ky (22)
=z(z®z)— (xQx)z" — (zz,z)(z R )
=zz)zezez)+(1-(zz)zRz)+ (z@2)z— (zQz)(22® )
= pe2Pe + (1 = pe)2ps + paz(l — ps) = Pyrz.

Note that the decomposition Ba(H)ap = g, @2 is equivariant under conjugation
with v in G C Uz(H). Namely,

uvu~t € g if vegrand u € G,.

Indeed, using the matrix representation with respect to H = (z) ® (z)*, let ug €
U,({(x)*) and vy € H such that

y— 1 0 v — Aio—vg o\ L
o 0 (') ’ - Vo 0 ’
1 0 i —u} 1 0
0 (%) Vo 0 0 Ual
N 1 0
- UpVo 0 0 ual

and this operator lies in g+.
Summarizing, we constructed a map #, : 7, S(H) — g+ such that

then
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32 E. ANDRUCHOW AND A. C. ANTUNEZ

o (dmy)1 0Ky : TpS(H) — T,S(H) is the identity mapping,
o k(T S(H)) is ady-invariant for u € G,.

This mapping allows us to induce a metric in S(H). Given z € S(H), we define
the structure 1-form by
K:T,S(H) — Ba(H)an, K(y) == ady o kg o (db,)™" if byr = uz = y.
The inner product in 7,,S(H) is given by
(v,w)y = Re tr (kg (W) ke (V) = — tr (ke (w)ke (V)
where Re tr denotes the real part of the trace of operators in B(H).
In terms of elementary rank one operators
(v, W), = —Re tr(ky(w)k (v))
= (w,z)(v,z) tr(z ® ) + Re(v, w) tr(z @ =) + tr(w @ v)
= (w,x)(v,x) + 2Re(v, w).
Note that if z is a lifting of v € T,,S(H) then

(0, 0)e = (k0 (0)?) = ||k (V)13 = 5202 ()5 = [I215 = [lvII3-

Therefore, the metric induced by the inner product is the quotient 2-metric defined
in previous sections.

We can define a horizontal lifting of a curve on S(H) to Us(H) as follows: given
~v(t) € S(H) (t € I, an interval with 0 € I; v(0) = ), there is ' C Us(H) (t € I)
such that I'(0) = 1 and it satisfies

= fy0) (§ (1)L (). (2)
This equation is called parallel transport equation for . A solution I' satisfies

I'(t) e Us(H), te€][0,1]
m(T) =~ (T lifts v)
I'"T' € g, (T is horizontal).

Let € S(H) and consider the curve v : [0,1] — S(H),

sin(kt)

~(t) := cos(kt)x + ’

,U’
where v € T,,S(H).

Note that if & = ||v||, v describes an arc of a maximal circle that satisfies
7(0) = z and 4(0) = v. Its length with respect to the usual metric is k. If
we choose to take v = y — & — Re(y — z,z)x for any y € S(H), y # —x and
k = arccos(Re(y,z)) € [—m, 7], then 7 is the arc of a maximal circle joining z
with y and its length is |k|. Note that these curves are precisely the great circles
(intersections of S(H) with 2-planes through the origin) with constant velocity
parametrizations.
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In this case,

Koy (F(1)) = 3(8) @ () =~ (t) @ 3(t) — (¥(), v (£)7(£) @ 7(t)

=rQRU—vRx (3)

n?(kt)
k2

sin(2kt)
2k

+(:B,U){cosz(k:t)(x(X)x)JrSi (v@wv)+ [x®v+v®x]}.

Then, we deduce the following lemma.
Lemma 6.1. Let z € S(H), v € (x)* C T,S(H) and k = |jv||. Let v :[0,1] —
S(H) be the curve that satisfies v(0) = x,%(0) = v and is given by
in(kt
sm](c )v.

Then the parallel transport of the curve 7y is the solution of

{I“(t) = iy (V)T
o) =1.

~(t) := cos(kt)x +

Proof. Using (v, z) = 0, the proof follows from in . O
Lemma 6.2. Let z,y € S(H) such that (y,z) € R. Let v=y—x —Re(y — z,z)x
and k = (y,x). Let v:[0,1] = S(H) be a curve that satisfies v(0) = x, v(1) =y,
in(kt

sm](€ )v.

Then, the parallel transport of this curve is the solution of

{F(t) = K ()T
ro)=1.

~(t) := cos(kt)x +

Proof. As in the above lemma, it suffices to see that if (y,z) € R then v € (z)*:
(y =z —Re(y —z,2)z,2) = (y — (y, )z, 2) = 0. U

Next we analyse the natural connection which is induced by the quotient metric.
In [6], two natural connections were introduced.
The first connection is called the reductive connection V”. For each z € S(H),
this connection is given by
Fa (Vi V(@) 1= kg (w) (k2 V (2)) + [k (V(2)), Ko (w)],
where V' is a tangent field and w € T, S(H). Here Y (X) denotes the derivative of
X in the direction of Y and [X,Y] is the commutator of operators in B(H).

Proposition 6.3. The reductive connection V" is compatible with the quotient
metric in S(H). Given x € S(H), V a tangent field and w € T,,S(H), the connec-
tion is given by

VI (V) =Vw — (V,z)w + [(v, z)(w, z) — (w,v)]x. (4)
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Proof. Let € S(H) and w € T,S(H) and consider 5 : I — TS(H) the curve
given by ((t) = (x4, w;) such that xo = x and &9 = w. Note that

d
Rg(W KZEVI' :7H1tv‘xt
(W) (ke (V (@) = — hia, (V( ))t:O
d . d
- %(V(ﬁt)) ®xp+ V(wy) @& — 2 @ V() — 2 @ ﬁ(V(xt)) t=0
- [ @) + V@) 3

= (V@) ze) (e @ ¢ + 2 @ )],
Using the notation V := V(zo) and % (V (z))|s=0 = DV (z0)do = Vw we obtain
Fox (W) (e (V(@) =Vw@z+Vow-weV -z Vw
—[(Vw,z) + (Vw)z @z — (V,a)z@w+w®z). (5)

The latter is due to the fact that the curve 5(t) € T'S(H), and then Bt) =
(x4, V(xe); @, V() € TTS(H), ie., its derivative satisfies (1)):

Re((Vw,x) + (v,w)) = 0.
On the other hand, the commutator between . (V) and k,(w) is

[k (V), Kz (w)] = ko (V) kg (w) — ko (w), £2(V)
=wV-Veow+[(V,w) —(w,V)]z®z.

Reordering and @, we obtain the formula
ke(VE(VI)) =Vw@e—z0 Vw— (Vo) [weoz+w® ]
- [(w, V)4 (Vuw, x)] T® .

(6)

Note that z = k, (V7 (V,)) satisfies 2z € g, namely, 2 = —z* and (1 —r ® x)2(1 —
x®x) =0. Then

Vi (V) = 62(k:(V3, (V)
=Vw— (z,Vw)z — (V,z) [w+ (@, w)z] — [(w,v) + (Vw,x>]x
=Vw — (V,z)w + [(v,z)(w,z) — (w,v)]=.

Since the mappings k, are isometries, the reductive connection is compatible with
the quotient metric. O

The second connection is called the classifying connection V€. Using the above
notations, this connection is defined by

Fa (Vi (V) = P (ke (w) (12 (V (7))
= Ko (W) (k2 (Va)) — (1 — 2 ® @)ke (W) (ke (V) (1 — 2 @ @),
where V' is a tangent field over S(H) and w € T,,S(H).

(7)
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Proposition 6.4. The classifying connection V¢ is compatible with the quotient
metric in S(H). Forxz € S(H), V a tangent field and w € T, S(H), this connection
18 given by

Ve (V) = Vot [(Viw) — (w,2)(V.a) ]z - {w,a)V. ®

Proof. Using calculations similar to those in the above proposition (formula ),
we can write

ke (Ve (V) = Vw@z—z® Vw
—(w,)[Vozr+zeV]—[Vw,z)+ (V,w)z® .
Then
Vi (V) = 6 (ke(Vi,(V)))
=Vw— (z,Vw)z — (w,z)[V + (z,V)z] — [Vw,z) + (V,w)]z
=Vw+ [(V,w) — (w,2)(V,2)]z — (w,2)V.
The compatibility of this connection with the quotient metric was proved in [2]. O

Remark 6.5. The classifying connection has the same geodesics as the reduc-
tive connection (4). These connections have opposite torsion (see [6]). Then we
can define V = %(VT +V°). This new connection is symmetric and it has the same
geodesics as V" and V.

The following result summarizes these remarks.

Proposition 6.6. Using the same hypothesis and notations as in the above propo-
sitions, the Levi-Civita connection for the quotient metric is given by

1
3 (v, z)w + (w, z)v], (9)

forx € S(H) and v € T,S(H). The geodesic curve starting at x with velocity v is
given by

Vo(V)=Vw-

y(t) = er= Wty

Proof. The connection V = %(VT + V¢) is compatible with the quotient metric
because the reductive connection and the classifying connection are compatible. [

Using Propositions [6.1] and we can prove the following results.

Proposition 6.7. Let x € S(H).

o Let v € T,S(H) such that v € (x)*~. Then the curve v : [0,1] — S(H)

given by
i t
sin(Jolt)
o]

is the geodesic curve of the homogeneous structure in S(H), which satisfies
7(0) =z, ¥(0) = v and L(v) = [k|.

(1) = cos([[v]}t) +
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o Lety e S(H), y# —x such that (y,z) € R. Define v =y — (z,y)x and
k = arccos({y,xz)). Then the curve ~y:[0,1] — S(H) given by

[[o]
is the geodesic curve of the homogeneous structure in S(H), which joins x
to y with length L(vy) = k.

o Lety € S(H), y = e’z such that § € [0,%]. Then the curve v : [0,1] —
S(H) given by

y(t) == e¥x

is the geodesic curve of the homogeneous structure in S(H), which joins
to y with length L(v) = 6.

Corollary 6.8. If H is a real Hilbert space, the geodesic curves of the reductive
structure are precisely the great circles with constant velocity parametrization.
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