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BEZIER VARIANT OF MODIFIED SRIVASTAVA-GUPTA
OPERATORS

TRAPTI NEER, NURHAYAT ISPIR, AND PURSHOTTAM NARAIN AGRAWAL

ABSTRACT. Srivastava and Gupta proposed in 2003 a general family of linear
positive operators which include several well known operators as its special
cases and investigated the rate of convergence of these operators for functions
of bounded variation by using the decomposition techniques. Subsequently,
researchers proposed several modifications of these operators and studied their
various approximation properties. Yadav, in 2014, proposed a modification of
these operators and studied a Voronovskaya-type approximation theorem and
statistical convergence. In this paper, we introduce the Bézier variant of the
operators defined by Yadav and give a direct approximation theorem by means
of the Ditzian—Totik modulus of smoothness and the rate of convergence for
absolutely continuous functions having a derivative equivalent to a function
of bounded variation. Furthermore, we show the comparisons of the rate of
convergence of the Srivastava—Gupta operators vis-a-vis its Bézier variant to
a certain function by illustrative graphics using Maple algorithms.

1. INTRODUCTION

In order to approximate Lebesgue integrable functions on [0,00), Gupta and
Srivastava [I4] introduced a general family of summation-integral type operators
as

n c f7 - nzpn kT, C / pn+c,k—1(tac)f(t) dt -‘rpn,o(.l?, C)f(O), (1'1)

where

ne(2)

pn,k(xu C) =

and
—nxT J—
e , c=0,

¢TL,C(x) = (1+C.,L,)—YL/C, CGN:: {1)2737}
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200 T. NEER, N. ISPIR, AND P. N. AGRAWAL

Ispir and Yuksel [I1] introduced the Bézier variant of the operators and stud-
ied the estimate of the rate of convergence of these operators for functions of
bounded variation. Verma and Agrawal [I5] introduced the generalized form of
the operators and studied some of its approximation properties. Deo [6]
gave a modification of these operators and established the rate of convergence
and Voronovskaya-type result. Recently, Acar et al. [I] introduced a Stancu-type
generalization of the operators and obtained an estimate of the rate of con-
vergence for functions having derivatives of bounded variation and also studied the
simultaneous approximation for these operators.
Yadav [16] introduced a modification of the operators as

Gn,c(f, .%') - nzpn’k(% C) / anrc,kfl(t, C)f<(n_nC)t) dt
k=1 0

+ pno(z, ) f(0).

and studied its moment estimates, direct estimate, asymptotic formula and statisti-
cal convergence. Very recently, Maheshwari [13] studied the rate of approximation
for the functions having derivative of bounded variation on every finite subinterval
of [0, 00) for the operators (L.2).

It is well known that Bézier curves are the parametric curves used in computer
graphics and designs. In vector graphics they are used to model smooth curves
and also used in animation designs. Zeng and Piriou [I8] pioneered the study
of Bézier variants of Bernstein operators. The papers by other researchers (e.g.,
[3, 5L 8, 13, [17]) motivate us to study further in this direction.

The present paper is an attempt to continue the study of Bézier variants of
different sequences of operators. We propose a Bézier variant of the operators

given by (1.2 as

(1.2)

Go \ _ = (@) , > ot i1 (£, ((n_c)t>d
melf,2) n;an(x C)/O Prtek—1(t,¢)f B i 13)

where lea;(x, ) = [Jnk(@, )] = [Jngt1(z, €)%, a > 1, with J,, g (x,¢) =
Z;ik Pnj(7,c) when k < oo and 0 otherwise. Clearly, Gy .(f,z) is a linear positive
operator. If a = 1, then the operators G, .(f, r) reduce to the operators G, .(f, ).
In the last decade, the study of the rate of convergence for functions with a deriv-
ative of bounded variation has become an active area of research in approximation
theory. Recently, Ispir et al. [I0] considered the Kantorovich modification of Lupas
operators based on Polya distribution and studied the rate of approximation of the
functions having derivative of bounded variation. Very recently, Maheswari [13]
considered the operators and studied the rate of approximation of the func-
tion having derivative of bounded variation on every finite subinterval of [0, c0).
The order of approximation of the summation-integral type operators for functions
with derivatives of bounded variation is estimated in [2| [4] [9] [T2].
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The aim of this paper is to investigate a direct approximation result and the
rate of convergence for functions having a derivative equivalent with a function
of bounded variation on every finite subinterval of [0, 00) for the operators (T1.2).
Lastly, a comparison of the rate of convergence of the operators vis-a-vis
operators to a certain function is illustrated by some graphics.

2. AUXILIARY RESULTS

Lemma 2.1 ([I6]). For G, (t"™,z), m =0,1,2, one has
(1) Gpe(l,z)=1
(2) Gpe(t,x) =2
(3) Gn.o(t?,2) = (n=0)(= (n+0)+2x)

n(n—20)
Consequently,
22c¢(2n —¢) +2(n —c)x
Gne((t = @)%, 2) = ( n(n)— 20() !
and
Gt — )%, 2) < 2LHE0)
for sufficiently large n and A > 1. From [I3], one has

Gro((t —2)*,2) = O(n™"). (2.1)
Remark 2.2. We have

G e(liz) = ZQ = [Jno(x,0)]"

[0

o
= an,k(xac) =1,
=0

since Z —oPnk(x,c) =1.

Let Cp[0, 00) denote the space of all bounded and continuous functions on [0, 0o)
endowed with the norm

I/l = sup |f(z)].
[0,00)

Lemma 2.3. For every f € Cg|0,00), we have

1G5, (F5 M < AT

Applying Remark the proof of this lemma easily follows. Hence the details
are omitted.

Remark 2.4. For 0 < a,b <1, a > 1, using the inequality
l[a® — b%| < aja — b
and from the definition of Qia,i (z,¢), for all k=0,1,2,..., we have
0 < [Jnk(x, )] = [Jnss1(z,0)] < a(Jpi(z, ) = Jnpt1(z,¢)) = appi(z, c).
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Hence from the definition of Gy, .(f; ) we get

|G (f )] < aG (| f], @)

3. MAIN RESULTS

To describe our first result, we recall the definitions of the Ditzian—Totik first
order modulus of smoothness and the K-functional [7]. Let ¢(z) = \/x(1 + cz), f €
C[0,00). The first order modulus of smoothness is given by

= g, [ 42) o 2) | 0 ),

2
and the appropriate Petree’s K-functional is defined by

Ky(f,t) = gieré‘f%{Hf — gl +tleg'll +1g'll, ¢ >0}, (3.1)

where Wy = {g : g € ACioc, ||09'|| < 00,]|¢'|] < oo} and g € AC),. means that g
is an absolutely continuous function on every [a,b] C [0,00). It is well known ([7]
Theorem 3.1.2) that K 4(f,t) ~ wy(f,t), which means that there exists a constant
C > 0 such that

Cwol(f.1) < K1) < Cug(£.1). (3.2)

Now, we establish a direct approximation theorem by means of the Ditzian—Totik
modulus of smoothness.

Theorem 3.1. Let f € C[0,00) and ¢(x) = \/x(1 + cx), then for every x € [0, 00),

we have

G2 (fi2) — F(a)] < Cuoy <f; (33

1
vn)'
where C' is a constant independent of n and x.

Proof. For fixed n and z, choosing g = g, € Wy and using the representation

we get

ae ( /z i du;x) ’ (3.4)

Now to find the estimate we split the domain into two parts: F¢ = [0, 1] and
F, = (%,00). First, if z € (%,oo) then Gy, .((t — x)% 1) ~ 27—?¢2(:17)

n?
‘/ u) du

We have
Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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For any z,t € (0,00), we find that

ok

<| [ (G5 yrem)
<2<\/5—\/E+ \/1+Ct_\/1+cm>

Cc

(3.6)

1 1
=2it—=x +
| |<\/E+\/E \/1+ct+\/1+cx)

1 1
<2|t—$|<ﬁ+m)
2(c+1) |t —z

< .
~ Ve(e—1) o)

Combining (3.4)-(3.6)) and using the Cauchy—Schwarz inequality, we obtain
2(c+1)
Vele—1)

2c+1 _ . 1/2
e V] CHEERE)
< 2(C+ 1) H(b I||<2a>1/2
T We(e=1) I\

1
< C||¢9/Hﬁ-

G e(g:2) —g(2)] < lég'llo™" ()G (It — ;)

cle (3.7)

For z € F¢ = [0,1/n], G ((t — x)% ) ~ 2% and

‘/: J (w) du

Therefore, using the Cauchy—Schwarz inequality we have

|G elg; ) — g(@)] < g'IG5 o(It — [ 2)

1/2
<l (Gz,c«t e x)) (3.9)
V2a

e’ 1
<llg'l—<Cldg'll-
n n

< lg'll lt = =l.

From (3.7) and (3.8)), we obtain
1 1
G2 (g:7) — g(@)] < C logll—= + llg'll= ). 3.9
Gaolgio) sl < € (oI 7z + 1) (39
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Using Lemma and (3.9)), we can write
G (fi2) = f(2)] < |G (f — gi2)| + [ f(2) — g(2)| + |G (g5 2) — g()]

<C<||f gl + e’ ||\F+Hg ||) (3.10)

Taking the infimum on the right hand side of the above inequality over all g € Wy,
we get

G2 (f;2) — [(@)| = OF, (f; ;ﬁ)

Using Ky(f,t) ~ we(f,t) and (3.2), we get the desired relation (3.3). This com-
pletes the proof of the theorem. O

Lastly, we shall discuss the rate of approximation of functions with a derivative
of bounded variation on [0,00). Let DBV,[0,00), v > 0, denote the class of all
absolutely continuous functions f defined on [0, 00), having a derivative f’ equiva-
lent with a function of bounded variation on every finite subinterval of [0, c0) and
[f@)] < M.

We observe that the functions f € DBV, [0, 00) possess a representation

fa) = / " gy di - £(0),

where g € BV[0,00), i.e., g is a function of bounded variation on every finite
subinterval of [0, c0).

In order to discuss the approximation of functions with derivatives of bounded
variation, we express the operators G, . in an integral form as follows:

z) = /OOO Kgc(x,t)f((”nc)t) dt, (3.11)

where the kernel Ky .(z,1) is given by

oo

K2 (2.8) = > QN (@, O)pnep—i(t,c) + QLo (w. )d(1),
k=1

0(u) being the Dirac delta function.

Lemma 3.2. For a fized x € (0,00) and sufficiently large n, we have

(1) fncxy fo ncajtdt<a (ch)(x_ly)m 0<y<u,

(2) 1—¢&2 = [T Kg (x,t)dt < qrtter) 1 <z <oo.

(z—x)2”
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Proof. (1) Using Lemma l and Remark we get

Viiz—t\’
Enc(T,y) / (z,t) dt</ ( ) K (xz,t)dt
0o \Z—Y '

< Gf{,c((t —a)2)(z —y) 7

< aGe((t —a)z)(e —y) ™2

< Aaz(l4+cx) 1

- n (z—y)
The proof of (2) is similar, hence the details are omitted. d

Theorem 3.3. Let f € DBV,[0,00). Then, for every x € (0,00) and sufficiently
large n, we have

R

(Gre(F32) = f(@)] < %_i_l|f,($+)+o¢f’(x—)| M
I @) 7o)l M
Vn]z+z/k PN
+MZ Ve sV s
k=1z—z/k 1_ o/
+M|f( 20) — f(z) — af (z4)|
n aC(n,c,r,a?) . |f(x)] Aa(1 + cx)
n’ T n )

where \/Z f(z) denotes the total variation of f(xz) on [a,b] and f. is defined by
') = flla=), 0<t<u
fa(t) =10, t==z (3.12)
f'(t) = fl(z+), x<t<oo.
Proof. Since Gy, .(1;2) = 1, using (3.11)), for every x € (0, 00) we get

G%Jmﬂf@)AwKﬁALwUﬁ)ﬂ@ﬁﬁ

N t (3.13)
_ / K2 (x.t) / F(u) dudt.
0 T
For any f € DBV,[0,00), from we may write
J/w) = o) + —— (@) + af (o)
+ %(f’(er) — fl(z—=)) (Sgn(u —z)+ ZI_ 1) (3.14)

X G () — 5 (F (@) + £/ )],

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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where

From equations (3.13)) and -, we get

/ / { 2(u) + %(f (z+) + af'(z—))
L . ’ a—1

#5(wh)  £) (sentu ) + 27

+ 8 (u) [ f' (u) — %(f’(a?-i-) + f'(z-))] du} dt

= Al + AQ + A3 + Ag,c(féax) + Bg,c(févx)a

n= (] L afe) ) K3 (a0

to= [ ien( [ 30 - e (s n + ST du) ar
to= [T ([ (70 = 5070+ ) ) oat) ) 0

0
42 <f;,x>=/;(/:f;< >du)Ka (e,1) dt,
BS (f’,x)—/;(/:f;( m)m (2, dt.
Obviously,

ao= [T ([ (5100 = 50w + 7@ Yot o) o)

(3.15)
=0.
We get
A = /OOO (/ ail(f’(xﬂ —&-af’(a:—))du)[(?‘;c(x,t) dt
1, , o0 .
= e +af @) [ -0k o (3.16)
1, ) N .
= — ('@t) +af (@) Gro((t = 2);2)

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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and

te= [ Kz [ L) - o) (ssntu—a)+ 257 ) du) a

s(7an - )= [ ([ (sentu—a)+ 257 ) au) i
+ /:° (j <sgn(u —a)+ +> du) Kg o (2,1) dt} (3.17)

< 2 (ren-ren) [T K

— <f'(:z:+) - f/(sc)>Ggyc(|t o x)

Using Lemma and equations (3.13H3.17) and applying the Cauchy—Schwarz

inequality we obtain
G5 o(50) = F@) £ — 174 + af (o) (@G (¢ = 25 ) 2

+7|f (a4) = (@) (@Gro((t — )% 2)) '/
+ \An,c( v 8)| + 1By (fr, )]

X (3.18)
< ol e) +af o)y 22 )
a , Aaz(l + cx)
+ m|f (z+) = f'(z—)] I

+IAL () + 1By (fr 7).
Thus our problem is reduced to calculate the estimates of the terms Ay .(f;,z)
and By, .(f;, ). Since ff dtfz‘c(aﬁ, t) <1 for all [a,b] C [0, 00), using integration by
parts and applying Lemma [3.2| with y = z — 2/y/n, we have

([ romuc.oo]-

< / (0] (€2 (o ) di + / ) |sf:,c<x,t>|dt
y T r T

<eliten) | V-0 [V g

S)\ole—i—cgc / \/f x—t dt+— \/ f

VI e

x

Nz (1
_ daz( +Cx/ \/f z—t)” dt+% \V £
—a/\/n

A% (f, ) () d ]

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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Substituting u = x/(z — t), we get

Aax(l + cx) /Im/\/H N az(l4ex) _, (V"7
Ao+ er) (@—t)"2\/ fldt = 2920, / £ du
0 \t/ 1 \/

n n
z—z/u

xT

Vn] k41
1
SMZ/ \/ f;du
k=1"k

z—z/k

)\(l—l—cx)[\/m Y,

k=1z—z/k
Thus,
o 1—|—cx
A7 o(frr )| < Z \/ f +— \/ fi. (3.19)
k=1z—x/k :c z/\/n

Again, using integration by parts in Bf(f.,x) and applying Lemma and the
Cauchy—Schwarz inequality, we have

B2 (f12)] < ‘ / °° < / ) du)dtKS,c(x,t)‘
N ( / ) du)dta f:,cw))\

\/ DR (o) 17 4]

/2 (= 2)K (s t) dt‘

T

2x
+ f;(U) dul |1 = &5 (2, 22)| + )1 =& (x,1)) dt‘

x

x

<| [Cronsieo|+ ol [k
1ol [ 0P dt)l

X

220 o reenad 4| [T ol
prerlren] [ )
n z+x/v/n

We see that there exists an integer r (2r > «), such that f(¢) = O(t?"), as t — oo.
Now proceeding in a manner similar to the estimate of A5 .(f;;x), on substituting

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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t=uxz+ % we get

Bro(f o)l <M [ KR (x,t)dt+ | f(x)] , Ky (1) dt

2z
iy 2 200E D) o) ) ap ()
z+a//n 2x
x ;v Aax(l 4+ cx) o
i Vo R [
<M tQTKf;C(x,t)dt+|f(x)| OOK;’;,C(x,t)dt
2z 2z
Iy 222 Mﬁ; )\ f(ax) - flx) — of (a4)]
e/ VR ) Wil ota/ v

+7 \/ o+ Z \/ 7. (3.20)

For t > 2z, we get t < 2(t — x) and « < t — z. Now using equation (2.1) and
Lemma we obtain

> 2r rra
/zwtK oz t) dt +|f(z I/ oz, t)dt
§227"/ ( )ZTK,?; ( )dt+| ( )‘ ( _x)QKg’c(m’t) it (321)
2z

2x

< aC(n,c,r,x) . |f(z)| Aoz (1 —|—cx).

nr 2 n

Collecting the estimates (3.18)—(3.21]), we get the required result. This completes
the proof. O

Next, we illustrate the comparison of the rate of convergence of the operators
(1.2) and (1.3 to a certain function by some graphics using Maple algorithms.
Let us consider the function

fa) = {271/3 sin(m/x), i ; 8 (3:22)

Then, f is of bounded variation on [0, 1].

Example 1. For ¢ = 150, « = 10, n = 160 and n = 200, the convergence of
the Bézier-Gupta—Srivastava (named as BzGS in figures) operators given by (|1.3)
(green and red) to f(z) (blue), for x € [0,1], € [0,2/7], € [0,5] and z € [0, 10]

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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is given in Figures 1, 2, 3 and 4.

%
BzGS160
BzGS200

BzG3160
BzG5200
Function Function
Figure 1 Figure 2
140
120
120
100
100
ﬁ; 80+
a0 H
E
a B0
BOjZ
i 1
07§ 5 v |
1
2
20 20 ;
3
L
o i =
0 1 2 3 4 g 0 2 4 b g 10
L B
BzGS1E0 - BzGS160
BzGE200 B2G5200
Function Function
Figure 3 Figure 4

Example 2. For ¢ = 150, a = 10 and n = 160, the convergence of the Gupta—
Srivastava (named as GS in Figures) operators given by (1.1) and the Bézier—
Gupta—Srivastava operators given by (1.3) to the function f(x) given by (3.22)), for
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x €1[0,2/7] and = € [0, 10] is shown in Figures 5 and 6 respectively.

1000+ 1000

600

600

400

200

] 0.1 0.z 0.3 0.4 0s 0.6

#

= BzGS180 BzGS160
o GE1E0 o BS160
Function m— Function
Figure 5 Figure 6

Example 3. In case ¢ = 0, a = 10 for n = 160, n = 200 and n = 50, n = 100,
the convergence of Bézier—-Gupta—Srivastava operators to the function f(x) given
by (3.22) for x € [0,1] is shown in Figures 7 and 8, respectively.

8000

5000

4000
6000

3000

4000

2000
1000

i

i

BzGS160
BzGS200

—— Function e

BzzE50
BzGS100
Function

Figure 7 Figure 8

Example 4. In Figure 9, for ¢ = 1, n = 160,200 and a = 10, the convergence
of the the Bézier—Gupta—Srivastava operators given by (L.3) to the function f(z)

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)
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given by (3.22)) is illustrated.

10004

@
=)
=]

£ bt

600

4004

200

k3

BzGS160
BzGs200
fun

Figure 9

Now let us compare the convergence of the operators G,, . given by |D and G7; .

given by (L.3)

In case ¢ = 0, for n = 50 and a = 10, the comparison of the convergence of the
operators ([1.2]) (named as Ydv in Figures) and the operators ([1.3]) to the function

(3.22) is shown in Figure 10.

1000

800

600

x

Yval,
BzG350
Function

Figure 10

In Figures 11 and 12, in cases ¢ = 1 and ¢ = 150, for « = 10 and n = 160, the
comparison of the convergence of the operators ([1.2)) and (1.3) to the function f(z)
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given by (3.22) is illustrated.

1400 3000

1

et 2500

i

10004 §
' 200

s00f i

1500

o0t 4

01 02 03 04 0% 08 05 08

Ydv1ED
BzGS160
Function

Y160
BzGS1E0
Function

Figure 11 Figure 12

From the above comparisons, it turns out that the operator given by (1.3) yields
a better rate of convergence than the operator given by ([1.2)) in certain cases.
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