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HIGHER ORDER ELLIPTIC EQUATIONS IN HALF SPACE

MARÍA AMELIA MUSCHIETTI AND FEDERICO TOURNIER

Abstract. We consider 2mth order elliptic equations with Hölder coefficients
in half space. We solve the Dirichlet problem with m conditions on the bound-

ary of the upper half space. We first analyze the constant coefficient case, find-

ing the Green function and a representation formula, and then prove Schauder
estimates.

1. Introduction

In this paper we solve the Dirichlet problem for elliptic operators of order 2m
in the upper half space, with complex valued Hölder coefficients. Our method is
based on finding explicit formulas for the Green function for the constant coefficient
equation and proving a priori estimates in the Hölder spaces for solutions having
homogeneous boundary data. This work differs in this sense from the well known
paper of Agmon, Douglis and Nirenberg in which they solve first the homogeneous
problem with non homogeneous boundary data for an elliptic operator with only
principal part. A Radon type transformation due to F. John is key to their work
[1, 4]. Our approach is based on Fourier transforming on the first variables the non
homogeneous equation with homogeneous data. We find a representation formula
which is key to the a priori estimates. We first treat the constant coefficient case
and then, using the freezing coefficient method, we treat the variable coefficient
equation. We remark that throughout the paper we will use the letter C to denote
a constant (not always the same) that depends only on structure. In the case that
a constant depends on any aditional quantity we will mention this explicitly. See
[5] for a treatment of the problem in full space and [8] for the case of smooth
coefficients.

2. Preliminaries

In this short section we introduce the Hölder spaces that will be relevant later
on.

Set Ω = Rn+1
+ . Define

|u|0 = sup{|u(x)| : x ∈ Ω},

2010 Mathematics Subject Classification. 35B45, 35C15, 35G15.
This work has been done with support from CONICET (PIP 314).

259



260 M. A. MUSCHIETTI AND F. TOURNIER

[u]δ = sup{ |u(x)−u(y)|
|x−y|δ : x, y ∈ Ω},

|Dku|0 = max{|Dαu|0 : |α| = k},

[Dku]δ = max{[Dαu]δ : |α| = k},

|u|m+δ =

m∑
k=0

|Dku|0 + [Dmu]δ.

The space Cm+δ(Ω) = {u : |u|m+δ <∞} is a Banach space.
We will need to use the following interpolation result which we state without

proof (see [3]).

Lemma 2.1. For every ε > 0 and 0 ≤ k ≤ m there exists Cε,k such that [Dku]δ ≤
Cε,k|u|0 + ε|u|m+δ.

For every ε > 0 and 0 ≤ k ≤ m − 1 there exists Cε,k such that |Dku|0 ≤
Cε,k|u|0 + ε|Dmu|0.

For every ε > 0 and 0 ≤ k ≤ m − 1 there exists Cε,k such that [Dku]δ ≤
Cε,k|u|0 + ε|Dmu|0.

In all three cases, the inequalities hold for all u ∈ Cm+δ(Ω).

3. Constant coefficients

We consider operators of the form Lu(x, t) =
∑
|α|+l≤2m aα,lD

α
xD

l
tu(x, t), where

aα,l are complex numbers, x ∈ Rn and t > 0.

Let L?u(x, t) =
∑
|α|+l≤2m(−1)|α|+laα,lD

α
xD

l
tu(x, t). We will assume that the

characteristic polynomial p(iξ, it) =
∑
|α|+l≤2m aα,l(iξ)

α(it)l satisfies the strong

ellipticity condition

|p(iξ, it)| ≥ λ(1 + |ξ|2 + t2)m (1)

for all (ξ, t) ∈ Rn+1. Notice that p(iξ, z) as a polynomial in the z variable has no
pure imaginary roots. It follows that we can write

p(iξ, z) = p+(iξ, z)p−(iξ, z),

where p−(iξ, z) =
∏m
j=1(z − λ−j (ξ)), p+(iξ, z) =

∏m
j=1(z − λ+

j (ξ)), {λ−j : j =

1, . . . ,m} are the roots of p(iξ, z) with negative real part and {λ+
j : j = 1, . . . ,m}

are the roots of p(iξ, z) with positive real part. This is true for all ξ ∈ Rn.
We will be able to impose m initial conditions on a solution u at t = 0.

Lemma 3.1. If p(iξ, z) = 0 then |Re(z)| ≥ λ
C (1 + |ξ|) and |z| ≤ C(1 + |ξ|), for

some C depending on max{|aα,l| : α, l}.

Proof. The proof is a straightforward application of (1). �

We believe that the next property is also a consequence of the ellipticity condi-
tion (1) and some general theorem on the roots of a complex polynomial, but at
this point we do not have a proof so we need to assume it.
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This is an essential assumption about the roots λ(ξ) of p(iξ, z): We assume that
there exists a constant C depending only on n, α, λ and max{|aα,l| : α, l} such that
if λ(ξ) is a root of p(iξ, z), then for any multiindex α we have

|Dα
ξ λ(ξ)| ≤ C(1 + |ξ|)1−α (2)

for all ξ ∈ Rn.
We will now construct the Green function. Let us denote by γ−(ξ) any simple

closed curve such that Re(γ−(ξ)) ≤ 0 and γ−(ξ) encloses the m roots of p−(iξ, z).
Similarly, Re(γ+(ξ)) ≥ 0 and γ+(ξ) encloses the m roots of p+(iξ, z). In the sequel,
we will use different curves γ−(ξ) and γ+(ξ).

Define

h(y, s) =

∫ ∫
γ−(ξ)

esz

p(iξ, z)
dz eiy·ξ dξ for s > 0

and

h(y, s) =

∫ ∫
γ+(ξ)

−esz

p(iξ, z)
dz eiy·ξ dξ for s < 0,

and define, for any positive integer l such that 2l +m ≥ n+ 2, the function

h?(y, s) =
1

(|y|2 + s2)l

∫
Rn

∫ +∞

−∞
ei(y·ξ+sξn+1)(−∆)l

(
1

p(iξ, iξn+1)

)
dξn+1 dξ.

Lemma 3.2. h = h?.

Proof. Formally, it follows by enlarging the contour of integration: Say, s > 0, then∫
γ−(ξ)

esz

p(iξ,z) dz =
∫ +∞
−∞

eisξn+1

p(iξ,iξn+1) dξn+1 and an integration by parts shows that∫ +∞

−∞

∫
Rn

ei(y·ξ+sξn+1)

p(iξ, iξn+1)
dξ dξn+1 = h?(y, s).

We proceed with a rigorous proof. Let β ∈ C∞0 (B2(0)) with β = 1 on B1(0),
and φ ∈ C∞0 ([−2, 2]) with φ = 1 in [−1, 1]. Fix (y, s) with y ∈ Rn and s > 0 and let
ε > 0. We show that |h(y, s)−h?(y, s)| ≤ ε. Write h(y, s)−h?(y, s) = A+B+C+D,
where

A = h(y, s)−
∫
β(
ξ

R
)

∫
γ−(ξ)

esz

p(iξ, z)
dz eiy·ξ dξ,

B =

∫
β(
ξ

R
)

∫
γ−(ξ)

esz

p(iξ, z)
dz eiy·ξ dξ −

∫
β(
ξ

R
)

∫ +∞

−∞

eisξn+1

p(iξ, iξn+1)
dξn+1 e

iy·ξ dξ,

C =

∫
β(
ξ

R
)

∫ +∞

−∞

eisξn+1

p(iξ, iξn+1)
dξn+1 e

iy·ξ dξ

−
∫ +∞

−∞

∫
Rn
β(
ξ

R
)φ(

ξn+1

R̃
)
ei(y·ξ+sξn+1)

p(iξ, iξn+1)
dξ dξn+1,

D =

∫ +∞

−∞

∫
Rn
β(
ξ

R
)φ(

ξn+1

R̃
)
ei(y·ξ+sξn+1)

p(iξ, iξn+1)
dξ dξn+1 − h?(y, s).

We will choose R and R̃ large enough to make each term small.
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To estimate A we can take the contour γ−(ξ) so that Re(γ−(ξ)) ≤ −C(1 + |ξ|)
and |p(iξ, z)| ≥ C for all z ∈ γ−(ξ). We have

|A| ≤

∣∣∣∣∣
∫

(1− β(
ξ

R
))

∫
γ−(ξ)

esz

p(iξ, z)
dz eiy·ξ dξ

∣∣∣∣∣
≤
∫
|ξ|≥R

|
∫
γ−(ξ)

esz

p(iξ, z)
dz| dξ ≤

∫
|ξ|≥R

e−Cs(1+|ξ|)
∫
γ−(ξ)

1

|p(iξ, z)|
dzdξ

≤ C
∫
|ξ|≥R

length(γ−(ξ))e−Cs(1+|ξ|) dξ ≤ C
∫
|ξ|≥R

(1 + |ξ|)e−Cs(1+|ξ|) dξ.

This last expression goes to 0 as R goes to ∞.
To estimate B, take γ−(ξ) = I ∪ CM = {iξn+1 : −M ≤ ξn+1 ≤ M} ∪ {Meiθ :

θ ∈ [π2 ,
3π
2 ]}, where M = M(|ξ|) = K(1 + |ξ|)r and r and K are chosen large. So,

B ≤
∣∣∣∣∫ β(

ξ

R
))

∫
CM

esz

p(iξ, z)
dz eiy·ξ dξ

∣∣∣∣
+

∣∣∣∣∣
∫
β(
ξ

R
)

∫
|ξn+1|≥M

eisξn+1

p(iξ, iξn+1)
dξn+1e

iy·ξ dξ

∣∣∣∣∣ = |B1|+ |B2|.

Notice that we can write p(iξ, z) =
∑m
j=0 aj(ξ)z

j with |aj(ξ)| ≤ C|ξ|m−j . Hence

for z ∈ CM we have |p(iξ, z)| ≥ C|z|m and hence

|B1| ≤ C
∫
|ξ|≤2R

length(CM )

Mm
dξ

≤ C
∫
|ξ|≤2R

1

Mm−1
dξ ≤ C

Km−1

∫
1

(1 + |ξ|)r(m−1)
dξ,

which can be made arbitrarily small by choosing r and K large. And we have

|B2| ≤ C
∫
|ξ|≤2R

∫
|ξn+1|≥M

dξn+1

1 + |ξ|m + |ξn+1|m
dξ ≤ C

∫
|ξ|≤2R

1

M
dξ,

which again can be made arbitrarily small by choosing r and K large.
The term C can be estimated as

|C| ≤
∫
β(
ξ

R
)

∫
|ξn+1|≥R̃

dξn+1

1 + |ξ|m + |ξn+1|m
dξ ≤ CR

n

R̃
,

which we make small by making R̃ large depending on R.
To estimate D, first notice that∫ +∞

−∞

∫
Rn
β(
ξ

R
)φ(

ξn+1

R̃
)
ei(y·ξ+sξn+1)

p(iξ, iξn+1)
dξdξn+1

=
1

(|y|2 + s2)l

∫ +∞

−∞

∫
Rn

(−∆)l

(
β( ξR )φ( ξn+1

R̃
)

p(iξ, iξn+1)

)
ei(y·ξ+sξn+1) dξdξn+1

=
1

(|y|2 + s2)l

∫ +∞

−∞

∫
Rn

(−∆)l
(

1

p(iξ, iξn+1)

)
ei(y·ξ+sξn+1) dξdξn+1 + E,
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where we have the estimate |E| ≤ C
(|y|2+s2)l

1
R , which holds for R̃ ≥ R ≥ 1. There-

fore,

|D| ≤ 1

(|y|2 + s2)l

∫ +∞

−∞

∫
Rn

(1− β(
ξ

R
))φ(

ξn+1

R̃
)(−∆)l

(
1

p(iξ, iξn+1)

)
· ei(y·ξ+sξn+1) dξ dξn+1 +

C

(|y|2 + s2)l
1

R

≤ 1

(|y|2 + s2)l

∫
|ξn+1|≥R

∫
|ξ|≥R

dξdξn+1

(1 + |ξ|+ |ξn+1|)m+2l
+

C

(|y|2 + s2)l
1

R

≤ C

(|y|2 + s2)l
1

R
.

Choose R large enough to make |A| and |D| smaller than ε and then, for fixed

R, choose R̃ ≥ R to make |C| ≤ ε. �

We state in a lemma some well known properties of the function h; see [5].

Lemma 3.3.

• h ∈ C∞(Rn+1 \ {0}).

• |Dα
yD

k
sh(y, s)| ≤ C

(|y|+ |s|)n+1−2m+|α|+k for all |y|2 + s2 ≤ 1 and for any

k, |α|.

• |Dα
yD

k
sh(y, s)| ≤ C

(|y|2 + s2)l
for any l, |α| ≥ 0, k ≥ 0 and |y|2 + s2 ≥ 1.

• Lh(y, s) = 0 for (y, s) 6= (0, 0).

Let us also define

hR(y, s) =

∫
Rn+1

ϕ( ξ,ξn+1

R )ei(y·ξ+sξn+1)

p(iξ, iξn+1)
dξdξn+1.

Note, as in the estimation of term D in Lemma 3.2, that hR(y, s)→ h(y, s) as R→
∞ for any (y, s) 6= (0, 0) and uniformly away from (0, 0). Here ϕ ∈ C∞0 (B2(0, 0))
and ϕ = 1 on B1(0, 0).

We next define a function k to account for the boundary values. For y ∈ Rn and
t > 0, τ > 0, define

k(y, t, τ) =

∫ ∫
γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

etw

p−(iξ, w)(w − z)
dwdz eiy·ξ dξ.

Let

Φ(ξ, t, τ) =

∫
γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

etw

p−(iξ, w)(w − z)
dwdz.

To analize the function k we take into account that according to Lemma 3.1 we
have that the m roots of p−(iξ, z) satisfy Re(λ−(ξ)) ≤ −λ(1 + |ξ|) and |λ−(ξ)| ≤
Λ(1 + |ξ|), so we take γ−(ξ) a piecewise smooth contour parametrized by an angle
θ which is the arc of the circle centered at 0 of radius 2Λ(1 + |ξ|) joining the points
with real part equal to −λ2 (1+|ξ|) in counterclockwise sense, followed by the vertical
segment joining these two points. Denote by w(θ, ξ) the points on this contour.
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Similarly, since the m roots of p+(iξ, z) satisfy Re(λ+(ξ)) ≥ λ(1 + |ξ|) and
|λ+(ξ)| ≤ Λ(1 + |ξ|), we take γ+(ξ) a piecewise smooth contour parametrized by
an angle φ which is the arc of the circle centered at 0 of radius 2Λ(1 + |ξ|) joining
the points with real part equal to λ

2 (1 + |ξ|) in counterclockwise sense, followed by
the vertical segment joining these two points. Denote by z(φ, ξ) the points on this
contour.

The following properties follow directly:
For any multiindex α and for all ξ, we have |Dα

ξ w(θ, ξ)| ≤ C(1 + |ξ|)1−|α|,

|Dα
ξ z(φ, ξ)| ≤ C(1+|ξ|)1−|α|, |Dα

ξDθw(θ, ξ)| ≤ C(1+|ξ|)1−|α|, and |Dα
ξDφz(φ, ξ)| ≤

C(1 + |ξ|)1−|α|. And for all ξ, we have λ
2 (1 + |ξ|) ≤ |w(θ, ξ)− λ−(ξ)| ≤ 2Λ(1 + |ξ|),

λ
2 (1 + |ξ|) ≤ |z(φ, ξ) − λ+(ξ)| ≤ 2Λ(1 + |ξ|), and λ

2 (1 + |ξ|) ≤ |w(θ, ξ) − z(φ, ξ)| ≤
4Λ(1 + |ξ|).

Using the above properties together with (2) we can prove the following estimate:

|Dα
ξD

l
τΦ(ξ, t, τ)| ≤ C e

−(t+τ)(1+|ξ|)
2

(1 + |ξ|)2m−1+|α|−l (3)

for any α, l, ξ ∈ Rn, τ > 0, and t > 0.
To prove the estimate, we note that we can write Φ(ξ, t, τ) as a sum of four

terms of the form∫
θ

∫
φ

e−τz(ξ,φ)

p+(iξ, z(ξ, φ)

etw(ξ,θ)

p−(iξ, w(ξ, θ)

zφ(ξ, φ)wθ(ξ, θ)

w(ξ, θ)− z(ξ, φ)
dφ dθ

for the appropriate limits of integration in θ and φ which do not depend on ξ.
We write the integrand as g1g2

g3
, where g1 = e−τz(ξ,φ)etw(ξ,θ), g2 = zφ(ξ, φ)wθ(ξ, θ)

and g3 = p+(iξ, z(ξ, φ))p−(iξ, w(ξ, θ))(w(ξ, θ) − z(ξ, φ)). The following estimates
follow by direct computation:

|Dγ
ξ g1| ≤ C

e
−(t+τ)(1+|ξ|)

2

(1 + |ξ|)|γ|

|Dγ
ξ g2| ≤ C(1 + |ξ|)2−|γ|.

Also note that we can write g3 =
∏2m+1
j=1 (φj(ξ) − ψj(ξ)), where |φj(ξ) − ψj(ξ)| ≈

1 + |ξ| and |Dα
ξ (φj(ξ) − ψj(ξ))| ≤ C(1 + |ξ|)1−|α|. It follows that |Dγ

ξ g3| ≤ C(1 +

|ξ|)2m+1−|γ| and hence |Dγ
ξ (g3)−1| ≤ C

(1+|ξ|)2m+|γ|+1 . Putting the estimates together

proves the claim.
Now, using the estimate (3), we can prove the following estimates for the function

k.

Lemma 3.4. The function k(y, t, τ) is C∞ in all its variables. The following es-
timates hold:

(1) |Dα
yD

l
τk(y, t, τ)| ≤ C

(|y|+ t+ τ)n+1−2m+|α|+l , for all α and l.
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(2)

∫ ∞
0

∫
Rn−1

|Dα
yD

k
τk(y, t, τ)||xk−yk|=R dy

′dτ → 0 as R → ∞, for any α and

any k and t > 0.

(3)

∫
Rn
|Dα

yD
k
τk(y, t, R)| dy → 0 as R→∞, for any α and any k and t > 0.

(4)

∫ ∞
0

∫
Rn
|k(y, t, τ)| dydτ ≤ C for any t > 0. C is independent of t.

Proof. We have k(y, t, τ) =
∫
eiy·ξΦ(ξ, t, τ)dξ and Dα

yD
l
τk(y, t, τ) =

∫
eiy·ξ(iξ)α ·

Dl
τΦ(ξ, t, τ)dξ, and the first assertion follows immediately.
Let η ∈ C∞0 (B2(0)), such that η = 1 in B1(0). To prove the first estimate, write

Dα
yD

l
τk(y, t, τ) =

∫
eiy·ξ(iξ)αDl

τΦ(ξ, t, τ) dξ

=
1

|y|2k

∫
eiy·ξ(−∆ξ)

k((iξ)αDl
τΦ(ξ, t, τ)) dξ

=
1

|y|2k

∫
eiy·ξ(−∆ξ)

k((iξ)αDl
τΦ(ξ, t, τ))η(|y|ξ) dξ

+
1

|y|2k

∫
eiy·ξ(−∆ξ)

k((iξ)αDl
τΦ(ξ, t, τ))(1− η(|y|ξ)) dξ

= A+B.

We have

A =
1

|y|2k

∫
(−∆ξ)

k(eiy·ξ(iξ)α)Dl
τΦ(ξ, t, τ))η(|y|ξ) dξ,

and hence

|A| ≤ C
∫
|ξ|≤ 2

|y|

|ξαDl
τΦ(ξ, t, τ))|dξ ≤ C

∫
|ξ|≤ 2

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l dξ.

Note that∫
|ξ|≤ 2

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l dξ ≤
∫
|ξ|≤ 2

|y|

1

(1 + |ξ|)2m−1−|α|−l dξ ≤
C

|y|n+1−2m+|α|+l

and also∫
|ξ|≤ 2

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l dξ

≤ C

(t+ τ)n+1−2m+|α|+l

∫
|ξ|≤ 2(t+τ)

|y|

e−|ξ|

(t+ τ + |ξ|)2m−1−|α|−l dξ

≤ C

(t+ τ)n+1−2m+|α|+l

∫
Rn

e−|ξ|

|ξ|2m−1−|α|−l dξ ≤
C

(t+ τ)n+1−2m+|α|+l .

Therefore,

|A| ≤ min{ 1

|y|n+1−2m+|α|+l ,
1

(t+ τ)n+1−2m+|α|+l } ≤
C

(|y|+ t+ τ)n+1−2m+|α|+l .
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266 M. A. MUSCHIETTI AND F. TOURNIER

To estimate the term B, we note that

|B| ≤ C

|y|2k

∫
|ξ|≥ 1

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l+2k
,

and

C

|y|2k

∫
|ξ|≥ 1

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l+2k
≤ C

|y|2k

∫
|ξ|≥ 1

|y|

1

|ξ|2m−1−|α|−l+2k

≤ C

|y|n+1−2m+|α|+l .

But also, for |y| ≤ t+ τ , we have

C

|y|2k

∫
|ξ|≥ 1

|y|

e−(t+τ)|ξ|

(1 + |ξ|)2m−1−|α|−l+2k

≤ C

(t+ τ)n+1−2m+|α|+l (
t+ τ

|y|
)2k

∫
|ξ|≥ t+τ|y|

e−|ξ|

(t+ τ + |ξ|)2m−1−|α|−l+2k
dξ

≤ C

(t+ τ)n+1−2m+|α|+l (
t+ τ

|y|
)2k

∫
|ξ|≥ t+τ|y|

Cr
|ξ|r

dξ ≤ C

(t+ τ)n+1−2m+|α|+l ,

by choosing r = 2k + n.
Therefore,

|B| ≤ min

{
1

|y|n+1−2m+|α|+l ,
1

(t+ τ)n+1−2m+|α|+l

}
≤ C

(|y|+ t+ τ)n+1−2m+|α|+l ,

which finishes the proof of the first estimate.
To prove the other estimates, we note that for any k we have

Dα
yD

l
τk(x− y, t, τ) =

1

|x− y|2k

∫
ei(x−y)·ξ(−∆ξ)

k((iξ)αDl
τΦ(ξ, t, τ)) dξ,

and hence,

|Dα
yD

l
τk(x− y, t, τ)| ≤ 1

|x− y|2k

∫
e−(t+τ)(1+|ξ|)

(1 + |ξ|)2m−1−l−|α|+2k
dξ.

Therefore,∫
Rn−1

∫ ∞
0

|Dα
yD

l
τk(x− y, t, τ)|||xk−yk|=R dτdy

′

≤
∫
Rn−1

dy′

(|x′ − y′|2 +R2)2k

∫ ∞
0

∫
e−(t+τ)(1+|ξ|)

(1 + |ξ|)2m−1−l−|α|+2k
dξdτ

≤
∫
Rn−1

dy′

(|x′ − y′|2 +R2)2k

∫
dξ

(1 + |ξ|)2m−l−|α|+2k
→ 0 as R→∞.

To prove that
∫
Rn |D

α
yD

k
τk(y, t, R)|dy → 0, use the first estimate

|Dα
yD

l
τk(y, t, R)| ≤ C

(|y|+ t+R)n+1−2m+|α|+l
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for |y| ≤ 1, and use

|Dα
yD

l
τk(y, t, R)| ≤ 1

|y|2k

∫
e−(t+R)(1+|ξ|)

(1 + |ξ|)2m−1−l−|α|+2k
dξ

for |y| ≥ 1. Similarly for the last estimate. �

We next state a lemma from complex analysis which follows by shifting the
contour of integration.

Lemma 3.5. Let γ(ξ) be a simple closed contour enclosing all roots of p(iξ, z),
and γ+(ξ), γ−(ξ) as before. Then

1

2πi

∫
γ(ξ)

zk

p(iξ, z)
dz =

{
0 for 0 ≤ k ≤ 2m− 2

1 for k = 2m− 1;

1

2πi

∫
γ+(ξ)

zj

p+(iξ, z)(w − z)
dz =

wj

p+(iξ, w)
for all w ∈ γ−(ξ) and 0 ≤ j ≤ m− 1;

1

2πi

∫
γ−(ξ)

wj

p−(iξ, w)(w − z)
dw =

−zj

p−(iξ, z)
for all z ∈ γ+(ξ) and 0 ≤ j ≤ m− 1.

We define the Green function for the upper half space Rn+1
+ to be

g(x− y, t, τ) = h(x− y, t− τ)− k(x− y, t, τ).

We state in a theorem the properties of g.

Theorem 3.6. Lx,t(g(x−y, t, τ)) = 0 for (x, t) 6= (y, τ) and L?y,τ (g(x−y, t, τ)) = 0
for (y, τ) 6= (x, t). In addition, g satisfies the following m boundary conditions at
t = 0, for any τ > 0:

g(x− y, 0, τ) = 0,
∂g

∂t
(x− y, 0, τ) = 0, . . . ,

∂m−1g

∂tm−1
(x− y, 0, τ) = 0,

and the following m boundary conditions at τ = 0, for any t > 0:

g(x− y, t, 0) = 0,
∂g

∂τ
(x− y, t, 0) = 0, . . . ,

∂m−1g

∂τm−1
(x− y, t, 0) = 0.

Proof. The proof is a straightforward computation using Lemma 3.5. To prove
Lx,t(g(x−y, t, τ)) = 0, we prove Lx,t(h(x−y, t−τ)) = 0 and Lx,t(k(x−y, t, τ)) = 0.
We have, say for t > τ ,

Dα
xD

l
th(x− y, t− τ) =

∫ ∫
γ−(ξ)

zl(iξ)α

p(iξ, z)
e(t−τ)z dz ei(x−y)·ξ dξ,

which implies that

Lx,t(h(x− y, t− τ)) =

∫ ∫
γ−(ξ)

e(t−τ)z dz ei(x−y)·ξ dξ = 0.

Also,

Dα
xD

l
tk(x− y, t, τ) =

∫ ∫
γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

wl(iξ)αewt

p−(iξ, w)(w − z)
dwdz ei(x−y)·ξ dξ.
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Hence,

Lx,t(k(x− y, t, τ)) =

∫ ∫
γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

p(iξ, w)ewt

p−(iξ, w)(w − z)
dwdz ei(x−y)·ξ dξ

=

∫ ∫
γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

p+(iξ, w)ewt

(w − z)
dwdz ei(x−y)·ξ dξ = 0,

since
∫
γ−(ξ)

p+(iξ,w)ewt

(w−z) dw = 0, because for each z ∈ γ+(ξ), the function f(w) =

p+(iξ,w)ewt

w−z is analytic inside γ−(ξ).

Next, we show that L?y,τ (g(x − y, t, τ)) = 0. Since Dα
yD

l
τ (h(x − y, t − τ)) =

(−1)|α|+lDα
xD

l
t(h(x− y, t− τ)), it follows that L?y,τ (h(x− y, t− τ)) = 0. Also,

Dα
yD

l
τ (k(x− y, t, τ))

= (−1)|α|+l
∫ ∫

γ−(ξ)

etw

p−(iξ, w)

∫
γ+(ξ)

zl(iξ)αe−τz

p+(iξ, z)(w − z)
dzdw ei(x−y)·ξdξ.

Hence

L?y,τ (k(x− y, t, τ)) =

∫ ∫
γ−(ξ)

etw

p−(iξ, w)

∫
γ+(ξ)

p−(iξ, z)e−τz

(w − z)
dzdw ei(x−y)·ξdξ = 0,

since
∫
γ+(ξ)

p(−(iξ,z)e−τz

(w−z) dz = 0.

We now check the boundary conditions.

g(x− y, 0, τ) = −
∫ ∫

γ+(ξ)

e−τz

p(iξ, z)
dz ei(x−y)·ξ dξ

−
∫ ∫

γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

dw

p(iξ, w)(w − z)
dz ei(x−y)·ξ dξ = 0,

since
∫
γ−(ξ)

dw
p−(iξ,w)(w−z) = − 1

p−(iξ,z) . For t < τ , we have

∂g

∂t
(x− y, t, τ) = −

∫ ∫
γ+(ξ)

ze(t−τ)z

p(iξ, z)
dz ei(x−y)·ξ dξ

−
∫ ∫

γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

w etw dw

p−(iξ, w)(w − z)
dz ei(x−y)·ξ dξ,

and hence

∂g

∂t
(x− y, 0, τ) = −

∫ ∫
γ+(ξ)

ze(−τ)z

p(iξ, z)
dz ei(x−y)·ξ dξ

−
∫ ∫

γ+(ξ)

e−τz

p+(iξ, z)

∫
γ−(ξ)

w dw

p−(iξ, w)(w − z)
dz ei(x−y)·ξ dξ = 0,

since
∫
γ−(ξ)

w dw
p−(iξ,w)(w−z) = − z

p−(iξ,z) .

Continue up to the derivative of order m− 1.
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We now proceed to prove the m boundary conditions at τ = 0.

g(x− y, t, 0) =

∫ ∫
γ−(ξ)

etz

p(iξ, z)
dz ei(x−y)·ξ dξ

−
∫ ∫

γ−(ξ)

etw

p−(iξ, w)

∫
γ+(ξ)

dz

p+(iξ, z)(w − z)
dw ei(x−y)·ξdξ = 0,

since
∫
γ+(ξ)

dz
p+(iξ,z)(w−z) = 1

p+(iξ,w) . For τ < t we have

∂g

∂τ
(x− y, t, τ) = −

∫ ∫
γ−(ξ)

ze(t−τ)z

p(iξ, z)
dz ei(x−y)·ξ dξ

+

∫ ∫
γ−(ξ)

etw

p−(iξ, w)

∫
γ+(ξ)

z e−τz dz

p+(iξ, z)(w − z)
dw ei(x−y)·ξdξ.

Hence

∂g

∂τ
(x− y, t, 0) = −

∫ ∫
γ−(ξ)

ze(t)z

p(iξ, z)
dz ei(x−y)·ξ dξ

+

∫ ∫
γ−(ξ)

etw

p−(iξ, w)

∫
γ+(ξ)

z dz

p+(iξ, z)(w − z)
dw ei(x−y)·ξdξ = 0,

since
∫
γ+(ξ)

z dz
p+(iξ,z)(w−z) = w

p(iξ,w) .

Continue up to the derivative of order m− 1. �

We use the function g to prove a representation formula, which is the basis for
the a priori estimates.

Theorem 3.7. Let u ∈ C2m+δ(Rn+1
+ ) satisfy the m boundary conditions at t = 0:

u(x, 0) = 0,
∂u

∂t
(x, 0) = 0, . . . ,

∂m−1u

∂tm−1
(x, 0) = 0.

Then

u(x, t) =

∫ ∞
0

∫
Lu(y, τ)g(x− y, t, τ) dydτ

for all x ∈ Rn, t > 0.

Proof. Fix (x, t) ∈ Rn+1
+ and ε > 0. Write the m conditions on u in (y, τ) variables,

u(y, 0) = 0,
∂u

∂τ
(y, 0) = 0, . . . ,

∂m−1u

∂τm−1
(y, 0) = 0,

and let v(y, τ) = g(x − y, t, τ). Recall L?v(y, τ) = 0 and v(y, 0) = 0, ∂v∂τ v(y, 0) =

0, . . . , ∂
m−1v
∂τm−1 v(y, 0) = 0. First we need to prove the next three claims.

Claim 1. For |α|+ l = 2m and l ≥ 1 we have∫
Rn+1

+ \Bε(x,t)
Dα
yD

l
τu(y, τ)v(y, τ) dydτ =

∫
Rn+1

+ \Bε(x,t)
u(y, τ)Dα

yD
l
τv(y, τ) dydτ

−
∫
∂Bε(x,t)

u(y, τ)Dα
yD

l−1
τ v(y, τ)ητ (y, τ) dS(y, τ) +O(ε),
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where ητ (y, τ) = t−τ
ε .

Claim 2. For |α| = 2m we have∫
Rn+1

+ \Bε(x,t)
Dα
y u(y, τ)v(y, τ) dydτ =

∫
Rn+1

+ \Bε(x,t)
u(y, τ)Dα

y v(y, τ) dydτ

−
∫
∂Bε(x,t)

u(y, τ)Dα′

y v(y, τ)ηα′(y, τ) dS(y, τ) +O(ε),

where α = α′ + ei, ηα′(y, τ) = xi−yi
ε and i is any integer 1 ≤ i ≤ n.

Claim 3. For |α|+ l < 2m we have∫
Rn+1

+ \Bε(x,t)
Dα
yD

l
τu(y, τ)v(y, τ) dydτ

= (−1)|α|+l
∫
Rn+1

+ \Bε(x,t)
u(y, τ)Dα

yD
l
τv(y, τ) dydτ +O(ε).

The proof of the claims follows by succesive integration by parts.
Use the boundary conditions on u and v at τ = 0 that complement each other

so that no boundary terms appear at τ = 0, and the decay of v and its derivatives
at ∞.

The terms O(ε) come from the derivatives of v of orders less than 2m− 1 inte-
grated over ∂Bε(x, t).

We illustrate with two cases to see how it goes.∫
Rn+1

+ \Bε(x,t)
D2m
τ u(y, τ)v(y, τ) dydτ

=

∫
Rn+1

+ \Bε(x,t)
D2m−1
τ u(y, τ)Dτv(y, τ) dydτ

+

∫
∂Bε(x,t)

D2m−1
τ u(y, τ)v(y, τ) ητ dS

+

∫
Rn

lim
R→∞

(D2m−1
τ u(y,R) v(y,R))−D2m−1

τ u(y, 0) v(y, 0) dy.

The second term is O(ε) and the last term is 0.
After m steps, using the m conditions on v at τ = 0, we get∫
Rn+1

+ \Bε(x,t)
D2m
τ u(y, τ)v(y, τ) dydτ

= (−1)m
∫
Rn+1

+ \Bε(x,t)
Dm
τ u(y, τ)Dm

τ v(y, τ) dydτ +O(ε).
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Continue integrating by parts, now using the m conditions on u at τ = 0, to get,
after m steps,∫

Rn+1
+ \Bε(x,t)

D2m
τ u(y, τ)v(y, τ) dydτ =

∫
Rn+1

+ \Bε(x,t)
u(y, τ)D2m

τ v(y, τ) dydτ

−
∫
∂Bε(x,t)

u(y, τ)D2m−1
τ v(y, τ) ητ dS +O(ε).

Again as an illustration, we have∫
Rn+1

+ \Bε(x,t)
D2m−1
τ Dyju(y, τ)v(y, τ) dydτ

= (−1)m
∫
Rn+1

+ \Bε(x,t)
Dm−1
τ Dyju(y, τ)Dm

τ v(y, τ) dydτ +O(ε),

where we have used the m conditions on v at τ = 0. Next, we continue integrating
by parts, now using DyjD

l
τu = 0 and u = 0 at τ = 0 for l = 0, . . . ,m− 2 to get∫

Rn+1
+ \Bε(x,t)

D2m−1
τ Dyju(y, τ)v(y, τ) dydτ

=

∫
Rn+1

+ \Bε(x,t)
u(y, τ)D2m−1

τ Dyjv(y, τ) dydτ

−
∫
∂Bε(x,t)

u(y, τ)D2m−1
τ v(y, τ) ηyj dS +O(ε).

From the three claims we get∫
Rn+1

+ \Bε(x,t)
Lu(y, τ)v(y, τ)dydτ

=

∫
Rn+1

+ \Bε(x,t)
u(y, τ)L?v(y, τ) dydτ

−
∑

|α|+l=m,l≥1

aα,l

∫
∂Bε(x,t)

u(y, τ)Dα
yD

l−1
τ v(y, τ) ητ dS

−
∑
|α|=m

aα,0

∫
∂Bε(x,t)

u(y, τ)Dα′

y v(y, τ) ηα′ dS +O(ε).

Since L?v(y, τ) = 0 for all (y, τ) 6= (x, t) the theorem will follow once we show that

lim
ε→0

{ ∑
|α|+l=m,l≥1

aα,l

∫
∂Bε(x,t)

u(y, τ)Dα
yD

l−1
τ v(y, τ) ητ dS

+
∑
|α|=m

aα,0

∫
∂Bε(x,t)

u(y, τ)Dα′

y v(y, τ) ηα′ dS
}

= cu(x, t),

for some c depending on n.
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Since v(y, τ) = h(x − y, t − τ) − k(x − y, t, τ) and k is regular for all (y, τ), we
have to prove the limit above with h replacing v.

We now proceed to prove this limit. Notice that there is no longer the need to
emphasize the last variable, so we just write h = h(y) and u = u(y), and y ∈ Rn.

Let |α| = 2m− 1 and write∫
∂Bε(x)

u(y)Dαh(x− y)
(xj − yj)

ε
dS(y)

=

∫
∂Bε(x)

(u(y)− u(x))Dαh(x− y)
(xj − yj)

ε
dS(y)

+ u(x)

∫
∂Bε(x)

Dαh(x− y)
(xj − yj)

ε
dS(y).

The first term goes to 0 as ε→ 0, since |u(y)−u(x)| ≤ C|x−y| and |Dαh(x−y)| ≤
C

|x−y|n−1 . So, it is enough to show that

lim
ε→0

∑
|α|=2m

aα

∫
∂Bε(x)

Dα−ejh(x− y)
(xj − yj)

ε
dS(y) = cn.

Recall that hR → h uniformly on compacts of Rn\{0} and DαhR → Dαh uniformly

on compacts of Rn \ {0} as R→∞, where hR(y) =
∫
ϕ( ξR ) e

iy·ξ

p(iξ)dξ.

Now,∫
∂Bε(x)

Dα−ejh(x− y)
(xj − yj)

ε
dS(y) =

∫
∂B1(0)

εn−1Dα−ejh(εy)yj dS(y).

Let β = α− ej , where |α| = 2m, so |β| = 2m− 1. We have

εn−1DβhR(εy) =

∫
ϕ(

ξ

εR
)
(iξ)βeiy·ξ

εmp( iξε )
dξ

and∫
∂B1(0)

εn−1DβhR(εy)yj dS(y) =

∫
ϕ(

ξ

εR
)

(iξ)β

ε2mp( iξε )

∫
∂B1(0)

eiy·ξyj dS(y)dξ

=

∫
ϕ(

ξ

εR
)

(iξ)β

ε2mp( iξε )
ξj

∫
B1(0)

eiy·ξ dydξ =

∫
B1(0)

∫
ϕ(

ξ

εR
)

(iξ)α

ε2mp( iξε )
eiy·ξ dξdy.

Therefore, for fixed ε,

∑
|α|=2m

aα

∫
∂Bε(x)

Dα−ejh(x− y)
(xj − yj)

ε
dS(y)

= lim
R→∞

∫
B1(0)

∫
ϕ(

ξ

εR
)
p2m(iξ)

ε2mp( iξε )
eiy·ξ dξdy,
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where p2m is the principal part of p. We show that this last limit is independent

of ε. Note that p2m(iξ)
ε2m = p2m( iξε ) and write∫

B1(0)

∫
ϕ(

ξ

εR
)
p2m(iξ)

ε2mp( iξε )
eiy·ξdξdy

=

∫
B1(0)

∫
ϕ(

ξ

εR
)
p2m( iξε )− p( iξε )

p( iξε )
eiy·ξdξdy

+

∫
B1(0)

∫
ϕ(

ξ

εR
)eiy·ξdξdy = A+B.

The first term goes to 0 and the second has a limit independent of ε. To see this,
let p2m( iξε ) − p( iξε ) = p̃( iξε ), p̃ has degree ≤ 2m − 1. Write A =

∫
|y|≤ 1

εR
. . . dy +∫

1
εR≤|y|≤1

. . . dy = A1 +A2. Note that

A1 =

∫
|y|≤1

∫
ϕ(ξ)

p̃(iRξ)

p(iRξ)
eiy·ξ dξdy → 0 as R→∞,

A2 =

∫
1≤|y|≤εR

∫
ϕ(ξ)

p̃(iRξ)

p(iRξ)
eiy·ξ dξdy

=

∫
1≤|y|≤εR

1

|y|2l

∫
(−∆ξ)

l(ϕ(ξ)
p̃(iRξ)

p(iRξ)
)eiy·ξ dξdy → 0 as R→∞,

where in the last limit we note that setting q(ξ) = p̃(iξ)
p(iξ) we have, for any α,

|Dαq(ξ)| ≤ C
1+|ξ||α|+1 , and hence |Dα(q(Rξ))| ≤ C R|α|

1+(R|ξ|)|α|+1 .

The same argument shows that the limit of B is∫
|y|≤1

∫
ϕ(ξ)eiy·ξ dξdy +

∫
1≤|y|

1

|y|2l

∫
(−∆)l(ϕ(ξ))eiy·ξ dξdy,

where l is any integer such that 2l ≥ n+ 1. This finishes the proof of the theorem.
�

In the next theorem we solve the Dirichlet problem for the upper half space Rn+1
+

with m conditions at the boundary t = 0. The theorem is also used in combination
with Theorem 3.7 to prove a priori estimates in the space C2m+δ.

Theorem 3.8. Let f ∈ Cδ(Rn+1
+ ) and define u(x, t) =

∫∞
0

∫
f(y, τ)g(x−y, t, τ) dydτ .

Then,

u ∈ C2m+δ(Rn+1
+ ) and Lu(x, t) = f(x, t),

u(x, 0) = 0,
∂u

∂t
(x, 0) = 0, . . . ,

∂m−1u

∂tm−1
(x, 0) = 0.

Moreover,

|u|2m+δ;Rn+1
+
≤ C|f |δ;Rn+1

+
.

Proof. The boundary conditions u(x, 0) = 0, ∂u∂t (x, 0) = 0, . . . , ∂
m−1u
∂tm−1 (x, 0) = 0

follow immediately from the analogous properties of g.
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To prove Lu = f , write u = v−w, where v(x, t) =
∫∞

0

∫
f(y, τ)h(x−y, t−τ) dydτ

and w(x, t) =
∫∞

0

∫
f(y, τ)k(x − y, t, τ) dydτ . Clearly, Lw(x, t) = 0. We show

that Lv(x, t) = f(x, t). Fix (x0, t0) and ε > 0 such that B3ε(x0, t0) ⊆ Rn+1
+ and

η ∈ C∞0 (B3ε(x0, t0)), with η = 1 on B2ε(x0, t0).
Write v(x, t) =

∫∞
0

∫
η(y, τ)f(y, τ)h(x−y, t−τ) dydτ+

∫∞
0

∫
(1−η(y, τ))f(y, τ) ·

h(x− y, t− τ) dydτ = v1(y, τ) + v2(y, τ). Clearly, Lv2 = 0 on Bε(x0, t0).
Note that f̄ = ηf ∈ Cδ(Rn+1) and it follows (see the argument below) that for

1 ≤ |α|+ l ≤ 2m,

Dα
xD

l
tv1(x, t) =

∫
Rn+1

(f̄(y, τ)− f̄(x, t))Dα
xD

l
th(x− y, t− τ) dydτ.

Therefore,

Lv1(x, t) = a0,0v1(x, t)

+

∫
Rn+1

(f̄(y, τ)− f̄(x, t))
∑

1≤|α|+l

aα,lD
α
xD

l
th(x− y, t− τ) dydτ

=

∫
Rn+1

(f̄(y, τ)− f̄(x, t))Lx,t(h(x− y, t− τ)) dydτ

+ a0,0f̄(x, t)

∫
Rn+1

h(x− y, t− τ) dydτ = f̄(x, t).

We proceed to show that |u|2m+δ;Rn+1
+
≤ C|f |δ;Rn+1

+
. First we prove a claim.

For |α|+ l = 2m such that |α| ≥ 1 we have

Dα
xD

l
tu(x, t) =

∫
Rn+1

(f(y, τ)− f(x, t))Dα
xD

l
t(g(x− y, t, τ) dydτ.

Write α = β + ej . Since |β|+ l = 2m− 1, it follows that

Dα
xD

l
tu(x, t) =

∫
Rn+1

f(y, τ)Dβ
xD

l
t(g(x− y, t, τ)) dydτ.

Let wε(x, t) =
∫
Rn+1 f(y, τ)ηε(x − y, t − τ)Dβ

xD
l
t(g(x − y, t, τ)) dydτ , where now

ηε(x − y, t − τ) = 0 for |x − y|2 + (t − τ)2 ≤ ε2 and ηε(x − y, t − τ) = 1 for
|x− y|2 + (t− τ)2 ≥ 4ε2. Then

wε → Dβ
xD

l
tu uniformly in Rn+1

+ as ε→ 0,

and

∂wε(x, t)

∂xj
=

∫
Rn+1

f(y, τ)
∂

∂xj
(ηε(x− y, t− τ)Dβ

xD
l
t(g(x− y, t, τ))) dydτ

=

∫
Rn+1

(f(y, τ)− f(x, t))
∂

∂xj
(ηε(x− y, t− τ)Dβ

xD
l
t(g(x− y, t, τ))) dydτ

− f(x, t)

∫
Rn+1

∂

∂yj
(ηε(x− y, t− τ)Dβ

xD
l
t(g(x− y, t, τ))) dydτ

→
∫
Rn+1

(f(y, τ)− f(x, t))Dα
xD

l
t(g(x− y, t, τ) dydτ
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uniformly in Rn+1
+ as ε→ 0, which proves the claim.

Now, let |α|+ l = 2m and |α| ≥ 1 and write α = β+ej . Let (x, t), (x̄, t̄) ∈ Rn+1
+ .

Let (x̂, t̂) = 1
2 (x+x̄, t+t̄). Let r = 2((x−x̄)2+(t−t̄)2)1/2 and B+ = Br(x̂, t̂)∩Rn+1

+ .
We have

Dα
xD

l
tu(x, t)−Dα

xD
l
tu(x̄, t̄)

=

∫
B+

(f(y, τ)− f(x, t))D
|α|+l
x,t g(x− y, t, τ) dydτ

−
∫
B+

(f(y, τ)− f(x̄, t̄))D
|α|+l
x,t g(x̄− y, t̄, τ) dydτ

+

∫
Rn+1

+ \B+

(f(y, τ)− f(x̄, t̄))
(
D
|α|+l
x,t g(x− y, t, τ)−D|α|+lx,t g(x̄− y, t̄, τ)

)
dydτ

+ (f(x̄, t̄)− f(x, t))

∫
Rn+1

+ \B+

D
|α|+l
x,t g(x− y, t, τ) dydτ

= A−B + C + (f(x̄, t̄)− f(x, t))D.

We estimate these integrals as follows:

|A| ≤ C[f ]δ

∫
B+

(|x− y|2 + (t− τ)2)δ/2

(|x− y|2 + (t− τ)2)(n+1)/2
dydτ ≤ C[f ]δr

δ,

|B| ≤ C[f ]δr
δ,

C ≤ C[f ]δ((|x̄− x|2 + (t̄− t)2)1/2)

∫
Rn+1

+ \B+

(|x̄− y|2 + (t̄− τ)2)δ/2

(|x̃− y|2 + (t̃− τ)2)(n+2)/2
dydτ

≤ C[f ]δr
δ.

To estimate D, we use that |α| ≥ 1 to write

D =

∫
Rn+1

+ \B+

∂

∂xj
(Dβ+l

x,t g(x− y, t, τ)) dydτ

=

∫
Rn+1

+ \B+

∂

∂xj
(Dβ+l

x,t h(x− y, t− τ)) dydτ

+

∫
Rn+1

+ \B+

∂

∂xj
(Dβ+l

x,t k(x− y, t, τ)) dydτ = D1 +D2.

For the first term we have:

|D1| =

∣∣∣∣∣
∫
Rn+1

+ \B+

∂

∂yj
(Dβ+l

x,t h(x− y, t− τ)) dydτ

∣∣∣∣∣
=

∣∣∣∣∣
∫

(∂B+)\{τ=0}
Dβ+l
x,t h(x− y, t− τ)) dS(y, τ)

∣∣∣∣∣ ≤ C.
Similarly, |D2| ≤ C. This proves that [Dα

xD
l
tu]δ;Rn+1

+
≤ C[f ]δ;Rn+1

+
for |α|+ l =

2m and |α| ≥ 1.
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To estimate D2m
t u, note that

D2m
t u(x, t) = f(x, t)−

∑
|α|+l=2m;|α|≥1

aα,lD
α
xD

l
tu(x, t)

−
∑

|α|+l≤2m−1

aα,lD
α
xD

l
tu(x, t),

which implies that [D2m
t u]δ;Rn+1

+
≤ C[f ]δ + |u|2m−1+δ. Because g ∈ L1(Rn+1

+ ), we

also have |u|0;Rn+1
+
≤ C|f |0;Rn+1

+
. By interpolation, it follows that |u|2m+δ;Rn+1

+
≤

C|f |δ;Rn+1
+

. This finishes the proof of the theorem. Note that we have used in an

essential way the estimates of lemmas 3.3 and 3.4. �

In order to consider operators with variable coefficients and apply the freezing
coefficient method we need the following observation, which we state as a theorem.

Theorem 3.9. Let u ∈ C2m+δ(Rn+1
+ ) with

u(x, 0) = 0,
∂u

∂t
(x, 0) = 0, . . . ,

∂m−1u

∂tm−1
(x, 0) = 0.

Let (x0, t0) ∈ (Rn+1
+ ) be any point, R > 0, and η ∈ C∞0 (B2R(x0, t0)), with η = 1 in

BR(x0, t0). Then

|u|2m+δ;B+
R(x0,t0) ≤ C|L(uη)|δ;B+

2R(x0,t0).

Proof. The proof follows from Theorems 3.7 and 3.8. Since uη satisfies the same
hypothesis as u, we have

|u|2m+δ;B+
R(x0,t0) ≤ |uη|2m+δ;Rn+1

+
≤ C|L(uη)|δ;Rn+1

+
= C|L(uη)|δ;B+

2R(x0,t0),

thus finishing the proof. �

4. Variable coefficients

In this section, we apply the constant coefficient estimates to prove Schauder
estimates for variable Hölder coefficients. There will be a restriction on the size
of the Hölder constant of the coefficient to get full estimates. We make a slight
change in notation: Take x ∈ Rn+ , write x = (x′, xn) and consider u ∈ C2m+δ(Rn+),

such that u(x′, 0) = 0, ∂u(x′,0)
∂xn

= 0, . . . , ∂
m−1u(x′,0)

∂xm−1
n

= 0.

We consider an operator Lu(x) =
∑
|α|≤m aα(x)Dαu(x), where we assume that

aα(x) are complex valued functions which are Hölder continuous. Let K0 =∑
|α|≤2m |aα|0;Rn+ and Kδ =

∑
α|≤2m[aα]δ;Rn+ . Let p(x, iξ) =

∑
|α|≤m aα(x)(iξ)α

and assume the ellipticity condition |p(x, iξ)| ≥ λ(1 + |ξ|2m), for all x ∈ Rn+ and
ξ ∈ Rn.

As before, let {λ−1 (x, ξ′), . . . , λ−m(x, ξ′)} denote roots of the equation p(x, iξ′, z) =
0 with negative real part and {λ+

1 (x, ξ′), . . . , λ+
m(x, ξ′)} denote roots of the equation

p(x, iξ′, z) = 0 with positive real part.
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In order to apply the estimates for the constant coefficient case, we assume that
if λ(x0, ξ

′) denotes any root of p(x0, iξ
′, z) = 0, then

|Dα
ξ (λ(x0, ξ

′)| ≤ C(1 + |ξ|)1−|α|

with a constant that depends only on n, α, λ and K0.
Finally, for x0 ∈ Rn+, let L0(x) =

∑
|α|≤2m aα(x0)Dαu(x).

Theorem 4.1. There exists a constant γ depending on K0 such that if Kδ ≤ γ,
then |u|2m+δ;Rn+ ≤ C|Lu|δ;Rn+ , where C is a universal constant.

Proof. Let x0 and x̄ be points in Rn+ and R ≥ 1 to be chosen. Fix |α| = 2m. Let
η = 1 in BR(x0) and η ∈ C∞0 (B2R(x0)).

If x̄ /∈ BR(x0), then

|Dαu(x̄)−Dαu(x0|
|x̄− x0|δ

≤ 2

R
[u]2m;Rn+ .

If x̄ ∈ BR(x0), then

|Dαu(x̄)−Dαu(x0|
|x̄− x0|δ

≤ [uη]2m+δ;B+
R(x0) ≤ C|L0(uη)|δ;B+

2R(x0),

by Theorem 3.9 applied to the constant coefficient operator L0.
We have

L0(uη)(x) = η(x)L0u(x) +
∑
|α|≤2m

∑
|β|+|γ|=|α|;|γ|≥1

aγ;β(x0)Dβu(x)Dγη(x).

We have the estimates

|L0(uη)|0;B+
2R(x0) ≤ |L0(u)|0;B+

2R(x0) +
CK0

R
|u|2m;Rn+

and

[L0(uη)]δ;B+
2R(x0) ≤ [L0(u)]δ;B+

2R(x0) +
CK0

Rδ
|u|2m;Rn+ .

These estimates follow easily from the following four facts:

• [uv]δ ≤ |u|0[v]δ + |v|0[u]δ;
• |Dγη|0 ≤ C

R|γ|
and [Dγη]δ ≤ C

R|γ|+δ
;

• interpolation to absorbe [Dβu]δ ≤ C|u|2m, for |β| ≤ 2m− 1;
• R ≥ 1.

To continue, write L0u(x) = Lu(x)+(L0−L)u(x), so [L0u]δ;B+
2R(x0) ≤ [Lu]δ;Rn+ +

[(L0 − L)u]δ;B+
2R(x0) and

[(L0 − L)u]δ;B+
2R(x0) ≤

∑
|α|≤2m

[aα(.)− aα(x0))Dαu]δ;B+
2R(x0)

≤
∑
|α|≤2m

[aα(.)− aα(x0))]δ;B+
2R(x0)|D

αu|0;B+
2R(x0)

+
∑
|α|≤2m

|aα(.)− aα(x0))|0;B+
2R(x0)[D

αu]δ;B+
2R(x0)

≤ C(Kδ|u|2m;Rn+ +KδR
δ|u|2m+δ;Rn+).
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Similarly,
|L0u|0;B+

2R(x0) ≤ |Lu|0;Rn+ + |(L0 − L)u|0;B+
2R(x0)

and

|(L0−L)u|0;B+
2R(x0) ≤

∑
|α|≤2m

|aα(.)− aα(x0)|0;B+
2R(x0)|D

αu|0;Rn+ ≤ CKδR
δ|u|2m;Rn+ .

Combining estimates, we obtain

|L0(uη)|δ;B+
2R(x0) ≤ |Lu|δ;Rn+ + C(Kδ +

K0

Rδ
)|u|2m;Rn+ + CKδR

δ|u|2m+δ;Rn+ .

Now, take sup over x̄, x0 ∈ Rn+ and maximum over |α| = 2m, to obtain

[u]2m+δ;Rn+ ≤ C|Lu|δ;Rn+ + C(
K0

Rδ
+Kδ(1 +Rδ))|u|2m+δ;Rn+ (4)

with a constant C that depends only on n, λ, δ and K0.
Also, for x0 ∈ Rn+ and R ≥ 1, we have

|u|0;B+
R(x0) ≤ |uη|0;Rn+ ≤ C|L0(uη)|0;B+

2R(x0) ≤ C|L0(u)|0;B+
2R(x0) +

C

R
|u|2m;Rn+

≤ C|Lu|0;Rn+ + C(KδR
δ +

1

R
)|u|2m+δ;Rn+ .

Taking sup over x0 ∈ Rn+, with R ≥ 1 fixed, we get

|u|0;Rn+ ≤ C|Lu|0;Rn+ + C(KδR
δ +

1

R
)|u|2m+δ;Rn+ . (5)

By (4) and (5) and interpolation we have the estimate

|u|2m+δ;Rn+ ≤ C|Lu|δ;Rn+ + C(
1

Rδ
+Kδ(1 +Rδ))|u|2m+δ;Rn+ , (6)

with a constant C that depends only on n, λ, δ and K0.
We now choose R ≥ 1 large enough so that C 1

Rδ
≤ 1

4 and then γ small enough

so that Cγ(1 +Rδ) ≤ 1
4 . Then, if Kδ ≤ γ, from (6) we get

|u|2m+δ;Rn+ ≤ C|Lu|δ;Rn+ . �

Notice that in the theorem above we can take γ of the form

γ =
1

4C(1 + 4C)
(7)

for some constant C that depends only on n, λ, δ and K0.
In order to apply the continuity method to solve the Dirichlet problem we need

estimates with no restriction on the coefficients. We can overcome this difficulty
by scaling each term as follows.

For s > 0 let
Lsu(x) =

∑
|α|≤2m

aα(x)s2m−|α|Dαu(x)

and

ps(x, iξ) =
∑
|α|≤2m

aα(x)s2m−|α|(iξ)α = s2mp(x,
iξ

s
);
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hence |ps(x, iξ)| ≥ λ(s2m + |ξ|2m).
It follows that ps(x, iξ

′, z) = 0 has m roots with negative real part for all x ∈ Rn+,
for all ξ′ ∈ Rn−1 and for all s > 0.

Theorem 4.2. There exists s0 depending on Kδ and K0 so that if s ≥ s0, then
|u|2m+δ;Rn+ ≤ C|Lsu|δ;Rn+ . The constant C depends on s.

Proof. Let v(x) = u(xλ ) and ãα(x) = aα(xs ). Note that

L̃v(x) =
∑
|α|≤2m

ãα(x)Dαv(x) = s−2mLsu(
x

s
) := f̃s(x).

It follows that K̃0 = K0 and K̃δ = s−δKδ. Therefore, the constant C in Theo-
rem 4.1 is the same.

In order to apply Theorem 4.1 to v, we need, according to (7), that K̃δ ≤
1

4C(1+4C) which amounts to Kδ
sδ
≤ 1

4C(1+4C) and so we take s0 = (4CKδ(1 + 4C))
1
δ ,

where we emphasize that C depends only on n, λ, δ, and K0.
An application of Theorem 4.1 to v gives, for s ≥ s0, |v|2m+δ;Rn+ ≤ C|L̃v|δ;Rn+

with C universal. Therefore, |u|2m+δ;Rn+ ≤ C|Lsu|δ;Rn+ . �

A consequence of the a priori estimate of Theorem 4.2 following a standard
application of the continuity method is this theorem on solvability of the Dirichlet
problem:

Theorem 4.3. Let s0 be defined as in Theorem 4.2 and s ≥ s0. Then, given
f ∈ Cδ(Rn+), there exists a (unique) solution u ∈ C2m+δ(Rn+) of Lsu = f in Rn+
such that u(x′, 0) = 0, ∂u(x′,0)

∂xn
= 0, . . . , ∂

m−1u(x′,0)

∂xm−1
n

= 0.
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