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GEOMETRY OF THE PROJECTIVE UNITARY GROUP
OF A C*-ALGEBRA

ESTEBAN ANDRUCHOW

ABSTRACT. Let A be a C*-algebra with a faithful state . It is proved that
the projective unitary group PU 4 of A,

PUL =U4/T.1,

(U4 denotes the unitary group of \A) is a C*°-submanifold of the Banach space
Bs(A) of bounded operators acting in A, which are symmetric for the p-inner
product, and are usually called symmetrizable linear operators in A.

A quotient Finsler metric is introduced in PU 4, following the theory of
homogeneous spaces of the unitary group of a C*-algebra. Curves of minimal
length with any given initial conditions are exhibited. Also it is proved that if
A is a von Neumann algebra (or more generally, an algebra where the unitary
group is exponential) two elements in PU 4 can be joined by a minimal curve.

In the case when A is a von Neumann algebra with a finite trace, these
minimality results hold for the quotient of the metric induced by the p-norm
of the trace (p > 2), which metrizes the strong operator topology of PU4.

1. INTRODUCTION

Let A be a unital C*-algebra with norm || ||. and with a faithful state ¢. We
shall study here the projective unitary space of A,

PUs=UL/T.1,
where U 4 is the unitary group of A. U4 is a Banach-Lie group whose Banach-Lie
algebra is A,, = {z € A : 2* = —x}. We shall consider A represented in the

Hilbert space £2 = L%(A, ¢), via the GNS representation induced by ¢. Elements
x € A will also be regarded as elements of £2 with norm ||z|y = p(z*z)Y/2. As is
usual notation, if £, € £2, ¢ ® n will denote the rank one operator acting in £2:
E®@n(v) = (v,n)¢, and in particular if z,y,a € A, x ® y(a) = p(y*a)z.
Let
Bs(A) = B, (A) ={T € B(A) : p(y*T(z)) = o(T'(y)*x) for all z,y € A}.

Although this space depends also on ¢, we keep the notation Bs(A) for the sake
of simplicity. These operators acting in A, are known as symmetrizable operators
in the literature (see the papers by M.G. Krein [9] and P. Lax [I0]). They are
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320 ESTEBAN ANDRUCHOW

characterized as operators in A which extend to bounded symmetric operators in
L£2. Bs(A) is a closed subspace of B(A), the Banach space of all bounded linear
operators acting in A.

There is a natural one to one map

PUs > {u@u:ucls} CBs(A), [ul—udu.

In this paper it is shown that this map is a homeomorphism, if P{/4 is considered
with the quotient topology, and the right hand set with the usual norm of B(A).
The set {u ® u : u € U4} is shown to be a complemented submanifold of Bs(A).
Thus PU4 can be regarded as a submanifold of this Banach space. The differen-
tiable structure induced in PU 4 is the same as the usual quotient differentiable
structure [5], and thus is independent of the choice of .

A Finsler structure is introduced in PU 4, following the theory of homogeneous
unitary spaces U4/Ug (B a unital sub-C*-algebra of A) of Durdn, Mata-Lorenzo
and Recht [0l [7]. The tangent spaces are endowed with a U 4-invariant quotient
norm. Using general results of this theory, applied to this particular case in which
the subalgebra B = C.1, one obtains existence of minimal curves with given initial
data, and in the case when A is a von Neumann algebra, existence of curves joining
any given pair of points in PU 4. The minimal curves are of the form

’y(t) _ [ueita;] ~ ueitz ® ueitz’

for u € Uy and z* = x with ||z|| < w. They remain minimal for |¢| < 1.

The case when A is a von Neumann algebra with a finite trace is considered in
the last section. It is shown that these curves v are also minimal for the quotient
p-norms in TPU 4, for p > 2. These weaker norms metrize the strong operator
topology in PU 4

2. REGULAR STRUCTURE
Consider the fibration
Ua = PUL,  u— [u].
More generally, the smooth left action of Uy on PU4, w - [u] = [wu] induces the
submersions
W[u]:uA%PUA, w[u](w):[wu}.
Let us denote by dj,) = d(7,))1. The isotropy groups of the action are

Wfl([u]) ={velys:jvul =[]} =T-1,

u]

and therefore the isotropy Banach-Lie algebras are iR - 1 at every [u] € PU4. In
particular, since the tangent space (TU4)1 of Uy at 1is Ay, the epimorphism 6y,
induces a natural isomorphism

(TPUA)[U] = Agus/iR.

Let us prove that PU 4 has a submanifold structure. To this effect, we shall use
the bijection

PUA=UA/T +— {u@u:u€lUs} C Bs(A), [u]+— u®u.
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GEOMETRY OF THE PROJECTIVE UNITARY GROUP OF A C*-ALGEBRA 321

By means of this map, we can regard PU 4 as a subset of a Banach space.
Lemma 2.1. The map
PUs —» {uQu:uelal, [u—udu

is a homeomorphism, when the right hand set is considered with the norm topology

of Bs(A).

Proof. The map Uq — {u®u:u € Us}, u— u®u is continuous, and induces the
above bijection from the quotient PU 4 = U4 /T, which is therefore continuous.

Let us see that the inverse is continuous. The map is equivariant for the transi-
tive actions of U 4 on both spaces:

w - [u] = [wu] = wu @ wu = Ly (u @ w)Ly».

Thus it suffices to prove that the inverse map is continuous at 1 ® 1. Suppose that
the u,, € Uy satisfy
Up Qup —+1®1 asn— oo.

Then evaluating at 1, @(up)u, — 1. Thus

p(e(un)un) = lp(un)* — 1.

Then
(tun) Uy — 1,
oo (un)
i.e., there exist A, = -2%2) with [\,| = 1 such that Apu, — 1, ie., [un] — [1]. O

|‘P(un)‘

In particular, this implies that the topological structure of the set {u ® u : u €
U} does not depend on the state

Corollary 2.2. Let ¢, be faithful states in A, and denote by Ei,ﬁfp their GNS
Hilbert spaces. Then the sets

{u®p,u:uelas} C B(Ei) and {u®yu:u €U} C B(LE)
are homeomorphic (with the corresponding norm topologies). Specifically, the map
URQp U UQy U
is a homeomorphism.

Remark 2.3. Note that the set {u ® u: u € U} is a set of rank one projections
in B(A) (or in B(£?) as well): indeed,

(u,u) = p(u*u) = 1.

To prove that PU 4 is a submanifold of Bs(.A), we shall use the following lemma,
which was proved in [IT].

Lemma 2.4. Let G be a Banach—Lie group acting smoothly on a Banach space X.
For a fired xy € X, denote by 7z, : G — X the smooth map m.,(9) = g - zo.
Suppose that
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322 ESTEBAN ANDRUCHOW

(1) 7y, s an open mapping, regarded as a map from G onto the orbit {g - x¢ :
g € G} of zg (with the relative topology of X ).

(2) The differential d(mz,)1 : (TG)1 — X splits: its nullspace and range are
closed complemented subspaces.

Then the orbit {g-xo : g € G} is a smooth submanifold of X, and the map
o : G = {g-20:9€ G}
is a smooth submersion.
Theorem 2.5. PU4 is a closed complemented C'™-submanifold of Bs(A) and the
map
T U—PUs, 7T(u)=uQu

is a C*°-submersion.

Proof. Let us prove first that {u ® v : u € Ua} is a closed subset of B,(A).
Suppose that u, @ u, — T in Bs(A). Evaluating at 1 one obtains that p(u) )u, =
@(tun)uy, is convergent in A. Since |¢(u,)| < @(ufu,)'/? =1, there is a convergent
subsequence ¢(uy, ). Then w,, converges to a unitary u € A. Therefore u, ® u,
converges to u ® u.

Fix 1® 1 € PU,4. We shall construct a continuous local cross section for

T=mg1 :Us = PUL, 7(u) =u@u=Ly(1®1)Ly»,

near 1 ® 1. Cross sections near other points are obtained by translation with the
group action. Consider the open set

V={ueu: (u@u)(l®1)#0}

It is clear that V is an open neighbourhood of 1® 1 in PU4. Note that (u®@u)(1®
1) # 0 means that p(u*)u® 1 #£ 0, i.e., p(u) # 0. Put

iV —=Us, plu®@u)= plu )u
|p(u)]
The map p is well defined: if u ® u = w ® w then w = Au with A € T. Thus
p(w*)  Ap(ur) p(u”)

@)~ Te] T e

Also p(1 ® 1) = 1. Tt is clear that u is a cross section for . Let us prove that pu is
the restriction of a map fi defined on a neighbourhood of 1 ® 1 in Bs(A). Namely

fi:V={T€B(A):T(1) #0} » A, i(T) = [p(T(1)|7/*T(1).

Indeed, if T = u ® u, then T(1) = p(u*)u and p(T(1)) = |¢(u)|?. Tt is clear that
[i is continuous. Therefore p is continuous. Thus 7 is open. A straightforward
computation shows that the differential of 7 at 1 is (to differentiate m we regard it
as a map valued in B,(.A))

d=dm : Ags = Bs(A), d(a)=a®1+1Ra.
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The nullspace of this map is iR-1. Indeed, it is clear that iR-1 C N(4). If §(a) = 0,
then in particular 0 = (a®1+1®a)(1) = 1+ ¢(a*)1, i.e., a = —p(a)l. Thus N(J)
is complemented.
To prove that R(0) ={a®1+1®a:a € A,s} is complemented in B;(A), note
that the map /i is C* in V. Denote by p = dji1g1,
p:Bs(A) — A

For w close to 1 (in order that ¢(u) # 0),

mofom(u) =moilu®u)=mr(u),
i.e., mo iomw = m near 1. Differentiating this identity at 1, we get
dpd = 4.
In particular, dp is an idempotent operator acting in the (real) Banach space Bs(.A),

whose range is the range of . Then R(J) is complemented, and the proof is
complete. 0

It is clear that PU 4 is a group. Let us check that the group operations are
smooth.

Proposition 2.6. PU 4 is a C*° Banach-Lie group.
Proof. Consider first the product map
M:Us xUs = Ug, T(u,w) =uw.
This map induces the product map on the quotient
0:PUA X PUA — PUA,  TI([u], [w]) = [u][w].

The fact that the product is defined in the quotient, i.e. that [uw] = [u][w], means
that
moll =Mo (7 x 7).

By the above theorem 7 is a submersion, and therefore has local C'* cross sections.
Let pipue) and gy, be cross sections for 7 defined on neighbourhoods Viy,), Vjw,]
of [ug], [wo], respectively. Then fi,,] X fi[w,) is a cross section for 7 x 7 defined on
Viue] X Viwo]> Which is a neighbourhood for ([uo], [wo]) in PU4 x PU4. Then, in
this neighbourhood, one has

II=mollo (M[uo] X ,u[wo]),

which is C*°. The proof for the inversion map is similar. O

With a similar argument, we can prove that the differentiable structure of PU 4,
defined in terms of ¢, does not depend on the choice of the state . We use the
notation of Corollary

Proposition 2.7. Let ¢, be faithful states in A. Then the map
{fu@puuelds}l > {upu:uels}, UR U URyu

s a diffeomorphism.
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324 ESTEBAN ANDRUCHOW

Proof. Let my : Us — {u®pu:u €Us} and my : Us = {u @y u:u € Uy}, and
denote by 6 : {u @, u:u ey} = {u®yu:u €Uy} Then it is clear that

Oy = Ty
Since 7, is a submersion, it has local C*°-cross sections p, near every point. Thus
locally,

0= T Mo s
and therefore 6 is C*°. O

Example 2.8. Suppose that B is a C*-algebra with no unit, and let B = A be
its smallest unitization (i.e., B is a maximal bilateral ideal and a hyperplane of
A). Then it is clear that the projective unitary group PU4 is isomorphic (as a
Banach-Lie group) to the group

Gp={uely:u—1¢€ B}

The C*° group isomorphism is induced by the inclusion Gy C U4. Indeed, since B
has no unit, elements in U 4 are of the form A1+b, A€ C, [\| =1 and b € B. The
map A — C, \1 + b — X is a multiplicative functional, thus C'*°. Then the map

1
Ua =G, AL+be 14 5b

is C*° and a group homomorphism, which induces the inverse of the map induced by
the inclusion. In the case B = K(H) the algebra of compact operators, the group
Gxp) is one of the classical Banach-Lie groups, sometimes called the unitary
Fredholm group.

3. METRIC PROPERTIES
The following facts are well known.

Remark 3.1. If one endows the unitary group U4 with the Finsler metric which
consists of the usual norm of A at every tangent space, the metric geodesics (short
curves) of U4 which start at a given u are of the form
N(t) _ ueitac7

for any z* = 2 (which we suppose normalized ||z||o = 1) and remain of minimal
length for || < 7.

If A is a von Neumann algebra, any pair of unitaries uy, us in U4 can be joined
by such a (minimal) curve, which is unique if |[u; — uz |0 < 2.

The following result is a simple case in the problem of finding minimal elements
in C*-algebra inclusions (see for instance [3] and references therein).

Remark 3.2. Given x = 2* € A, there exists r = r(z) > 0, such that
|z — 7| = min{||z + ¢|| : t € R}.

The existence of r follows from a compactness argument. Also note that

1
)= 3 { g fa6.6) + (e},

min
geL?, ||gll=1
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GEOMETRY OF THE PROJECTIVE UNITARY GROUP OF A C*-ALGEBRA 325

which is the midpoint in the spectrum o(z) of x.
Definition 3.3. We shall call the element « — r(z) the minimal lifting of x.
The tangent space (TPUA4)[, at [u] € PU4 is given by
(TPUL) ) ={u®2+20u: 2 € uAdys = Aasu}.
Indeed, let u(t) be a smooth curve in U4 with u(0) = u and 4(0) = z (note that
differentiating u*(t)u(t) = 1 at t = 0, one gets z*u+u*z =0, i.e., u*z, zu* € Ags).
Then differentiating u(t) ® u(t) at ¢ = 0 one obtains that tangent vectors at [u]

(identified with u ® u) are of the form z @ u + u ® z.
We endow PU 4 with the quotient metric of the usual norm of A.

Definition 3.4. If z @ u +u® z € (TPUA)[y), Put
|z ®u+u® 2l = inf{|lu"z —it]| : t € R}.

The nullspace of
dﬂu : (TUA)U — (T]P’Z/[A)[u]

is N(dm,) = iRu, i.e., the norm defined here coincides with the quotient norm of

Ags /iR,

Remark 3.5. This metric coincides with the metric defined by Durdn et al. in [6]
and [7] for homogeneous spaces U4 /Up of an inclusion B C A of C*-algebras (we
treat here the particular case B = C1). In these papers the metric is induced by
the action of U4 on the quotient: if [u] € U4 /Ug, put

L[u] U, — UA/UB, L[u] (w) = [uw]

The metric defined on T'(Ua/Ug)p, is the quotient norm (defined by d(Lp,)1) in
Aus/Bas. It is easy to see that in the case B = Cl1, this is precisely the metric
defined above. Therefore one obtains in our case the general results and properties
proved in [6] and [7]. For instance, that the metric is invariant by the left action
of Uy on PU4. Also the main results on existence of minimal geodesics with given
initial data [6] or given endpoints [7] apply here. However, the fact that B = C.1
allows one to prove these facts in a direct way.

Since the map
UL — PUY

is a submersion, smooth curves in PU 4 lift to continuous piecewise smooth curves
in U 4, joining the fibres of the endpoints of the curve in Pl 4.

The following result was proved in [2]. Let us denote by d, the metric obtained
in PU4 from the Finsler metric defined in Definition [3.4]

Lemma 3.6. If [u],[v] € PU4,
dg([u], [v]) = inf{l(T) : T'(t) € U smooth, [T'] joins [u] and [v]},

where £ denotes the length of the curve measured with the usual norm of A.
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326 ESTEBAN ANDRUCHOW

Theorem 3.7. Let [u] € PU4 and 2 @u+u® z € (TPUA) ), w*z € Ags, with
|z ®w+w ® 2|, < 7. Then the curve [0]

[5](t) _ ueit:zzo ® ueitmg
for xg = —iz — r(—iz) (i.e., the minimal lifting of z ® w + w ® z), has minimal

length for the metric from Definition[3.4), for |t| < .

Proof. In [6], the general case of a quotient U 4 /Up was considered, for an inclusion
B C A of arbitrary C*-algebras. In our particular case B = C, one has existence
and uniqueness of minimal liftings (in general, minimal liftings may not exist or
may not be unique).

Since the action of U 4 is isometric, it suffices to consider the case [u] = [1]. The
curve [§] has an obvious lifting §(¢) = €"*°. Let w be another curve of unitaries
joining the fibers of 1 and v. Since exponentials are short in the unitary group,
and the action of Uy is isometric, we can suppose w to be of the form w(t) = .
Furthermore, since [e?®°] = [¢%Y], we have that y = x¢ + s¢. Since x( is a minimal
lifting,

(0) = llzoll < llzo + soll = £(w),
because ||zo|| < . On the other hand, ||xg|| = L([]), and the proof follows. O

Let us return to Example of a non unital C*-algebra B and A = B its
minimal unitization.

Example 3.8. The isomorphism
PUB%GBZ{UEUBZUJ—leg}

induces a metric in Gg. Namely, the Banach—Lie algebra of Gg is Byp. If b € Bap,
then the metric induced by the norm of A is

Iblo = inf{[|b — A1| : A € C} = inf{||b — irl| : + € R},

which is, as we have seen, the midpoint of the spectrum of b. Let us characterize
the minimal curves of Gg. If z = A1 + b € B,p, then

1
=l =M1 +b+ §b2+...) =e M+,
where b’ = b+ 1b? +--- € B. Thus the isomorphism P24 sends [¢*] to Je® = e’
It follows that for this (midpoint-spectrum) metric, curves
5(t) = ge'®

for g € Gg and b € B, are minimal for |¢| < ﬁ. This norm | |p defined in By,

is equivalent to the usual norm || ||. Indeed, it is clear that |blo < ||b]|. Putting
b = ib’ with ¥’ selfadjoint,

2|blg = supo (V') — inf o(V').
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GEOMETRY OF THE PROJECTIVE UNITARY GROUP OF A C*-ALGEBRA 327

Since b’ is non invertible (B is non unital), it must be sup o(d’) > 0 (otherwise the
spectrum of o' would be strictly negative and b invertible). Then info(b') < 0,
and thus
supo(b') —inf o(b') > max{supo ('), —info(b')} = sup |\ = [|V/|.
rea(b')
Then 1
2 bl < ko < ]

If A is a von Neumann algebra, one can prove that given two points [u], [v] €
PU 4, there exists a minimal curve joining them. The existence of minimal curves
joining given endpoints which are close was proved in [7], for arbitrary B C A.

Theorem 3.9. Let A be a von Neumann algebra. Let [u], [v] € PU4. Then there
exists a minimal geodesic [8] for the metric from Deﬁm’tion (5(t) = ue'®o  with
xo a minimal lifting for || ||) such that [6(0)] = [u] and [§(1)] = [v].

Proof. There exists z = 2* € A such that v = ue'® with ||z|| < 7. Let 9 = z—7(z).
Then, since xy is a minimal lifting,

ol < [l <.

Thus [§(y)] = [e"**°] has minimal length between its endpoints for ¢ € [0, 1] by the
preceeding theorem. Its endpoints are

[6(0)] = [u] and [§(1)] = [ue”*™"®)] = [ve )] = [u]. U

Remark 3.10. The result holds with the same proof for C*-algebras A such that
the unitary group U, is exponential (i.e., Us = exp(Aqp)). For instance, as in
Examples and put B = K(H). Then it is well known that

Grny = exp(Kan(H)).
4. FINITE VON NEUMANN ALGEBRAS

For the case when A is a finite von Neumann algebra with a finite (normal,
faithful) trace 7, one can endow the tangent spaces of U4 with the p-norm ||z, =
7(z*z)P/?, and one obtains a metric which is equivalent to the p-norm restricted to
U 4, which is complete (and metrizes both the weak and strong operator topologies
of U 4). For this metric, the same curves u of Remark are minimal, and remain
so for |t| < 7 if ||z]|eo < m. Note that the normalization of the exponent z is done
in the usual norm of A. A geodesic joining u; and g is unique if ||u; — uzlleo < 2
(again, usual norm of A). These facts were proved in [I] for p > 2, though the
author believes it holds for p > 1 (see [4], where the analogous result was proved
for p > 1, for the usual (infinite) trace of B(H)).

Let p > 2 and z* = € A. Then there exists a unique r = r(z,p) € R such that

|z = rll, = min{[|lz + |, : t € R}.
If p=2, r = 7(z). In general, the map
) =llz+2l}, teR,
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328 ESTEBAN ANDRUCHOW

is strictly convex (this follows, for instance, from the uniform convexity of the
p-norm [§]), and tends to 4o if |¢| — co. Thus it has a (unique) global minimum.

The minimality results of the previous section hold for the p-norms. Let us
define

Definition 4.1. For x = z* € M, we call the element z — r(z,p) the p-minimal
lifting of x.

Definition 4.2. If z @ u +u® 2 € (TPUA)[y), Put
|z @ u4u® 2|y, = inf{|lu*z —it|, : t € R},
the p-quotient metric on PU 4.

Lemma was proved in [2] for the p-norms, for 2 < p < oco. Therefore the
analogue of Theorem can be proved in a similar fashion:

Theorem 4.3. Let A be a finite von Neumann algebra, [u] € PU4 and zQu+u®z €
(TPUA) ), w*z € Ags, with |z @w +w @ 2|, < 7. Then the curve [0],

[0](t) = uet®o @ yeltro
for xg = —iz — r(—iz,p) (i.e., the minimal lifting of z @ w + w ® z), has minimal
length for the p-quotient metric in Definition for |t] <.

And therefore one has also the analogue of Theorem [3.9

Theorem 4.4. Let A be a finite von Neumann algebra. Let [u], [v] € PU4. Then
there exists a minimal geodesic [0] for the metric from Deﬁnitionfor any even
p, (8(t) = we™, with xo a minimal lifting for || ||,) such that [5(0)] = [u] and

[6(1)] = [v].

REFERENCES

[1] Andruchow, E.; Recht, L. Grassmannians of a finite algebra in the strong operator topology.
Internat. J. Math. 17 (2006), no. 4, 477-491. MR 2220655,

2

Andruchow, E.; Chiumiento, E.; Larotonda, G. Homogeneous manifolds from noncommu-
tative measure spaces. J. Math. Anal. Appl. 365 (2010), no. 2, 541-558. MR 2587057,

Andruchow, E.; Larotonda, G.; Recht, L.; Varela, A. A characterization of minimal Her-
mitian matrices. Linear Algebra Appl. 436 (2012), no. 7, 2366-2374. MR, 2889997,

[3

[4] Antezana, J.; Larotonda, G.; Varela, A. Optimal paths for symmetric actions in the unitary
group. Comm. Math. Phys. 328 (2014), no. 2, 481-497. MR 3199989,

Beltitd, D. Smooth homogeneous structures in operator theory. Chapman & Hall/CRC
Monographs and Surveys in Pure and Applied Mathematics, 137. Chapman & Hall/CRC,
Boca Raton, FL, 2006. MR 2188389.

Durén, C. E.; Mata-Lorenzo, L. E.; Recht, L. Metric geometry in homogeneous spaces of the
unitary group of a C*-algebra. I. Minimal curves. Adv. Math. 184 (2004), no. 2, 342-366.
MR 2054019.

[5

6

[7

Duran, C. E.; Mata-Lorenzo, L. E.; Recht, L. Metric geometry in homogeneous spaces of
the unitary group of a C*-algebra. II. Geodesics joining fixed endpoints. Integral Equations
Operator Theory 53 (2005), no. 1, 33-50. MR 2183595.

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)


http://www.ams.org/mathscinet-getitem?mr=2220655
http://www.ams.org/mathscinet-getitem?mr=2587057
http://www.ams.org/mathscinet-getitem?mr=2889997
http://www.ams.org/mathscinet-getitem?mr=3199989
http://www.ams.org/mathscinet-getitem?mr=2188389
http://www.ams.org/mathscinet-getitem?mr=2054019
http://www.ams.org/mathscinet-getitem?mr=2183595

GEOMETRY OF THE PROJECTIVE UNITARY GROUP OF A C*-ALGEBRA 329

[8] Kosaki, H. Applications of uniform convexity of noncommutative LP-spaces, Trans. Amer.
Math. Soc. 283 (1984), no. 1, 265-282. MR 0735421.

[9] Krein, M. G. Compact linear operators on functional spaces with two norms. Integral Equa-
tions Operator Theory 30 (1998), no. 2, 140-162. MR 1607898.

[10] Lax, P. D. Symmetrizable linear transformations. Comm. Pure Appl. Math. 7 (1954). 633—
647. MR, 0068116.

[11] I. Raeburn, The relationship between a commutative Banach algebra and its maximal ideal
space, J. Funct. Anal. 25 (1977), no. 4, 366-390. MR 0458180.

E. Andruchow

Instituto de Ciencias, Universidad Nacional de General Sarmiento, J. M. Gutiérrez 1150, (1613)
Los Polvorines, Argentina and Instituto Argentino de Matematica “Alberto P. Calderén”,
CONICET, Saavedra 15 3er. piso, (1083) Buenos Aires, Argentina

eandruch@ungs.edu.ar

Received: November 7, 2016
Accepted: January 10, 2017

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)


http://www.ams.org/mathscinet-getitem?mr=0735421
http://www.ams.org/mathscinet-getitem?mr=1607898
http://www.ams.org/mathscinet-getitem?mr=0068116
http://www.ams.org/mathscinet-getitem?mr=0458180

	1. Introduction
	2. Regular structure
	3. Metric properties
	4. Finite von Neumann algebras
	References

