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AN EXTENSION OF BEST L? LOCAL APPROXIMATION

HECTOR H. CUENYA, DAVID E. FERREYRA, AND CLAUDIA V. RIDOLFI

ABSTRACT. We introduce two classes of functions, one containing the class
of L? differentiable functions, and another containing the class of L? lateral
differentiable functions. For functions in these new classes we prove existence
of best local approximation at several points. Moreover, we get results about
the asymptotic behavior of the derivatives of the net of best approximations,
which are unknown even for L? differentiable functions.

1. INTRODUCTION

Let z1,29,...,2; be k points in R and let @ > 0 be such that the intervals
I,;=[zi—a,x;i+a], 1 <i<k, are pairwise disjoint. We denote by L the space of

k
equivalence classes of Lebesgue measurable real functions defined on I, := |J I, ;-
i=1

For each Lebesgue measurable set A C I, with |A| > 0, we consider the semi-norms

on L,
1/2
= (4]~ 24
1lla (|| [ 1s@) x) ,

where |A| denotes the measure of the set A.
If 0 < ¢ < a, we use the notations I_.; = [z; — €, %], T4e; = [vi, 2 + €],
Iei = [wi — 62 + €], and we write ||fllci = [fllreess [fllei = [Ifll1... So,

k
I£1Z = I fII7, = &~ ) I£112 ;-

In all this work, s is an arbitrary non negative integer. We denote by II° the
linear space of polynomials of degree at most s.

Henceforward, we fix n € NU {0} and ¢ € N such that n + 1 = kq.

If f € L?(1.), it is well known that there exists a unique best ||-||.-approximation
of f from II", say P, i.e., P. € II" satisfies

If =Pl < Ilf =Pl Pemr.
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Moreover, it is characterized by

/ (f — P)(@)P(z)dz =0, P eI (1.1)

I.
If lin(1J P, exists, say Py, it is called the best local approzimation of f on {z; : 1 <
e—
1 <k}, from II™.
We recall that a function f € L?(I,;) is L? left (right) differentiable of order s
at x; if there exists L;(R;) € II° such that

1f = Lill—ci = o(€")  (IIf = Rallse = ofe”))- (1.2)

The class of these functions is denoted by 2 (z;) (t3,(z;)). If L; = R;, we say
that f is L? differentiable of order s at x; and we write f € t2(x;). This concept
was introduced by Calderén and Zygmund in [I]. It is well known that there exists
at most one polynomial satisfying (see [6]).

The problem of best local approximation was formally introduced and studied
in a paper by Chui, Shisha and Smith [2]. However, the initiation of this could
be dated back to results of J. L. Walsh [7], who proved that the Taylor polynomial
of an analytic function f over a domain is the limit of the net of best polynomial
approximations of a given degree, by shrinking the domain to a single point. In [6]
this problem was considered when f is L? differentiable of order ¢g—1 at 2;, 1 < i <
k. In [4] the authors proved the existence of the best local approximation under
weaker conditions, more precisely they assumed existence of L? lateral derivatives
of order ¢ — 1 and L? differentiability of order ¢ — 2 at each point.

On the other hand, for k¥ = 1, the authors in [3] considered a function f dif-
ferentiable at 0 in the ordinary sense of order s, for some s < n, and they proved
that lgr(l)(f — P)W(0) =0, 0 < j < s. In particular, if P is a cluster point of the

net {P.}, as e — 0, then P interpolates the derivatives of f up to order s at 0. In
[5] the authors obtained this property of interpolation for functions that satisify a
more general condition than L? differentiability, called C? condition.

The main purpose of this paper is to extend the results established in [3] and
[4], assuming the C? condition and C? lateral condition when we consider approx-
imation on k points in R from II", for the case n + 1 multiple of k.

Definition 1.1. A function f € L?(1, ;) satisfies the C? condition of order s at
x;, if there exists @; € II° such that

/ (f — Qi) (x)(z — x;)) do = o(e*TITY), 0<j<s, ase—0. (1.3)
I

Analogously, f satisfies the left (right) C? condition of order s at m;, if there exists
L;(R;) € II° satisfying (L.3) with I_.,; (I+.;) instead of I ;.

We say that f € ¢2(z;) if it satisfies (1.3). We denote with ¢ (z;) (3 ,(x;)) the
class of functions which satisfy the left (right) C? condition of order s at z;. We also
denote ¢, (z;) := 3 ((x;) N2 (;). It is easy to see that t2(x;) C 2 (2;) (83 (2));
however ¢2(z;) € ¢?  (2;)(c,(z;)) as Example shows.
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In [5] it was proved that if f € c2(x;), there exists a unique polynomial @Q; € IT*
satisfying (1.3). Moreover, t?(2;) C c?(x;). The polynomial in II* that satisfies
| f=Qille,i = o(e®) also satisfies (L.3). Analogously ¢ ,(z;) C ¢*(z;) and 2 (z;) C
c?i-s (xl)

In Section 2, given a function in ¢2(z;) (or % (z;)),1 < i < k, under suitable
conditions, we study the asymptotic behavior of the derivatives of P, as ¢ — 0,
and we establish a relation between the derivatives of P, up to order s with its
derivatives of greater order (see Theorem and Theorem [2.9)). This type of
result is unknown, even for L2 differentiable functions. We also prove that if P is a
cluster point of the net {P.}, then P interpolates the derivatives of Q; (or ZFf)
up to order s at x;. Finally, we get existence of the best local approximation on k
points, for two new classes of functions.

2. THE MAIN RESULTS

Henceforward we will use the following notation. For @) € II", we denote by
T; s(Q) its Taylor polynomial at z; of degree s. We write T; _1(Q) = 0 and we
recall that ¢ € N satisfies n + 1 = kq.

To establish the results we need two auxiliary lemmas.

Lemma 2.1. Letl € Z. If one of the following cases holds

a) q=1,1=—1, and f € L?(1,),

b) k=1,¢>2,0<1<q—-2, and f € L*(1,),

) k>1,¢>2,0<1<qg-—2, cmdfet?(xi), 1<i<k,
then

/ (f = P)(x)(x —x)"dz = o(e®3), 0<u<i+1,1<i<k.
Is,i

Proof. We begin proving c). For each 0 < u <141 and 1 <i < k, we consider
the polynomial R, ; € TI(*+2)E=1 such that Rfii(:cz) = O(u,i),(j,z), 0 < J <1 +1,
1 <z <k, where § is the Kronecker delta function. From (|1.1)) we have

k
| G- @R A== 3

Teyi z=1,2#1
(I+2)k—1 R(r)

b .
= > [ Uu-pw Y ey

/1 (f = P)(z)Ry i(z) dz

z=1,z7#1 Ie,- r=0
k (I+2)k—1 Rr) (2'1)
= Y [ -n@ Y e n)
z=1,z7#1 Ie,- r=I[l+2 '

Eo (42)k-1 p(n)

-2 X ;‘,’”'(mz)/l (f — P)(@)(@ — x.)" dr.

z=1,z#1 r=Il+2 : €z

Since f € tZ(z;) there exists Q; € I such that ||f — Qillc; = o(€), 1 < i < k.
Let § € II+2%=1 defined by SW(2;) = Q¥ (;), 0 < j <141, 1< i < k. Now,
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k
1 = Sllei < If = Qillei + 1Qi = Sllei = o(€'), so || f = S|Z =k~ ; If = S|IZ; =
o(e?), i.e., || f — S||c = o(€'). Using Holder’s inequality, we obtain

/I (f — P)(@)(x — 2)" de

2.2
< [ 7= Py@)e — ) Lo < s - R (22)
< f=Sle=0(¥F3), 1+2<r<(+2k-1,1<z<k
From and we get
/ (f = P.)(2) Rus(x) do = o2+3). (2.3)
I
On the other hand,
/1 (f — P)(z)Ry,i(z) dz
’ (1+2)k-1 p(r)
-] U@ Y -y de
€, r=0 '
1
-/ P e (2.4)
(+2)k=1 (1)
- Pe — 7 — 4 " d
" /Iw(f o) D e o) ds
— [ S - Po@)e ) do o),
Ie,i u:

where the last equality follows from (2.2]). Finally, the lemma is a consequence of

E3) and @),
a) If k = 1 it is a direct consequence of ([1.1)). Suppose k > 1 and consider S = 0.

Then 1| flle < (2)2¢ | flla = 0(€), 1 <7 < k— 1, so (2:2) is true. Now, the
proof follows analogously to that of ¢).
b) This is a direct consequence of (1.1)). O

Lemma 2.2. Let r,, € NU{0}, 1 < w < m, be such that r1 < rog < «++ < Tp,.
Given 1 <1i <k, let {Uc} be a net of polynomials in the linear space generated by
{z—2;)™ :1<w<m}. If

/ Ud(z)(z — 2;)™ dx = o(¢"™ T 1 <w<m, (2.5)
Ie,i

then U, — 0 as € — 0.
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Proof. We write Uc(z) = > a,, (€)(z — x;)™. Multiplying both sides of (2.5) by
s=1

ar, (€), and summing over w from 1 to m, we get

/1 Uc(z)*dx = o(e™ 1) Z ar, (€)™ = o(e™ 1) Z la, (€)]e™™. (2.6)
€, w=1 w=1

Let A be the space of polynomials generated by {z™,..., 2™ }. We consider the
norm p on A defined by

pS) = ldr,ls S(z) =) dp,a™,
w=1 w=1

and || - [[[—1,1) the usual norm in L?*([-1,1]). Let Sl(z) := S(z; + ez). By the
equivalence of the above norms on A, there exists K > 0 such that

m
> lar, (e = p(UM) < K(UM |11 4. (2.7)
w=1

Therefore by (2.6) we have that ||U€[€]||[271’1] = 0(6””)||UE[E]H[_171]. So, ||U€[E]H[—1,l] =
o(e™ ). In consequence, from (2.7) we obtain a, (¢) = o(e" ™), 1 <w < m, i.e.,
U.—0ase— 0. O

Ifg>2andl e NU{0}, ! < ¢ — 2, we consider

{1 +max{\PE(U)(zi)| l+2<v<n} ifl<qg—2,
be il = ) (2.8)
o 1 ifl=q—2.
For g=1and { = -1, we put b.;; = 1.

The next theorem is one of our main results.
Theorem 2.3. Letl € Z. If one of the following cases holds:

a) g=1,1=-1, and f € &(x;), 1 <i <k,

b)) k=1,¢>2,0<1<qg-—2, andfeclz+1(x1),

¢) q>2,0<1<q—=2,k>1, and f €} (x;) Nt}(x;), 1 <i <k,
then

Ti,l+1(Pe) - Qi = 0(1)be,i7l7 1 S ) S kj, (29)

uniformly on compact sets, where Q; € II'"Y was introduced in Definition |1.1. In
particular, if P is a cluster point of the net {P.}, as € — 0, then T; ;11(P) = Qs,
1<i<k.

Proof. Under the hypotheses a), b) or ¢), we have f € ¢}, (x;), 1 <i <k. So

/ (f = Qi) (@) (z —z;)) dz = o(7H?), 0<j<I+1. (2.10)
I
By Lemma 2.1} we get
/ (f = P)@) (@ — 23) dz = o(+3), 0<j<I+1. (2.11)
Ie i
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From and (| we obtain

/ (P, — Qi) (z)(x — ;)7 dx = o(eH9+2), 0<j<I+1. (2.12)
I

It immediately follows from the definition of b.;; that the set
Al 4,0 = {b

is bounded for 0 <l < ¢g—2and 1 <i < k. Ifk =1, Aj_o; 5 is empty and therefore
bounded by convention. We will see next that A,_2; s is also bounded for k£ > 1
and ¢ sufficiently small. Indeed, assume that the net { P.} is not uniformly bounded
as € — 0 and let H € TI" be the unique polynomial satisfying H®) (z,) = Q(v)( u),
0<wv<gqg—1,1 < u < k. Then there exists a sequence €,, — 0 such that
| P.,, — Hlloo.1, — 0. From we get

”)(zi):l+2§v§n,0<e<5},

€,3,l

/ (P. — H)(z)(z — ;) de = o(¢17), 0<j<q—1. (2.13)
Ie,
Let D, := HRPE—iHH Since {De,, } is uniformly bounded, (2.13]) implies

. : " D) (z;) _
/ Tq-1(De,) (@) (@ — ;) dx = o(e,” ™) = > mi/ (x — ;)" da
Ic,, . ’ v=q vl I, i
— o(emj+q) 4 O(Emj+q+1) — 0(€mj+q)7 0<j<gqg-1.
(2.14)

By Lemma [2.2) we have that T; 4_1(D.,) — 0, 1 < i < k, as e, — 0. Let p be

n — (v)
the norm on II"™ defined by p(P) : 112?<Xk 0<r£13;( . |P)(z;)]. Then p(D,,,) — 0, a

contradiction since ||De,, ||co,7, = 1. So, the net {P.} is uniformly bounded.

From (2.12) we obtain
P - Qi . I “ PO () .
T ) () (z—a;)) dw = o(€TIH?)— 71/ x—x;)* dr,
[ e (B2 ) @y i =oteorm)- 3 ZpE) [ oy

v=1+42

(2.15)

where the sum is omitted if £ = 1 and | = ¢ — 2. Since A;;s is bounded for
0 <1< q—2 and § sufficiently small, from we get

Pe — i 1 i .
/ T 141 ( A @ > (x)(z — x;) doz = o(T7+2), 0<j<I+41. (2.16)
I.; €,i,l
Now, Lemmawith ry =w—1,1<w <142, implies (2.9).
Finally, if P = lim P, then b, ;; are bounded. So, from (2.9) it follows that

€m—0

L1 (P)=Qi, 1 <i< k. O

Remark 2.4. We observe that the case £k > 1 in Theorem is not a formal
extension of the case k = 1. In fact, we need to apply Lemma and to prove
that the set Aq_s ;s is bounded for ¢ sufficiently small.
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k
Remark 2.5. Let Py, (P_.) be the best approximation to f from II" on |J It

i=1

k
(U I-ci), and let by i1 (b_c i) be defined as in (2.8) with Py, (P—.) instead of

=1
P.. We observe that Theorem remains valid if we consider Py, (P—.), and the
condition over f is satisfied on the right (left) at each point.

The following corollary is an immediate consequence of Theorem [2.3] with | =
q—2.

Corollary 2.6. If f € ¢ (x;) Nt2_y(x), 1 < i < k, then there exists the best
local approzimation of f on{z; : 1<i<k } rom I1". It is the unique polynomial
H € 1" satisfying HY) (2;) = Q(J (2;),0<j<q—-1,1<i<k, where Q; € T191
satisfies Deﬁmtzon. Inthe caseq=1ork =1 we only assume f € cq 1(x),1<
1 < k.

Remark 2.7. We observe that c¢2(z;) is not, in general, a subset of ¢% (z;). In
fact, next we give an example of a function f € ¢2(0) such that f ¢ ¢,(0).

Example 2.8. Let {h,,} and {e,,} be two sequences of nonnegative real numbers,
such that h,, 1 0, €, 4 0, €my1 < A < €, ; — 00, and h’” — o00. For

m+1
2m+1
and h,, = 272

. We define f i (—€1,61) = R

2m
example, we can take €, = 272

by
1 ifxe U?,:: hm7€m 5
f@) =3 e s n)
0 ifxe Um=1[6m+1;hm)7

f(0)=0and f(z) =—f(—x), € (—€1,0). We have

dz b
288 L Om (2.17)

€m €m

hom
1f = PeeplZe < I1f 12, = / (f(z) — 1)

E€m+1 em1 d.’IJ Em+1
1f = Pon 2 < 112, = S / fap o< g (2s)
hom 0 €m+1 hm

From (2.17) we get [|Pre,, — 1l+e,, < [[Pre,, = fll+e, + [If = L+, — 0. Now,

Pélya’s inequality implies that Py, — 1. Analogously, from ([2.18]) we obtain that

Pip,, — 0. On the other hand, we know that if f € ¢%,(0) then lir% P, . exists
€E—

(see Remark [2.5)), so f ¢ ¢%,(0). Analogously, f ¢ ¢*,(0). As f is odd, clearly

f € ¢5(0).
Let P;(h) (Z;(h)) be the even (odd) part of the function h with respect to z;,

Pih) () = h(x) + h(2z; — ) (Ii(h)(x) _ h(z) — h(2z )) |

2 2

It is easy to see that, h = P;(h) + Z;(h), Pi(h)(z; + ) = Pi(h)(z; — z), and
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Theorem 2.9. If one of the following cases holds:
a) q=1,1=—1, and f € Ay(z;), 1 <i <k,
b)) k=1,¢>2,0<1<q-—2, f€ ci(H_l)(a) and Ty ;(L1) = T 1(R1),
c) ¢>2,0<1<qg—2, andeCQi(lH)(mi)ﬂtlz(xi), 1<i<k,

then
Li+R;

ﬂ,l+1(Pe) -

uniformly on compact sets, where L;, R; € II't! were introduced in Definition .
In particular, if P is a cluster point of the net {P.}, as € — 0, then T; ;41 (P) =
Lifhi 1<i<k.

= o(W)beiy, 1<i<k, (2.19)

Proof. Since f € ci(lﬂ)(xi), 1 <4<k, we have
D) Ji, (f = R)(@)(z — 2;)) dw = o(F772), 0 < j <1 +1,
i) [;_ (f=Li)(x)(z —z;)) dz = o(e"7F2),0 < j <1 +1.
By means of a change of variable from i) and ii) we get
i) [, (f = Ri)Q2x —x)(2; —x) do = o(e"712),0 < j <1 +1,
iv) fu f L)(2x; — z)(x; — x)/ do = o(éH9+2), 0 < j <1+ 1.
From i) it follows that

(I+1)
/ (f = Tia(Ry))(x)(z — x;)7 dx = o(T7H2) + M(m ) g
I

e .. (+ 1)
= o(TIF2) L O(HIF2) = o( ), 0< <1
Thus, f € ¢3,(;). Analogously, from ii) it follows that f € ¢?,(2;). In addition,
as we have observed in the Introduction, t7(z;) C t%,(z;) C ¢*,(z;) and t}(z;) C
t2,(z;) C 2 (;). If ¢) holds, by uniqueness of the polynomial in IT' that satisfies
, we have that T; ;(R;) = T;.1(L;), 1 <4 < k. Under the hypothesis a) or b) we
also get Th (R1) = T11(L1). We write S; = T; 1(R;), Ri(x) = Si(z)+c1,i(z— ;) !
and L;(x) = Si(x) + ca,i(x — x;) L.
From i) and iv) we obtain

[ 1@+ e - 2) - (Si(0) + it - )
Tyc
+8i(22; — x) + coi(m; — ac)l+1)](m — xi)j dx
=o(ett) 0<j<I4+1. (2.20)
In a similar way, from ii) and iii) we get
[ 1@+ s - 0) = (Sio) + casta 2
+ Si(2z; — x) + c14(zs — ) (z — 2;) do
=o(TF?), 0<j<I+1. (2.21)
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Now, we assume [ odd. From and - we get

/ [f(:c)+f(2:cifx)f(Ri(:E)+Li(2xifx))](xfxl-)j dr = o(e?+2), 0 <j <I+1.

o (2.22)
By we obtain
/I P; (f - R;L> (2)(z — ;) doz = o(HT2), 0<j<I+1. (2.23)
Since f € t7(z;), Lemmaimplies
/ Pi(f — P.) (z)(x — ;) do = o(eHH2), j=0,2,...,1+1. (2.24)

As we have observed in the proof of Theorem [2.3] A; ; s is bounded for 0 <1 < ¢—2
and ¢ sufficiently small. In consequence, from ([2.24)) we have

| P = T (P @) ) do

n

(v
_ 3y P
B Tolbegy - / Pi (& = 2:)") (x — ;) dx + o('*7F?) (2.25)
€,1,l
v=I1+2

o(éti*2) j=0,2,...,1+1.

By (2.23) and (2.25)), we get

1 R; + L; .
/ P <Ti (P — it ) (@)(z — z;)’ dx
I.; beﬂ’,l ’ 2

=o(™?), j=0,2,...,1+1. (2.26)
Using Lemmawith ry=2(w—1),1<w< HTl + 1, we get

Ri+ Li
P; <Tz‘,l+1(Pe) - = 5 :

Now, we assume [ even. Adding to both sides of (2.21]) the expression

> =o(L)besy, 1<i<k (2.27)

—2/ (c1,i(z — :ri)l'H + coi(m; — x)l'H)(x — xi)j de, 0<j<Il+1,

—€,1

we obtain

/ [(f() + f(22i — 2)) = (Si(2) + crile — 2:)"* + Si(22; — @)

—e,i

+coi(r; — )] (x — 2)  de = O(€9F2), 0<j<I+1. (2.28)
As the integrand in (2.20)) and (2.28]) is the same, we have
/ [(f (@) + f(2; = 2)) = (Ri(x) + Li(22; — 2))|(x — ;) do
Ie;
=o(dTF), 0<j<I+1. (2.29)
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It is easy to see that [, (Ri(x)+ Li(2z; —2))(x —x;)’ de = [, (Li(x)+ Ri(2x; —
x))(z — x;)? dx, for j even. In consequence, from (2.29) we obtain

/IF 7.73” (f - R;L> (2)(z — 2;)7 da
) / (pi(f)  Ri(x) + Li(x) + Ri(2z; — x) + Li(23; — x)
Ie,i

- ) (x — 2;) da

=o(™h, j=0,2,...,L
(2.30)

Now, we proceed as in (2.25). As f € t?(x;) and A4;,5, 0 <1 < g — 2, is bounded
for ¢ sufficiently small, Lemma [2.1] implies

1 ) .
/ Tpi (f = Tigs1(P) (z)(x — 23)7 doe = o(¢F9F2), 5 =0,2,...,1. (2.31)
I.; €,1,l

By (2.30) and (2.31)), we obtain

[ ip(Ta(r) - B ) @ - ny do = o), G020
I.; €,1,l

(2.32)
Since [ is even, we have that b;il,l 5 (TMH(P&) — #) € II'. In consequence,

using Lemmawith rw =2(w—1),1<w< é + 1, we get (2.27).
In a similar way to the previous proof, considering j odd, we can prove that

R, +L;

Z <Ti,l+1(Pe) -

for arbitrary I. From (2.27) and (2.33)) we obtain (2.19).

Finally, let P be a cluster point of the net {P.}, as ¢ — 0. Then there exists a
sequence €,, — 0 such that P = lim P, . Thus, b, ;; is bounded. From (2.19)

€m—0

it follows that T; ;41 (P) = Bk 1 < i <k. O

) =olbi 1<is<h (2.33)

The following corollary is an immediate consequence of Theorem [2.9] with | =
q—2.

Corollary 2.10. If f € ci(qfl)(xi) Nt2_o(xi), 1 <i <k, then there exists the best
local approzimation of f on {x; : 1 <1i <k}, from II"™. It is the unique polynomial
H € II" satisfying HY) (z;) = (LB (), 0 < j < q—1, 1 < i < k, where
L;, R; € 11971 satisfy Definition |1.1. In the case ¢ =1 or k = 1 we only assume
fe ci(q_l)(:ni), 1<i<k.

This result was proved in [4, Theorem 2.9], for f € tQ_(q_l)(xi) N ti(q_l)(xi) N
t2_o(xi), 1 <i < k. We give an example to show that Corollary extends that
Theorem 2.9 from [4]. More precisely, if ¢ = 2, k = 1, and 1 = 0, we define a
function f € ¢3,(0) Nt3(0) which is not L? right differentiable of order 1 at 0.
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Example 2.11. Let ¢, = %, m €N, h,, = €, — n%ﬁ It is easy to see that
emi1 < hm < €m, m > 2. We consider the function f : [_71, %] — R defined by

) mifx € [, €]
fle) = {0 if o ¢ Ung[hm,em],

f(0) =0 and f(z) = f(—=z) if x 6 [—1,0). Let 0 < € < £. Suppose that there
exists m € N such that € € [hy,, €,]; then

—3/f Ydx < b} / f(z)dz =h 3Z/f

SZ/ de_ 7rL3 ( - _hBZ] xi'

j =m

(2.34)

If € ¢ Uj>alhj, €], let m € N be such that 0 < Ay, <em<e<hm 1. Then

/f dz < € / flz)de < b, / fla . (2.35)

Since 0 < [ f(z)zdx < [; f(z)dz, and f is even, from and ( we have
that f € cil(O). On the other hand, f is not L2 right dlfferentlable of order 1

at 0. In fact, for S € IT' there exists a mg € N such that |S(z)| < @, for all

z € [hj, e, § = mo. So, |f(x) — S(@) > fla)(f(z) - 2|S(x)]) > L2 for all
x € [hj, €], 7 > mg. Therefore, for m > mgy we have

2 BCERCIEED o USRS

1 73 2 -3 - -2 1 -3 - -—4 1
23t X [ R = 56t 3 e~k = gt <
J=m Jj=m

Finally, we will prove that f is L? differentiable of order 0 at 0. If either e €
[fm, €m] OF € € [€m, Am—1], We obtain

0< - /f 2dz < hy, / f(z)2dz =h 1Z/f
JHZ; — hy) 7hlz] x—g.
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