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METALLIC CONJUGATE CONNECTIONS

ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

Dedicated to the memory of Professor Dr. Vera W. de Spinadel

ABSTRACT. Properties of metallic conjugate connections are stated by point-
ing out their relation to product conjugate connections. We define the anal-
ogous in metallic geometry of the structural and the virtual tensors from the
almost product geometry and express the metallic conjugate connections in
terms of these tensors. From an applied point of view we consider invari-
ant distributions with respect to the metallic structure and for a natural pair
of complementary distributions, the above structural and virtual tensors are
expressed in terms of O’Neill-Gray tensor fields.

1. INTRODUCTION

Besides the very well known almost complex, almost tangent, and almost prod-
uct structures on a differentiable manifold M, some other polynomial structures
naturally arise as C*°-tensor fields J of type (1, 1) which are roots of the algebraic
equation

QM) :=J"+a,J" "+ +axJ +arlxan =0,
where Ix(psy is the identity map on the Lie algebra of vector fields on M. In
particular, if the structure polynomial is Q(J) := J? — pJ — qlx(ary, with p and
q positive integers, its solution J will be called metallic structure [I1]. The name
is motivated by the fact that, for different values of p and ¢, the (p, ¢)-metallic
number introduced by Vera W. de Spinadel [I4] is precisely the positive root of the

p+/p?+4q
2
1++5

the ratio of two consecutive Fibonacci numbers [13];
e for p =2 and ¢ = 1 we get the silver number o2 =1+ V/2 which is the
limit of the ratio of two consecutive Pell numbers [9];
3+ V13
2

an important role in the study of dynamical systems and quasicrystals;
o for p =1 and g = 2 we get the copper number o1 2 = 2;

quadratic equation 2 — pz — ¢ = 0, namely Op,g = . For example:

e for p = q = 1 we get the golden number o = which is the limit of

o for p =3 and ¢ = 1 we get the bronze number o3 ; = which plays
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180 ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

e for p =1 and ¢ = 3 we get the nickel number o 3 = , and so on.

1++/13
2

Notice that if J is a metallic structure on M with J? = p.J + qlx(nry, then J =
aJ + blx(pr) is also a metallic structure with J? =pJ + qIx ), for a = 2?”(’7;;
P.q
and b = p_p. M'
2 2 20,4—p

In this setting, we shall study the properties of the conjugate connections (by a
metallic structure), express their virtual and structural tensor fields and study their
behavior on invariant distributions. Finally, taking into account the connection
between metallic and almost product structures stated in [I2], we shall analyze
the impact of the duality between the metallic and almost product structures on
metallic and product conjugate connections.

Let M be a smooth, n-dimensional manifold and denote by C* (M) the algebra
of smooth real functions on M, by X (M) the Lie algebra of vector fields on M,
and by T7 (M) the C* (M)-module of tensor fields of (r, s)-type on M. Usually
X, Y, Z, ... will be vector fields on M and if T — M is a vector bundle over M,
then T'(T) denotes the C*°-module of sections of T, e.g. T(TM) = X(M).

Consider C(M) the set of all linear connections on M. Since the difference of
two linear connections is a tensor field of (1,2)-type, it results that C(M) is a
C°°(M)-affine module associated to the C'°°(M)-linear module T3 (M).

Recall the concept of metallic (Riemannian) geometry:

Definition 1.1 ([12]). J € T} (M) is called metallic structure on M if it satisfies
the equation

J? = pJ + qlx (), (1.1)
for p, ¢ € N*, where Iy (5 is the identity operator on X(M). The pair (M, .J) is
a metallic manifold. Moreover, if a Riemannian metric g on M is compatible with
J, that is g(JX,Y) = ¢g(X,JY), for any X, Y € X(M), we call the pair (g, J)
metallic Riemannian structure and (M, g, J) metallic Riemannian manifold.

It was shown in [I2] that the powers of J satisfy
J" = gnd + agn-11x (), (1.2)

where {gn, }nen- is the generalized secondary Fibonacci sequence defined by g,,+1 =
PYn + qgn-1, n = 1, with go = 0, g1 = 1 and p, ¢ € N*.

Remark 1.1. i) The idea of introducing a metallic structure [12] as a solution of the
equation J2 —pJ — qIx ) = 0 for p, ¢ € N* was based on the fact that the positive
root of the corresponding equation 22 —px —q = 0 is precisely a metallic number for
p, ¢ € N*. By letting p and ¢ be any natural number, we also include some other
well-known structures; for instance, if (p, q) € {(0,0), (0,1), (1,0)}, the solution of
(1.1) would yield an almost tangent, an almost product, and a J(2,1)-structure,
respectively.

ii) Concerning the inheritance of the metallic structure on submanifolds, Hretcanu
and Crasmareanu proved in [I12] that a metallic structure on a metallic Riemannian
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METALLIC CONJUGATE CONNECTIONS 181

manifold M induces a metallic structure on every invariant submanifold of M (i.e.,
on those submanifolds N of M for which J(T,N) C T,N, for any x € N) and
illustrate this on a product of spheres in an Euclidean space.

Fix now J a metallic structure on M and define the associated linear connections
as follows.

Definition 1.2. V € C(M) is a J-connection if J is covariant constant with respect
to V, namely VJ = 0. Let C;(M) be the set of these connections.

The concept of integrability is defined in the classical manner:

Definition 1.3. A metallic structure J is called integrable if its Nijenhuis tensor
field Ny (X,Y) :=[JX,JY] - J[JX,Y] - J[X,JY] + J?[X,Y] vanishes.

Necessary and sufficient conditions for the integrability of a polynomial structure
J whose characteristic polynomial has only simple roots were given by Vanzura in
[15], who proved that if there exists a symmetric linear J-connection V, then the
structure J is integrable.

In order to find a measure of how far away a linear connection is from being
in C;(M) we introduce in the next section the notion of metallic conjugate con-
nection. The present paper deals with the study of these connections and then it
is the fifth in a series containing [], [5], [3] and [6]. We remark that Bejan and
Crasmareanu [I] studied the conjugate connections with respect to a quadratic
endomorphism as a generalization of almost complex and almost product cases.
An important tool in our work is provided by the pair (structural tensor, virtual
tensor) defined for the almost product geometry in [5] and considered here in the
last part of Section 1. After treating in Section 2 the duality between the metallic
and the product conjugate connections, from an applied point of view we consider
in Section 3 the J-invariant distributions.

2. METALLIC CONJUGATE CONNECTION

Let V be a linear connection on the metallic manifold (M, J) and define the

metallic conjugate connection of V by:
VD .=V +JoVJ (2.1)

It results that if V € C;(M) then V) € C;(M). A direct computation gives us
the expression of V(/):
VY = VXY + J(VxJY — J(VxY)) = (1 — q)VxY — pJ(VxY) + J(VxJY).

Recall that given a linear connection V, one defines its torsion as the (1, 2)-tensor
field

Tv(X,Y):=VxY - VyX — [X,Y]
and its curvature as the (1,3)-tensor field
Rv(X, Y7 Z) = VXVyZ - VYVXZ - V[ny]Z,

forany X, Y, Z € X(M). We call V a symmetric (respectively, flat) connection if
Ty = 0 (respectively, Ry = 0).
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182 ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

Some properties of the metallic conjugate connection are given in the next propo-
sition.

Proposition 2.1. Let J be a metallic structure on the smooth manifold M, V a
linear connection on M and V) the metallic conjugate connection of V. Then:
(1) VI = (1 = 29)Ix(ar) — pJ) 0 VJ.
(2) Ty =Ty +J(dVJ), where dY is the exterior covariant derivative induced
by V, namely (d¥ J)(X,Y) := (VxJ)Y — (VyJ)X.
(3) Ry (X,Y,Z) = (1 — @) lxu) — p))(Rv(X,Y, 2)) + J(Rv(X,Y, JZ)) +
1 =) ((FYI)X,Y:JZ) + (J = plzan) (FY )X, Y Z))), where
(FVI)(X,Y;2) = (VxJ)VyZ — (VyJ)VxZ.
(4) If (M, g,J) is a metallic Riemannian manifold, then:
(V9)(V.2) = (1 = )(Vxg)(Y. 2) = p(Vx9)(Y, I 2)
+ (Vx9)(JY, JZ) = pg(Y,(Vx J)Z).

It results that if V is a g-metric connection belonging to Cy(M) then V(/)
is also a g-metric connection (belonging to Cj(M)).

Proof. (1) Observe that
J(VxJ)JY) = J(VxJ?Y) = J*(VxJY) = —q(VxJ)Y,
vy =v{ oy — vy
= (1—q)VxJY —pJ(VxJY) + J(VxJ?Y)
— (1 =) J(VxY) +pJ*(VxY) — J*(VxJY)
=1-q)(VxJY = J(VxY)) = pJ(VxJY = J(VxY))
+ J(VxJ?Y — J(VxJY))
=1 -q(Vx )Y = pJ((VxJ)Y) + J(VxJ)JY)
=1 -g)(VxJ)Y —=pJ(VxJ)Y) — q¢(VxJ)Y,
which yields the claimed formula.
(2)
Ton(X,Y):=V{Y - v x — [Xx,V]
=(1-q)(VxY = VyX) —pJ(VxY = VyX) + J(VxJY — VyJX)
+Tv(X,Y) = (VxY - VyX)
= —JXVxY = Vy X))+ J(VxJY —VyJX)+ Ty (X,Y)
= J(VxJ)Y — (VyJ)X) + Ty (X,Y)
= J((dVI)(X,Y)) + Tv(X,Y).
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METALLIC CONJUGATE CONNECTIONS 183

(3) Notice that
VOV Z = (1 - 92VxVyZ — (1— @pVxJ(VyZ) + (1 — @)V x J(Vy JZ)
—pJ(VxVyZ)+ (1 —-q)J(VxJ(VyZ))+qJ(VxVyJZ)
and the expression of curvature becomes

Row(X,Y,2)=VvVY 7z vV 7z - VEX)Y]
=(1-9*Rv(X,Y,Z)+Vixy)Z) — (1-¢)Vixy)Z
—pJ(Ry(X,Y, Z) + Vixy)Z)
+pI(Vixy1Z) +qJ(Rv(X,Y,JZ) + Vx v)JZ) = I(Vix,v] I Z)
~(1=gp(Vx)VyZ - (VyJ)VxZ)
— (1= q@)pJ(Ry(X,Y,Z) + Vx v Z)
(1=(Vx)VyJZ — (VyJ)VxJZ)
(1-q)J(Rv(X,Y,JZ) + VixyJZ)
(1-q)J(VxJ)VyZ — (VyJ)VxZ)
(
1

—_ — — ~—

1—q)J*(Rv(X,Y,Z) + Vixy1Z)
(1= @) Ixy —pJ)Bv(X,Y, Z) + J(Rv (X, Y, JZ))
+ (1= q)(FYI)(X,Y;JZ) + (J = pIxan)) (FY I)(X,Y; Z)).

(4) Using that g(JX,Y) = ¢(X,JY) and ¢(JX,JY) = pg(X,JY) + q9(X,Y)
we obtain:

(VY. 2) = X(9(Y, 2)) — g(V{Y, 2) — g(v, V) 2)
=X(9(Y.Z2)) - (1 - )(X(9(Y,2)) — (Vxg)(Y, Z))
+(Vxg)(JY,JZ) — X(9(JY, JZ))
+p(X(9(Y,J2)) = (Vxg9)(Y,JZ) = g(Y,VxJZ) + g(Y,J(Vx Z)))
=(1-9)(Vxg)(Y,Z) = p(Vxg)(Y,JZ) 4+ (Vxg)(JY, ] Z)
+¢X(9(Y,2)) +pX(9(Y,JZ)) — X(9(JY,JZ)) —pg(Y.(Vxg)Z)
=(1-9)(Vx9)(Y,Z) —p(Vxg)(Y,JZ) + (Vxg9)(JY,JZ) — pg(Y,(Vx9)Z).
O

i
n
n
i
= (

Recall that a linear connection V is called quarter-symmetric connection [10]
if its torsion is of the form Ty (X,Y) = w(X)T(Y) — T(X)w(Y), for any X, Y €
X(M), where w is a 1-form and T is a (1, 1)-tensor field.

A natural generalization of the case V € C;(M) is given by:

Proposition 2.2. Let V be a symmetric linear connection. Assume that VJ =
n® J", forn € N, where 1 is a 1-form. Then V) =V +n® J* ! and it is a
quarter-symmetric connection.

Proof. From (2.1 we obtain V(/) = V4+n®J"*! and Ty = n@J"H — I @,
which gives us the conclusion. O
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184 ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

Definition 2.3. A symmetric linear connection V is called special metallic con-
nection if dvV.J = 0.

Denote by Cop(M) the set of all special metallic connections on M. We remark
that:

i) Con(M) contains the symmetric J-connections;

ii) for V € Con (M), its conjugate connection V() is symmetric.

Proposition 2.4. IfV is a special metallic connection, then:
1. V) is special metallic, too.
2. The Nujenhuis tensor field of J vanishes, i.e., J is integrable.

Proof. 1. It is a consequence of Proposition
2. A straightforward computation gives:

Ny (X,Y) = (dV 1) (JX,Y) = (dVJ)(JY,X) = p(dV J)(X,Y)
and the result follows from dVJ = 0. O

Definition 2.5. We say that (g, J, V) is a special metallic structure if (g, J) is a
metallic Riemannian structure and V is a special metallic connection.

We remark that for a given pair (V,J), because of the duality between the
metallic and the almost product structures (see Section 2), there always exists a
Riemannian metric g such that (g, J, V) is a special metallic structure.

Ezample 2.1. The following examples of special metallic structures on the 5-dimen-
sional Euclidean space can be generalized to special metallic structures defined on
Euclidean spaces of any odd dimension.

Let R®> = R2 x R3 be the Euclidean space with the metric given by the Euclidean
scalar product g = (-,-) and denote by (z!,2% y!,4?, %) the local coordinates in
RS.

For any fixed p, ¢ € N*, define the (1, 1)-tensor field Jy : X(R%) — X(R®) by

J(aa(')aa) CLISUIN I I A
O\ 0y Oxy By, Dy’ Bys dxy’ Oz’ Oyr’ 32/2 0ys

P+Vpi+4q + 4
where 0 := 0, 4 = P p

_ p—p*+4
027:

is the (p, ¢)-metallic number and

We can check that Jy is a metallic structure on R5:
S (XL X2 YL Y2 Y?) = (0P X, 0* X2, 7Y, 7Y 2, 5°Y )
=plo X', o X2 5Y  5Y2,5Y3) + (X, X2,V Y2 Y3,
for any (X1, X2, Y1 Y2 Y3) € X(R®). Thus, J3 = pJo + qlx(ws)-
Moreover, the metric is Jy-compatible:

9(JoZ,Z") = o(X' X+ X2X) + (Y'Y + YY1 Y3Y?) = g(Z, Jo Z)),

for any Z := (X', X2, YL Y2 Y?), Z/ = (X', X2, YL, Y2, V") € X(R?). Thus,
(R®, g, Jo) is a metallic Riemannian manifold.
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METALLIC CONJUGATE CONNECTIONS 185

In a similar manner we can verify that the (1,1)-tensor fields Ji, Ja, J3, Js :
X(R®) — X(R®) defined by

7 0 8 8 8 0 0 0 0 _ 0
( ) (05301 0wy oy 8y2 8?/ )
( 0 8 8 8 0 ) ( 0 g _ 0 8 )
Dol 1555 =|07—,07—,0-—
Oxy’ dxy’ Oyr’ 33!2 Y3
J 0 8 8 8 0 (-0 _ 0 0
’ ( ) B (03931703%2’03% 32/2 5‘y3>
( o o0 9 09 0 ) ( 0 0 0 )
Sl — 57— 57— 57 =|07—,07—,0—,0
81‘1 (9562 6y1 6y2 8y3 8$1 8132 8y1 3y2 8y3
are metallic structures on R® and (R, g, J;), i € {1,...,4}, are metallic Riemannian
manifolds.
Since the Levi-Civita VY is trivial, (g, J;, V9), i € {0, ..., 4}, are special metallic
structures on R°.
Ezample 2.2. In a similar way, one can construct special metallic structures on the
Euclidean spaces of even dimension.
Let R* = R2 xR? be the Euclidean space with the metric given by the Euclidean
scalar product g = (-,-) and denote by (x!, 22, y',y?) the local coordinates in R*.

In a similar manner as in Example we can check that for given p, ¢ € N*, the
(1,1)-tensor fields J§ : X(R*) — X(R*) defined by

p(0 90 9 90N _( 0 0 9 0
0 5»’8178%2’3211752/2 o 311’ dxs’ Oy1’ Oy2 )’

3 (G 3z ) = (T 70 o )
oxr,’ 8:1:2 8y1 8y2 3x1 8562’ Oy’ Oyz )’
S ) - )
oz’ 3332 8y1 0y 8961 7 ozy’ oy’ Oya
(0 B o _0 _0
<6w1 dzs’ Byl 8y2> _< 8:101 (’“)902708y1708yg>
At ) (k)
4\ 0z 0z’ By1” Dyo day’ 35527 oy1” Iys
are metallic structures on R* and (R*, g, J!), i € {0,...,4}, are metallic Riemann-
ian manifolds. Thus (g,J!,VY), ¢ € {0,...,4}, are special metallic structures
on R%.

The last subject of this section treats two tensor fields associated to a metallic
structure. The paper [5] introduces the structural and virtual tensor fields of an
almost product structure. Turning into our framework, let us consider for a pair
(V, J) the following tensor fields of (1, 2)-type:

1) the structural tensor field

CL(X,Y) = %[(VJXJ)Y (Vi) IY]: (2.2)
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186 ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

2) the wvirtual tensor field

BL(X,Y) = _[(VyxJ)Y — (VxJ)JY]. (2:3)

N =

It results that

CLin(X,Y) := = (VL)Y + (V1) Iy

1
>
S0 = 20) (V)Y = pI(VxT)Y)
+ (1= 20) (V)Y = pI (V)Y )
= (1-2¢)C(X,Y) - pJ (Co(X,Y))
and

BL o, (X,Y):= Z[(VRD)Y — (v 1)av)

[(1=2¢)(Vyx J)Y —pJ((Vix J)Y)
(1=2¢)(VxJ)JY +pJ((VxJ)JY)]
1= (1-2¢)Bg(X,Y) - pJ (Bg(X,Y)),

[ Y [ Oy

hence
CLy = (1 —2q)Ixary — pJ) 0 CE, BL .y = ((1 —29)Ix ) — pJ) 0 BY.
Also,
(VaxJ)JY = p*V xJY + pgV xY — pJ(V xJY) + q(VxJ)JY
and
(VixD)J?Y = p*VixJY +pgVixY — pJ(VixJY) +q(VixJ)Y,
which implies
1
CL(IX,JY):= 5[(VJ2XJ)JY + (VyxJ)J?Y]
=p’VixJY +pqVixY —pJ(VixJY) + qCL(X,Y)
=p(VyxJ?Y — J(VxJY)) +qCL(X,Y)
i=p(VyxJ)JY +qC&(X,Y)
and
1 1
BL(JX,JY):= 5[(VJ2XJ)JY —(VyxJ)J?Y] = 5q((vXJ)JY —(VyxJ)Y)
= —qBL(X,Y),
hence
CL(JX,JY) = qCq(X,Y) +p(VyxJ)JY,  BL(JX,JY)=—qBg(X,)Y).

The importance of these tensor fields for our study is underlined by the following
relation:

V) =V 4 pVJ - CL + BL. (2.4)
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Ezxample 2.3. If the linear connection V satisfies VJ = n® J™, for n € N, where 7
is a 1-form, then the structural and the virtual tensor fields have the expressions

1 1
Cg=glmo )@ +ne ", Bg=glnol)e " —ne ",

Cd) = %[(WOJ) @ ((1=29)Ix(ary —pJ) 0 J") + 0@ (1 —2q) Ix(ary —pJ) 0 J"T 1],

By = %[(WOJ) ® ((1=29)Ix )y —pJ) 0 J™) =@ (1 —2¢) Ixary —pJ) 0 J"TH)].

Ezample 2.4. Concerning the behavior of V() for families of metallic structures,
remark that if J; and Jy are two metallic structures with JZ = p.J; + @1 1x ) and
J2 = pJa+qalx(ary, then J := Ji +Jo is a metallic structure with J? = pJ +aqlz ()
if and only if J1Jo + JoJ1 = (¢ — q1 — q2)Ix(m); in this case:

vy vy v Y (14— g1 — ) VY + 1 (Vx oY) + o (VxS Y),
Cot —BIH = (CL +C&) - (BL +BEZ)— J10V — Jo0 V.

3. THE DUALITY OF METALLIC AND PRODUCT CONJUGATE CONNECTIONS

In [I2] Hretcanu and Crasmareanu proved that any metallic structure J induces
two almost product structures:

2 D
EFy =+ J — I 3.1
* <20p,q —-p 20pq—p 36:(M)) 7 3.1)

and for any given pair (p, q¢) € N* x N*| any almost product structure E determines
two metallic structures:

20,4 —
Jr =+ (p’;p> E+ g[x(M). (3.2)

20p,q —

2
Then VEL =+——VJand VJL =+ pVE respectively. Hence, V is

20pq =P
a J-connection if and only if V is an F-connection.

We are interested in finding the relation between the conjugate connections
associated to them.

Proposition 3.1. i) If J is a metallic structure on M and Ey are the almost
product structures given by (3.1)), then

(20,4 — p)Qv(Ei) —4vt) — ((20p,q — p)2 —4)V = =2pV J.

it) If E is an almost product structure on M and Jy are the metallic structures

given by , then
4vU=) — (20, , —p)’VE) — (20,4 — p)? — 4V = +p(20,, — p)VE.

iit) In each of the previous cases, it holds (V(J))(E) = (V(E))(J).
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188 ADARA M. BLAGA AND CRISTINA-ELENA HRETCANU

Proof. i) Replacing E from (3.1)) in the expression of V=) ([5]):
VEHY = By (VyELY)
we get
4 2p
= — = J(VxJY) - ——
(20p,4 — p)? (Ve JY) (20p,4 — p)?
2p »?

- VxJY 4+ ——
(QUp,q - p)2 (2Jp,q - p)2

and replacing J(VxJY) = VY)Y — (1 — q)VxY + pJ(VxY) we obtain

4 ) 4(1—q)—p?
— VY - ————VxY
(20p,q _p)2 X (2Jp,q - p)2 *
2p
~Go o (VxIY —J(VxY)
pP,q
4 )
- v+
(20p,q —p)2 X
2p
_ 7(20]“1 Epnp (VXJ)Y.

ii) Replacing Jy from (3.2)) in
VY = (1= )VxY = pJa(VxY) + Ju(Vx J2Y)

J(VxY)

VxY,
vty =

(20,4 —p)?—4

VxY
(QUp,q —p)?

we get
(J1) P’ p(20p,4 —p)
VY =(1-q— Z)VXY + %(VXEY — E(VxY))
(20,4 -p)?
4

and replacing E(VxEY) = ng)Y we obtain

+ E(VxEY),

2 —p)? 2 —p)? -4 2 —
vg;_]:t)y _ ( Up,q4 p) ng)y_ (20p,q 4p) ViV + p( UpZ p) (VxE)Y.

iii) From a direct computation we obtain

(VY = (1) B (Vx BxY) ~p(B20d)(Vx BLY)+(Exo)(Vx (JoEL)Y)
and respectively

(VENGY = (1-@) B (Vx EsY) ~p(ToBx)(Vx ExY ) +(JoE)(Vx (BLod)Y),

and taking into account that Jo Ey = Ey o J, we get (V) (F£) = (v(F=)) (/)
Also,

(VENYHY = (1 = )E(VXEY) = p(Jx 0 E)(VxEY) + (J1 0 E)(Vx(E 0 J1)Y)
and respectively

(V) By = (1 - )BE(VxEY) — p(E o JL)(VxEY) + (Eo Ji)(Vx (Jx 0 E)Y),
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METALLIC CONJUGATE CONNECTIONS 189

and taking into account that Eo.Jy = Jy o F, we get (V(F))(Jx) = (V=) (E) O
We showed in [5] that for an almost product structure E, the structural and
virtual tensor fields satisfy
vE =v - cE 1 BE (3.3)
From and we obtain:

Corollary 3.2. i) If J is a metallic structure on M and Ey are the almost product
structures given by (3.1)), then

E E
(20p.4 — P)?(C* — BoT) = 4(CL — BL) — 2pV .
it) If E is an almost product structure on M and Jy are the metallic structures
given by (3.2), then
J J
4(Cvi - Bvi) = (20p,q — p)Q(Cg - Bg) +p(20p,4 —p)VE — 2((20p, —p)? —4)V.
Proof. Replacing the expressions
V) =V - +BL +pvJ

and

v =v - c&+ BE
in the two relations stated in Proposition (3.1} we get the required relations between
the structural and the virtual tensors. (]

4. INVARIANT DISTRIBUTIONS

Let J be a metallic structure on M and D; and D,, be the complementary
orthogonal distributions corresponding to the projection operators ([12]):
- _%a ;Y o, TP 1
20pq =P 20p9—p 20p,q =P 20pq =P

Notice that the operators [ and m verify the following equalities:

- J.

l+m=1I, ’=1, m>*=m, Ilm=ml=0,

Ji=1J=(p—opg)l, Jm=md=og,,m.

Definition 4.1. Let D C TM be a distribution considered as a vector subbundle
of TM. We say that:

i) the distribution D is J-invariant if X € T'(D) implies JX € I'(D);

ii) ([7]) the linear connection V restricts to D if Y € T'(D) implies VxY € I'(D),
for any X € I'(TM).

If V restricts to D, then V may be considered as a connection in the vector
bundle D. From this fact, in [2] a connection which restricts to D is called adapted
to D.

Proposition 4.2. If the linear connection V restricts to D, (respectively, Dy, ),
then V') also restricts to Dy (respectively, Dy, ).
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Proof. Fix Y € I'(D;). Then JY € I'(D;) and for any X € I'(TM), we have
VxY € I'(D). It follows that J(VxY), J(VxJY) € I(D,), so VY = (1 —
)VxY —pJ(VxY)+ J(VxJY) € I'(D;). Analogously for D,,. O

A more general notion is given by geodesic invariance [7]. The distribution D is
V-geodesically invariant if for every geodesic v : [a,b] — M of V with §(a) € Dy,
it follows that ¥(t) € D), for any ¢ € [a,b]. A necessary and sufficient condition
for a distribution D to be V-geodesically invariant is given in [7]: for any X and
Y € I'(D), the symmetric product (X :Y) = VxY + VyX to belong to I'(D) or
equivalently, for any X € I'(D) to have Vx X € I'(D).

The following result is a direct consequence of definitions:

Proposition 4.3. If the linear connection V restricts to D, (respectively, Dy, ),
then Dy (respectively, D,,) is geodesically invariant for v,

We remark that F := [ —m is an almost product structure and both D; and D,,
are FE-invariant. The product conjugate connection of V is

VEY = (V1Y) = (VxmY) — m(VxIY) +m(VxmY), (4.1)
and then we have:

Proposition 4.4. If V) is symmetric, then E is integrable, which means that
D; and D,, are involutive distributions.

Proof. From (4.1)) we get
X, Y]+ m[X,Y] = VOV - VP X = (VxIY - VyIX) + m(VxlY — VylX)
and then
I[X,Y] = VxlY — VyIX,  m[X,Y]=VxmY — VymX.
With X — mX and Y — mY in the first relation above it follows that [[mX, mY] =
0 and the change X — [X and Y — mY in the second relation yields m[I X, Y] =
0. ]
We have:

1) V restricts to D; means m(VxlY) =0 and [(VxIY) = VxIY,
2) V restricts to Dy, means [(VxmY) =0 and m(VxmY) =VxymY.

A straightforward computation gives that V(®) from (4.1)) restricts to D; and
Dy Moreover, if V restricts to both D; and D,,,, then

VY = Vil + VxmY = VxY (4.2)

and so V € Cg(M). Let us remark that the above connection (4.2)) is exactly the
Schouten connection of the pair (I,m) [8]:

VxY = l(VXlY) + m(vaY)

We shall express the structural and the virtual tensor fields of the almost product
structure F in terms of the projectors [, m as follows:
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Proposition 4.5. The structural and virtual tensor fields of E :=1— m are:
Cg™(X,Y) = 2[l(VixmY') + m(Vix1Y)]
{ BG™(X,Y) = =2[l(VixmY) + m(VuxIY)].
Proof. From [5] we know that
CE(EX,EY)=CE(X,Y), BE(EX,EY) = -BE(X,Y)
and we get
CL™(IX,mY) = —CL™(mX, 1Y)
{ BE™(IX,1Y) = —BE™(mX, mY).

By making X — mX in the first relation and X — [X in the second one, it results
that
{ CL™(IX,mY) =0=CL™(mX,1Y)

BE™(1X,mY) = 0= B5™(mX, mY)

and then
Cs™(X,Y) = C5™(IX,1Y) + CE™(mX, mY)
BL™(X,Y) = BS™(IX,1Y) + BE™(mX, mY).
But
CL™(IX,1Y) = 2m(V;x1Y)
C5™(mX, mY) = 21(V,,xmY)
and
BE™(1X,mY) = —21(V;xmY)
BE™(mX, 1Y) = —2m(V,x1Y)
and then we have the conclusion. O

Remark 4.1. If T and A are the fundamental tensor fields of O’Neill-Gray,
T(X,Y) =UVmxmY) +m(V,xlY)

{ AX,Y) =m(VixlY) + 1(VixmY),
a comparison of the last two equations yields

CL™(X,Y) = 2[T(X,mY) + A(X, 1Y)

{ BS™(X,Y) = —2[T(X,1Y) + A(X,mY)],
a fact which justifies the second name of T' and A as invariants of the considered
orthogonal decomposition of TM [g].
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