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QUESTIONS AND CONJECTURES ON EXTREMAL
HILBERT SERIES

RALF FROBERG AND SAMUEL LUNDQVIST

ABSTRACT. Given an ideal of forms in an algebra (polynomial ring, tensor
algebra, exterior algebra, Lie algebra, bigraded polynomial ring), we consider
the Hilbert series of the factor ring. We concentrate on the minimal Hilbert
series, which is achieved when the forms are generic. In the polynomial ring
we also consider the opposite case of maximal series. This is mainly a survey
article, but we give a lot of problems and conjectures. The only novel results
concern the maximal series in the polynomial ring.

1. INTRODUCTION

The Hilbert series of a graded commutative algebra is an important invariant in
commutative algebra and algebraic geometry. It has since long been known what
the Hilbert series of the quotient ring k[z1,...,x,]/I can be for a homogeneous
ideal I in a polynomial ring over a field k& [23]. A much harder question is: If T
is generated by forms f,..., f, of degrees dy,...,d,, what can the Hilbert series
be? Not much is known about this. This question is relevant also for other kinds
of graded algebras, and in these cases, even less is known.

It is not hard to see that, given a degree sequence dy, ..., d,, one can construct
an algebra with a minimal series in the lexicographical sense, by choosing the forms
fi to be generic. (We say that > a;2% is smaller than > b;z* lexicographically if for
the smallest ¢ for which a; # b;, we have a; < b;.) A form f in a graded k-algebra
R is generic if the coefficients are algebraically independent over the prime field
of k. By generic forms we mean that the coefficients of all forms are algebraically
independent. That choosing the f;’s as generic forms really gives a minimal series
follows from the fact that a non-trivial relation of generic forms specializes to a
relation of specific forms. In the commutative case, this is Lemma 1 in [12].

We call an algebra which is the quotient of an ideal generated by generic forms
generic. We denote the Hilbert series Y, dimy R;2z" of a graded k-algebra R by
R(z), and we will assume that & = C unless otherwise stated.

In Section 2 we consider minimal and maximal Hilbert series for factor rings
of polynomial rings and some related properties. In the subsequent sections we
consider problems related to minimality for tensor algebras, Lie algebras, exterior
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algebras, and bigraded algebras. We finish with some comments on finite charac-
teristic.

2. POLYNOMIAL RINGS

Let R = k[z1,...,z0]/(f1,- -, fr), fi forms of degree d;, i = 1,...,r. It is shown
by Froberg and Lofwall [14], that there is only a finite number of Hilbert series,
and that there is an open nonempty subspace of the space of coordinates for the
fi’s on which the Hilbert series is constant and minimal. The idea is that given
(n,dy,...,d,), there is a bound for the Castelnuovo-Mumford regularity, and for
each degree the algebras with nonminimal dimension constitute a closed set. Since
one only has to check a finite set of dimensions, the algebras with nonminimal
dimension in those degrees is closed. Thus there exists a truly (i.e., coefficientwise)
minimal series, not only minimal in the lexicographical sense.

There is a longstanding conjecture due to the first author for this minimal Hilbert
series, see [12].

Conjecture 1. R(z) = ([[;_,(1—2%)/(1—2)") 4, where (3,50 @iz") 4 = > ;50 biz",
where b; = a; if a; > 0 for all j < i and b; = 0 otherwise. a B

The conjecture is proved if r < n (complete intersection case), if n < 2 [12], if
n = 3 by Anick [4], and if r = n + 1, it follows from [35]. (In fact Stanley proves
something more, see below.) It is known that the true series is larger or equal to the
conjectured, which gives that if one finds an algebra with the conjectured series
for some (n,r,dy,...,d,), then the conjecture is proved for these values. There
are also some further special results when all d; are equal, d; = d for all 7. If
(n,d,r) = (4,d,4), by Backelin and Oneto [6]; (n,d,r) = (4,d,r) for d = 4,6,8,9
and (n,d,r) = (5,4,7), by Nicklasson [33]; (n,2,3), n < 11 and (n,3,r), n < 8,
by Froberg and Hollman [I3]. It is also proved by Hochster and Laksov that the
formula is correct in the first nontrivial degree min{d;} + 1, [I9]. The last result
has been generalized in two different ways to an interval t < d + d’, d’ < d (where
there are no Koszul relations) if all generators are of degree d. The first, by Aubry
in [5], is only depending on n. The conjectured series is correct in degrees t < d+d’
if
d>2d (n—1)/ "/ (n— ) =d +(d)?/ "/ (n—-2)+(n—-1)*/ "/ (n— 1) —n+5.
There is also a generalization only depending on r by Migliore and Mir6-Roig. The
conjectured series is correct in degrees ¢ < d + d’ if (d:gi,;?) > r(d’(;,FQ) in [24]. We
also mention that the conjecture is proved in many cases by Nenashev [29].

Here are some open questions. A positive answer to Question [2.4] would give a
positive answer to Question [2.3] which would give a positive answer to Question[2:2}
The rings in Question [2.4] are studied in [§].

Question 2.1. Let fi,..., f. be generic forms, r > n+1. Stanley showed that the

Hilbert series of k[z1,...,zn)/(f1,. -, fnt1) and k[xq,. .. ,xn]/(mfl,...,xi",fnﬂ)
are equal, where deg(f;) = d;. Does the same hold for k[zy,...,x,]/(f1,-.., fr)
and k[z1, ... x,) /(28 x fi, . fr) when > n4+12 If all d; = d?
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Question 2.2. Let gq,...,g, be generic forms of degree d > 1, in k[x1,...,x,].
Is the Hilbert series of k[x1,...,z,]/(gF,...,gF) the same as the Hilbert series
of klz1,...,xn)/(f1,--., fr), [i generic of degree dk? This is conjectured in [33],
and proved in some cases. The corresponding question for d = 1 is not true, see

Section [2-9 and particularly Question [2.17)

Question 2.3. Let d = (dy,...,d;) be natural numbers with di + --- + dj, = d.

Let g; be generic of degree d; and let h; = Hle gi. Does klz1,...,xn)/(h1,... , hy)

have the same Hilbert series as k[x1,...,xn]/(f1,--., [r), fi generic of degree d if
d#(1,1,...,1)7

Question 2.4. Letd = (dy,...,dx) be natural numbers with dy+---+dy = d, and
let g; = lff o -lf]f, where l;; are generic linear forms. Does k[x1, ..., 2,]/(91,- -, 9k)
have the same Hilbert series as klx1,...,xn]/(f1,--., fr), [i generic of degree d if

d#(1,1,...,1)?

Question 2.5. When r > n, the expression ([[;_,(1 — z%)/(1 — 2)")+ is a poly-
nomial in z. What are the coefficients? What is the degree?

Question 2.6. Let k[yi,...,yn] be the ring of differential operators acting on

klx1,...,2,]. Let f be a generic form in k[z1,...,x,)] of degree d and let my, ..., m,
be quadratic monomials in k[y,...,yn]. Does klz1,...,zy])/(m1.f,...,m..f) have
the same series as k[x1,...,xn]/(f1,..., fr), the fi’s generic forms of degree d—27

Question 2.7. Let fi1,..., fr be generic forms of degree d with r > n. When is
the Hilbert series of k[x1,...,2,]/I° equal to the Hilbert series of k[xy,...,x,]/J,
where J is generated by (Sjizl) generic forms of degree ds? Related questions were
studied in [7].

Maximal Hilbert series. We now turn to the opposite problem. What is the
coefficientwise maxzimal (if it exists) Hilbert series that an algebra with given degree
sequence can attain?

It is well known that the upper bound for the Hilbert series in the uniform
degree case is achieved when I is a lex segment ideal and follows directly from the
characterization of Hilbert series due to Macaulay [23]. However, we are not aware
of any results in the mixed degree case. We can give an answer in the case of two
variables.

Theorem 1. Let k be any field and let fi,..., fr be forms in k[z,y] of degrees
dy > -+ > d, such that (f1,..., fr) is a minimally generated ideal. Then

1+Z+,,.+Zd1'71_(zd7'71 +zd"*2+~~~+zd1)
1—2z '

k[xay]/(fla s 7f7“)(z) S

Proof. Without loss of generality, we can assume that (Im(f1),...,lm(f.)) = (mq,
...,m,) is a minimally generated ideal of leading monomials with respect to some
monomial ordering. It is well known that

ke, yl/(fr, - £r)(2) < Kz, 9]/ (Im(fy), ..., Im(f) (=),
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so it is enough to show that

R(z)g 1+z+...+zd7‘_1_]§zdrfl +Zd'r72+...+zd1),
—Z

where R = k[x,y]/(m1,...,m;).

For each 7, i =1,...,r, we divide the monomials m1, ..., m, into three disjoint
groups. Let the first group consist of m; only. Let the second group consist of
the monomials having x-degree less than m;, and let the third group consist of

the monomials having y-degree less than m;. Since (mq,...,m,) is minimally
generated, it follows that the three groups form a partition of {mg,...,m,} for
each 1.

z

Fix one i. The Hilbert series of (m;) is equal to (1:1;’)2. Denote by B and

C' the second and the third group respectively, and write B = {m,,,...,m;,},
C = {mg,,...,mg,}. In the ideal (m;, ), there is an infinite set I, = {m,, ,m;, - =,
.- 22,...} of monomials. Likewise, in the ideal (my, ), there is an infinite set
Jpn = {mu, ,my, - y,my, - y*,...} of monomials. Each element in B has a unique
z-degree, and each element in C' has a unique y-degree, so the s +¢+ 1 = r sets

m;

L,L,..., I, J1,Ja,. .., Jt, {monomials in (m;)} are disjoint.
Thus, the Hilbert series of (my, ..., m,) is coefficientwise greater than or equal
to max(h;), where
- 2di +Zdl_|_..._|_Zdi—1_|_Zdi+1_|_..._|_zdv-
(1 -2)2 1—z
21 4+t ydr _ (+Zd1+l R ydic1+1 + ydiv1+1 R Zdr+1)
a (1—2)? '

For i > 2, we have
—pdi1tl + 2dit1

(1-2)?
Since d;_1 > d;, the coefficients in the series h; — h;_1 are non-negative. This
shows that hy < --- < h, coeflicientwise, and especially, that the Hilbert series of

hy —hi—1 =

(my,...,m,) is greater than or equal to h,, so
1 dr 2dr—1 + ydr—2 NI 2d1
R(z) < —
(Z)_(l—z)Q <(1—z)2+ 1-2z >
I R o T S oSt s s -
o 1—=2 1—=2 '

We now give an explicit construction of an ideal which attains the maximal pos-
sible Hilbert series. We first remark that in Theorem we actually have d,. > r—1.
Indeed, suppose that I = (Im(f;),...,Im(f.)) C k[z, y] is minimally generated. Let
m = 2%y’ be a monomial of least degree in I. By the minimality assumption, each
other generator either has z-degree less than a, or y-degree less than b. Moreover,
two different generators can not have the same z- or y-degree. So there are at most
a + b+ 1 monomials in I. It follows that if I is minimally generated by forms of
degrees dy; > -+ >d,, then d, > r—1 (and if d, = r—1, then k[z,y]/I is artinian).
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Theorem 2. Let dy > -+ > d, > r and let I = (x%, xd2 1yl oB=242
xdr=(r=Dyr=1) " Then the Hilbert series of k[x,y]/I is equal to
1+Z+"'+Zdr_1 _(Zdel +zd7‘—2 ++Zdl)
1—2 '

Proof. The Hilbert series of the ideal (xd"'*(Tfl)yrfl) is equal to % Next, con-
sider the ideal (x%—1=("=2)yr=2 zdr—(r=1)yr=1)  This ideal consists of the mono-
mials in (xd""(rfl)yr’l) together with the monomials of the form 2’y"~2 with

i > d.—1 — (r — 2), so the Hilbert series is equal to (1":;;)2 + Zfr__zl . Repeating this
argument, we arrive at the conclusion that the Hilbert series of I is equal to
T T i T Tk
(1—2)2 + 1—2z '
It follows that the Hilbert series of k[x,y]/I equals
1 24 Zhr-1 4 g2 4 4ogd
<1—z>2‘(<1—z>2+ -2 )
_1+z+...+zdr_1_Zdr—l_’_sz72_~_...+Zd1 .
1—=2 1—2z '

Consider now the three variable case. It is not clear how to choose the mono-
mials in order to maximize the series. In fact, it is not even clear that there is a
maximal series in the coefficientwise sense. Let d = (5,4,3,2). Natural choices
for maximizing the series would be I = (2°, 23y, 2%2,y?) or J = (22, zy?, 223, 9°),
where the ideal I is constructed as follows. We start with degree five. We choose
2® since it is the biggest monomial with respect to Lex, and we then proceed in
descending degree order, picking 3y since it is the biggest monomial with respect
to Lex which is not in (2°), and so on. The monomials in J are chosen in the same
manner, but with respect to ascending degree order.

It turns out that klz,y,z]/I(2) < k[z,y,z]/J(z) coefficientwise, but in fact,
there is another choice that gives a minimal series, namely K = (2°, 2%y, zy?, z2).
Here we have chosen the generators with respect to reverse Lex and in descending
degree order. In [IT], revlex ideals and minimal Betti numbers were studied, and
we believe that there could be a connection to the problem that we consider.

Question 2.8. Is there a maximal Hilbert series when n > 3 in the coefficientwise
sense? If so, what is it?

2.1. Resolutions. There has been some work on the resolution of ideals generated
by generic forms by Migliore and Miré-Roig [24 25], and by Pardue and Richert
131, B2]. Let R = k[z1,...,2,]/I = S/I, and let B;; = dimg(Tor} (R, k));. Then
we have that R(z) = Y. (—1)!B; ;27 /(1 — z)". If I is minimally generated by
generic elements fi,..., fr, deg(fi) = d;, then 3, ; = 0 if j —i > e, where e is
the Castelnuovo regularity of R, so R, # 0 but R..; = 0 in the artinian case.
It is shown that the resolution agrees with the Koszul resolution of (fi,..., f-) in
degrees j—i < e—2 (and also in degree j—i = e—1 if the first nonpositive coeflicient
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in [T/_;(1 —2%)/(1 — 2)" is 0). They also show that if fi,..., fn41 are generic
forms, deg(f;) = d;, which minimally generate (f1,..., fnt1) in k[z1,...,2,], the
first nonpositive coefficient is 0 if and only if Z?Ill d; is odd. It is natural to
conjecture that the only instances when 3; ; = f;,; should come from Koszul
relations (and in fact this was conjectured in [21]). This is shown to be false. A
small counterexample from [24] is the resolution of four forms of degrees 5, 5, 5,
and 7 in S = k[z,y, z]. The minimal resolution has the form

0 — S[—12* @ S[—11] — S[-10]" & S[-11] — S[-5* ® S[-7] = S — S/I — 0.

Here the “ghost terms” S[—11] are not explained through Koszul relations and
cannot be predicted from the Hilbert series. In case all relations have the same
degree, there should be no ghost terms.

If all generators have the same degree, there exists a ghost term in the minimal
resolution if we have 3;, ; # 0 and ;, ; # 0 with 41 # 4o for some j. If there are
no ghost terms, then the Betti numbers can be determined from the Hilbert series,
and the resolution is called pure.

Conjecture 2 (|25, Conjecture 5.8]). Let I C R = k[z1,...,x,] be the ideal of
d > n generically chosen forms of the same degree. Then there is no redundant term
in the minimal free resolution of R/I. Consequently, the minimal free resolution
18 the minimum one consistent with the Hilbert function.

Theorem 3 ([25]). Suppose that R is an almost complete intersection, r =n+ 1,
generated by generic forms. Then Conjecture [3 is true when n = 3, when both n
and d are even, and when (n,d) = (4,3).

We can add

Theorem 4. Conjecture[3 is true for any r when d =2, n <5; whend = 3, n < 4;
and when d =4, n = 3.

This is proved with computer calculations in Macaulay2, see [18].

There is an example in [31] showing that the space of generic ideals with minimal
Betti numbers is strictly smaller than the space of ideals with generic Hilbert
function. Let I be an ideal generated by five generic forms of degree four in
k[z,y, z,u], and let J = (2%, y*, 2%, u*, (x + y + 2 + w)*). Then both k[z,y, z,u]/I
and k[z,y, z,u]/J have generic series. The resolution of R = k[z,y, z,u]/J = S/J
is

0— S[-9° = S[-8° @ S[-7]° — S[-6]'¢ — S[-4]° = S = S — S/T — 0.
The resolution of S/J has ghost terms S[—7] in homological degrees 2 and 3,
and S[—8] in homological degrees 3 and 4, but there are no ghost terms in the
resolution of S/I. Here is another example we have come across. Let R =
klz1, x2,x3,24]/(f1,-- -, [s), fi generic of degree 3, and

klx1, w2, 23, 24]
(23, 23, 23, 23, (1 + 2 + x3)3, (21 + T2 + 24)3, (1 + T3 + 74)3, (T2 + T3 + 24)3)
Then R and T have Hilbert series as in Conjecture[I} R has minimal Betti numbers
but T has ghost terms S[—5]® in homological degrees 2 and 3, and S[—6]° in

T =
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homological degrees 3 and 4. We believe that this is the first example of a series;
see the questions below.

Question 2.9. Let fi,..., f, be generic forms of degree d. Do k[z1,...,x,]/(f1,
o fe) and klzy, .. 2]/ (@ 2l faia, ..., fr) have the same Betti numbers?

Question 2.10. Does k[z,y, z,u]/(z%, y%, 24 ul, (x +y + 2 + u)?) have minimal
Betti numbers if d # 47

Question 2.11. Let R = k[x1,z2, 23, 24]/(f1,..., f3), [i generic of degree d > 3,
and let T = k[zy, 9, 23, 74)/ (24, 23, 28, 24, (21 + 20 +23)%, (71 + 22 +74)%, (21 +23+
24)?%, (xo+x3+24)?). Is it true that R and T have Hilbert series as in C’onjecture
R has minimal Betti numbers, and T has ghost terms S[—(2d —1)]3 in homological
degrees 2 and 3, and S[—2d)™*3 in homological degrees 8 and 4? (This is true for
d<8.)

Question 2.12. Let R = k[z1,x2, x5, 24]/(f1, .., fs), [i generic of degree d > 2,
and let T = k[x1,xo, 23, 4] /I, where I is generated by the 8 forms (1 +xo a3+
x4)? IsT(2) — R(2) = (g)zz(dfl) ?

2.2. Connections to the Lefschetz properties. A graded algebra A has the

maximal rank property (MRP) if for any d, the map A; L} A;+4 has maximal rank,
i.e., is injective or surjective for all ¢, if f is a generic form of degree d.
The following lemma is easily proved.

Lemma 5 ([I2, Lemma 4]).

r r+1
(1 =z ] = 2%/ =20+ = (T = 2%/ = 2)")+.
i=1 1=1

This gives the following equivalent formulation of Conjecture [I]

Conjecture 3. If f1,..., fr are generic forms, then kl[z1,...,z,])/(f1,..., fr) has
the MRP.

An algebra A has the weak Lefschetz property (WLP) if the multiplication

A; lﬁ A;+1 has maximal rank for all 7 if [ is a generic linear form, and it has the
d

strong Lefschetz property (SLP) if A; N A;+4 has maximal rank for all ¢ and d if I

is a generic linear form. If A has the SLP, then A has the MRP by semicontinuity,

and if A has the MRP, then A has the WLP (set d = 1).
The following is proved by Migliore, Miré-Roig, and Nagel in [26].

Theorem 6. If Conjecture |1] is true for all ideals generated by generic forms in
n variables, then all ideals generated by generic forms in n + 1 variables have the
WLP.

It is proved in [35] that monomial complete intersections has the SLP, thus the
MRP. Hence k[x,y,2]/(z%,y%, 2% f), where f is generic of degree d4, has the
Hilbert series from Conjecture [I] so the conjecture is proved for r = n + 1.
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One might hope that powers of generic linear forms are sufficiently generic to
prove Conjecture [1} This is not true. There is a conjecture due to Iarrobino [21]
on when this is true (see [9]).

Conjecture 4. Let fi1,..., fr be generic forms of degree d and let l,...,l,. be
generic linear forms. For all (d,n,r) except 1 = n+ 2,7 = n+ 3,(n,r) =
(3,7),(3,8),(4,9), (5,14), the algebras k[zy,...,z,]/(1¢,...,1%) and k[zy,...,z,]/
(f1,-.-, fr) have the same Hilbert series.

Some, but not all, counterexamples can be explained by the relation between
ideals generated by powers of linear forms and ideals of fat points via apolarity
using the famous list of counterexamples by Alexander and Hirschowitz to the
expected Hilbert series of 2-fat points [I]. Using [I], Alessandro Oneto (private
communication) has proved that the only cases when d-th powers of linear forms
have unexpected linear syzygies are when (d,n,r) = (2,5,7), (3,3,5), (3,5,7),
(3,4,9), (3,5,14).

Question 2.13. Do d-th powers of generic linear forms have the same Hilbert
series as the same number of generic forms of degree d if d > 09

Question 2.14. In connection to Conjecture 4, can one at least prove that for
fized n there are only finitely many d for which the series are different? If d is
fized, are there finitely many n for which the series are different?

Question 2.15. Let f; be generic forms of degree d; and let l; be generic linear

forms. Doklxy,...,x,) /(% .. 1% forry ooy frps) and k[z1, ... 20])/(fis oo fras)
have the same Hilbert series if s < n? This is conjectured in [27]. Notice the rela-

tionship with Question |2.1|

Question 2.16. Consider the 2"~ linear formsly,...,lon—1 in k[z1, ..., 7] which
are the sum of an odd number of variables. Does k[z1,...,x,]/(¢,... 1%, 1) have
the same Hilbert series as klxy,...,x,)/I, I generated by 2"~ ' generic forms of

degree d if n < 69 It is true for n <4, false forn =17.

2.3. Grobner bases. A monomial ideal I is called almost degrevlex if m € I
implies that m’ € I for all monomials m’ larger than m in degrevlex with degm’ =
degm. The following conjecture is given by Moreno-Socias in [27].

Conjecture 5. The initial monomial in degrevlex order of an ideal generated by
generic forms is almost degreviez.

It is proved in [30] that Conjecture [5|implies Conjecture |1} It is also shown in
[30] that the following conjecture is equivalent to Conjecture

Conjecture 6. If I = (f1,..., fn) is generated by generic elements in k[xy,. .., T,],
then multiplication with x,—; on k[z1,...,x,)/(gin(I), Tp, Tn-1,...,Tn_it1) has
mazximal rank for i1 =0,...,n— 1.

2.4. Fewnomials. Monomial and binomial ideals are far from being general enough,
but they are easy to work with.
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Question 2.17. For which r are there monomials my,...,m, of degree d making
the algebra klzq,...,x,]/(m1, ..., m,) satisfy Conjecture ?

Question 2.18. Given di,...,d,, which is the minimal Hilbert series of
klx1,...,xn]/(m1,...,m,), each m; a monomial of degree d;?

Question 2.19. What is the answer if we replace monomials by binomials in
Questions and[2.18? A miz between binomials and monomials? Does it, for
each r, exist a binary ideal such that the Hochster—Laksov result holds?

3. THE TENSOR ALGEBRA

We will denote the tensor algebra over an n-dimensional k-vector space with
k(x1,...,2,) and a two-sided ideal generated by fi,..., f, with (f1,...,f.). It
is shown by Govorov [16] that if the f;’s are monomials, then the Hilbert series
k{xi,...,2n)/(f1,-.., fr) is a rational function, and he conjectured [I7] that the
same is true if the f;’s are homogeneous. This was shown to be false by Shearer
in [34]. It is shown in [I4] that even if the number of generators and the number of
relations and their degrees are fixed, there is in general an infinite number of Hilbert
series, and that there is no open set, even in the usual Euclidean sense with k£ = R,
in the space of coefficients for which the Hilbert series is constant. The smallest
counterexample we know of is for three relations of degree 2 in k(z1, 2,23, 24).
It is shown in [T4] that R(x1, 2o, o3, 24) /(2122 — X123, Tox3 — T3T2 — T3/q, T2x4),
where ¢ € N, has series (1 —4z+ 322 — 2973)~1 and that R(xy, x9, 23, 24) /(2122 —
T1T3,T2T3 — T3T2,Toxy) has series (1 — 4z + 322)7L. Tt follows that the set of
algebras with three relations of degree two with series (1 — 4z + 322)~! is dense,
but not open in R*®, and that there are infinitely many series with three relations
of degree two in four variables.

The remaining part of this section is taken from two papers by Anick, [2] and [3].
We restrict to the case when deg(x;) = 1 for all 4. In Anick’s papers also deg(x;) > 1
is treated. For two power series A(z) = > ;o a;2" and B(z) = > 2 b;z" Anick
defines A(z) <jex B(z) if for some n we have a; = b; if i < n and a, < b,. It
is shown in [3] that for fixed n,d,...,d, the set S of Hilbert series of algebras
E(xi,...,xn)/(f1,-- -, fr), deg(fi) = d; is well ordered. Then inf(S) is called the
generic series, and an algebra with generic series is called generic. It is not clear that
a generic algebra exists, and, if it does, it may very well depend on the field k. If the
field is very large (e.g. contains the algebraic closure of an infinite transcendental
extension of its prime field) it is shown that generic algebras do exist.

If R = k{x1,...,2,)/I is a graded quotient and f € Ry, then coefficientwise
R/(f)(z) > R(2)(1 + 2¢R(2))~. If there is equality f is called strongly free
(or inert) [2). This gives that if fi1,...,f, are elements in k(xi,...,z,), fi €
k{x1,...,2Zn)q,, then the inequality

k(re,. o an) /(fryeo i) (2) 2 (L =mz 2 4 29) 7

holds coefficientwise, and if the Hilbert series equals (1 — nz + 2% 4 -+ 4 z4r) 71,
{f1,..., fr} is called a strongly free set. (This is shown to be equivalent to
k(x1,...,2n)/(f1,-.., fr) being of global dimension < 2.) If one is able to find
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an algebra k(x1,...,2n)/(f1,-.., [r), deg(fi;) = d; with Hilbert series ((1 — nz +
2z 4 ... 4 z%)71), | this algebra is generic. The concept of strongly free is the
counterpart to regular sequences in the commutative case. It is tempting to con-
jecture that for any set of forms g¢1,...,g, with g; € k{z1,...,2,)4,, we have
k1, .ooszn) /(915 90)(2) > (1—nz+2% +- - +29)71) , and that there is some
set {g1,. .., g} which gives equality. The inequality is proved in [3]. There it is also
shown that if deg(g1) = 2, deg(g2) = d > 7, there is no algebra k{x1,x2)/(g1,92)
with series ((1—2z+ 224 2%)71),, so the second part of the statement is not true.
However, the only known examples for when the series for k(x1,...,zn)/(f1, -,
fr) does not equal that for (1 —nz+z% +---+24 )~ is when k(z1,...,2,)/(f1,
.., fr) is artinian. When k(z1,...,2,)/(f1,..., fr) is not artinian, Anick indicates
that one should expect the series to be equal to (1 — nz + 2% ... 4 z4r)71,
In case deg(f;) = 2 for all i, one can say a bit more. If r < n?/4 there are strongly
free sets, so in this case the generic series is (1 — nz + r22)~! [3, Lemma 5.10]. If
r > n?/2 there exists an algebra with series ((1 —nz +rz?)71),.

We conclude this section with some open problems. The first two concern forms
of degree 2, while the last two are of more general nature. Also cf. [3].

Question 3.1. Consider r generic forms of degree 2. Is the generic series equal
to (1/(1 —nz +1rz?))y also if n?/4 <r <n?/27

Question 3.2. Consider again r generic forms of degree 2. For which r is the
generic algebra artinian?

Question 3.3. Let f1,...,fr be generic forms of degrees dy,...,d, and suppose
that the algebra k(x1,...,xn)/(f1,-., fr) is artinian. Can one give a better lower
bound for the series than ((1 —nz + 2% + ... 4 z9)~1), 2

Question 3.4. Let f1,..., f. be generic forms of degrees di,...,d.. Is the se-
ries for the algebra k{x1,...,x,)/(f1,.-., [r) equal in the first nontrivial degree
min{d;} + 1 to the series (1 —nz+ 2% + .- +29)71) 2 A positive answer would
be the tensor algebra analogue to the Hochster—Laksov result.

4. LIE ALGEBRAS

We consider N-graded Lie algebras. The Jacobi identity is [[a, ], ¢] = [a, [b, ¢]] +
[[a, c],b]. To get quotients of associative algebras we study the universal enveloping
algebra of Lie algebras. Thus we study rings of type T(V)/I, where I is gener-
ated by Lie elements, i.e., images of elements in the Lie algebra. We know that
(1 =nz+ >, 2%)71);, where n is the number of generators and we have r
relations of degree di,...,d,, is a lower bound for the Hilbert series. Anick [3]
gives an example, k{x,y)/(f1, f2), where deg(f1) = 3, deg(f2) = 8. (f1 can after
a change of basis be chosen as [z, [z,y]] = [#2,%].) He shows that the series is not
the expected (1 — 2z + 2% + 28)7!. He also shows [2] that if all relations are of
degree two, so they are linear combinations of commutators of variables, then there
are strongly free sets of Lie elements of size r if » < n?/4, so the Hilbert series is
(1 —nz+rz?)~1 [3 Lemma 5.10].
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Example If r < n —1, we can get the expected Hilbert series by choosing commu-
tators. If I = ([x1,x2], [x1, 23], ..., [x1,24s]), then k(x1,...,2,)/] has the expected
series (1 —nz + (n — 1)2%)~! as a simple calculation shows.

Question 4.1. Is the generic series for r generic Lie elements of degree 2 in n
variables equal to (1 —nz +1rz?)~1) 2

Question 4.2. How many generic Lie elements of degree d are required for L to
be nilpotent?

5. EXTERIOR ALGEBRAS

Let V be a k-vector space of dimension n and denote by A(V') the exterior algebra
on n generators, that is, A(V) = k(z1,...,2n)/(viz; + xj2i,1 < j < n,aii =
1,...,n). In the same way as for commutative algebras, one can show that there is
a coefficientwise minimal series which is achieved on a non-empty Zariski open set
of the coefficients, and that we have the corresponding inequality for the Hilbert
series. Thus, if I is an ideal generated by generic forms f;, deg(f;) =d;, i =1,...,7,
then A(V)/I(t) is coefficientwise smaller or equal to ([T/_;(1 — 2%)(1 +2)")4+. A
first guess could be that if I is an ideal generated by generic forms, then AV/I(z) =
klz1,...,2z0]/((23,...,22) + J)(z), where J has “the same” generators as I. It is
true for a principal ideal generated by an element of even degree [28], so if f is a
generic element of even degree d, then the Hilbert series is ((1—29)(142)"),. But
since f C Annf when f is odd, the guess is not true even for principal ideals.

In [22], the series for A(V)/(f) is determined for d odd and equal to n — 2 (the
expected series + " 1) and n — 3 (the expected series) and for (9, 3) (the expected
series + 3t%). A lower bound for the series for any d is also given, providing a
counterexample to Conjecture 6.1 in [28].

When the ideal is generated by two generic quadratic forms, it was noticed in
[15] that for n = 5, the Hilbert series differs from the expected series by one in
degree three. The following conjecture, providing a combinatorial description of
the series, is given in [10].

Conjecture 7. Let f and g be generic quadratic forms. Then the Hilbert series of
AV)/(f,g) is equal to 1+a(n, )t+a(n,2)t>+---+a(n,s)t*+- -, where a(n, s) is
the number of lattice paths inside the rectangle (n+2—2s) x (n+2) from the bottom
left corner to the top right corner with moves of two types: (z,y) — (x + 1,y + 1)
or (x —1,y+1).

It is proved in [I0], using the theory of matrix pencils, that the series in Con-
jecture [7]is an upper bound for A(V)/(f,g).

Question 5.1. Let Iy and ls be generic linear forms in k[z1,...,x,]). Does the
Hilbert series of k[z1,...,x,]/(x3,...,22,13,13) equal that for A(V)/(f,9), f and
g generic quadratic forms? This is conjectured in [10]. The corresponding question
for three generic linear forms is not true.

Question 5.2. The Hochster—Laksov result does not hold in the exterior algebra
when n =25, dy = dy = 2, as shown in [15]. Is this the only counterezample?
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Question 5.3. Consider a supercommutative algebra, generated by even and odd
elements. In this setting the usual commutative algebra is a superalgebra with even
generators, while the exterior algebra is a superalgebra with odd generators. Given a
degree sequence (dy, . ..,d,), what is the minimal Hilbert series that such an algebra
can have? If at most half of the elements are odd?

6. BIGRADED ALGEBRAS

The coordinate ring of P™ x P" is R = k[0, .-, Tm, Y0, - - - , Yn), where degz; =
(1,0) and degy; = (0,1). We propose the problem to determine the Hilbert se-
ries of generic (bigraded) ideals in R. Suppose that the ideal is generated by
fis--oy fry deg fi = (di, e;). A natural guess is that the bigraded Hilbert series of
R/(fla"'afr) is

(T = 2%y=) /(1 = 2)%(1 = 9)2)+

i=1
where (32, i~ a; ;'Y )4 = > b jx'y’, where b; ; = a; ; if ag; > 0 for all (k1) <
(1,7) and b; ; = 0 otherwise. The guess is not true in general; the first counterex-
ample that we have found is for three relations of degree (2,1) in the coordinate
ring of P! x P2. But we conjecture that it is true when m =n = 1.

Conjecture 8. If f1,..., f. are generic bigraded forms, deg f; = (d;,e;), in R =
klzo, x1,y0,y1), then the Hilbert series of R/(f1,...,[fr) is equal to ([T;_,(1 —

zhiy) /(1= 2)*(1 = 9)*)))+-

We have checked the conjecture on computer in case all relations are of the
same degree (d,e) < (3,3) and in case all degrees are of the form (d;,e;) with
d; + e; = 3, and the corresponding claim in a few examples in the coordinate ring
of P! x Pt x P!,

We conclude with some open questions.

Question 6.1. If f1,..., f, are generic multigraded forms in the coordinate ring
R of P x --- x P! = (PY", degf; = (du,...,dn:), is the Hilbert series of
R/(fla"'vfr)

([T —at i)/ T = 20)?)?

i=1 i=1
Question 6.2. What is the Hilbert series of an ideal generated by generic bigraded
forms in the coordinate ring of P™ x P™?

7. POSITIVE CHARACTERISTIC

Conjecture [1]is true for any field when n < 2, [12]. When n = 3, it is true when
k is infinite [4]. The Hochster—Laksov result [19], that Conjecture [1]is correct up
to the first non-trivial degree, is not dependent upon the characteristics, but on
the field being algebraically closed.

We believe that Conjecture[T]is true for any field. However, some of the questions
that we have posed in the previous sections have a negative answer.
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Let us for instance consider Question 2.I] Let 7 = n + 1 and consider uniform
degrees of the generators. It is well known that the Hilbert function of a CI with
forms of degree d is symmetric around n(d—1)/2. Now consider characteristic p > d.
Then fP) - frp1 = ffhy = 0in kfar, ..., 20)/(2f, ... o), so if (dP~' +dP)/2 <
n(d — 1)/2, the series is not the one given in Conjecture [l For p = d = 2, this
happens when n > 6.

Question 7.1. Does the Hochster—Laksov result hold when k is finite?
Question 7.2. Is Conjecture[]] true when n =3 and k is finite?

Question 7.3. Stanley used an explicit choice of forms when proving Conjecture[]]
for r = n+ 1. As we have seen above, this choice does mot work in positive
characteristic. Can one give a construction valid also for positive characteristic?
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