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LIE n-MULTIPLICATIVE MAPPINGS ON TRIANGULAR
n-MATRIX RINGS

BRUNO L. M. FERREIRA AND HENRIQUE GUZZO JR.

ABSTRACT. We extend to triangular n-matrix rings and Lie n-multiplicative
maps a result about Lie multiplicative maps on triangular algebras due to
Xiaofei Qi and Jinchuan Hou.

1. INTRODUCTION

Let R be an associative ring and [z1, 23] = x129 — 2921 denote the usual Lie
product of x; and z5. Let us define the following sequence of polynomials: p;(x) =
x and pp (21,22, ..., Tpn) = [Pa_1(21, T2, ..., Tn_1), z,] for all integers n > 2. Thus,
po(x1,m2) = [21, 23], p3(x1, T2, 23) = [[21,22], 23], etc. Let n > 2 be an integer.
Assume that & is any ring. A map ¢ : R — & is called a Lie n-multiplicative
mapping if

Sp(pn(mla L2+ 73:%)) = pn(tp(ﬂm), QO(ZCQ), R 4,0(33”)) (1)
In particular, if n = 2, ¢ will be called a Lie multiplicative mapping. And, if n = 3,
o will be called a Lie triple multiplicative mapping.

The study on the question of when a particular application between two rings is
additive has become an area of great interest in the theory of rings. One of the first
results ever recorded was given by Martindale III, which in his condition requires
that the ring possess idempotents, see [4]. Xiaofei Qi and Jinchuan Hou [6] also
considered this question in the context of triangular algebras. They proved the
following theorem.

Theorem 1.1 (Xiaofei Qi and Jinchuan Hou [0]). Let A and B be unital algebras
over a commutative ring R, and let M be a (A, B)-bimodule, which is faithful as a
left A-module and also as a right B-module. LetU = Tri(A, M, B) be the triangular
algebra and V any algebra over R. Assume that ® : U — V is a Lie multiplicative
isomorphism, that is, ® satisfies

(ST —TS)=0(S)®(T) —(T)d(S) VS, T eU.
Then (S +T) = @®(S) + @(T) + Zs,r for all S,T € U, where Zg is an element
in the centre Z(V) of V depending on S and T.
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This motivated us to discuss the additivity of Lie n-multiplicative mappings on
another kind of rings: triangular n-matrix rings. In this paper, we give a full answer
to this question, where Xiaofei Qi and Jinchuan Hou’s result is a consequence of
our case.

2. MOTIVATION AND DEFINITIONS

For any unital ring R, let Mod(R) denote the category of unitary SR-modules,
i.e., satisfying 1m = m for all elements m. This category is important in many
areas of mathematics such as ring theory, representation theory, and homological
algebra. The purpose of this paper is to work with a more general category, that
is, Mod(fR) where R does not have identity element. In this paper R denotes the
unital ring SR x Z. Define operations on R by

(r,A) + (L) == (r+t, X+ p),
(ry ) - (t, ) := (rt + Mt + pr, Ap).

Then R is a ring with (O, 1) := 15 as multiplicative identity. If M is a non unitary
PR-module, define a right $i-module operation by

(r, \)m :=rm+ Am
and a left -module operation by
m(r,\) :=mr + Am,

where the action Z on M is the usual of M as a Z-module. A module over R is
the same thing as a unitary SR-module.

The following definition is a generalization of the definition that arises in the
work of W. S. Cheung [I]. This definition appears in Ferreira’s paper [3].

Definition 2.1. Let Rq,MR,,..., R, be rings and M;; (R;, R;)-bimodules with
My =R, forall 1 <4 < j < n. Let i1 : My O, M, — My be (R, Ri)-
bimodules hOHlOIIlOI‘phiSHlS with Piij - %1 ®g§t mij — E)ﬁij and Pijg * Qﬁij ®g§J
R; — M, the canonical multiplication maps for all 1 < ¢ < j < k < n. Write
ab = g;ji(a® b) for a € M;;, b € M. We consider
(i) 9M;; is faithful as a left R;-module and faithful as a right 9% ;-module i < j.
(ii) if m;; € Sﬁij is such that Eﬁimij%j =0 then m;; = 07 <j.
Let

i1 Mmiz ... Mip
T22 oo Mop
T = . . 1T € Ry (Z Dﬁu), mi; Emij
(1<i<j<n)
Tnn

nxn

be the set of all n x n matrices [m;] with the (¢, j)-entry m;; € M;; for all 1 <
i < 7 < n. Observe that, with the obvious matrix operations of addition and
multiplication, ¥ is a ring iff a(bc) = (ab)c for all a € Mk, b € My and ¢ € My;
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forall1 <i<k<Il<j<n. When ¥ is a ring, it is called a triangular n-matriz
ring.

Note that if n = 2 we have the triangular matrix ring. As in [3] we denote by

r1 0 ... O
722 e 0
69?:1 r;; the element . ' in <.
TTL?’L

Set T;; = {(mkt) FMEr = {07 ’ if (k,t) # (i,5)°

T = @Di<icj<n Tij- Henceforth the element a;; belongs to T;; and the corre-

7 < j}. Then we can write

sponding elements are in Ry, ..., R, or M;;. By a direct calculation a;;a; = 0 if
Jj # k. Also as in [3] we define natural projections m,, : ¥ — R; (1 < i < n) by
T11 mi2 e min
T22 e mMaon
— T
rnn

Definition 2.2. Let R, & be rings; we shall say that the Lie n-multiplicative
mapping ¢ : R — & is almost additive if there exist S4 p in the centre Z(&) of &
depending on A and B such that

P(A+ B) = (A) +¢(B) + S5a.8
for all A,B € fR.

The proposition below appears in [3]; it is a generalization of Proposition 3 of
[1] and will be very useful.

Proposition 2.1. Let T be a triangular n-matriz ring. The center of ¥ is

3(5) = {@ Tii | TiMG5 = M7 55 fOT all mi; € gﬁij, 1< ]} .
i=1

Furthermore, 3(%)u =
phism 7} from mx, (3(T
m;; € mij.

7, (3(F)) C 3(Ri), and there exists a unique ring isomor-
) to mx, (3(%)) i # j such that rymi; = mi;T) (ri;) for all

?

Remark 2.1. Throughout this paper we shall make some identifications. For
example: let 7 € Ry and my; € M;;; then

o o0 ... ... 0 ... 0

0 0 --- 0

Tk = ree 0 -+ 0
0 --- 0

0
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and
0 0 .. 0 0
0 My 0
m;; = :
0 --- 0
0

where i,5,k € {1,2,...,n}.

In addition we have the following identifications:

Let R = R x Z be a unital ring. If 7 € R then r = (r,0). And o X Id : R X Z —
G x Z with (¢ x Id)(r,\) = (¢(r), Id(\)) = (¢(r), A), where Id is the identity map
on Z. By a straightforward calculus it is shown that ¢ x Id is a Lie n-multiplicative
mapping. Sometimes we shall do ¢ x Id = ¢.

3. A KEY LEMMA
The following results are generalizations of those that appear in [6].

Lemma 3.1 (Standard lemma). Let A, B,C € R and p(C) = ¢(A)+¢(B). Then
for any Ty, Ty, ..., Th—1 € R, we have

e(Pn(C,T1, T3, ..., T-1)) = ¢(pn(A, 11, T, - .. Tim1))
+opn(B, T, To, ..., Th_1)).
Proof. Using we have
o(pn(C,T1, Ty, ..., Tr1))

pn(<ﬂ(0)7%0( ) (TQ)a"'aQO(Tn—l))
n(P(A) + o(B), o(Th), p(T2), - - -, o(Tn-1))
)

Il
S

=pn(p(A), p(T1), (T2), ..., o(Th-1))

+ pn(@(B), ¢(T1), (Tz) > 9(Tn-1))

= p(pn(A, Ty, To, . ... ,Tn—1))

+ @(pn(B, Ty, T, ..., Tr_1)). O

Note that if

e(pn(A, T, T3, ..., To1)) + @(pn (B, 11, T, .., Ti1))
= o(pn(A,T1,Toy ..., To1) + pu(B, 11, 1o, ..., Tr1)),
then by the injectivity of ¢ we get
pn(C, 11, Toy .., Tho1) = pu(A T, To, oo, Thet) + po(B, Th, Ty .o, T 1)
Lemma 3.2. Let Ry, Ra, ..., R, be rings and M;; (R, R,)-bimodules as in Defini-
tion[2.1] Let T be the triangular n-matriz ring. If po(A,T) C Z(T) then A € Z(%)

for each A € T. Moreover, if p,(A,%,..., %) C Z(%) then A € Z(T) for each
Ae®.
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Proof. Let A = @ a;; such that pa(A,T) C Z(F). Thus p2(A4,R;) C Z(T)
1<i<j<n
for k=1,...,n—1, and it follows that

pa(A, Ry) = P pa(am, R) + D pa(ar;, R) + p2(ark, Re),
i J

because

o If i < j, k#iand k # j then pa(a;;, Ry) = 0;

o If i = j and k # i then ps(a;;, Ri) = 0.
As pa(A,Ri) C Z(%) we have pa(A,Ry) = po(akk,Rg) for k =1,...,n—1 by
Proposition Consequently, pa(A4, Rk)my; = 0 for k < j. Since My, is faithful
as a left Mi-module, we see that pa(A4,MRy) =0 for k =1,...,n — 1. In the case
k = n we use an analogous argument and we obtain m;,p2(A, R,,) = 0. And since
M, is faithful as a right R,-module, it follows that ps(A,R,) = 0.

Now note that pg(A,mij) = pg(Aii,i)ﬁij) =+ pg(Ajj,imij) and as pg(A,Smij) Q

Z(%) we get p2(A,M;;) = 0 for ¢ < j. Therefore pa(A,T) = 0, that is, A €
Z(%). O

4. MAIN RESULTS

Let’s state our main result in this section, which is a generalization of Theo-
rem 2.1 in [6].
Theorem 4.1. Let ¥ be the triangular n-matriz ring and & any ring. Consider
@ : T — & a bijection Lie n-multiplicative mapping satisfying

(i) ¢(Z2(%)) C Z2(86).
Then
P(A+ B) = ¢(A) +¢(B) + S5a.8

for all A, B € X, where Sg p is an element in the centre Z(S) of & depending on
A and B.

To prove Theorem [£.I] we introduce a set of lemmas, almost all of which are
generalizations of claims in [6]. We begin with the following lemma.

Lemma 4.1. ¢(0) = 0.

Proof. Indeed, ¢(0) = ¢(pu(0,0,...,0)) = pn(p(0),(0),...,¢(0)) = [ [[¢(0),
©(0)],¢(0)],...]=0. O

Lemma 4.2. For any A € ¥ and any Z € Z(%), there exists S € Z(&) such that
V(A+Z)=9p(A)+S.

Proof. Note that ¢! is also a bijection Lie n-multiplicative map. Let A € ¥,
7' € Z(T) and Ty,..., T, € T. As ¢~ ! is surjective we have p=1(S’') = A and
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¢ 1(S) = Z'. Now as ¢(Z(%)) C Z(6) by condition (i) of Theorem [4.1] we have
ePn(0 (S +8), Io,..., T)) = pu(S" + S, 0(T2), .., 0(T1))
= (S, o(T2), - .., o(Tn))
= @(pn(@_l(sl)aTQ, 1)
Thus, p, (¢~ (S +8S) —p 1(S"), Ty, ..., T,) = 0, and it follows that = 1(S"+5) —
e 18" € Z(%) by Lemma Therefore p(A+ Z) = p(A) + S. O

Lemma 4.3. For any ap, € R, ai € RNy, aj; € Ry and my; € My;, © < 7, there
exist S, 51,52 € Z(6) such that

o olar, + P miy) = plar) + (@@ miy) + 5

i<j i<j

o o(ai +mij) = p(ai) + p(mi;) + S1;

o p(ajj +mi;) = plaj;) + e(mi;) + Sa.
Proof. We shall only prove the first item because the demonstrations of the others
are similar. It is important to note that if ¢ is Lie 2-multiplicative mapping (i.e.,
Lie multiplicative mapping), then ¢ is also Lie n-multiplicative mapping for any
n > 3. Therefore, the following proof is valid for all n > 2. As ¢ is surjective, there

is an element H = @ hij € T such that
1<i<j<n

o(H) = plark) + (@D miy)-
i<j
Let bj; € Ry, j # k and T, ..., T, € T; by Lemma [3.1] we have
@(pn(H, bjjvT3a s aTn)) = W(pn(akkv bjj7T3a cee aTn))
+ ‘P(pn(@ Mg, bjja T, ... 7Tn))
i<j
(p’ﬂ(mlj7 j]7T37 e 7Tn))
It follows that p,,(H —m;;,b;;,Ts,...,T,) € Z(%) and by Lemmanwe get po(H —
m;j,b;5) € Z(%), thus pa(hjj;,b5;) € Z(%). Therefore @pg ij — Mij, bj;) = 0,
i<j
that is (hs; —mi;)bj; = 0 for all b;; € ), and by condition (ii) of Definition [2.1| we
get h;; = m;;. Now consider by; € 9My;; by standard Lemma we have
(p(pn(H, bkrj7T37 e 7Tn)) = @(pn(a'kka bkjaT?); e aTn))
+ @(pn(@ Mijy bij, Tay -, Th))
i<j
= p(Pn(ark, brj, T3, - -, Tn)) + ¢(0)
= Lp(pn(akkv bkjaTSa cee aTn))

It follows that p,(H — ak, brj, Ts, - .., T,) = 0 and by Lemma [3.2] we have py(H —
akk, br;) € Z(%). Thus by Proposition we get po(H — agg,br;) = 0, which
implies that (hgr —awk)br; = brjh;; for all by; € My;. Therefore by Proposition
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we obtain @ hy + (hkk — agr + hj;) € Z(%). And finally by Lemma we
1#{k,j}

verify that the lemma is valid. O
Lemma 4.4. For any m;j, s;; € M;; with i < j, we have @(my; + s;5) = @(mi;) +
P(si5)-

Proof. Firstly we note that for any m;;,s;; € M;;, ¢ < j, the following identity is
valid:

mij + 8ij = Pu(Ir, + 85, Lo, + Mg, 1oy, .o Iw;)-

Indeed, due to Remarkwe get mij + si; = pa(lm, + sij, L, +my;). It follows
that mg; + sij = pn(1:, + sij, I, +mij, I, - -, Isz;). Finally by Lemma we
have

o(mij + sij) = e(pn (1o, + 855, Loy, + Mg, Loy, -, 1ow,)
= pn(p(lor, + s55), (1o, +mij), oIy, ), - -5 p(1mm,)
= pn(p(lor,) + @(sij) + S1,0(1,) + @(mij) + Sa, 0(1sr, ), - -+, (1))
= pu(p(ln,) +o(si5), (Is;) + @(miz), (1, ), - -, ©(1n;))
= pulp(1n,), (1x,), p(1x;), - p(1x, )
+ pnlp(ln,), (mm) ‘P(lfﬁj)w”»@(lmj))

(so(
+ Pulp(sij); p(Im,), o(1x, ), - - - (1))
+ pnlp(sij), p(mij), (1% ), --~790(1£R )
= oPn(lo;; 1oz, 1oy 5 -y 1owy)) + @(pn (s, a5, Ly -5 1)
+ @(Pn(sij 19%]-,1%]-7 o 19%])) +o(n(sigsmigs 1o 1oy;))
= (Pl mij, I, .-, 1)) + @(Pn (835, I, Iry, -5 1yy)
= ¢(0) + @(mij) + ¢(si;) + ¢(0)
= p(mi;) + ¢(si5)-
O
Lemma 4.5. For any a;;,by; € Ry, i = 1,2,...,n, there exists S; € Z(6) such
that w(ai; + bi;) = @(ai;) + @(bi) + Si.
Proof. As ¢ is surjective, there is an element H = @ h;; € T such that
1<i<j<n
o(H) = v(aii) + p(bii).
Let ¢k € Ry, k #iand T3,...,T, € T; by Lemmawe have
o(pn(H, ki, Tay ..., 1)) = ©(pn(aii, crr, Ty -« -, 1))
+ ©(pn(biiy ik, T3y - -y Tn))
=¢(0) +¢(0) =0

It follows that p,, (H, cxg, I3, ..., Tn) € Z(T) and by Lemmawe get po(H, cpr) €
Z(%), thus pa(hik,crr) € Z(%). Therefore by condition (i) of Definition we
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have hgr € Z(Ry). Moreover, @pg(hij,Ckk) = 0, that is, hjrcir = 0 for all
i<j

ckr € Ry and by condition (ii) of Definition we get hj, = 0. Now consider

cij € My, and rj; € R;; by standard Lemma @ and Lemma@ we have

opn(H,cijy g5 -5 755)) = @(Pnlaii, cijy Tjjs - - -5 755))
+ 0P (biis €ijy Tjjo - - -, 755))
= @(pn(aii + biiy Cijy Tjjs - -5 755))-
It follows that pn(H — (aii + bii), CijyTjjye-- ,’I"jj) =0 and by (ii) of Definition
we get (h” — (aii + bii))cij = Cij hjj for all Cij S m” Therefore by PI"OpOSitiOH
we obtain @ hi + hi; — (@i + bii) + hy; € Z(%). And finally by Lemma {4.2| we
1#{4,5}
see that the Lemma is valid. O

Lemma 4.6. For any T € ¥ with T = EB T;j, there exists S € Z(&) such
1<i<j<n
that o(T) = @B @(Ti;) + 5.

1<i<j<n

Proof. As ¢ is surjective, there is an element H = @ H;; € T such that
1<i<j<n

p(H) = @@(Ttt) + @ o(Tij).
t=1

1<i<j<n
Let cxi € Ry, k= 1,2,...,n; by Lemma [3.1] we have
©(pn(H, crks ks - - Ckk)) = (Pn(Thks Ches Chies - - - > Chk))

k—1

+ Z (P (Tiks Chks Crikes - - -, Criks))
=1
n

+ Y oon(Thjs chis s - - Cric))-
j=kt1

Now let ¢ € R, with [ € {1,...,k — 1}; again by Lemmawe get

O(Pr (P (H, Ciks, Cikey - - > Clke ) ClL Cily - -, CL1))

= ©(Pn (Pn(Tik, Chi Chks - - -+ Chk )5 ClL> Clls - - -5 C11))-
Since ¢ is injective we have
P (Dn(H, Cies Cies - - -5 Cik ), Clls Clls - - - Cl1)
= pn(pn(lea Ckka Ck‘ka MR ] Ck‘k)a Clla Clla ce 7Cll)'

It follows that pp(pn(H — Tik, Ckk, Ckks - - - » Ckk)s Clts Clls - - -, i) = 0 and by (ii) of
Deﬁnitionwe obtain Hy, = Tj,. Again let cgq € Ry with g € {k+1,...,n}; by
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Lemma [3.1] we get

(P(pn(pn(H, Ckks Ckky - - - ,Ckk)v Cqq>Cqq> - -+ 7qu))
= Sp(pn(pn(qua Ckk, Ckks - - - »ckk)v Cqq>Cqqs - - - 7qu))~
Since ¢ is injective we have
pn(pn(Ha Ckk, Ckky - -« Ckk)ycqqycqqy B qu)
= pn(Pn(Tkkak,Ckka e ,Ckk)v CqqyCqqs - - - 7qu)~

It follows that py, (prn(H — Thq, Ckks Chiks - - - » Chik)s Cqq» Cqqs - - - » Cqq) = 0 and by (ii) of
Definition we obtain Hy, = Ty, Finally let ¢y € Ry and cge € My, k < t; by
Lemma [3.1] we have

Qﬁ(pn(H, Chkts Ctty - -+ Ctt))
= (p(pn(Tkka Clkt; Ctty -« - Ctt))

k—1
+ (P(pn<Ttt7 Ckts Ctty - -+ ctt)) + Z So(p’n(le:a Clkts Ctty - -y Ctt))
i=1
n
+ Z ©(Pn(Tijs Chts Cty - - - Crt))
j=t+1
= @(pn(Tkk, Cits Ctty - - s Ctt))
E—1

(]

+ 0P (Tit, Chty Cots - - -y Cee)) + O(Pn(Tiks Crts Cets - - - i) + (0)

1

pn(Ttta Ckty Ctty - - - 7Ctt))

—~ .

= @(pn(Tkka ChktyCtty- -y Ctt)) + %)
k—1

+ Z @ (Tik, Crts Crts - - -5 Ctt))-
i=1

Now let cixx € Ry; by Lemma [3.1] and Lemma [4.4] we obtain
<,0(pn(pn(H, Ckt) Ctts - - - Ctt)a Ckks Ckky - - - » Ckk))

= SD(Pn(Pn(Tkkau Ctty- -y Ctt)a Ckls Ckky - -+ Ckk))

+ @(On(Pn(Tits Chts Ctts - - - 5 Ctt)s Chiks Chies - - - > Chik))
k-1
+ Z P(Pn (P (Tik, Crts Ctts - - -, Ctt )5 Chike, Chks - - - 5 Chk))
=1
= ©(Pn(Pn(Tkk» Chts City - - - 5 Cit)s Chks Chks - - - 5 Cik)
k-1
+ Pn (P (Tet, Chts Cets - - - 5 Ctt), Chiks Chies - - - Ckk)) + Z ©(0)
=1

= @(Pn(Pn Tkt + Tt Chts Ctty - - -, Ctt), Chikes Chiks - - - 5 Chik) )-

Since ¢ is injective we have

Pn(Pn(H — (T + Tit), Chts Cety - - - Ctt)s Chiks Chies - - - > Cike) = 0.
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By (ii) of Definition it follows that (Hgr — Tkk)cke = cre(Hy — Ty) for all

crt € My. Therefore @ H;; = @Tu + Z, where Z € Z(T). Now by Lemma
i=1 i=1
the result is true.

We are ready to prove our Theorem
Proof of Theorem |4.]] n Let A, B € T. By the previous lemmas we have

p(A+B)=9o( @ A;+ P B

1<1<]<n 1<i<j<n
= @(@(Akk + Bk) + @ (Asj + Bij))
k=1 1<i<j<n
= @@((Akk +Bu))+ P e((Ay+Biy) +Sh s
= 1<7J<j<n
*@@Akk +€B%03kk +€Bsm+ D eay)
1<i<j<n
+ @ By +Sus
1<z<g<n
@Akk + D v Sa
1<i<j<n
@Bkk‘i’ @ SB+@S9%+SAB
1<i<j<n k=1
= <p(A) +¢(B) + Sa.B,
where Su g = @Smk —S4—Sg+ 514,3» so the theorem is proved. O

k=1
5. FINAL REMARKS

Corollary 5.1. Let ¥ be the triangular n-matrix unital ring and & be a ring
satisfying the condition

If p2(s,6) C Z(6) then s € Z(6).
If o : T — 6 is a bijective Lie n-multiplicative mapping then ¢ is almost additive.

Proof. Indeed, let ¢ : T — & be a bijective Lie n-multiplicative mapping, T5, ..., T, €
T, and Z € Z(%); we have

Pu(p(2),#(T2), -+, p(Th)) = #(pn(Z, Ta, -, Tn)) = #(0) = 0.
Since T, ... T, are arbitrary and ¢ is surjective it follows that ¢(Z) € Z(&). O
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Proposition 5.1. For any prime ring R, the statement
If pa(r,R) C Z(R) then r € Z(R)
holds true.
Proof. See [5, Lemma 3]. O

Theorem 5.1. Let ¥ be a triangular n-matriz unital ring and & be a prime ring.
Then any bijective Lie n-multiplicative mapping from T onto & is almost additive.

Corollary 5.2 (Xiaofei Qi and Jinchuan Hou [6]). Let A and B be unital algebras
over a commutative ring R, and let M be a (A, B)-bimodule, which is faithful as a
left A-module and also as a right B-module. LetU = Tri(A, M, B) be the triangular
algebra and V any algebra over R. Assume that ® : U — V is a Lie multiplicative
isomorphism, that is, ® satisfies

O(ST — TS) = B(S)®(T) — B(T)B(S) VS, T € U.
Then ®(S+T) = ®(S) + @(T) + Zs,r for all S,T € U, where Zg is an element
in the centre Z(V) of V depending on S and T.

Proof. This is consequence of our Theorem [{.1] for n = 2. O

6. APPLICATION IN NEST ALGEBRAS

A nest N is a totally ordered set of closed subspaces of a Hilbert space H
such that {0} ,H € N, and N is closed under the taking of arbitrary intersections
and closed linear spans of its elements. The nest algebra associated to N is the
set T(N) ={T € B(H):TN C N for all N € N'}, where B(H) is the algebra of
bounded operators over a complex Hilbert space H.

We recall the standard result ([I, Proposition 16]) that says that we can view

T(N) as a triangular algebra (A ]\34) where A, B are themselves nest algebras.

Proposition 6.1. If N € N'\ {0, H} and E is the orthonormal projection onto
N, then ENE and (1 — E)N(1 — E) are nest, T(ENE) = ET(N)E, and T((1 -
EYN(1—-E))=(1—-E)T(N)(1—E). Furthermore,
~ (T(ENE) ETN)(1-FE)
T = ( T B )

We refer the reader to [2] for the general theory of nest algebras.

Corollary 6.1. Let P, be an increasing sequence of finite dimensional subspaces
such that their union is dense in H. Consider P = {{0},P,,n > 1,H} a nest and
T(P) the set consists of all operators which have a block upper triangular matriz
with respect to P. If a mapping ¢ : T(P) — T (P) satisfies

ep2([f, 91) = p2((f), (9))
for all f,g € T(P), then ¢ is almost additive.
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