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TOP LOCAL COHOMOLOGY MODULES OVER LOCAL RINGS
AND THE WEAK GOING-UP PROPERTY

ASGHAR FAROKHI AND ALIREZA NAZARI

Abstract. Let (R,m) be a Noetherian local ring and let R̂ denote the m-adic
completion of R. In this paper, we introduce the concept of the weak going-
up property for the extension R ⊆ R̂ and we give some characterizations of
this property. In particular, we show that this property is equivalent to the
strong form of the Lichtenbaum–Hartshorne Vanishing Theorem. Also, when
R satisfies the weak going-up property, we show that for a finitely generated
R-module M of dimension d, and ideals a and b of R, we have AttR(Hd

a(M)) =
AttR(Hd

b(M)) if and only if Hd
a(M) ∼= Hd

b(M), and we find a criterion for the
cofiniteness of Artinian top local cohomology modules.

1. Introduction

Throughout this paper, let (R,m) be a Noetherian local ring and let R̂ denote
the m-adic completion of R. For an R-module M , the m-adic completion of M is
denoted by M̂ and the i-th local cohomology module of M with respect to a is
defined as

Hi
a(M) = lim−−→

n≥1
ExtiR( R

an
,M).

For each Artinian R-module A, we denote by AttRA the set of all attached prime
ideals of A. Also, we denote {p ∈ SpecR : p ⊇ a} by V (a) and {p ∈ AssR(M) :
dim R

p = dimM} by AsshR(M). For any ideal a of R, the radical of a, denoted
by
√
a, is defined to be the set {x ∈ R : xn ∈ a for some n ∈ N}. Recall that

an R-module M is called a-cofinite if Supp(M) ⊆ V (a) and ExtiR(Ra ,M) is finitely
generated for all i ≥ 0. For any unexplained notation and terminology, we refer
the reader to [3] and [10].

The Lichtenbaum–Hartshorne Vanishing Theorem [3, Theorem 8.2.1] gives nec-
essary and sufficient conditions for the vanishing of certain top local cohomology
modules by means of some conditions on the completion of R. Recently, some
authors have tried to replace the conditions on R̂ by similar conditions on R. It is
of course impossible in general. However, if R̂ is integral over R or the extension
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R ⊆ R̂ satisfies the going-up theorem, then we can do this (see [1, 4, 12]). In this
article, we characterize local rings for which it is possible to check an analogous
condition on the ring itself. For this work, we introduce the concept of the weak
going-up property for R.

Definition 1.1. We say that R satisfies the weak going-up property if for each
β ∈ Spec(R̂) with dim R̂

β = dim R
β∩R , and each q ∈ Spec(R) with β ∩ R ⊆ q and

dim R
q = 1, there exists Q ∈ Spec(R̂) such that β ⊆ Q and Q ∩R = q.

It is easy to see that, if the extension R ⊆ R̂ satisfies the going-up theorem
(this holds, for instance, when R ⊆ R̂ is integral), then R has the weak going-up
property. By using a result of Charters and Loepp [6], we will show that the weak
going-up property is different from the going-up property (see Example 2.2). In
the main result of this paper, Theorem 2.4, we will show that the weak going-up
property is equivalent to the strong form of the Lichtenbaum–Hartshorne Vanishing
Theorem, which is defined as follows:

Definition 1.2. We say that the strong form of the Lichtenbaum–Hartshorne
Vanishing Theorem holds over R, if for each finitely generated R-module M of
dimension d and each proper ideal a of R, the following statements are equivalent:

(i) Hd
a(M) = 0;

(ii)
√
a + p 6= m for each prime ideal p ∈ AsshR(M).

We provide two applications of Theorem 2.4 provided that R satisfies the weak
going-up property; on the one hand, we show (see Corollary 2.6) that, for a
finitely generated R-module M of dimension d and ideals a and b, we have that
AttR(Hd

a(M)) = AttR(Hd
b(M)) if and only if Hd

a(M) ∼= Hd
b(M). On the other hand,

under the same assumptions on M , we give a criterion (see Corollary 2.8) for the
b-cofiniteness of Hd

a(M). This result may be regarded as a stronger version of Melk-
ersson’s theorem of cofiniteness [11, Theorem 1.6] in the case of local cohomology
modules over rings satisfying the weak going-up property.

2. Main results

In this section, we first present an example of a local ring which shows that the
weak going-up property is different from the going-up property. Recall that the
extension R ⊆ R̂ satisfies the going-up theorem if given two prime ideals p ⊂ q of
R and a prime ideal β of R̂ lying over p, there exists a prime ideal Q of R̂ such
that β ⊂ Q and Q ∩ R = q. In order to give an example of such a local ring, we
first recall a result of Charters and Loepp [6, Theorem 3.1 and Lemma 2.8].

Proposition 2.1 (Charters–Loepp). Let (T,mT ) be a complete local ring. Let
W ⊂ Spec(T ) be a non-empty subset of prime ideals which satisfies:

(i) W has finitely many maximal elements;
(ii) mT /∈W and Ass(T ) ⊆W ;
(iii) if P ∈ Spec(T ), Q ∈W , and P ⊆ Q then P ∈W ;
(iv) for any P ∈W , P ∩ Z.1T = 0.
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Then there is a Noetherian local domain (R,m) such that T is isomorphic to the
m-adic completion of R and the generic formal fiber of R, τ−1(0) = W . Moreover,
if p is a prime ideal of R, p 6= 0, then T ⊗R k(p) ∼= k(p), where k(p) = Rp

pRp
.

Using this result, we are able to give the following example.

Example 2.2. Let Q be a field of rational numbers. According to the above
Proposition, set T := Q[[x, y]], mT := (x, y), and W := {0, (x)}. Then there exists
a Noetherian local domain (R,m) such that T ∼= R̂. It is easy to see that in this
case R has the weak going-up property. Consider the prime ideal (x) of R̂; we have
(x) ∩R = 0. Now let q be a prime ideal of R such that dim R

q = 1; then it is clear
that there is no prime ideal Q containing (x) and lying over q. It follows that R
has no going-up property.

Before proving Theorem 2.4, we need the following lemma which is proved in [5].

Lemma 2.3 (See [5, Lemma 4.3]). Let M be a finitely generated R-module and let
q be a prime ideal of R such that q ⊇ AnnR(HdimM

m (M)) and dimMq = dimM −
dim R

q . Then AnnR(0 :HdimM
m (M) q) = q.

The next theorem is the main result of this paper.

Theorem 2.4. The following statements are equivalent:
(i) AttR(HdimM

a (M)) = {p ∈ Assh(M) :
√
p + a = m} for each finitely gener-

ated R-module M and each proper ideal a of R;
(ii) the strong form of the Lichtenbaum–Hartshorne Vanishing Theorem holds

over R;
(iii) AnnR(0 :

H
dim R

p
a (Rp )

q) = q for each prime ideal p of R and each prime ideal

q ⊇ AnnR(Hdim R
p

a (Rp )) with dim R
q = 1;

(iv) R satisfies the weak going-up property.

Proof. (i)⇒(ii) It is clear.
(ii)⇒(iii) For p ∈ Spec(R), let q be a prime ideal of R such that dim R

q = 1 and

q ⊇ AnnR(Hdim R
p

a (Rp )). Since Hdim R
p

a (Rp ) 6= 0, it follows from statement (ii) that
√
p + a = m and so Hdim R

p
a (Rp ) ∼= Hdim R

p
m (Rp ). Therefore the proof is complete if we

show that AnnR(0 :
H

dim R
p

m (Rp )
q) = q. By Lemma 2.3, it is enough for us to show

that
dim

(
R

p

)
q

= dim
(
R

p

)
− dim R

q
= dim R

p
− 1.

Suppose, on the contrary, that dim(Rp )q < dim(Rp ) − 1, and look for a contra-
diction. By the Flat Base Change Theorem [3, Theorem 4.3.2] and Grothendieck’s
Vanishing Theorem [3, Theorem 6.1.2], we have(

Hdim R
p−1

q

(
R

p

))
q

∼= Hdim R
p−1

qRq

((
R

p

)
q

)
= 0.
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Since Supp(Hdim R
p−1

q (Rp )) ⊆ V (q), it follows that Supp(Hdim R
p−1

q (Rp )) ⊆ {m} and

so for x ∈ m−q we have (Hdim R
p−1

q (Rp ))x = 0. Since q ⊇ AnnR(Hdim R
p

a (Rp )) ⊇ p, by

statement (ii) we have Hdim R
p

q (Rp ) = 0. It now follows from the long exact sequence
[3, Proposition 8.1.2]

(Hdim R
p−1

q (R
p

))x −→ Hdim R
p

q+Rx (R
p

) −→ Hdim R
p

q (R
p

) −→ 0

that Hdim R
p

m (Rp ) ∼= Hdim R
p

q+Rx (Rp ) = 0, which is a contradiction to the Non-Vanishing
Theorem [3, Theorem 6.1.4].

(iii)⇒(iv) Let β ∈ Spec(R̂) with dim R̂
β = dim R

β∩R , and let q ∈ Spec(R) with
β ∩ R ⊆ q and dim R

q = 1. We must show that there exists Q ∈ Spec(R̂) such
that Q ⊇ β and Q ∩ R = q. Suppose, on the contrary, that there does not exist
such a prime ideal and look for a contradiction. It follows that

√
qR̂+ β = m̂

and so by the Lichtenbaum–Hartshorne Vanishing Theorem [3, Theorem 8.2.1] we
have Hdim R

β∩R
q ( R

β∩R ) 6= 0. Now by statement (iii), AnnR(0 :
H

dim R
β∩R

q ( R
β∩R )

q) = q.

But, by [7, Theorem 3], the Artinian R-module Hdim R
β∩R

q ( R
β∩R ) is q-cofinite, and

so (0 :
H

dim R
β∩R

q ( R
β∩R )

q) has finite length. This is a contradiction.

(iv)⇒(i) By [3, 8.2.4 and 8.2.5], we have

AttR(Hd
a(M)) = {β ∩R | β ∈ Att

R̂
(Hd

a(M))}

[8, Corollary 3.3] = {β ∩R | β ∈ Assh
R̂

(M̂),
√
β + aR̂ = m̂}

[by statement (iv)] = {p ∈ AsshR(M) |
√
p + a = m}. �

In the next corollary, we give some conditions for which the weak going-up
property is equivalent to the going-up property. For each p ∈ Spec(R), denote by
α(R, p) the Krull dimension of the fiber ring R̂ ⊗R k(p), where k(p) := Rp

pRp
, and

α(R) := max{α(R, p) : p ∈ Spec(R)}.

Corollary 2.5. Let (R,m) be a universally catenary Noetherian local ring with
α(R) = 0. Then the following statements are equivalent:

(i) R has the weak going-up property;
(ii) the extension R ⊆ R̂ satisfies the going-up theorem.

Proof. Under these assumptions, Cuong proved [4, Theorem 3.2] that the strong
form of the Lichtenbaum–Hartshorne Vanishing Theorem holds over R if and only
if R ⊆ R̂ satisfies the going-up property. Keeping in mind this fact, the conclusion
follows immediately from Theorem 2.4. �

As an application of Theorem 2.4, we show that if R satisfies the weak going-up
property, then for a finitely generated R-module M of dimension d, and ideals a
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and b of R, we have AttR(Hd
a(M)) = AttR(Hd

b(M)) if and only if Hd
a(M) ∼= Hd

b(M).
This is a generalization of [9, Proposition 1.5].

Corollary 2.6. If R satisfies the weak going-up property, then for a finitely gener-
ated R-module M of dimension d, and ideals a and b of R, the following statements
are equivalent:

(i) AttR(Hd
a(M)) = AttR(Hd

b(M));
(ii) Att

R̂
(Hd

a(M)) = Att
R̂

(Hd
b(M));

(iii) Hd
a(M) ∼= Hd

b(M).

Proof. (i)⇒(ii) Let β ∈ Att
R̂

(Hd
a(M)), then by [8, Corollary 3.3] and [3, 8.2.4 and

8.2.5], we have β ∈ Assh
R̂

(M̂) and β ∩R ∈ AttR(Hd
a(M)). Hence, by assumption,

β ∩R ∈ AttR(Hd
b(M)). It follows from Theorem 2.4 that

√
β ∩R+ b = m and so

mR̂ = (
√
β ∩R+ b)R̂ ⊆

√
(β ∩R+ b)R̂ =

√
(β ∩R)R̂+ bR̂ ⊆

√
β + bR̂ ⊆ m̂.

Now, it follows from [8, Corollary 3.3] that β ∈ Att
R̂

(Hd
b(M)). A similar argument

shows that Att
R̂

(Hd
b(M)) ⊆ Att

R̂
(Hd

a(M)).
(ii)⇒(iii) Set X = Att

R̂
(Hd

a(M)) = Att
R̂

(Hd
b(M)). Then by [8, Corollary 3.3] we

have X = {β ∈ Assh
R̂

(M̂) :
√
β + aR̂ = m̂} = {β ∈ Assh

R̂
(M̂) :

√
β + bR̂ = m̂}.

Note that we have Hd
a(M) ∼= Hd

a(M)⊗RR̂ ∼= Hd

aR̂
(M̂). There exists an R̂-submodule

N of M̂ such that Ass
R̂

(N) = Ass
R̂

(M̂) \X and Ass
R̂

(M̂/N) = X (see [2, p. 263,

Proposition 4]). By the choice of N , it is easy to check that
√

Ann
R̂

(M̂/N) + aR̂ =
m̂. Now by [8, Corollary 3.3] we have Hd

aR̂
(N) = 0. It follows that

Hd
a(M) ∼= Hd

aR̂
(M̂) ∼= Hd

aR̂
(M̂/N) ∼= Hd

aR̂+Ann
R̂

(M̂/N)
(M̂/N) ∼= Hd

mR̂
(M̂/N).

A similar argument shows that
Hd

b(M) ∼= Hd

bR̂
(M̂) ∼= Hd

bR̂
(M̂/N) ∼= Hd

bR̂+Ann
R̂

(M̂/N)
(M̂/N) ∼= Hd

mR̂
(M̂/N).

(iii)⇒(i) is clear. �

The next example shows that if R does not have the weak going-up property,
then the result of Corollary 2.6 may not be true even when R is a quotient of a
regular local ring.

Example 2.7. Let K be a field of characteristic 0. Let R′ := K[X1, X2, X3],
m′ := (X1, X2, X3), and b = (X2

2 −X2
1 −X3

1 ). Set R := (R
′

b )m′
b

and let q be the
extension of the ideal

(X1 +X2 −X2X3, (X3 − 1)2(X1 + 1)− 1)
of R′ to R. Then R is a 2-dimensional local domain, and q is a prime ideal of
R with dim R

q = 1 (see [3, Exercise 8.2.9]). Now by [7, Theorem 3] the Artinian
R-module H2

q(R) is q-cofinite, and so (0 :H2
q(R) q) has finite length. It follows that
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AnnR(0 :H2
q(R) q) 6= q and so, by Theorem 2.4, R does not have the weak going-

up property. Now let m denote the maximal ideal of the local ring R, then by
Lemma 2.3 we have AnnR(0 :H2

m(R) q) = q. It follows that H2
q(R) and H2

m(R) are
not isomorphic. However, AttR(H2

q(R)) = AttR(H2
m(R)) = {0}.

As another application of Theorem 2.4, we prove the following result.
Corollary 2.8. If R satisfies the weak going-up property, then for a finitely gener-
ated R-module M of dimension d, and ideals a and b of R, the following statements
are equivalent:

(i) Hd
a(M) is b-cofinite;

(ii) HomR(Rb ,H
d
a(M)) has finite length;

(iii) AttR(Hd
a(M)) ⊆ AttR(Hd

b(M));
(iv)

√
b + p = m, for each p ∈ AttR(Hd

a(M));
(v)

√
b + AnnR(Hd

a(M)) = m.

Proof. (i)⇒(ii) It is trivial.
(ii)⇒(iii) Suppose on the contrary that AttR(Hd

a(M)) * AttR(Hd
b(M)). So, by

Theorem 2.4, there exists p ∈ AttR(Hd
a(M)) such that

√
b + p 6= m. Now, let q

be a prime ideal of R such that
√
b + p ⊆ q and dim R

q = 1. By assumption (ii),

HomR(Rq ,H
d
a(M)) has finite length. It follows that Hom

R̂
( R̂
qR̂
,Hd

aR̂
(M̂)) has finite

length as an R̂-module. By [3, 11.3.7], there exists a prime ideal β ∈ Att
R̂

(Hd

aR̂
(M̂))

such that β∩R = p. Note that dim R̂
β = dim R

p = d. Since R has the weak going-up
property, there exists a prime ideal Q of R̂ such that Q ∩ R = q and β ⊆ Q. It is
clear that Ann

R̂
(Hd

aR̂
(M̂)) ⊆ Q. So, it follows by Matlis duality and [3, 10.2.16]

that

Ann
R̂

(Hom
R̂

( R̂
Q
,Hd

aR̂
(M̂))) = Ann

R̂
(Hom

R̂
(Hom

R̂
( R̂
Q
,Hd

aR̂
(M̂)), E( R̂

m̂
)))

= Ann
R̂

( R̂
Q
⊗
R̂

Hom
R̂

(Hd

aR̂
(M̂), E( R̂

m̂
))) = Q.

This shows that Hom
R̂

( R̂
qR̂
,Hd

aR̂
(M̂)) does not have finite length, which is a con-

tradiction.
(iii)⇒(iv) It follows from Theorem 2.4.
(iv)⇒(v) and (v)⇒(i) are clear. �

Remark 2.9. If R does not have the weak going-up property, then by Theorem 2.4
there exist a finitely generated R-module M of dimension d and ideal a of R such
that AttR(HdimM

a (M)) 6= {p ∈ Assh(M) :
√
p + a = m}. It follows that there exists

p ∈ AttR(HdimM
a (M)) such that

√
p + a 6= m. In Corollary 2.8 set a = b. Note that,

by [7, Theorem 3], HdimM
a (M) is a-cofinite but there exists p ∈ AttR(HdimM

a (M))
such that

√
p + a 6= m. This shows that the condition that R has the weak going-up

property is necessary in Corollary 2.8 (and so it can not be omitted).
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