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TOP LOCAL COHOMOLOGY MODULES OVER LOCAL RINGS
AND THE WEAK GOING-UP PROPERTY

ASGHAR FAROKHI AND ALIREZA NAZARI

ABSTRACT. Let (R, m) be a Noetherian local ring and let R denote the m-adic
completion of R. In this paper, we introduce the concept of the weak going-
up property for the extension R C R and we give some characterizations of
this property. In particular, we show that this property is equivalent to the
strong form of the Lichtenbaum—Hartshorne Vanishing Theorem. Also, when
R satisfies the weak going-up property, we show that for a finitely generated
R-module M of dimension d, and ideals a and b of R, we have Attg(H%(M)) =
AttR(Hg(M)) if and only if HS(M) = Hgl(M)7 and we find a criterion for the
cofiniteness of Artinian top local cohomology modules.

1. INTRODUCTION

Throughout this paper, let (R, m) be a Noetherian local ring and let R denote
the m-adic completion of R. For an R-module M, the m-adic completion of M is
denoted by M and the i-th local cohomology module of M with respect to a is
defined as R

H, (M) = lin Extiy(

Y
a’rl

M).

For each Artinian R-module A, we denote by Attgr A the set of all attached prime
ideals of A. Also, we denote {p € SpecR : p D a} by V(a) and {p € Assg(M) :
dim% = dim M} by Asshr(M). For any ideal a of R, the radical of a, denoted
by v/a, is defined to be the set {x € R : 2" € a for some n € N}. Recall that
an R-module M is called a-cofinite if Supp(M) C V(a) and Extlé(g, M) is finitely
generated for all 4 > 0. For any unexplained notation and terminology, we refer
the reader to [3] and [10].

The Lichtenbaum—Hartshorne Vanishing Theorem [3, Theorem 8.2.1] gives nec-
essary and sufficient conditions for the vanishing of certain top local cohomology
modules by means of some conditions on the completion of R. Recently, some
authors have tried to replace the conditions on R by similar conditions on R. It is
of course impossible in general. However, if Ris integral over R or the extension
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R C R satisfies the going-up theorem, then we can do this (see [I, 4, [12]). In this
article, we characterize local rings for which it is possible to check an analogous
condition on the ring itself. For this work, we introduce the concept of the weak
going-up property for R.

Definition 1.1. We say that R satisfies the weak going-up property if for each

RS Spec(ﬁ) with dim% = dim /WWLR’ and each q € Spec(R) with SN R C q and

dim% =1, there exists @ € Spec(fi) such that § C Q and QN R =q.

It is easy to see that, if the extension R C R satisfies the going-up theorem
(this holds, for instance, when R C R is integral), then R has the weak going-up
property. By using a result of Charters and Loepp [6], we will show that the weak
going-up property is different from the going-up property (see Example . In
the main result of this paper, Theorem we will show that the weak going-up
property is equivalent to the strong form of the Lichtenbaum—Hartshorne Vanishing
Theorem, which is defined as follows:

Definition 1.2. We say that the strong form of the Lichtenbaum—Hartshorne
Vanishing Theorem holds over R, if for each finitely generated R-module M of
dimension d and each proper ideal a of R, the following statements are equivalent:
(i) Hy(M) = 0;
(ii) v/a+p # m for each prime ideal p € Asshr(M).

We provide two applications of Theorem provided that R satisfies the weak
going-up property; on the one hand, we show (see Corollary that, for a
finitely generated R-module M of dimension d and ideals a and b, we have that
Attp(HY(M)) = Attg(H{ (M) if and only if HY(M) = H(M). On the other hand,
under the same assumptions on M, we give a criterion (see Corollary for the
b-cofiniteness of HZ(M ). This result may be regarded as a stronger version of Melk-
ersson’s theorem of cofiniteness [I1, Theorem 1.6] in the case of local cohomology
modules over rings satisfying the weak going-up property.

2. MAIN RESULTS

In this section, we first present an example of a local ring which shows that the
weak going-up property is different from the going-up property. Recall that the
extension R C R satisfies the going-up theorem if given two prime ideals p C q of
R and a prime ideal g3 of R lying over p, there exists a prime ideal @) of R such
that § C @ and Q N R = q. In order to give an example of such a local ring, we
first recall a result of Charters and Loepp [6, Theorem 3.1 and Lemma 2.8].

Proposition 2.1 (Charters—Loepp). Let (T,mr) be a complete local ring. Let
W C Spec(T) be a non-empty subset of prime ideals which satisfies:
(i) W has finitely many mazximal elements;
(ii) mp ¢ W and Ass(T) C W;
(iii) if P € Spec(T), Q € W, and P C Q then P € W;
(iv) forany Pe W, PNZ.1p = 0.
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Then there is a Noetherian local domain (R, m) such that T is isomorphic to the
m-adic completion of R and the generic formal fiber of R, 771(0) = W. Moreover,

if p is a prime ideal of R, p £ 0, then T Qg k(p) = k(p), where k(p) = pRT"F.

Using this result, we are able to give the following example.

Example 2.2. Let Q be a field of rational numbers. According to the above
Proposition, set T := Q[x, y], mr := (x,y), and W := {0, (z)}. Then there exists
a Noetherian local domain (R, m) such that T = R. It is casy to see that in this
case R has the weak going-up property. Consider the prime ideal (x) of R; we have
(x) N R = 0. Now let q be a prime ideal of R such that dim% = 1; then it is clear
that there is no prime ideal @) containing (x) and lying over ¢. It follows that R
has no going-up property.

Before proving Theorem [2.4] we need the following lemma which is proved in [5].

Lemma 2.3 (See [5, Lemma 4.3]). Let M be a finitely generated R-module and let
q be a prime ideal of R such that q D AnnR(HS:mM(M)) and dim My = dim M —

dim%. Then Annp(0 :gaimar(ppy q) = 4.

The next theorem is the main result of this paper.

Theorem 2.4. The following statements are equivalent:
(i) Attr(HI™M(M)) = {p € Assh(M) : /p +a = m} for each finitely gener-
ated R-module M and each proper ideal a of R;
(ii) the strong form of the Lichtenbaum—Hartshorne Vanishing Theorem holds
over R;

(iii) Anng(0: q) = q for each prime ideal p of R and each prime ideal

o )
dim

R
q2 Anng(H, (%)) with dim% =1;
(iv) R satisfies the weak going-up property.

im B
d it
1m P

Proof. (i)=-(ii) It is clear.
(ii)=-(iii) For p € Spec(R), let q be a prime ideal of R such that dim% =1 and

im £ im &
q2 AnnR(Hi " (£)). Since H(: ’ (%) # 0, it follows from statement (ii) that

p
dim £ dim £
VPFa=mandsoHy " (&)=Hn 7 (§). Therefore the proof is complete if we
show that Anng(0 : am B q) = q. By Lemma [2.3] it is enough for us to show
Hm F)

that

dim <R> = dim <R) —dimE = dimE —1.
b/ p q p

Suppose, on the contrary, that dim(%)CI < dim(%) — 1, and look for a contra-
diction. By the Flat Base Change Theorem [3, Theorem 4.3.2] and Grothendieck’s
Vanishing Theorem [3, Theorem 6.1.2], we have

dmZ-1 (R o ppdim E—1 R
(e () = (), ) =
q q
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R

im & — im & —
Since Supp(H(; ’ 1(%)) C V(q), it follows that Supp(H;1 ’ 1(?)) C {m} and
im & — im &
so for x € m—q we have (HZ1 g 1(%))30 = 0. Since q 2 AnnR(Hg P (%)) Dp, by

.. dim & R
statement (ii) we have Hq  * ()

[3, Proposition 8.1.2]

= 0. It now follows from the long exact sequence

dimZ-1 R dim & R dim & R
(Hq ())e — Hy gp (=) — Hy "() —0
p p b
dim £ dim £
that Hy, ° (%) = H, gy (£) = 0, which is a contradiction to the Non-Vanishing

p
Theorem [3, Theorem 6.1.4].

(iii)=(iv) Let B € Spec(R) with dim% = dim i, and let q € Spec(R) with

BNR C qand dim% = 1. We must show that there exists @ € Spec(ﬁ) such
that Q 2 f and Q@ N R = q. Suppose, on the contrary, that there does not exist

such a prime ideal and look for a contradiction. It follows that 4/ qﬁ +8=m
and so by the Lichtenbaum—Hartshorne Vanishing Theorem [3, Theorem 8.2.1] we

im =E—
have Hg ﬁ”R(miR) # 0. Now by statement (iii), Anng(0 : q) =q.

dim

R
BAR (_R
q (

BNR

dim £~
But, by [7, Theorem 3], the Artinian R-module Hy B”R(ﬂn%) is g-cofinite, and
50 (0 4im . q) has finite length. This is a contradiction.
a (zE

(iv)=(i) By [3| 8.2.4 and 8.2.5], we have
Attr(Hg(M)) = {BN R | § € Attz(H(M))}

[8, Corollary 3.3 ={SNR| B € Asshﬁ(]/\/[\), \/B+aRk = m}
[by statement (iv)] = {p € Asshgr(M) | V/p +a=m}. O

In the next corollary, we give some conditions for which the weak going-up
property is equivalent to the going-up property. For each p € Spec(R), denote by
(R, p) the Krull dimension of the fiber ring R ®p k(p), where k(p) := -2

PRy and
a(R) := max{a(R,p) : p € Spec(R)}.

Corollary 2.5. Let (R,m) be a universally catenary Noetherian local ring with
a(R) = 0. Then the following statements are equivalent:

(i) R has the weak going-up property;

(ii) the extension R C R satisfies the going-up theorem.
Proof. Under these assumptions, Cuong proved [4, Theorem 3.2] that the strong
form of the Lichtenbaum—Hartshorne Vanishing Theorem holds over R if and only
if R C R satisfies the going-up property. Keeping in mind this fact, the conclusion
follows immediately from Theorem [2.4] O

As an application of Theorem [2.4] we show that if R satisfies the weak going-up
property, then for a finitely generated R-module M of dimension d, and ideals a
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and b of R, we have Attz(HY(M)) = Attg(HE(M)) if and only if HY (M) = H{ (M).
This is a generalization of [9, Proposition 1.5].

Corollary 2.6. If R satisfies the weak going-up property, then for a finitely gener-
ated R-module M of dimension d, and ideals a and b of R, the following statements
are equivalent:

(i) AttR(Hd(M)) ttr(Hy(M));
(i) Attg(HG(M)) = Attz(Hg(M));
(iii) Hg (M) = Hif(M)

Proof. (i)=(ii) Let 8 € Att5(H ¢(M)), then by [8, Corollary 3.3] and [3, 8.2.4 and
8.2.5], we have 8 € Assh (A) and SN R € Attz(HY(M)). Hence, by assumption,
BN R € Attg(HE(M)). Tt follows from Theorem . that /N R+b=m and so

mR=(/BNR+b RC\/ﬁmR+b) \/(ﬁmR)R+bRC\/ﬁ+bRCm
Now, it follows from [8, Corollary 3.3] that 3 € Att;(H ¢(M)). A similar argument
shows that Att~(H{(M)) C Attﬁ(H‘i(M)).
(ii)=(iii) Set X = Att;(H dM)) = Att(H ¢(M)). Then by [8, Corollary 3.3] we

have X = {8 € Asshy(M ) \/B+aR =m} = {8 € Asshz(M ) \/B + bR = m}.
Note that we have Hg(M) = Hg(M)@)RR = HzR(]\/Zf). There exists an R-submodule
N of M such that Assp(N) = ASS§(A/47) \ X and ASSI/%\(,Z/\Z/N) = X (see [2 p. 263,
Proposition 4]). By the choice of N, it is easy to check that \/Annﬁ(Z/W\/N) +aRk =
m. Now by [8, Corollary 3.3] we have HdA(N) = 0. It follows that

HY(M) = HY (M) = HS(M/N) = (M/N) = H (M/N).

aR+AnnA(M/N)
A similar argument shows that

H{ (M) = H (M) = H!(M/N) = M/N) = HE (M/N).

bR—‘,—AnnA(M/N (
(iii)=-(i) is clear. O
The next example shows that if R does not have the weak going-up property,

then the result of Corollary [2.6] may not be true even when R is a quotient of a
regular local ring.

Example 2.7. Let K be a field of characteristic 0. Let R’ := K[X;, Xs, X3],
= (X1, X2, X3), and b = (X3 — X7 — X3?). Set R := (R%)“% and let q be the
extension of the ideal
(X1 + Xo — X0 X3, (X3 —1D?(X; +1) = 1)
of R to R. Then R is a 2-dimensional local domain, and q is a prime ideal of
R with dim% =1 (see [3 Exercise 8.2.9]). Now by [7, Theorem 3] the Artinian
R-module Hg (R) is g-cofinite, and so (0 H2(R) q) has finite length. It follows that
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Anng(0 H2(R) q) # q and so, by Theorem R does not have the weak going-
up property. Now let m denote the maximal ideal of the local ring R, then by
Lemma we have Anng(0 gz (g) q) = q. It follows that Hfl (R) and HZ (R) are
not isomorphic. However, AttR(Hﬁ (R)) = Attg(HZ(R)) = {0}.

As another application of Theorem [2.4] we prove the following result.

Corollary 2.8. If R satisfies the weak going-up property, then for a finitely gener-
ated R-module M of dimension d, and ideals a and b of R, the following statements
are equivalent:
(i) HY(M) is b-cofinite;
(i) Homp (£ JHY(M)) has finite length;
(iii) AttR(Hd( )) C Attr(HE(M));
(iv) Vb +p =m, for each p € Attr(HI(M));
(v) /b + Anng(HA(M)) = m,

Proof. (i)=-(ii) It is trivial.

(ii)=(iii) Suppose on the contrary that Attp(HI(M)) ¢ Attg(HE(M)). So, by
Theorem there exists p € Attr(HZ(M)) such that /b +p # m. Now, let g
be a prime ideal of R such that /b +p C q and dim% = 1. By assumption (ii),
HomR(%7 Hff(M)) has finite length. It follows that Homﬁ(%, Hiﬁ(]/w\)) has finite

q

length as an R-module. By [3, 11.3.7], there exists a prime ideal 8 € Attﬁ(Hzﬁ(M\))

such that SN R = p. Note that dim % = dim % = d. Since R has the weak going-up

property, there exists a prime ideal @ of R such that QNR=qgand § C Q. Itis
clear that Annﬁ(Hiﬁ(M)) C Q. So, it follows by Matlis duality and [3, 10.2.16]
that

Ann(Hom (S,Hj (M))) = Ann(Hom 5(Hom 5 (S,Hiﬁ(]/\/[\)),E(g)))
R —~ R
= Anns (Q®R Hom;(H?~ #(M), B(=))) = Q.

This shows that HomA( = Hd (M M)) does not have finite length, which is a con-

tradiction.
(iii)=-(iv) It follows from Theorem
(iv)=(v) and (v)=(i) are clear. O

Remark 2.9. If R does not have the weak going-up property, then by Theorem 2.4]
there exist a finitely generated R-module M of dimension d and ideal a of R such
that Attr(HI™M (M) # {p € Assh(M) : /p + a = m}. It follows that there exists
p € Attz(HI™M (A1) such that \/p + a # m. In Corollaryset a = b. Note that,
by [7, Theorem 3], HE™ M (7/) is a-cofinite but there exists p € Attz(HI™ M (M)
such that v/p + a # m. This shows that the condition that R has the weak going-up
property is necessary in Corollary (and so it can not be omitted).
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