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ON THE SELF-CONJUGATENESS OF DIFFERENTIAL FORMS
ON BOUNDED DOMAINS

RICARDO ABREU BLAYA, JUAN BORY REYES, EFRÉN MORALES AMAYA,
AND JOSÉ MARÍA SIGARRETA ALMIRA

Abstract. Suppose Ω is a bounded domain in Rn with boundary Γ and
let W be a non-homogeneous differential form harmonic in Ω and Hölder-
continuous in Ω ∪ Γ. In this paper we study and obtain some necessary and
sufficient conditions for the self-conjugateness of W in terms of its boundary
value W|Γ = ω.

1. Introduction

As is well known, a k-vector in Rn can be interpreted as a directed k-dimensional
volume. Such entities were first considered by H. Grassmann in the second half of
the 19th century. He thus created an algebraic structure which is now commonly
known as the exterior algebra. At about the same time, Sir W. Hamilton invented
his quaternion algebra which a. o. enabled him to represent rotations in three
dimensional space. In his 1878 paper, W. K. Clifford united both systems into a
single geometric algebra, later named after him.

Clifford analysis offers a function theory, which is a higher dimensional gener-
alization of classical complex analysis in R2 (identifying R2 with C in the usual
way) to Euclidean space Rn (n ≥ 3). The theory is centred around the concept
of monogenic functions, which constitute the kernel of a first order vector valued,
rotation invariant, differential operator called the Dirac operator, which factorizes
the Laplacian. The best general reference here is [5]; see also the brief review [9]
of the content of this book.

On the other hand, the world-renowned theory of differential forms provides also
a generalization in Rn of holomorphic functions of one complex variable. Although
Clifford analysis seems to be truly appropriate to study differential forms by using
Clifford algebras in a very beautiful way, this has been mentioned so far only in a
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C2-1-P, MTM2015-69323-REDT and FOMIX-CONACyT-UAGro 249818) supported in part this
work. Juan Bory Reyes was partially supported by Instituto Politécnico Nacional in the framework
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few papers. For an overview of the main operator identities and properties of these
objects in the Clifford analysis context we refer to [11] and the references quoted
there.

In [6] the authors compare the language of differential forms and that of Clifford
algebra valued multi-vector fields and shown that the spaces of smooth differential
forms on the one hand, and smooth multi-vector functions (multi-vector fields) on
the other are isomorphic in a natural way. Moreover the action of the operator
d− d∗, where d and d∗ are the differential and codifferential operator respectively,
on the space of smooth k-forms is identified with the action (on the right) of the
Dirac operator, which plays the role of the Cauchy–Riemann operator on the space
of smooth k-vector fields. Meanwhile the action of the operator d+ d∗ is identified
with the action (on the left) of the Dirac operator. An extensive treatment of
the Clifford algebras of differential forms, an elegant fashion of standard physics
techniques, can be found in [13, 18].

In the present paper necessary and sufficient conditions are formulated such
that a harmonic (in the real sense) differential form in a domain Ω is really a
self-conjugate differential form there. Here again the full use of the isomorphism
between the smooth differential forms on the one hand and smooth multi-vector
functions on the other is the key point.

2. Harmonic and self-conjugate differential forms. Statement of
the problem

We will follow here the notations and conventions carried out in [6].
Denoting by ΛkRn the space of alternating real-valued k-forms (0 ≤ k ≤ n), the

well known Grassmann algebra over Rn is the associative algebra

ΛRn :=
n⊕
k=0

ΛkRn

endowed with the exterior multiplication ∧.
A basis for ΛkRn is obtained as follows. Let {dx1, dx2, . . . , dxn} be a basis

for the dual space (Rn)∗ of Rn. If A = {i1, . . . , ik} ⊂ M = {1, . . . , n} with
i1 < i2 < · · · < ik, set

dxA := dxi1 ∧ dxi2 ∧ · · · ∧ dxik

and
dx∅ := 1.

Then for each k = 0, 1, . . . , n, the set

{dxA : A ⊂M, |A| := card(A) = k}

is a basis for ΛkRn.
Note that in particular

dxi ∧ dxi = 0, i = 1, . . . , n;

dxi ∧ dxj + dxj ∧ dxi = 0, 1 ≤ i 6= j ≤ n.
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The following linear operators on ΛkRn play a fundamental role:
dxj : ΛkRn → Λk+1Rn : dxj [dxA] := dxj ∧ (dxi1 ∧ dxi2 ∧ · · · ∧ dxik )

and

d̂xj : ΛkRn → Λk−1Rn : d̂xj [dxA] =
k∑
r=1

(−1)rδj irdxA\{ir},

where
dxA\{ir} := dxi1 ∧ · · · ∧ dxir−1 ∧ dxir+1 ∧ · · · ∧ dxik .

Here and in what follows we use the same symbol to denote the multiplication
operator dxj and the differential form dxj itself. The way in which this operator
acts on dxA justifies such abuse of notation. These operators are then extended to
ΛRn by linearity.

Direct computation shows that

dxj ∧ dxr + dxr ∧ dxj = 0, d̂xj ∧ d̂xr + d̂xr ∧ d̂xj = 0,

d̂xj ∧ dxr + dxr ∧ d̂xj = −δrjI,
where I is the identity operator.

As usual (see [12]), a k-form in an open domain Ω of Rn is a map

ωk : Ω 7→ ΛkRn, x 7→
∑
|A|=k

ωk,A(x)dxA,

where for each A, ωk,A is a real-valued function in Ω.
Such a map is said to belong to some class of functions on Ω if each of its

components belongs to that class. In particular, we denote by C1(Ω,ΛkRn) the
space of smooth k-forms in Ω and by C0,α(Γ,ΛkRn) (C(Γ,ΛkRn)) the space of
Hölder continuous (continuous) k-forms in Γ.

Furthermore, consider the fundamental linear operators on C1(Ω,ΛkRn), the
exterior derivative and the co-derivative d and d∗, respectively:

d :=
n∑
j=1

dxj
∂

∂xj
, d∗ :=

n∑
j=1

d̂xj
∂

∂xj
.

It is easy to see that d2 = 0, d∗2 = 0, and dd∗ + d∗d = −∆, the Laplacian in Rn.
The kernels of the exterior derivative d and the co-derivative d∗ consist of the

so-called closed k-forms and co-closed k-forms, respectively. A smooth k-form in
Ω, which is at the same time closed and co-closed, is called harmonic in Ω (in the
sense of Hodge), i.e, a smooth k-form ωk is said to be harmonic in Ω if and only if
it satisfies in Ω the Hodge–de Rham system{

dωk = 0,
d∗ωk = 0.

Note that if ωk is harmonic in an open domain Ω, then automatically ωk is also
harmonic in the real sense, i.e., satisfies the Laplace equation ∆ωk = 0 in Ω.

These definitions can be directly extended to non-homogeneous differential forms:
C1(Ω,ΛRn) will denote

∑n
k=0 C

1(Ω,ΛkRn).
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If W =
∑n
k=0 ωk ∈ C1(Ω,ΛRn), where ωk ∈ C1(Ω,ΛkRn) is a k-form, we

consider the action of the exterior derivative d and the co-derivative d∗ as

dW =
n∑
0
dωk

and

d∗W =
n∑
0
d∗ωk,

respectively.
Following [10], a non-homogeneous differential form W ∈ C1(Ω,ΛRn) is said to

be self-conjugate if
dW = d∗W

in Ω, i.e., if

d∗W1 = 0; dWk−1 = d∗Wk+1 (k = 1, . . . , n− 1); dWn−1 = 0.

Since dd∗ + d∗d = −∆, we have that any self-conjugate differential form is also
real harmonic.

Note that if W = ωk, then it is self-conjugate if and only if it is harmonic in the
sense of Hodge.

The main problem that we address in the remainder of the paper is: Given a
real harmonic differential form W in Ω ⊂ Rn, being Hölder continuous in Ω ∪ Γ,
under what condition on W|Γ = ω is this differential form self-conjugate in Ω?

The next two sections contain some basic notions and results coming from Clif-
ford analysis that we shall need in order to reach the goal of the present article.

3. Clifford algebras and multi-vectors

The real Clifford algebra associated with Rn endowed with the Euclidean metric
is the minimal enlargement of Rn to a real linear associative algebra R0,n with
identity, and such that x2 = −|x|2, for any x ∈ Rn.

It thus follows that if {ej}nj=1 is the standard basis of Rn, then we must have
that eiej + ejei = −2δij . Every element a ∈ R0,n is of the form a =

∑
A⊆N aAeA,

N = {1, . . . , n}, aA ∈ R, where e∅ := e0 = 1, e{j} = ej , and eA = eα1 · · · eαk

for A = {α1, . . . , αk}, where αj ∈ {1, . . . , n} and α1 < · · · < αk, or still as a =∑n
k=0[a]k, where [a]k =

∑
|A|=k aAeA is a so-called k-vector (k = 0, 1, . . . , n).

If we denote the space of k-vectors by Rk0,n, then R0,n =
∑n
k=0⊕Rk0,n, leading

to the identification of Rn with R1
0,n.

For a 1-vector x and a k-vector Yk, their product xYk splits into a (k−1)-vector
and a (k + 1)-vector, namely:

xYk = [xYk]k−1 + [xYk]k+1,

where
[xYk]k−1 = 1

2(xYk − (−1)kYkx)
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and
[xYk]k+1 = 1

2(xYk + (−1)kYkx).

The inner and outer products between x and Yk are then defined by

x • Yk := [xYk]k−1 and x ∧ Yk := [xYk]k+1.

Notice also that

[xYk]k−1 = (−1)k+1[Ykx]k−1,

[xYk]k+1 = (−1)k[Ykx]k+1.

For further properties concerning inner and outer products between multi-vectors,
we refer to [14].

Conjugation in R0,n is defined by a :=
∑
A aAeA, where

eA = (−1)keik · · · ei2ei1 , if eA = ei1ei2 · · · eik .

In particular for a 1-vector x we have:

x = −x.

The natural isomorphism

Θ : R(k)
0,n 7→ ΛkRn,

∑
|A|=k

Yk,AeA 7→
∑
|A|=k

Yk,Adx
A

was introduced and applied for example in [6, 3].
The following identities can be easily verified (see [3]).

Lemma 3.1. Let x be a vector and Yk a k-vector. Then:
(1)

Θ(ej • Yk) =
∑
|A|=k

Yk,Ad̂xj [dxA],

or, more generally,

Θ(x • Yk) =
n∑
j=1

∑
|A|=k

xjYk,Ad̂xj [dxA];

(2)
Θ(ej ∧ Yk) =

∑
|A|=k

Yk,Adx
j ∧ dxA,

or, more generally,

Θ(x ∧ Yk) =
n∑
j=1

∑
|A|=k

xjYk,Adx
j ∧ dxA.

Of course one can extend the action of the isomorphism Θ by linearity to the
whole R0,n.
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4. Clifford analysis and harmonic multi-vector fields

From now on, Ω stands for a Jordan domain, i.e. a bounded oriented connected
open subset of Rn, the boundary of which is a compact topological surface to
be denoted by Γ. We shall assume Γ to be smooth or piecewise smooth. This
smoothness hypothesis on Γ can be relaxed, but for simplicity we shall not use this
possibility in any essential way.

Let f be an R0,n-valued function in Ω, say

f(x) =
∑
A

fA(x)eA, x ∈ Ω,

all fA thus being real valued.
We will denote by C1(Ω,R0,n) the space of 1-time continuously differentiable

R0,n-valued functions in Ω.
We say that f is right (resp. left) monogenic in Ω if FD = 0 (resp. DF = 0) in

Ω, where D denotes the Dirac operator in Rn:

D =
n∑
j=1

ej∂xj
.

An important example of a function which is both right and left monogenic is the
fundamental solution of the Dirac operator, given by

E(x) = 1
An

x

|x|n
, x ∈ Rn \ {0}.

Hereby An stands for the surface area of the unit sphere in Rn.
The function E(x) plays the same role in Clifford analysis as the Cauchy kernel

does in complex analysis. For this reason it is also called the Cauchy kernel in Rn.
Let 0 < k ≤ n − 1 be fixed. Then the space of C1-functions from Ω into Rk0,n,

called k-vector fields, is denoted by C1(Ω,Rk0,n).
Notice that for fk ∈ C1(Ω,Rk0,n) a straightforward calculation leads to Dfk =

fk D with D = −D and fk = (−1)
k(k+1)

2 fk. It thus follows that for an element in
C1(Ω,Rk0,n) the notions of left and right monogenicity coincide.

Consequently, we will call fk ∈ C1(Ω,Rk0,n) harmonic in Ω if either Dfk = 0 or
fkD = 0 in Ω.

Moreover we notice that through the isomorphism Θ, for fk ∈ C1(Ω,Rk0,n) and
ωk = Θfk ∈ C1(Ω,ΛkRn) we have D ∧ fk ←→ dωk and D • fk ←→ d∗ωk and are
equivalent (0 < k < n− 1)

Dfk = 0⇐⇒
{
dωk = 0
d∗ωk = 0,

i.e. fk harmonic in Ω is equivalent to saying that ωk = Θfk is a harmonic k-form
in Ω.
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More generally, let W =
∑n

0 ωk be a non-homogeneous differential form and
consider the R0,n-valued function F =

∑n
0 fk, where Θfk = ωk; then W is a self-

conjugate differential form in Ω if and only if F is a right monogenic function
in Ω.

5. Criteria for monogenicity

Let us assume that f belongs to the Hölder space C0,α(Γ,R0,n), 0 < α < 1. The
Cauchy transform CΓ and the Hilbert transform HΓ of f are defined respectively
by

CΓf(x) =
∫

Γ
E(y − x)ν(y)f(y) dy, x ∈ Rn \ Γ,

HΓf(x) =
∫

Γ
E(y − x)ν(y)f(y) dy), x ∈ Γ,

where ν(y) =
∑n
j=1 ejνj(y) is the unit normal vector on Γ at the point y.

It should be noticed that the last integral is taken in the principal value sense.
Moreover, CΓf is left monogenic in Rm \ Γ. If f is additionally left monogenic in
Ω, then by Cauchy’s integral formula (see for instance [5], but it may be found in
many other sources) we have

f(x) = CΓf(x), x ∈ Ω. (5.1)

In [7] the authors give a condensed account of results connected to the Hilbert
transform on the smooth boundary of a bounded domain in Euclidean spaces.

Let us now formulate important properties of CΓf and HΓf .
(A) HΓf ∈ C0,α(Γ,R0,n).
(B) (Sokhotski–Plemelj formula) For z ∈ Γ,

lim
Ω3x→z

CΓf(x) = 1
2 [HΓf(z) + f(z)] .

A great number of original papers have been devoted to this subject. For the
proof along classical lines we refer the reader to the pioneer work [15], whose author
proved, in 1965, that the Cauchy transform has Hölder-continuous limit values for
any Hölder-continuous densities and he obtained Plemelj–Sokhotski-type formulae.

We highlight the following important point. The claimed smoothness of the
boundary Γ for the validity of the items (A) and (B) has been known for many
years but subsequent developments put the study of the above-mentioned items in
the context of weaker restrictions on the boundary (see for instance [4, Theorem 1]).
An optimal generalization of both assertions can be found in [1, Theorem 6].

We have assumed that f ∈ C0,α(Γ,R0,n) and hence integrals are understood in
the Riemann sense (proper or improper). If now f ∈ Lp(Γ,R0,n) then one has to
understand CΓf as a Lebesgue integral, and the necessary changes can be easily
made. For example, the (non-tangential) limits in (B) exist almost everywhere on
Γ with respect to the surface Lebesgue measure. An Lp formulation of (A) follows
from standard Calderón–Zygmund theory and recalling that C0,α(Γ,R0,n) is dense
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in Lp(Γ,R0,n) by classical arguments. For a thorough treatment we refer the reader
to [16].

The following theorem is basic in our next considerations. Its proof may be
found in [2], but we include it here for the sake of completeness.

Theorem 5.1. Let F : Ω ∪ Γ → R0,n be a function such that F |Γ = f belongs to
C0,α(Γ,R0,n). Then, the following are equivalent:

(i) F is left monogenic in Ω;
(ii) F is harmonic in Ω and HΓf = f .

Proof. Suppose that F is left monogenic in Ω. From (5.1) we have F (x) = CΓf(x)
for x ∈ Ω. Now (B) yields

f(x) = HΓf(x) + f(x), x ∈ Σ.

Consequently, HΓf(x) = 0 for all x ∈ Σ.
Conversely, assume that F is harmonic in Ω and HΓf = f . Let us define

G(x) =
{
CΓf(x), x ∈ Ω,
f(x), x ∈ Γ.

The function G is left monogenic in Ω and hence harmonic in Ω. By (A) and (B),
G is also continuous on Ω ∪ Γ. As F − G is harmonic in Ω and (F − G)|Γ = 0 it
follows that F (x) = CΓf(x) for x ∈ Ω. �

Remark 5.2. As was mentioned before, we can extend the scope of the items (i)
and (ii) to the much larger class of Lebesgue p-integrable functions (all formulas
have to be reinterpreted), which makes it possible to carry our results with Lp-data.
In this sense, our approach generalizes and strengthens the standard result on the
necessary and sufficient condition for the possibility to extend a given L2-function
from the surface Γ to an L2-monogenic function in the domain Ω, see [7, Section 5],
[12, Section 5] and [17, Chapter 3]. This goes back as far as [19, Theorem 95], where
the very particular case of the half-plane is considered.

6. Self-conjugate forms revisited

In this section we state and prove our main theorem, which gives a solution to
the question asked at the end of Section 2. We retain the hypotheses on smoothness
of Γ for ease of comprehension.

Theorem 6.1. Let W : Ω∪Γ→ ΛRn be a non-homogeneous differential form such
that W|Γ = ω belongs to C0,α(Γ,ΛRn). Then, the following are equivalent:

(i) W is a self-conjugate form in Ω;
(ii) W is harmonic in Ω and

2
An

∫
Γ

∑
j,r

zj − ζj
|z − ζ|n

νr(ζ)(dzj ∧ d̂zr + d̂zj ∧ dzr)ω(ζ, dz) dζ = ω(z, dz), z ∈ Γ.
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Proof. Theorem 5.1 gives a direct and brief proof. Indeed, by Theorem 5.1 and
keeping in mind the isomorphism Θ the proof is then reduced to verify the equality

Θ[HΓf ] = 2
An

∫
Γ

∑
j,r

zj − ζj
|z − ζ|n

νr(ζ)(dzj ∧ d̂zr + d̂zj ∧ dzr)ω(ζ, dz) dζ,

where Θ[f ] = ω, and this follows as a direct consequence of Lemma 3.1. �

Moreover, we obtain the following simple but important corollary.

Corollary 6.2. Let Wk : Ω∪Γ→ ΛkRn be a k-differential form such that Wk|Γ =
ωk belongs to C0,α(Γ,ΛkRn). Then, the following are equivalent:

(i) Wk is harmonic in the sense of Hodge in Ω;
(ii) Wk is real harmonic in Ω and

2
An

∫
Γ

∑
j,r

zj − ζj
|z − ζ|n

νr(ζ)(dzj ∧ d̂zr + d̂zj ∧ dzr)ωk(ζ, dz) dζ = ωk(z, dz), z ∈ Γ.
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josemariasigarretaalmira@hotmail.com

Received: October 12, 2017
Accepted: November 13, 2018

Rev. Un. Mat. Argentina, Vol. 60, No. 1 (2019)

http://www.ams.org/mathscinet-getitem?mr=1130821
http://www.ams.org/mathscinet-getitem?mr=1266877
http://www.ams.org/mathscinet-getitem?mr=0759340
http://www.ams.org/mathscinet-getitem?mr=0217312
http://www.ams.org/mathscinet-getitem?mr=1383100
http://www.ams.org/mathscinet-getitem?mr=1295843
http://www.ams.org/mathscinet-getitem?mr=0802828
http://www.ams.org/mathscinet-getitem?mr=0942661

	1. Introduction
	2. Harmonic and self-conjugate differential forms. Statement of the problem
	3. Clifford algebras and multi-vectors
	4. Clifford analysis and harmonic multi-vector fields
	5. Criteria for monogenicity
	6. Self-conjugate forms revisited
	7. Acknowledgement
	References

