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LINEAR POISSON STRUCTURES AND HOM-LIE ALGEBROIDS

ESMAEIL PEYGHAN, AMIR BAGHBAN, AND ESA SHARAHI

Abstract. Considering Hom-Lie algebroids in some special cases, we ob-
tain some results of Lie algebroids for Hom-Lie algebroids. In particular, we
introduce the local splitting theorem for Hom-Lie algebroids. Moreover, lin-
ear Hom-Poisson structure on the dual Hom-bundle will be introduced and
a one-to-one correspondence between Hom-Poisson structures and Hom-Lie
algebroids will be presented. Also, we introduce Hamiltonian vector fields by
using linear Poisson structures and show that there exists a relation between
these vector fields and the anchor map of a Hom-Lie algebroid.

1. Introduction

Hom-Lie algebroids were introduced by Laurent-Gengoux and Teles in [4] using
the notion of Hom-Gerstenhaber algebras. Afterwards, in [1], Cai, Liu, and Sheng
modified the definition of a Hom-Lie algebroid and gave its equivalent dual descrip-
tion. A Hom-Lie algebroid has its own geometric meaning and interesting examples,
and it is more than a formal generalization of a Lie algebroid. Recently, many re-
searchers have been interested in studying the algebraic and geometric concepts on
Lie algebroids and Hom-Lie algebroids ([3, 5, 7, 8, 10, 11, 12, 13, 14, 15, 16]).

In [1], the authors could fix the definition of Hom-Lie algebroid in a more suitable
way by introducing the notion of Hom-bundle. In this sense, there is a fundamental
example. Let ϕ : M → M be any diffeomorphism. Then the pull back bundle
ϕ!TM of the tangent Lie algebroid TM is a Hom-Lie algebroid. This example is
based on the concept of the Hom bundle, and using it the authors introduced the
Hom-Poisson tensor structures. Therefore, we see the naturality of this definition of
Hom-Lie algebroids. In this paper, we consider the definition of Hom-Lie algebroid
given in [1].

Many results in Hamiltonian dynamics are indebted to Poisson geometry, where
they serve as phase spaces. Though Poisson geometry was an outcome of symplectic
geometry, it is a powerful theory in mathematics now. Lots of relations with
other fields —like Hamiltonian dynamics, representation theory, quantum physics,
dynamical and integrable systems— make Poisson geometry a simple to use and
essential approach. Indeed, translating the concepts to Poisson literature, may
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reduce the amount of computations or may solve the problem in a more technical
way. All of this paper’s discussions can be reduced to the Lie algebroid case.
Lie algebroids are just some fiber-wise linear Poisson structures. This kind of
approach is different by considering them as infinitesimal versions of Lie groupoids.
Here, one can see that Poisson makes a correlation between commutative and non-
commutative objects [2].

The structure of this paper is organized as follows: In Section 2, we recall
the notions of Hom-algebra and Hom-Lie algebroid and present some examples
of these concepts. In Section 3, we obtain some results on Hom-Lie algebroids
in special cases. In particular, we present the locally splitting theorem for Hom-
Lie algebroids. Section 4 is devoted to the study of linear Poisson structures and
Hamiltonian vector fields on Hom-Lie algebroids.

2. Preliminaries

In this section, we present some notions and results about Hom-Lie algebras and
Hom-Lie algebroids (see [1, 9, 10] for more details).

A triple (g, [·, ·], φg) consisting of a linear space g, a bilinear map (bracket)
[·, ·] : g× g→ g, and an algebra morphism φg : g→ g satisfying

[u, v] = −[v, u] and 	u,v,w [φg(u), [v, w]] = 0, u, v, w ∈ g,

is called a Hom-Lie algebra (the second equation is called Hom-Jacobi identity).
The Hom-Lie algebra (g, [·, ·], φg) is called regular (involutive), if φg is non-degenerate
(satisfies φg2 = 1). A representation of (g, [·, ·], φg) is a triple (V,A, ρ) where V is
a vector space, A ∈ gl(V ) and ρ : g→ gl(V ) is a linear map satisfying{

ρ(φg(u)) ◦A = A ◦ ρ(u),
ρ([u, v]g) ◦A = ρ(φg(u)) ◦ ρ(v)− ρ(φg(v)) ◦ ρ(u),

for any u, v ∈ g.
Let A be a vector bundle of rank r over the manifold M . A Hom-bundle is

a triple (A → M,ϕ, φA) consisting of a vector bundle A → M , a smooth map
ϕ : M →M , and an algebra morphism φA : Γ(A)→ Γ(A) satisfying

φA(fX) = ϕ∗(f)φA(X), (2.1)

for any X ∈ Γ(A) and f ∈ C∞(M). If ϕ is a diffeomorphism and φA is an invertible
map, then the Hom-bundle (A → M,ϕ, φA) is called invertible. An example of a
Hom-bundle is (Γ(ϕ!TM), ϕ,Adϕ∗), where Adϕ∗ : Γ(ϕ!TM) → Γ(ϕ!TM) is given
by

Adϕ∗(X) = ϕ∗ ◦X ◦ (ϕ∗)−1, ∀X ∈ Γ(ϕ!TM).

Remark 2.1. If φA : Γ(A) → Γ(A) satisfies (2.1), then we have the bundle mor-
phism φA : ϕ!A→ A given by φA(m,Xϕ(m)) = (m,φA(X)m), for all m ∈M . The
converse of this assertion is also true.
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Definition 2.2. Let (A → M,ϕ, φA) and (B → M,ϕ, φB) be two Hom-bundles.
A bundle map ρ : A → B is called a morphism of Hom-bundles if the following
condition holds:

ρ ◦ φA = φB ◦ ρ.

The linear map φA : Γ(A) → Γ(A) given in a Hom-bundle (A → M,ϕ, φA) can
be extended to a linear map from Γ(∧kA) to Γ(∧kA) for which we use the same
notation φA via

φA(X) = φA(X1) ∧ · · · ∧ φA(Xk), ∀X = X1 ∧ · · · ∧Xk ∈ Γ(∧kA).
If the Hom-bundle A is invertible, then the inverses of ϕ and φA are denoted by
ϕ−1 and φ−1

A , respectively. Also it is easy to see that

φ−1
A (fX) = (ϕ∗)−1(f)φ−1

A (X), ∀f ∈ C∞(M), X ∈ Γ(∧kA).

So (A → M,ϕ−1, φ−1
A ) is a Hom-bundle. We consider φ†A : Γ(∧kA∗) → Γ(∧kA∗)

defined by

(φ†A(ξ))(X) = ϕ∗ξ(φ−1
A (X)), ∀X ∈ Γ(∧kA), ξ ∈ Γ(∧kA∗).

From the above equation, we can conclude that

φ†A(fξ) = ϕ∗(f)φ†A(ξ). (2.2)

Therefore (∧kA∗, ϕ, φ†A) is a Hom-bundle.

Remark 2.3. When k = 1, similar to Remark 2.1 we have the correspondence
bundle map φ†A(m,ωϕ(m)) = (m,φ†A(ω)m), for all m ∈M , for φ†A : Γ(A∗)→ Γ(A∗)
satisfying (2.2).

Definition 2.4 ([1]). A Hom-Lie algebroid is a multiple (A,ϕ, φA, [·, ·]A, aA) such
that (A → M,ϕ, φA) is a Hom-bundle, (Γ(A), [·, ·]A, φA) is a Hom-Lie algebra on
the section space Γ(A), aA : A → ϕ!TM is a bundle map called the anchor map
and moreover, we have
[X, fY ]A = ϕ∗(f)[X,Y ]A + aA(φA(X))(f)φA(Y ), ∀X,Y ∈ Γ(A), ∀f ∈ C∞(M),
when aA : Γ(A) → Γ(ϕ!TM) is the representation of the Hom-Lie algebra (Γ(A),
[·, ·]A, φA) on C∞(M) with respect to ϕ∗ induced by the anchor map.

It is easy to see that (ϕ!TM,ϕ,Adϕ∗ , [·, ·]ϕ∗ , id) is a Hom-Lie algebroid [1], where

[X,Y ]ϕ∗ = ϕ∗◦X◦(ϕ∗)−1◦Y ◦(ϕ∗)−1−ϕ∗◦Y ◦(ϕ∗)−1◦X◦(ϕ∗)−1, ∀X,Y ∈ ϕ!TM.

Let (A,ϕ, φA, [·, ·]A, aA) and (B,ϕ, φB , [·, ·]B , aB) be two Hom-Lie algebroids over
M . A base-preserving morphism with the same base from A to B is a bundle map
ρ : A→ B such that

aB ◦ ρ = aA, ρ ◦ φA = φB ◦ ρ, ρ([X,Y ]A) = [ρ(X), ρ(Y )]B .
If ϕ is a diffeomorphism, it is easy to see that the map aA is a morphism between
Hom-Lie algebroids, i.e.,

aA(φA(X)) = Adϕ∗(aA(X)), aA([X,Y ]A) = [aA(X), aA(Y )]ϕ∗ .
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3. Local splitting theorem

Let xi : U ⊆ M −→ R be a coordinate system on M , Ψα : U ⊆ M −→ A and
Ψα : U ⊆ M −→ A∗ be a local basis of sections of A and A∗, respectively. Let
((x1, . . . , xm, ξ1, . . . , ξr), π−1(U)) be the coordinate system on A∗, where ξα : A∗ →
R is defined by ξβ(ξαΨ∗α) = ξβ . So, the local vector fields on A∗ associated to this
coordinate system are denoted by ∂

∂xi ,
∂
∂ξα

.
Suppose that φA is diagonalizable on A, that is, there exists a basis of sections

such that its matrix is diagonal with respect to it. Let f1, . . . , fk be locally smooth
functions on an open subset U ⊂M which are the eigenvalues of φA at every point.
We denote the eigenspace of φA related to fi at p by Aip. Suppose Ai = ∪pAip.
Since φA : A → A is a smooth function between two smooth manifolds, Ai has
constant rank for all i = 1, . . . , k. Therefore, they are distributions of A. Now we
can state the following theorem in order to classify φA.

Theorem 3.1. Let (A, IdM , φA = fIdA, [·, ·]A, aA) be a Hom-Lie algebroid where
f : M →M is a smooth function. If the rank of aA is greater than 0 then f must
be constant 1 on M . Moreover, when ϕ = IdM and φA is arbitrary, if the rank of
aA is greater than zero on every Ai then φA is the identity isomorphism.

Proof. Using the equation aA(φA(X)) ◦ϕ∗ = ϕ∗ ◦ aA(X) and considering ϕ = IdM
and φA = fIdA one can get faA(X) = aA(X). Since aA is a non-zero bundle
morphism the result of the first part can be achieved, i.e., f ≡ 1. For the second
part, let Xi ∈ Γ(Ai) such that aA(Xi) 6= 0. If φA(Xi) = fiXi then using the
equation aA(φA(X)) ◦ ϕ∗ = ϕ∗ ◦ aA(X) we get fiaA(Xi) = aA(Xi). This shows
that fi ≡ 1 and so φA ≡ IdA. �

Definition 3.2. An aA-section S of ϕ!TM is a section of ϕ!TM such that there
exists a section Ψ of A satisfying aA(Ψ) = S. We denote the set of such sections
by ΓA(ϕ!TM). It is easy to see that ΓA(ϕ!TM) is a C∞(M)-module.

Theorem 3.3. If φA = fIdA, then ϕ∗ : ΓA(ϕ!TM)→ ΓA(ϕ!TM) is a multiple of
the identity.

Proof. Let X be a section of A. Using the relation aA(φA(X)) ◦ ϕ∗ = ϕ∗ ◦ aA(X)
we get

f(p)(aA(X))p(g ◦ ϕ) = aA(X)ϕ(p)(g),
for g ∈ C∞(M) and p ∈M . So, one can get

dϕ(p)g
(
f(p)ϕ∗p(aA(Xp))− aA(X)ϕ(p)

)
.

Since g was an arbitrary smooth function on M we derive that
f(p)ϕ∗p(aA(Xp))− aA(X)ϕ(p) = 0.

Since φA is an isomorphism, f(p) 6= 0 and then we have

ϕ∗p(aA(Xp)) = 1
f(p)aA(X)ϕ(p),

and the proof is completed. �
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Proposition 3.4. If ϕ is the identity mapping on M then we have

aA[X,Y ]A = [aA(X), aA(Y )]M .

Proof. If ϕ is the identity then

aA(φA(X)) = aA(X),

and
aA[X,Y ]A = aA(φA(X))aA(Y )− aA(φA(Y ))aA(X).

If we set aA(Y ) = aA(φ(Y )) and aA(X) = aA(φ(X)) we get

aA[X,Y ]A = aA(X)aA(Y )− aA(Y )aA(X),

but this is equivalent to

aA[X,Y ]A = [aA(X), aA(Y )]M . �

Theorem 3.5. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid and x0 be a point
in M such that the rank of aA|At at x0 is rt, the dimension of fibers of At is αt,
and At is the eigenspace of φA with respect to the eigenvalue ft. Then there exist
coordinates (xi, yj), where i = 1, . . . , rt and j = rt + 1, . . . ,m on a neighborhood U
of x0 and a basis of sections {Ψ1, . . . ,Ψαt} of At over U satisfying

aA|At(Ψi) = ∂

∂xi
, i = 1, . . . , rt, (3.1)

aA|At(Ψα) =
∑
j

ajα
∂

∂yj
, α = rt + 1, . . . , αt, (3.2)

where ajα ∈ C∞(U) are smooth functions depending only on the y’s and vanishing
at x0; namely ajα = ajα(yk) and ajα(0) = 0. Moreover,

[Ψα,Ψβ ] =
∑
γ

cγαβΨγ , (3.3)

where cγαβ ∈ C∞(U) vanish if γ ≤ rt and satisfy∑
γ>rt

ajγ
∂cγαβ
∂xi

= 0,

∑
γ>rt

cγαβa
j
γ

∂ft
∂yj

= 0,

where ft is the eigenvalue of φA related to the eigenspace At.

Proof. Our proof is based on the rank of aA|At . By assuming the rank of aA|At to
be rt we give a proof by induction on rt (indeed, we don’t change any construction
here but we can suppose that there exists some subspace of At so that the restriction
of aA|At to this subspace is of rank k < rt). Suppose we have all results of the
theorem for 0 ≤ k < rt and assume we have constructed coordinates (xi, ỹj) where
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i ≤ k and k < j ≤ m on U ⊂ M and a basis of sections {Ψi, Ψ̃α} for At over U ,
where i ≤ k and k < α ≤ αt (αt is the rank of At) such that

aA(Ψi) = ∂

∂xi
, aA(Ψ̃α) = ajα

∂

∂ỹj
,

where ajα depend only on the ỹ’s. Since rt > k, there exists an α such that the
section aA(Ψ̃α) does not vanish at x0 (since the rank of aA|At is supposed to be rt,
which is greater than k). We can assume that α = k+ 1 and we set Ψk+1 = Ψ̃k+1.
We can perform a change of coordinates

xk+1 = xk+1(ỹk+1, . . . , ỹm), yj = yj(ỹk+1, . . . , ỹm),

such that

aA(Ψk+1) = ∂

∂xk+1 ,

aA(Ψ̃α) = ak+1
α

∂

∂xk+1 + ak+2
α

∂

∂yk+2 + · · · .

Note that such change of coordinates can happen as aA(Ψk+1)(x0) 6= 0. If we
change Ψ̃α with Ψ̃α − ak+1

α Ψk+1 we get

aA(Ψ̃α) = alα
∂

∂yl
,

where alα = alα(xk+1, yk+2, . . . , ym) and l = k + 2, . . . ,m. Since rt ≥ 1, according
to Theorem 3.1 we have ft ≡ 1. So, for all sections X,Y on At we have

aA[X,Y ]A = [aA(X), aA(Y )]M , (3.4)

and this shows that
[Ψk+1, Ψ̃α]A =

∑
γ>k+1

cγk+1,αΨ̃γ . (3.5)

By setting aA in two sides of (3.5) and using (3.4) we get

∂alα
∂xk+1

∂

∂yl
=

∑
γ>k+1

cγk+1,αa
l
γ

∂

∂yl
,

which yields
∂alα
∂xk+1 =

∑
γ>k+1

cγk+1,αa
l
γ .

Similar to Fernandes’ argument to solve this ODE we get a coordinate system
(xi, yj) and sections {Ψ}αti=1 satisfying the relations (3.1) and (3.2). Using the
equation

aA[X,Y ]A = [aA(X), aA(Y )]M ,
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one can easily check that cγαβ ∈ C∞(U) vanish if γ ≤ rt in (3.3). Using the
Hom-Jacobi identity, one can get the following for i ≤ rt and rt ≤ α, β ≤ αt:

aA[ftΨi, [Ψα,Ψβ ]A]A = ft[ft[
∂

∂xi
, alα

∂

∂yl
]A, ftaAΨβ ]A

+ ft[ftaAΨα, ft[
∂

∂xi
, alβ

∂

∂yl
]A]A = 0.

On the other hand,

aA [ftΨi, [Ψα,Ψβ ]A]A = aA

[
ftΨi,

∑
γ>rt

cγαβΨγ

]
A
,

ft

[
ft

∂

∂xi
,
∑
γ>rt

cγαβa
j
γ

∂

∂yj

]
A

= (ft)2
∑
γ>rt

ajγ
∂cγαβ
∂xi

∂

∂yj
+ ft

∑
γ>rt

cγαβa
j
γ

∂ft
∂yj

∂

∂xi
= 0.

So, we have ∑
γ>rt

ajγ
∂cγαβ
∂xi

= 0,
∑
γ>rt

cγαβa
j
γ

∂ft
∂yj

= 0.

Note that, in general, rt can be zero and so it is not necessary that we have
ft ≡ 1. �

Remark 3.6. Using the above theorem and the equation

ρ[X,Y ]g = ρ(φg(X)) ◦ ρ(Y )− ρ(φg(Y )) ◦ ρ(X),

one can deduce a Fernandes-like result. Indeed, if {Ψi
1, . . . ,Ψi

αi} is a basis of
sections for Ai and (x1

i , . . . , x
ri
i , y

ri+1
i , . . . , ymi ) is a coordinate system about x0 ∈M

for each Ai satisfying the last theorem and if the rank of aA is q at x0 then there
exist coordinates (xi, yj) and a basis of sections {Ψα}r1of A over U satisfying

aA(Ψi) = ∂

∂xi
, i = 1, . . . , r,

aA(Ψα) =
∑
j

ajα
∂

∂yj
, α > r,

where ri is the rank of aA|Ai and αi is the rank of Ai. Indeed, we choose a linearly
independent subset of{

∂

∂x1
1
,
∂

∂x2
1
, . . . ,

∂

∂xr1
1
,
∂

∂x1
2
, . . . ,

∂

∂xr2
2
, . . . ,

∂

∂x1
k

, . . . ,
∂

∂xrkk

}
,

where k is the number of eigenspaces of aA at x0.

Let A π−−−→M and B
ν−−−→M be vector bundles and let T : A → B be a bundle

map which satisfies
ν ◦ T = π.

Now, let Kx = Ax
kerx T and let K = ∪xKx for every x ∈ M , where Ax is the fiber

at x and kerx T is the kernel of T . It is easy to see that if the rank of T on every
Ax is the same number then K is a subbundle of A. Now, we suppose that A is
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a Hom-Lie algebroid and let B = TM . We can suppose that aA|Ax is a surjective
linear map. The result is that K is a subbundle of A.

Now, let ρ : K → TM and ∆ : K → K be bundle maps defined by

ρ(Xx +Kx) = aA(Xx)

and
∆(Xx +Kx) = φA(Xx) +Kx.

Then using ρ(∆X) = ρ(φA(X) +K) = aA(φA(X)) = aA(X) = ρ(X +K) we get

ρ(∆X) = ρ(X).

Proposition 3.7. Using the above notations one can prove that ∆ is an identity
bundle map.

Proof. It is easy to see that ρ ◦∆ = ρ. If ∆(Xx + Kx) = λ(Xx + Kx) then using
that relation we get ρ(Xx + Kx) = λρ(Xx + Kx). Since ρ is one-to-one, we have
λ = 1. �

Lemma 3.8. ρ and ∆ are well-defined and one-to-one mappings.

Proof. Let Xx − Yx = Zx ∈ Kx. It is easy to see that aA(Xx − Yx) = 0 and so
aA(Xx) = ρ(Xx+Kx) = ρ(Yx+Kx) = aA(Yx). Now, we show that ∆(Xx+Kx) =
∆(Yx +Kx), i.e., φA(Xx − Yx) ∈ Kx. Since, aA o φA = aA, so aA(φA(Xx − Yx)) =
aA(Xx − Yx) = 0.

Now, let ρ(Xx +Kx) = aA(Xx) = 0. This shows that Xx ∈ Kx and the result is
that Xx +Kx = Kx and aA is one-to-one. The equation aA ◦ φA = aA shows that
if ∆(Xx +Kx) = Kx then Xx ∈ Kx and so ∆ is one-to-one. �

Theorem 3.9. (K, ρ, [·, ·]K ,M) is a Lie algebroid, where [·, ·]K : K ×K → K is
defined by

[X +K,Y +K]K = ρ−1[aA(X), aA(Y )]M .

Proof. It is obvious that [·, ·]K is skew-symmetric. We show that it satisfies the
Jacobi identity. Let

L = [X +K, [Y +K,Z +K]K ]K + [Z +K, [X +K,Y +K]K ]K
+ [Y +K, [Z +K,X +K]K ]K .

Then we have

ρL = [aA(X), [aA(Y ), aA(Z)]M ]M + [aA(Z), [aA(X), aA(Y )]M ]M
+ [aA(Y ), [aA(Z), aA(X)]M ]M .

Since [·, ·]M satisfies the Jacobi identity, ρL = 0 and so L = 0, because ρ is one-to-
one. Now, we check the Leibniz rule for [·, ·]K . We have

ρ[X +K, fY +K]K = [aA(X), faA(Y )]M = aA(X)(f)aA(Y ) + f [aA(X), aA(Y )]M .

Then

[X +K, fY +K]K = aA(X)(f)ρ−1(aA(Y )) + fρ−1[aA(X), aA(Y )]M ,
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which is equivalent to
[X +K, fY +K]K = ρ(X +K)(f)(Y +K) + f [X +K,Y +K]M . �

4. Linear Hom-Poisson structures

In this section, we introduce the notion of linear Hom-Poisson structure that is a
generalization of the notion of linear Hom-Poisson structure introduced in [6]. Also,
we show that there exists a one-to-one correspondence between linear Hom-Poisson
structures and Hom-Lie algebroids.

Definition 4.1. Let (A → M,ϕ, φA) be a Hom-bundle. A linear Hom-Poisson
structure on a Hom-bundle (A∗ →M,ϕ, φ†A) is a pair that consists of a bracket of
functions

{·, ·}A∗ : C∞(A∗)× C∞(A∗)→ C∞(A∗)
and the map (φ†A)∗ : C∞(A∗) → C∞(A∗) (a morphism of the function ring
C∞(A∗)), such that the following conditions are satisfied:

(i) (C∞(A∗), {·, ·}A∗ , (φ†A)∗) is a Hom-Lie algebra,
(ii) {ψ1, ψ2ψ3}A∗ = (φ†A)∗(ψ2){ψ1, ψ3}A∗ + {ψ1, ψ2}A∗(φ†A)∗(ψ3),
(iii) {·, ·}A∗ is linear, that is, if ψ1 and ψ2 are linear functions on A∗ then

{ψ1, ψ2}A∗ is a linear function.

There exists a one-to-one correspondence between the section space Γ(A) and
the space of linear functions on A∗. In fact, if X ∈ Γ(A), then the corresponding
linear function X̂ is defined by

X̂(ωm) = φ†A(ω)(φA(X))(ϕ−1(m)), (4.1)
where ωm ∈ A∗m. We have

X̂(ωα(m)eα(m)) = (φ†A(ωαeα)(φA(X)))(ϕ−1(m))

= ϕ∗(ωα)(ϕ−1(m))(φ†A(eα)(φA(X)))(ϕ−1(m)) = ωα(m)X̂(eα(m)).
Also

f̂X(ωm) = (φ†A(ω)(φA(fX)))(ϕ−1(m))

= (φ†A(ω)(ϕ∗(f)φA(X)))(ϕ−1(m)) = ϕ∗(f)(ϕ−1(m))X̂(ωm)

= f(m)X̂(ωm) = f(τA∗(ω(m)))X̂(ωm) = (f ◦ τA∗)(ωm)X̂(ωm).

Therefore f̂X = (f ◦ τA∗)X̂. We consider (φ†A)∗ : C∞(A∗)→ C∞(A∗) given by

((φ†A)∗(F ))(ωm) = F ((φ†A)−1(ω)ϕ(m)), ∀F ∈ C∞(A∗), (4.2)
which gives us

((φ†A)∗(X̂))(ωm) = (ω(φA(X)))m. (4.3)
For any f ∈ C∞(M), we conclude

(φ†A)∗(f̂X)(ωm) = ω(φA(fX))m = (ϕ∗(f)ω(φA(X))m
= ϕ∗(f)(m)(φ†A)∗(X̂)(ωm) = ϕ∗(f)(τA∗(ωm))(φ†A)∗(X̂)(ωm),
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i.e.,
(φ†A)∗(f̂X) = (ϕ∗(f) ◦ τA∗)(φ†A)∗(X̂). (4.4)

Proposition 4.2. Let ({·, ·}A∗ , (φ†A)∗) be a linear Hom-Poisson structure on a
Hom-bundle (A∗ →M,ϕ, φ†A). If we consider X ∈ Γ(A) and f, g ∈ C∞(M), then

(i) {X̂, f̂}A∗ is a basic function with respect to the projection τA∗ ;
(ii) {f̂ , ĝ}A∗ = 0.

Proof. Using (4.4) and property (ii) in Definition 4.1, we get

{X̂, (f ◦ τA∗)Ŷ }A∗ = (ϕ∗(f) ◦ τA∗){X̂, Ŷ }A∗ + {X̂, (f ◦ τA∗)}A∗(φ†A)∗(Ŷ ). (4.5)

Since {X̂, (f ◦ τA∗)Ŷ }A∗ and {X̂, Ŷ }A∗ are R-linear functions, we conclude that
{X̂, (f ◦ τA∗)}A∗ is a basic function with respect to τA∗ , which implies that (i)
holds.

Using (i) and Definition 4.1, we have

{(f ◦τA∗), Ŷ (g◦τA∗)}A∗ = (φ†A)∗(Ŷ ){(f ◦τA∗), (g◦τA∗)}A∗ +{(f ◦τA∗), Ŷ }A∗ ϕ̂∗(g),
which is a basic function with respect to τA∗ . Therefore we deduce that {(f ◦
τA∗), (g ◦ τA∗)}A∗ = 0. This proves (ii). �

Proposition 4.3. If we consider φA(Ψλ) = φµλΨµ, then

Ψ̂α = ξα, (φ†A)∗(ξα) = (φβα ◦ τA∗)ξβ , ((φ†A)∗)−1 ̂φA(Ψα) = Ψ̂α.

Proof. Using (4.1), we obtain

Ψ̂α((Ψβ)m) = ((φ†A)(Ψβ)φA(Ψα))ϕ−1(m) = (ϕ∗((Ψβ)(Ψα)))ϕ−1(m) = δβα(m). (4.6)
Thus we get

Ψ̂α(ωm) = Ψ̂α(ωβ(m)(Ψβ)m) = ωβ(m)δβα = ωα(m) = ξα(ωm).
We have

(φ†A)∗(ξα)(ωm) = ξα((φ†A)−1(ω)ϕ(m)) = ξα((φ†A)−1(ωβΨβ)ϕ(m))

= ξα((ϕ∗)−1(ωβ)ϕ(m)(φ†A)−1(Ψβ)ϕ(m)).
(4.7)

On the other hand,
(φ†A)−1(Ψβ)(Ψα) = (ϕ∗)−1(Ψβ(φA(Ψα))) = (ϕ∗)−1(Ψβ(φγαΨγ))

= (φγα ◦ ϕ−1)δβγ = (φβα ◦ ϕ−1),
which gives

(φ†A)−1(Ψβ) = (φβα ◦ ϕ−1)Ψα.

Setting the above equation in (4.7) implies

(φ†A)∗(ξα)(ωm) = ξα(ωβ(m)φβγ (m)(eγ)ϕ(m)) = φβα(m)ωβ(m) = φβα(m)ξβ(ωm).
The third equation is obtained as follows:
̂φA(Ψα)(ωm) = (φ†A(ω)(φ2

A(Ψα)))ϕ−1(m) = (ϕ∗(ω(φA(Ψα))))ϕ−1(m) = ω(φA(Ψα))m
= (φ†A)∗(Ψ̂α)(ωm). �
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Corollary 4.4. We have

(φ†A)∗(Ψ̂α) = (φβα ◦ τA∗)Ψ̂β .

Theorem 4.5. Let (A,ϕ, φA, [·, ·]A, aA) be a Hom-Lie algebroid. Then there exists
a one-to-one correspondence between the Hom-Lie algebroid and its linear Hom-
Poisson structure. Also, if ({·, ·}A∗ , (φ†A)∗) is a linear Hom-Poisson structure on a
Hom-bundle (A∗ →M,ϕ, φ†A), then the corresponding Hom-Lie algebroid structure
([·, ·]A, aA) on A is characterized by the following conditions:

̂[X,Y ]A = −{X̂, Ŷ }A∗ ,

aA(φA(X))(f) ◦ τA∗ = {(f ◦ τA∗), X̂}A∗ = ϕ∗(aA(X)((ϕ∗)−1(f))) ◦ τA∗ .
(4.8)

Proof. We consider {·, ·}A∗ as a linear Hom-Poisson structure on A∗. Since {·, ·}A∗

is an R-bilinear skew-symmetric bracket, we conclude that [·, ·]A is also R-bilinear
skew-symmetric. As {·, ·}A∗ satisfies the Hom-Leibniz rule, we conclude that aA(X)
is a vector field on M , for any X ∈ Γ(A). Using (4.8) and the Hom-Leibniz rule
we get

aA(φA(gX))(f) ◦ τA∗ = {(f ◦ τA∗), (g ◦ τA∗)X̂}A∗

= (φ†A)∗((g ◦ τA∗)){(f ◦ τA∗), X̂}A∗

= (φ†A)∗((g ◦ τA∗))aA(φA(X))(f) ◦ τA∗ ,

which gives us
aA(gX)(f) = gaA(X)(f),

that is aA : Γ(τA)→ Γ(ϕ!TM) is a morphism of C∞(M)-modules. Also using (4.5)
and (4.8) we obtain

̂[X, fY ]A = −{X̂, f̂Y }A∗

= −(φ†A)∗((f ◦ τA∗)){X̂, Ŷ }A∗ + aA(φA(X))(f)(φ†A)∗(Y )

= (ϕ∗(f) ◦ τA∗) ̂[X,Y ]A + aA(φA(X))(f)(φ̂A(Y ).
Therefore we have

[X, fY ]A = ϕ∗(f)[X,Y ]A + aA(φA(X))(f)φA(Y ).
Since {·, ·}A∗ satisfies the Hom-Jacobi identity, it is easy to see that the Hom-Jacobi
identity holds for [·, ·]A. Therefore ([·, ·]A, aA) is a Hom-Lie algebroid structure on
(τA : A→M,ϕ, φA).

Conversely, let ([·, ·]A, aA) be a Hom-Lie algebroid structure on a Hom-bundle
(τA : A→M,ϕ, φA). If we consider x ∈M , then there exists an open subset U of
M and a unique linear Poisson structure on the Hom-bundle (τ−1

A∗ (U)→ U,ϕ, φ†A)
such that

{X̂, Ŷ }τ−1
A∗ (U) = −[̂X,Y ]τ−1

A
(U),

{(f ◦ τA∗), X̂}τ−1
A∗ (U) = aτ−1

A
(U)(φA(X))(f),

{(f ◦ τA∗), (g ◦ τA∗)}τ−1
A∗ (U) = 0,
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for any X,Y ∈ Γ(ττ−1
A

(U)) and f, g ∈ C∞(M). As [·, ·]A satisfies the Hom-Jacobi
identity, then the Hom-Jacobi identity holds for {·, ·}A∗ . So ([·, ·]τ−1

A
(U), aτ−1

A
(U)) is

a Hom-Lie algebroid structure on Hom-bundle (ττ−1
A
U : τ−1

A (U) → M,ϕ, φτ−1
A

(U)).
Therefore, there exists a unique linear Hom-Poisson structure ({·, ·}A∗ , (φ†A)∗) on
A∗ that satisfies (4.8). �

Let xi denote the local coordinates over a neighborhood U of M . If eα is a
basis of sections of the Hom-bundle (τ−1

A (U) → U,ϕ, φA), then (xi, ξα) are the
corresponding local coordinates on the Hom-bundle (A∗ → M,ϕ, φ†A). By Propo-
sition 4.2 one can easily see that

{ξα, ξβ}A∗ = −(Cγαβ ◦ τA∗)ξγ , {xi, ξα}A∗ = (φβαaiβ) ◦ τA∗ , {xi, xj}A∗ = 0,

where aiβ , C
µ
αβ are smooth maps on U .

Proposition 4.6. Let ({·, ·}A∗ , (φ†A)∗) be a linear Hom-Poisson structure on the
Hom-bundle A∗ and ([·, ·]A, aA) be the corresponding Hom-Lie algebroid structure
on the Hom-bundle (τA : A → M,ϕ, φA). If xi are local coordinates on an open
subset U of M and eα is a basis of sections of the Hom-bundle τ−1

A (U)→ U , then

[Ψα,Ψβ ]A = CλαβΨλ, aA(φA(Ψα)) = φβαa
i
β

∂

∂xi
,

where Cλαβ , φβαaiβ are called the local structure functions of the Hom-Lie algebroid
structure ([·, ·]A, aA) on the Hom-bundle A.

Proof. We have
̂[Ψα,Ψβ ]A = −{Ψ̂α, Ψ̂β}A∗ = (Cγαβ ◦ τA∗)Ψ̂γ .

Contracting the above equation by Ψν and using (4.6) we obtain

Ψν([Ψα,Ψβ ]A) = Cναβ .

Also we get

aA(φA(Ψα))(f) ◦ τA∗ = aA(φA(Ψα))(f)) ◦ τA∗ = {f ◦ τA∗ , Ψ̂α}A∗ = (φβαaiβ) ◦ τA∗ .

�

Now we shall compute the Hamiltonian vector fields Xxi , Xξα on A∗. Using the
definition we get

Xxi(xj) = {xi, xj} = 0, Xxi(ξα) = {xi, ξα} = (aiβφβα) ◦ τA∗ .

So, one can get

Xxi = (aiβφβα) ◦ τA∗
∂

∂ξα
.

For Xξα we have

Xpα(xi) = {ξα, xi} = −(aiβφβα) ◦ τA∗ , Xpα(ξβ) = {ξα, ξβ} = −(Cγαβ ◦ τA∗)ξγ .
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So
Xξα = −(aiβφβα) ◦ τA∗

∂

∂xi
− (Cγαβ ◦ τA∗)ξγ

∂

∂ξβ
.

Let v = vαΨα ∈ Γ(A) be a local section and define fv : A∗ → R in the usual way

fv(x, ξ) = vα(x)ξα(x, ξ) or fv = (vα ◦ τA∗)ξα,

where ξ =
∑
α ξαΨ∗α. Now, we compute Xfv as follows:

Xfv (xi) = −Xxi(fv) = −(aiβφβαϕ∗(vα)) ◦ τA∗ ,

and

Xfv (ξα) = {fv, pα} = {(vλ ◦ τA∗)ξλ, ξα}
= (φγλ ◦ τA∗)ξγ{vλ ◦ τA∗ , ξα}+ (ϕ∗(vλ) ◦ τA∗){ξλ, ξα}

= ((φγλa
i
βφ

β
α

∂vλ

∂xi
) ◦ τA∗)ξγ − ((ϕ∗(vλ)Cγλα) ◦ τA∗)ξγ .

So we have

Xfv = −(aiβφβαϕ∗(vα)) ◦ τA∗
∂

∂xi

+
((
φγλa

i
βφ

β
α

∂vλ

∂xi

)
◦ τA∗ξγ − (ϕ∗(vλ)Cγλα) ◦ τA∗ξγ

) ∂

∂ξα
.

Since (τA∗)∗( ∂
∂xi ) = ∂

∂xi and (τA∗)∗( ∂
∂ξα

) = 0, from the above equation we get

(τA∗)∗(Xfv ) = −(aiβφβαϕ∗(vα)) ◦ τA∗
∂

∂xi
= −aA(φA(v)).

Let v = vαΨα and w = wβΨβ . Then one can compute {fv, fw} as follows:

{fv, fw} = {vαξα, wβξβ}
= (φλα ◦ τA∗)ξλ{vα, wβξβ}+ ϕ∗(vα) ◦ τA∗{ξα, wβξβ}

=
(

(φλαϕ∗(wβ)) ◦ τA∗

)
ξλ{vα, ξβ}+ ((φλαφ

γ
β) ◦ τA∗)ξλξγ{vα, wβ}

+ (ϕ∗(vα)ϕ∗(wβ)) ◦ τA∗{ξα, ξβ}+ ((ϕ∗(vα)φγβ) ◦ τA∗)ξγ{ψα, wβ}

= ((φλαaiµφ
µ
βϕ
∗(wβ)∂v

α

∂xi
) ◦ τA∗)ξλ − ((ϕ∗(vα)ϕ∗(wβ)Cγαβ) ◦ τA∗)ξγ

−
((
ϕ∗(vα)φγβa

i
µφ

µ
α

∂wβ

∂xi

)
◦ τA∗

)
ξγ .

(4.9)

It is a straightforward computation to see that

[v, w] = −
(

(φλαaisφsβϕ∗(wβ)∂v
α

∂xi
− ϕ∗(vα)ϕ∗(wβ)Cλαβ

− ϕ∗(vα)φλβaiuφuα
∂wβ

∂xi
) ◦ τA∗

)
Ψλ,
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and so

f[v,w] = −
((
φλαa

i
sφ
s
βϕ
∗(wβ)∂v

α

∂xi
− ϕ∗(vα)ϕ∗(wβ)Cλαβ

− ϕ∗(vα)φλβaiuφuα
∂wβ

∂xi
)
◦ τA∗

)
ξλ.

(4.10)

(4.9) and (4.10) imply that −f[v,w] = {fv, fw} = {−fv,−fw}. Using the above
calculations we have the following theorem.

Theorem 4.7. The assignment v 7−→ −fv defines a Lie algebra homomorphism
(Γ(A), [·, ·]A)→ (C∞(A∗), {·, ·}a). Moreover, if Xfv denotes the Hamiltonian vec-
tor field associated with fv, then Xfv is τA∗ -related to −aA(φA(v)).
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