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LINEAR POISSON STRUCTURES AND HOM-LIE ALGEBROIDS

ESMAEIL PEYGHAN, AMIR BAGHBAN, AND ESA SHARAHI

ABSTRACT. Considering Hom-Lie algebroids in some special cases, we ob-
tain some results of Lie algebroids for Hom-Lie algebroids. In particular, we
introduce the local splitting theorem for Hom-Lie algebroids. Moreover, lin-
ear Hom-Poisson structure on the dual Hom-bundle will be introduced and
a one-to-one correspondence between Hom-Poisson structures and Hom-Lie
algebroids will be presented. Also, we introduce Hamiltonian vector fields by
using linear Poisson structures and show that there exists a relation between
these vector fields and the anchor map of a Hom-Lie algebroid.

1. INTRODUCTION

Hom-Lie algebroids were introduced by Laurent-Gengoux and Teles in [4] using
the notion of Hom-Gerstenhaber algebras. Afterwards, in [I], Cai, Liu, and Sheng
modified the definition of a Hom-Lie algebroid and gave its equivalent dual descrip-
tion. A Hom-Lie algebroid has its own geometric meaning and interesting examples,
and it is more than a formal generalization of a Lie algebroid. Recently, many re-
searchers have been interested in studying the algebraic and geometric concepts on
Lie algebroids and Hom-Lie algebroids ([3], B} [7, [8], 10, 11, 12} T3] 14, 15} [16]).

In [I], the authors could fix the definition of Hom-Lie algebroid in a more suitable
way by introducing the notion of Hom-bundle. In this sense, there is a fundamental
example. Let ¢ : M — M be any diffeomorphism. Then the pull back bundle
@' TM of the tangent Lie algebroid TM is a Hom-Lie algebroid. This example is
based on the concept of the Hom bundle, and using it the authors introduced the
Hom-Poisson tensor structures. Therefore, we see the naturality of this definition of
Hom-Lie algebroids. In this paper, we consider the definition of Hom-Lie algebroid
given in [I].

Many results in Hamiltonian dynamics are indebted to Poisson geometry, where
they serve as phase spaces. Though Poisson geometry was an outcome of symplectic
geometry, it is a powerful theory in mathematics now. Lots of relations with
other fields —like Hamiltonian dynamics, representation theory, quantum physics,
dynamical and integrable systems— make Poisson geometry a simple to use and
essential approach. Indeed, translating the concepts to Poisson literature, may
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reduce the amount of computations or may solve the problem in a more technical
way. All of this paper’s discussions can be reduced to the Lie algebroid case.
Lie algebroids are just some fiber-wise linear Poisson structures. This kind of
approach is different by considering them as infinitesimal versions of Lie groupoids.
Here, one can see that Poisson makes a correlation between commutative and non-
commutative objects [2].

The structure of this paper is organized as follows: In Section 2, we recall
the notions of Hom-algebra and Hom-Lie algebroid and present some examples
of these concepts. In Section 3, we obtain some results on Hom-Lie algebroids
in special cases. In particular, we present the locally splitting theorem for Hom-
Lie algebroids. Section 4 is devoted to the study of linear Poisson structures and
Hamiltonian vector fields on Hom-Lie algebroids.

2. PRELIMINARIES

In this section, we present some notions and results about Hom-Lie algebras and
Hom-Lie algebroids (see [T}, 9} [10] for more details).

A triple (g,[,],¢g) consisting of a linear space g, a bilinear map (bracket)
[,-] : g X g = g, and an algebra morphism ¢4 : g — g satisfying

[u,v] = —[v,u] and Oy pw [0g(w), [v,w]] =0, u,v,w € g,

is called a Hom-Lie algebra (the second equation is called Hom-Jacobi identity).
The Hom-Lie algebra (g, [+, |, ¢4) is called regular (involutive), if ¢4 is non-degenerate
(satisfies ¢4° = 1). A representation of (g,[-,], dg) is a triple (V, A, p) where V' is
a vector space, A € gl(V) and p: g — gl(V) is a linear map satisfying

{pwg(u)) 0o A= Aop(u),
p([u,vlg) 0 A = p(pg(u)) o p(v) — p(dg(v)) o p(u),

for any u,v € g.

Let A be a vector bundle of rank r over the manifold M. A Hom-bundle is
a triple (A — M, p,¢4) consisting of a vector bundle A — M, a smooth map
@ : M — M, and an algebra morphism ¢4 : I'(4) — I'(A) satisfying

Pa(fX) =" (f)oa(X), (2.1)

forany X € T'(A) and f € C*>°(M). If ¢ is a diffeomorphism and ¢ 4 is an invertible
map, then the Hom-bundle (A — M, ¢, ¢4) is called invertible. An example of a
Hom-bundle is (T'(¢'TM), p, Ad,+), where Ady« : T(¢'TM) — T'(¢'TM) is given
by

Adg-(X) = 0 X o (¢*)7!, VX €T (¢'TM).

Remark 2.1. If ¢4 : I'(4) — T'(A) satisfies (2.1), then we have the bundle mor-
phism ¢4 : ¢'A — A given by da(m, Xpmmy) = (M, da(X)m), for all m € M. The
converse of this assertion is also true.
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Definition 2.2. Let (A — M, p,¢4) and (B — M, p,¢p) be two Hom-bundles.
A bundle map p : A — B is called a morphism of Hom-bundles if the following
condition holds:

poda=o¢pop.

The linear map ¢4 : I'(A) — T'(A4) given in a Hom-bundle (4 — M, ¢, $4) can
be extended to a linear map from I'(A*A) to I'(AFA) for which we use the same
notation ¢4 via

HA(X) = pa(X)A--ANpa(Xp), VX =X A---AX, eD(AFA).

If the Hom-bundle A is invertible, then the inverses of ¢ and ¢4 are denoted by
¢! and ¢;11, respectively. Also it is easy to see that

$2' (fX) = (") (N)ea' (X), VfeC®(M), X eT(\"A).
So (A — M,p™ 1, ¢,") is a Hom-bundle. We consider QSL : T(APA*) — T(AFA¥)
defined by
(@1 ()(X) = ¢"€(61 (X)), VX eD(AFA), € e D(AFA").
From the above equation, we can conclude that
oh(f6) =" (NSh(©). (22)
Therefore (AFA*, o, qbg) is a Hom-bundle.

Remark 2.3. When k£ = 1, similar to Remark we have the correspondence
bundle map qSZ(m,wg,(m)) = (m, ngL(w)m), for all m € M, for ngL :T(A*) = T'(A4%)
satisfying .

Definition 2.4 ([I]). A Hom-Lie algebroid is a multiple (A, ¢, ¢4, [, -]4,a4) such
that (A — M, p,¢4) is a Hom-bundle, (I'(A), [, ]a, ¢4) is a Hom-Lie algebra on
the section space I'(A), a4 : A — ¢'TM is a bundle map called the anchor map
and moreover, we have

(X, fY]a = " (NIX, Y]a+ aa(@a(X))(f)oa(Y), VXY eT'(A), Vf e CF(M),

when aa : I'(A) — I'(¢'TM) is the representation of the Hom-Lie algebra (T'(A),
[,-]a,d4) on C°°(M) with respect to ¢* induced by the anchor map.

It is easy to see that (¢'TM, ¢, Ady+, [+, |4+, id) is a Hom-Lie algebroid [I], where
[X, Y] = g™ 0Xo(p*) TToYo(p") T =g oY o(¢") ToXo(p*) T, VXY € ¢'TM.

Let (A, ¢, ¢a,[,]a,a4) and (B, p, d5,[,|5,as) be two Hom-Lie algebroids over
M. A base-preserving morphism with the same base from A to B is a bundle map
p: A — B such that

apop=as, popa=¢pop, p([X,Y]a)=[p(X),p(Y)]B-

If ¢ is a diffeomorphism, it is easy to see that the map a4 is a morphism between
Hom-Lie algebroids, i.e.,

aa(¢a(X)) = Ady+(aa(X)), aa([X,Y]a) = [aa(X),aa(Y)]p-.
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3. LOCAL SPLITTING THEOREM

Let ' : U € M — R be a coordinate system on M, ¥, : U C M — A and
v : U C M — A* be a local basis of sections of A and A*, respectively. Let
((zt,...,2™ &, ..., &), 7 5(U)) be the coordinate system on A*, where &, : A* —
R is defined by £g(£a T**) = £3. So, the local vector fields on A* associated to this
coordinate system are denoted by %7 a%.

Suppose that ¢4 is diagonalizable on A, that is, there exists a basis of sections
such that its matrix is diagonal with respect to it. Let fi,..., fi be locally smooth
functions on an open subset U C M which are the eigenvalues of ¢4 at every point.
We denote the eigenspace of ¢4 related to f; at p by A;,. Suppose A; = UpA;p.
Since ¢4 : A — A is a smooth function between two smooth manifolds, A; has
constant rank for all ¢ = 1,..., k. Therefore, they are distributions of A. Now we
can state the following theorem in order to classify ¢ 4.

Theorem 3.1. Let (A,Idar,da = fIda, [, ]a,aa) be a Hom-Lie algebroid where
f: M — M is a smooth function. If the rank of a4 is greater than 0 then f must
be constant 1 on M. Moreover, when ¢ = Idy; and ¢4 is arbitrary, if the rank of
aa is greater than zero on every A; then ¢4 is the identity isomorphism.

Proof. Using the equation a4(¢a(X))op* = p* 0cas(X) and considering ¢ = Idy,
and ¢4 = fIds one can get fas(X) = aa(X). Since an is a non-zero bundle
morphism the result of the first part can be achieved, i.e., f = 1. For the second
part, let X; € T'(A;) such that as(X;) # 0. If ¢4(X;) = f;X; then using the
equation a4 (pa(X)) o @* = p* o axs(X) we get fiaa(X;) = aa(X;). This shows
that f; =1 and so ¢4 =1d4. O

Definition 3.2. An a4-section S of ¢'TM is a section of ' TM such that there
exists a section U of A satisfying as(¥) = S. We denote the set of such sections
by T (@' TM). Tt is easy to see that T'4(¢'TM) is a C> (M )-module.

Theorem 3.3. If ¢4 = fIda, then o, : T a(p'TM) — Ta(0'TM) is a multiple of
the identity.

Proof. Let X be a section of A. Using the relation a4 (¢a(X)) o p* = ¢* ocaa(X)
we get

fF(0)(aa(X))p(go9) = aa(X)ew)(9),
for g € C*°(M) and p € M. So, one can get

)9 (f(P)rp(an(Xp)) — an(X)p@m)) -

Since g was an arbitrary smooth function on M we derive that

f()pup(aa(Xp)) — aa(X)yp) = 0.
Since ¢4 is an isomorphism, f(p) # 0 and then we have

pupl(aa(X,)) = %mxmw

and the proof is completed. O
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Proposition 3.4. If ¢ is the identity mapping on M then we have
aalX,Y]a=[aa(X),aa(Y)]n-
Proof. If ¢ is the identity then
aa(pa(X)) = aa(X),
and

aa[X,Y]a = aa($a(X))aa(Y) — aa(¢a(Y))aa(X).
If we set aa(Y) =aa(d(Y)) and aa(X) = aa(d(X)) we get

(
aa[X,Y]a = aa(X)aa(Y) —aa(Y)aa(X),
but this is equivalent to

aA[X,Y]A:[aA(X),aA(Y)]M. O

Theorem 3.5. Let (A, p,¢a,[,]a,aa) be a Hom-Lie algebroid and xo be a point
in M such that the rank of aala, at xo is ry, the dimension of fibers of Ay is au,
and A; is the eigenspace of ¢ o with respect to the eigenvalue f;. Then there exist

coordinates (z%,y7), where i =1,...,7y and j =r; +1,...,m on a neighborhood U
of xo and a basis of sections {V1,...,%,,} of Ay over U satisfying
0 .
aA|At(\I/i):@, i=1,...,7, (3.1)
aala, (U Z a=r+1,...,q4, (3.2)

J

where a’, € C"X’(_U) are smooth functions depending only on the y’s and vanishing
at xo; namely al, = a, (y*) and a,(0) = 0. Moreover,

[T, U] = anﬁ - (3.3)

where Cl/ﬂ € C®(U) vanish if v < ry and satisfy

3 o 2ot

C
dxi 0,
Y>1e

'y 8ft

aﬁ "/8yj ’

Y>re

where f; is the eigenvalue of ¢4 related to the eigenspace A;.

Proof. Our proof is based on the rank of as|4,. By assuming the rank of a4|a, to
be r; we give a proof by induction on 7, (indeed, we don’t change any construction
here but we can suppose that there exists some subspace of A; so that the restriction
of aala, to this subspace is of rank k < r;). Suppose we have all results of the
theorem for 0 < k < 7, and assume we have constructed coordinates (z¢,§7) where
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t<kand k<j<monU C M and a basis of sections {V;, \i/a} for A; over U,
where i < k and k < o < a; (o4 is the rank of A;) such that

0 0

g aTa) = al 5

aa(¥;) =
where a/, depend only on the §’s. Since r; > k, there exists an a such that the
section a4 (¥, ) does not vanish at g (since the rank of a4|4, is supposed to be ry,
which is greater than k). We can assume that o = k+ 1 and we set W11 = Upiq.
We can perform a change of coordinates

~k+1

k+1:‘rk+1( “’gm)’ yJ:yJ(y a"'agm)a

~k+1
.

Z )

such that

0
(\Ijk"rl) 8 k—_;’_l ?

0 0
_ k1 k+2
as(¥,) =ap ppe +ay 2 .

Note that such change of coordinates can happen as aa(¥y41)(zo) # 0. If we
change ¥, with U, — a0, we get

~ 0
Vo) =ab 2,
aa(¥a) L
where al, = a! (2% yk*+2 . y™) and | = k +2,...,m. Since r; > 1, according

to Theorem @ we have f; = 1. So, for all sections X,Y on A; we have

aalX,Y]a = [aa(X),aa(Y)]nm, (3.4)
and this shows that
(Vi ¥ Z Ck+1a (3.5)
y>k+1

By setting a4 in two sides of (3.5 and using (3.4) we get

1

5&1211 36 Z Ck+1 P ’Yaal’
v y y>k+1 Yy
which yields
da
— v !
axkil = D Giraty
y>k+1

Similar to Fernandes’ argument to solve this ODE we get a coordinate system
(2',y7) and sections {W}*, satisfying the relations and - Using the
equation

aa[X,Y]a = laa(X),aa(Y)]m,
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one can easily check that c); € C°°(U) vanish if v < r, in (3.3). Using the
Hom-Jacobi identity, one can get the following fori<riand r; < a,f < ag:

0
aA[ft\Ilia[\Il()u\Ilﬁ] ]A_ft[ft[ i’ aa l]AvftaA\Ijﬂ]A

o , 0

+ filfraaVa, ft[@yagafyl]A]A =0.
On the other hand,
) _ , ¥
A [ft\ll’u [\I’OM \Ijﬂ}A]A aa |:ft\Ij“’Y>ZT Ca,ﬁ\I/'Y:|A’
9 dclp ;Of
vy v _ 2 ap o ’Y t —
ff[fta i Caﬁ“%ayjh = (fo) GG oy Tt 2 Cang i axz =0
Y>ry Y>1e Y>Te

So, we have

.oc) of
j_aB _ t_
Za’Yaxi_O’ anﬁ vag_o
Y>re Y>T
Note that, in general, r; can be zero and so it is not necessary that we have

fi=1. (]
Remark 3.6. Using the above theorem and the equation

plX,Y]g = p(dg(X)) 0 p(Y) — p(¢g(Y)) o p(X),
one can deduce a Fernandes-like result. Indeed, if {¥},... W/ } is a basis of
sections for 4; and (z},...,z}°, yzﬁl, ..., y™) is a coordinate system about o € M
for each A; satisfying the last theorem and if the rank of a4 is ¢ at zg then there

exist coordinates (z¢,y7) and a basis of sections {¥*}7of A over U satisfying

0 .
aA(\I/i):@, t1=1,...,m
as(Uy) = a’ o a>r
A a) = : a@yj P )
J
where r; 1 ; is the rank of A;. Indeed, we choose a linearly
independent subset of
I B T T
Oxl’ 03’7 Qxy Ox) T Qxy Oy Ot [

where k is the number of eigenspaces of a4 at xg.

Let A—">M and B—2+M be vector bundles and let T : A — B be a bundle
map which satisfies
vol =m.
Now, let K, ﬁ and let K = U, K, for every x € M, where A, is the fiber
at x and ker, T' is the kernel of T'. It is easy to see that if the rank of T" on every
A, is the same number then K is a subbundle of A. Now, we suppose that A is
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a Hom-Lie algebroid and let B = T'M. We can suppose that aa|a, is a surjective
linear map. The result is that K is a subbundle of A.
Now, let p: K — TM and A : K — K be bundle maps defined by

P( Xy + Ky) = aa(Xs)
and
A(Xy + Ky) = oa(Xa) + Ko
Then using p(AX) = p(¢pa(X) + K) = aa(pa(X)) = aa(X) = p(X + K) we get
P(AX) = p(X).

Proposition 3.7. Using the above notations one can prove that A is an identity
bundle map.

Proof. Tt is easy to see that po A = p. If A(X, + K,) = M(X, + K,.) then using
that relation we get p(X, + K;) = Ap(X; + K;). Since p is one-to-one, we have
A=1. U

Lemma 3.8. p and A are well-defined and one-to-one mappings.

Proof. Let X, =Y, = Z, € K,. It is easy to see that a4 (X, — Y,) = 0 and so
as(Xz) =p(Xe+Ky) = p(Yo+ K,) =aa(Y,). Now, we show that A(X, + K,) =
A(Y, + Ky), ie., ¢pa(Xy —Y,) € K. Since, ag004 = aga, 0 ap(da(X, —Yz)) =
as(X, —Y,)=0.

Now, let p(X, + K,) = aa(X,) = 0. This shows that X, € K, and the result is
that X, + K, = K, and a4 is one-to-one. The equation a4 o ¢4 = a4 shows that
if A(X, + K,) =K, then X, € K, and so A is one-to-one. O

Theorem 3.9. (K,p, [, |k, M) is a Lie algebroid, where |-, |x : K x K — K s
defined by
(X + K.Y + K|g =p aa(X),aa(Y)|m-

Proof. Tt is obvious that [-, -]k is skew-symmetric. We show that it satisfies the
Jacobi identity. Let

L=[X+KI[Y+K,Z+K|glgk +[Z+K,[X+KY + K|k|k
+[Y+K,[Z+K, X+ K|k|k.

Then we have
pL = laa(X),[aa(Y), aa(Z)|m]s + [0a(Z), laa(X), aa(Y)]m]n
+laa(Y),laa(Z),aa(X)]m]nm-

Since [+, -]as satisfies the Jacobi identity, pL = 0 and so L = 0, because p is one-to-
one. Now, we check the Leibniz rule for [-,]x. We have

pIX+ K, fY + K|k = [aa(X), faa(Y)ln = aa(X)(flaa(Y) + flaa(X), aa(Y)]m-
Then

(X + K, fY + Kl = aa(X)(£)p~ (@a(Y)) + fp~ [aa(X), aa(Y)]ar,
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which is equivalent to
X + K, Y + Kl = p(X + K)(/)(Y +K) + fIX + K.Y + KJpr. O

4. LINEAR HOM-POISSON STRUCTURES

In this section, we introduce the notion of linear Hom-Poisson structure that is a
generalization of the notion of linear Hom-Poisson structure introduced in [6]. Also,
we show that there exists a one-to-one correspondence between linear Hom-Poisson
structures and Hom-Lie algebroids.

Definition 4.1. Let (A — M, p,$4) be a Hom-bundle. A linear Hom-Poisson
structure on a Hom-bundle (A* — M, o, (bl) is a pair that consists of a bracket of
functions
{, Far 1 CC(A") x C°(A*) — C(A4A")

and the map ((,ZSL)* i C®(A*) — C*°(A*) (a morphism of the function ring
C>(A*)), such that the following conditions are satisfied:

(i) (C=(A*),{-, }a~, (¢L)*) is a Hom-Lie algebra,

(i) {or, ¥ows}ar = (01)" (o) {wr, Us}ar + {1, w2} a- (81))" (),

(iii) {-,-}a+ is linear, that is, if ¢1 and w9 are linear functions on A* then

{11,122} 4~ is a linear function.

There exists a one-to-one correspondence between the section space I'(A) and
the space of linear functions on A*. In fact, if X € I'(A), then the corresponding
linear function X is defined by

X (wm) = ¢4 (W) (Da(X)) (0~ (m)), (4.1)

where w,, € A%,. We have

X (wa(m)e®(m)) = (6 (wae®)(d4(X))) (™ (m))
= 0" (wa) (1 (m)) (D14 (e*) (Pa(X))) (971 (1)) = wa(m) X (€% (m)).
Also
FX (@) = (01, (@) (94 (f X)) (¢~ (m))

A

T
(
A
= (8% (@) (@ (NBa(X)) (™ (m) = " (N~ (m) X (wm)
F)X (wm) = f(ra(@m)) X (win) = (f 0 Tas) (@) X (wpn)-
(f o74-)X. We consider ngA)* C>(A*) — C>(A*) given by
Ou)"

Therefore fX = (
(F)(@m) = F((8}) 7 @ptm), VF € C(A"), (4.2)

(¢!
which gives us

(65)" (X)) (wWim) = (@($a(X)))m. (4.3)

For any f € C*°(M), we conclude
(@) (FX) (wm) = w(@a(FX))m = (¢* (Hw(da(X))m
= " (/)(m)(¢1) " (X)(wm) = ¢* (F)(Ta- (@) (6]3) " (X) (wnm),
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308 E. PEYGHAN, A. BAGHBAN, AND E. SHARAHI

ie.
(01)7(FX) = (¢"(f) 0 Tan)(61)* (X). (4.4)
Proposition 4.2. Let ({-,-}A*,(¢L)*) be a linear Hom-Poisson structure on a
Hom-bundle (A* — M,go,qbg). If we consider X € T'(A) and f,g € C*(M), then
(i) {X, fYa- is a basic function with respect to the projection Tas;
(i) {f,gta- = 0.
Proof. Using (4.4) and property (ii) in Definition we get
{X,(fora)V}ar = (¢"(f) 0 Ta- {X, Y }as +{X, (foma-)}a (91" (V). (4.5)
Since {X, (f 0 74-)Y} 4+ and {X,Y}4- are R-linear functions, we conclude that
{X,(f o7a-)}a- is a basic function with respect to 74-, which implies that (i)
holds.
Using (i) and Definition we have
{(Fora). ¥(gora)bar = (61) (P H(Forar), (goma)}a- +{(Fora ). V) a7 (),

which is a basic function with respect to 74+. Therefore we deduce that {(f o
Ta), (g ©Tax)}a» = 0. This proves (ii). 0

Proposition 4.3. If we consider pA(¥y) = ¢V, then
Vo=ta (01)"(E) = (62 0Ta)ls ((91))'6a(Ta) = Ta.
Proof. Using (4.1)), we obtain

Vo (7)) = ((61) (TP)d4(¥a))pm1 (m) = (¢ ((T7) (W) =1 (m) = 02 (m). (4.6)
Thus we get

— —~

\Pa(wm) = \Pa(wﬁ(m)(qjﬁ)m) = wﬁ(m)ég = Wa(m) = fa(wm)-
We have
(65) " (€a) (@Wm) = Ea((0l) 1 W) p(m)) = Eal((65) ™ Hws T?)pm))

4.7
= ga((s"*)_l(Wﬂ)ap(m)(qsz)_l(\:[}ﬁ)ap(m))' ( )

On the other hand,
(6f) T (W) (Wa) = ()71 (9a(Ta))) = ()71 (TH (47 T,))
= (Lo ol =(sa0¢™),
which gives
(@) (WF) = (9 o~ hyu™.
Setting the above equation in implies
(61" (€a) (@m) = Ealwp(m)dL (m) () pm)) = $2(M)ws(m) = ¢ (m)&s(wm)-
The third equation is obtained as follows:
D4 (Wa) (@m) = (@) (B3 (Ta)) o1 (m) = (9" (@(D4(Za))))m 1 (my = (B4 (¥a))m
= (81)" (¥a) (@m)-
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LINEAR POISSON STRUCTURES AND HOM-LIE ALGEBROIDS 309

Corollary 4.4. We have

(61)"(Ta) = (45 0 7a-) T5.
Theorem 4.5. Let (A, p, 04, [, ]a,a4) be a Hom-Lie algebroid. Then there exists
a one-to-one correspondence between the Hom-Lie algebroid and its linear Hom-
Poisson structure. Also, if ({-, -} a~, (¢L)*) is a linear Hom-Poisson structure on a

Hom-bundle (A* — M, o, QSL), then the corresponding Hom-Lie algebroid structure
([',-]a,aa) on A is characterized by the following conditions:

[mA = _{va/}A*a
aa(@a(X))(f) oTa- = {(f o 7a+), X} a- = 0" (@a(X)((¢*) 71 (f))) 0 Ta-.

Proof. We consider {-,-} 4« as a linear Hom-Poisson structure on A*. Since {-, -} 4
is an R-bilinear skew-symmetric bracket, we conclude that [-,-] 4 is also R-bilinear
skew-symmetric. As {, -}~ satisfies the Hom-Leibniz rule, we conclude that a4 (X)
is a vector field on M, for any X € I'(4). Using and the Hom-Leibniz rule
we get

(4.8)

as(9a(9X))(f) ot = {(fora),(goTa)X}a-
= (61)*((g 0 Ta-N{(f 0 Ta+), X } a-
= (¢1)*((g 0 Ta+))aa(da(X))(f) o Tax,
which gives us
aa(9X)(f) = gaa(X)(f),

that is as : I'(14) — T'(¢'TM) is a morphism of C> (M )-modules. Also using (4.5)
and (4.8) we obtain

—

(X, fY]a = —{X, [Y}a-
— — (¢l ((f o ra N{X, VY ar + an(da(X) (N (65" (V)

—

= (¢"(f) o 7a-)[X, Y]a + aa(9a(X))(f)(Pa(Y).

Therefore we have

(X, fY]a =" (NX,Y]a + aa(¢a(X))(f)oa(Y).
Since {-, -} 4+ satisfies the Hom-Jacobi identity, it is easy to see that the Hom-Jacobi
identity holds for [-,-]4. Therefore ([-,-]a,a4) is a Hom-Lie algebroid structure on
(Ta: A= M,p,¢a).

Conversely, let ([-,-]a,a4) be a Hom-Lie algebroid structure on a Hom-bundle
(ta: A— M, @, ¢4). If we consider z € M, then there exists an open subset U of
M and a unique linear Poisson structure on the Hom-bundle (TX}(U )= U, o, ¢L)
such that

{Xv Y}TX*I(U) = _[Xa Y}Tgl(Uy

{(f o). X omr ) = @t 0 (B4 (),
{(foTa=), (g0 TA*)}TXQ(U) =0,
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for any X,Y € F(TT:(U)) and f,g € C°(M). As [,-]a satisfies the Hom-Jacobi
identity, then the Hom-Jacobi identity holds for {-,-}«. So ([, ~]T;1(U), aTgl(U)) is
a Hom-Lie algebroid structure on Hom-bundle (TT:U LN (U) = M, (ZST;I(U)).

Therefore, there exists a unique linear Hom-Poisson structure ({-,-} 4, (QSL)*) on

A* that satisfies (4.8)).

Let ' denote the local coordinates over a neighborhood U of M. If e, is a
basis of sections of the Hom-bundle (7;(U) — U, ¢, ¢4), then (z%,£,) are the
corresponding local coordinates on the Hom-bundle (A* — M, ¢, gZ)L). By Propo-
sition one can easily see that

{6 éptar = —(ClgoTas)éy, {2 &atar = (dhah) ota-, {a',a7}a- =0,
where afj, C’gﬁ are smooth maps on U.
Proposition 4.6. Let ({-,-}a-, (gZ)L)*) be a linear Hom-Poisson structure on the
Hom-bundle A* and ([-,-]a,aa) be the corresponding Hom-Lie algebroid structure

on the Hom-bundle (14 : A — M, p,¢a). If 2 are local coordinates on an open
subset U of M and e, is a basis of sections of the Hom-bundle TXI(U) — U, then

;0
[Pa, ‘Ilﬁ]A = CQB\I/A’ aa(pa(¥a)) = (bgalﬁ Oz’

where C’gﬁ,qﬁgaiﬁ are called the local structure functions of the Hom-Lie algebroid
structure ([,-]a,a4) on the Hom-bundle A.

Proof. We have

(W Usla = —{Ta, Ug}ar = (Ol 0 7a) ¥
Contracting the above equation by ¥” and using we obtain
U ([Wo, Ugla) = Chp
Also we get
aa(6a(Wa))(f) 0 Tar = aa($a(¥a))(f)) 0 Ta- = {f 0 Tar, Wa}ar = (¢fal) o Ta-.
O

Now we shall compute the Hamiltonian vector fields X i, X¢, on A*. Using the
definition we get

Xpi(@?) = {a',27} =0, Xpi(6a) = {2, &a} = (ah00) 0 Ta-.

So, one can get

; 0
Xwi = (alﬁd)g) O TA* 8{ .

For X, we have

Xpo (@) = {€a, 2’} = —(ahdl) 0 Tas, Xy, (€5) = {€a 65} = —(Cl5 0 Ta+ )&
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So
Xe, = —(a%08) OTA*i -
“ BPa ozt
Let v = v*¥, € T'(A) be a local section and define f, : A* — R in the usual way

fv(xag) = ’Ua(l')fa(x,f) or f,= (,Ua © TA*)£(17
where £ =) £, ¥**. Now, we compute Xy, as follows:

Xy, (2") = =Xui (fo) = —(ahdoe™(v)) 0 Ta-,

and
va(ga) = {fvapa} = {(’U)\ OTA*)£A7§(X}
= (¢7 O TAx )f’y{v)\ o TA*aéoc} + ((P*(U/\) o TA*){&MEQ}
o
= (Gaho o) 07406 — (6" (™)) 0 74 )Er
So we have
; 0
Xy, = (a0’ 0M) 0 Tae o
(b2 oty )
AYBYa ot Y Ao Y 8€a
Since (TA*)*(ai ) = aal and (74+)« (ag%) =0, from the above equation we get

3 * (o« 8
(ra)a(X3,) = ~(ahgl" (%) 0 a5 - = ~4(9a(0)).
Let v = v*V¥, and w = wB\I/,@. Then one can compute {fy, fi,} as follows:

{for Fu} = {00, 05}
= (¢} o Ta=)or{v™, w’ s} + 0 (v%) 0 Ta+ {€a, W Es}
= ((02¢ @) 0 7a- ) r 10", €5} + (BX6)) © Tar )r&o {0, )}
+ (" (0)¢" (") 0 Ta-{Ear €} + (7 (v°)8) © T4+ )6y {thas 0”)}

(03

v * (@
= (¢aa,0fh¢" (w )8xi)OTA*)§>\ — ((¢* ()" (w?)C5) 0 Tax )&,
., 0w’
_ * « Yt A .
((QO (U )¢Ba/u a axl ) OTA >€7
It is a straightforward computation to see that

. M

o, w] = f(wgazqszso*(wﬁ)—@; — " ()" (W) O
W0 B

e (v )¢5 uPa awz)oTA*>\I/)\,

(4.9)
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and so

_ e
fiva) = = ((#haloe" () 5 = 0" (0)¢" (w”)C
(4.10)

* ([ Q % uawﬁ
- (’U )(bga’u a%)OTA*)gk-

[E9) and (EI0) imply that —fu) = {fus fu} = {~fo, —fu}. Using the above

calculations we have the following theorem.

Theorem 4.7. The assignment v — —f, defines a Lie algebra homomorphism
(T(A),[-,]a) = (C*(A*),{-,-}a). Moreover, if Xy, denotes the Hamiltonian vec-
tor field associated with f,, then Xy, is Ta«-related to —aa(da(v)).

REFERENCES

[1] L. Cai, J. Liu and Y. Sheng, Hom-Lie algebroids, Hom-Lie bialgebroids and Hom-Courant
algebroids, J. Geom. Phys. 121 (2017), 15-32. MR 3705378

[2] J.-P. Dufour and N. T. Zung, Poisson structures and their normal forms, Progress in Math-
ematics, vol. 242, Birkhduser Verlag, Basel, 2005. MR 2178041,

[3] R.L. Fernandes, Lie algebroids, holonomy and characteristic classes, Adv. Math. 170 (2002),
no. 1, 119-179. MR 1929305.

[4] C. Laurent-Gengoux and J. Teles, Hom-Lie algebroids, J. Geom. Phys. 68 (2013), 69-75.
MR 3035115.

[5] J. Liu, Y. Sheng, C. Bai and Z. Chen, Left-symmetric algebroids, Math. Nachr. 289 (2016),
no. 14-15, 1893-1908. MR 3563909,

[6] M. de Leén, J. C. Marrero, D. Martin de Diego, Linear almost Poisson structures and
Hamilton—Jacobi equation. Applications to monholonomic mechanics, J. Geom. Mech. 2
(2010), no. 2, 159-198. MR 2660714,

[7] K. C. H. Mackenzie, General theory of Lie groupoids and Lie algebroids, London Math. Soc.
Lecture notes series, vol. 213, Cambridge University Press, Cambridge, 2005. MR 2157566.

[8] S. Merati, M. R. Farhangdoost, Representation up to homotopy of Hom-Lie algebroids, Int.
J. Geom. Methods Mod. Phys. 15 (2018), no. 5, 1850074, 13 pp. MR 3786506.

E. Peyghan and L. Nourmohammadifar, Para-Kdhler hom-Lie algebras, J. Algebra Appl. 18
(2019), no. 3, 1950044, 24 pp. MR 3924822,

[10] E. Peyghan and L. Nourmohammadifar, Hom-left symmetric algebroids, Asian-Eur. J. Math.
11 (2018), no. 2, 1850027, 24 pp. MR 3786367,

[11] Y. Sheng and C. Bai, A new approach to hom-Lie bialgebras, J. Algebra 399 (2014), 232-250.
MR, 3144586,

[12] S. Vacaru, Clifford-Finsler algebroids and nonholonomic Einstein-Dirac structures, J. Math.
Phys. 47 (2006), no. 9, 093504, 20 pp. MR 2263658,

[13] S. Vacaru, Finsler and Lagrange geometries in Einstein and string gravity, Int. J. Geom.
Methods Mod. Phys. 5 (2008), no. 4, 473-511. MR 2428807,

[14] L. Bubuianu and S. I. Vacaru, Dynamical equations and Lagrange—Ricci flow evolution on
prolongation Lie algebroids, Canad. J. Phys. 97 (2019), no. 2, 145-154.

9

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)


http://www.ams.org/mathscinet-getitem?mr=3705378
http://www.ams.org/mathscinet-getitem?mr=2178041
http://www.ams.org/mathscinet-getitem?mr=1929305
http://www.ams.org/mathscinet-getitem?mr=3035115
http://www.ams.org/mathscinet-getitem?mr=3563909
http://www.ams.org/mathscinet-getitem?mr=2660714
http://www.ams.org/mathscinet-getitem?mr=2157566
http://www.ams.org/mathscinet-getitem?mr=3786506
http://www.ams.org/mathscinet-getitem?mr=3924822
http://www.ams.org/mathscinet-getitem?mr=3786367
http://www.ams.org/mathscinet-getitem?mr=3144586
http://www.ams.org/mathscinet-getitem?mr=2263658
http://www.ams.org/mathscinet-getitem?mr=2428807

LINEAR POISSON STRUCTURES AND HOM-LIE ALGEBROIDS 313

[15] S. Vacaru, Nonholonomic algebroids, Finsler geometry, and Lagrange-Hamilton spaces,
Math. Sci. (Springer) 6 (2012), Art. 18, 33 pp. MR 3064449.

[16] S. Vacaru, Almost Kdihler Ricci flows and Finstein and Lagrange—Finsler structures on Lie
algebroids, Mediterr. J. Math. 12 (2015), no. 4, 1397-1427. MR 3416867.

E. Peyghan®™
Department of Mathematics, Faculty of Science, Arak University, Arak 38156-8-8349, Iran
e-peyghan@araku.ac.ir

A. Baghban
Department of Mathematics, Faculty of Science, Azarbaijan Shahid Madani University, Tabriz

53751 71379, Iran
amirbaghban87@gmail.com

E. Sharahi
Department of Mathematics, Faculty of Science, Arak University, Arak 38156-8-8349, Iran

e-sharahi@phd.araku.ac.ir

Received: May 20, 2018
Accepted: November 30, 2018

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)


http://www.ams.org/mathscinet-getitem?mr=3064449
http://www.ams.org/mathscinet-getitem?mr=3416867

	1. Introduction
	2. Preliminaries
	3. Local splitting theorem
	4. Linear Hom-Poisson structures
	References

