REVISTA DE LA UNION MATEMATICA ARGENTINA
Vol. 60, No. 2, 2019, Pages 323-341

Published online: August 7, 2019
https://doi.org/10.33044/revuma.v60n2a03

PERIODIC SOLUTIONS OF EULER-LAGRANGE EQUATIONS
IN AN ANISOTROPIC ORLICZ-SOBOLEV SPACE SETTING

FERNANDO D. MAZZONE AND SONIA ACINAS

ABSTRACT. We consider the problem of finding periodic solutions of certain
Euler-Lagrange equations which include, among others, equations involving
the p-Laplace operator and, more generally, the (p,q)-Laplace operator. We
employ the direct method of the calculus of variations in the framework of
anisotropic Orlicz—Sobolev spaces. These spaces appear to be useful in for-
mulating a unified theory of existence of solutions for such a problem.

1. INTRODUCTION

Let ® : R? — [0, +00) be a differentiable, convex function such that ®(0) = 0,
O(y) > 0ify # 0, &(—y) = B(y), and

@
2) _ o, 1)
lwl— [yl
where | - | denotes the euclidean norm on R%. From now on, we say that ® is an

Ny function if ® satisfies the previous properties.

For T > 0, we assume that ' : [0,7] x R — R? (F = F(t,)) is a differentiable
function with respect to x for a.e. t € [0,T]. Additionally, suppose that F' satisfies
the following conditions:

(C) F and its gradient V,F, with respect to z € R? are Carathéodory func-
tions, i.e., they are measurable functions with respect to ¢ € [0,T], for
every x € R?, and they are continuous functions with respect to « € R for
a.e. te[0,T1].

(A) For a.e. t € [0,T], it holds that

|F(t,2)| + [V F(t, 2)] < a(z)b(t),
where a € C' (R%,[0,+00)) and 0 < be L'([0,T],R).
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The goal of this paper is to obtain existence of solutions for the following prob-
lem:

4 u = U or a.e.
{dth)( (t)) = V. F(t,u(t), fi te(0,7), Pa)

u(0) —u(T) = u/(0) —u/(T) = 0.

Our approach involves the direct method of the calculus of variations in the
framework of anisotropic Orlicz—Sobolev spaces. We suggest the article [27] for
definitions and main results on anisotropic Orlicz spaces. These spaces allow us to
unify and extend previous results on existence of solutions for systems like .
We will find solutions of by finding extreme points of the action integral

T
I(u) := J O(u'(t)) + F(t,u(t)) dt. (IA)
0

In what follows, we shall denote by £ = Lg ¢ the function ®(y) + F(¢,x), and
we will call it Lagrangian.

The classic book [2I] deals mainly with problem with ®(z) = ®y(z) :=
|z|%/2, through various methods: direct, dual, saddle points, minimax, topological
degree theory, etc. The results in [2I] were extended and improved in several
articles; see [29] 30, B, [35, [38], to cite some examples. The case ®(z) = @,(y) :=
ly|?/p, for arbitrary 1 < p < oo, were considered in [32] [33], among other papers. In
this case, is reduced to the p-Laplacian system. If ®,, ,, : RE x R? — [0, +o0)
is defined by il vl

Y1 P1 Yo p2
(I)Phpz (y17y2) = I3 + D2 y (2)
then becomes a (p1, p2)-Laplacian system, see [I8] [22] 23] 24, 25| 36, 37]. In
a previous paper (see [I]), we obtained similar results in an isotropic Orlicz frame-
work. Hence (Pg|) contains several problems that have been considered by many
authors in the past. Our results still improve some results on (p1, p2)-Laplacian
systems since we obtain existence of solutions for them under less restrictive con-
ditions. For all this, we believe that anisotropic Orlicz—Sobolev spaces can provide
a suitable framework to unify many known results. On the other hand, we point
out that one of the most important aspects in our work is the possibility of dealing
with functions ® that grow faster than power functions.

Example 1.1. As an illustrative example, we obtain existence of solutions for

4 [ul(t>e<u&<t>>2+<u’z<t>>2] = F,,(tu(t)), forae. te(0,T),

4 [u2(t>e<u&<t>>2+<u'z<t>>2] = F,,(tu(t)), forae. te(0,T), (3)
u(0) = u(T) = w'(0) = u/(T) = 0,
where F'(t,z) = P(t)Q(z), with P and @ polynomials (see Remark below).

As far as we know, the study of action integrals in an anisotropic Orlicz—Sobolev
setting began in [8]. In that paper, the authors dealt with the differentiability of
such action integrals assuming, for the sake of simplicity, that the convex function
® and its complementary function ®* satisfy the As-condition, which implies that
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PERIODIC SOLUTIONS OF EULER-LAGRANGE EQUATIONS 325

® and ®* are bounded from above and below by power functions (see Section for
definitions).

Since we are interested in considering functions that grow faster than those
that satisfy the As-condition, in the present paper we develop another proof for
differentiability of action integrals. It is worth mentioning that in this situation
the treatment requires more delicate techniques, due to the fact that the effective
domain of the action integrals is not the whole Orlicz—Sobolev space.

It is appropriate to say that other problems similar to the one we are going to
consider were treated in [2, [3 4] [T9] 20] using the Leray—Schauder degree theory.
We point out that our approach is different because we use the direct method of
the calculus of variations.

The paper is organized as follows. In Section [2 we summarize some known
results about Orlicz and Orlicz—Sobolev spaces. In order to obtain existence of
minimizers of action integrals it is necessary that the functional I be coercive. In
the past, several conditions on F' have been useful to obtain coercivity of I for
the functions ®, and ®,, ,,. In this paper we investigate the condition that in the
literature was called sublinearity (see [30} 35} 38] for the Laplacian, [17}[32] for the p-
Laplacian, and [18] 22} 23] [37] for (p1, p2)-Laplacian). In Section we contextualize
the sublinearity within our framework (see below) and we establish results
of existence of minimizers of in Theorem In Section we establish
conditions under which a minimum of is a solution of . Our main result
is Theorem This theorem unifies and extends several results obtained in the
previously cited bibliography.

2. ANISOTROPIC ORLICZ AND ORLICZ—SOBOLEV SPACES

In this section, we give a short introduction to Orlicz and Orlicz—Sobolev spaces
of vector valued functions associated to anisotropic N, functions ® : R? — [0, +o0).
References for these topics are [8], [9] 10} T4} [15], 27, 28] 34]. For the theory of convex
functions in general we suggest [I2]. Note that, unlike in [I5], we do not require
that Ny, functions be sublinear near 0, i.e., ®(z)/|z| — 0 when |z| — 0. However,
most of the results proved in [I5] do not depend on this property.

If ®(y) is an N, function which depends on |y| (®(y) = ®(|y|)), then we say
that ® is radial.

We can use the following example to obtain new N, functions from given Ng,
ones.

Ezample 2.1. Let (di,...,d) € Z%. Suppose that ®; : R% — [0,+w0), j =
1,...,k, are Ny functions, and O; € L(R? R%) are bounded linear functions
satisfying ﬂ§=1 ker O; = {0}. Then

k
P(y) = Z ®;(0;y)

is an Ny, function.
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Let us briefly show that ® satisfies (I). Suppose that |y,| — o0 and ®(y,,)/|yn|
is bounded. If for some j = 1,...,k there exist ¢ > 0 and a subsequence ng such
that |Ojyn,| = €|yn.|, then ®;(O;yn,)/|yn,| — o0, contrary to our assumption.
Hence O;y,/|yn| — 0 when n — 0. Passing to a subsequence, we can assume that
there exists y € R? such that y,/|y,| — y. Then y € ker O; and y # 0, which is a
contradiction.

As a consequence, the function ® : R? x R? — [0, +o0) defined by

(I)(yh?h) = €|y1—y2| -1+ |y2|p7

with 1 < p < o0, is an N function.

Associated to ® we have the complementary function ®* which is defined at

CeR?as
*(¢) = sup y - ( — ©(y).
yeR?

From the continuity of ® and (), we also have that ®* : RY — [0,00). The
complementary function ®* is an N, function (see [21, Ch. 2] and [27, Thm. 2.2]).
Now, Moreau’s theorem (see [12, Thm. 4.21]) implies that ®** = ®.

Some useful properties which are satisfied by Ny functions are:

(P1) ®(Az) < A®(x), for every A € [0,1], x € R
(P2) if 0 < |A1] < |A2], then @(A\12) < P(A2x);
(P3) z-y < ®(x) + *(y);
(P4) z-VO(x) = D(z) + *(VP(x)).

We say that ® : R? — [0, +00) satisfies the Ay-condition, and we denote ® € Ay,
if there exists a constant C' > 0 such that

d(2r) < C®(x) +1, xeR

Note that this definition is equivalent to the classic one, i.e., there exist o, C > 0
with ®(2z) < C®(z) for |z| > ro.

If there exists C' > 0 such that ®(2z) < C®(z) for all z € RY, it is usually said
that @ satisfies the Ag-condition globally (see [26]).

Throughout this article, we denote by C' = C(A1,...,A,) a positive constant
that may depend on T, ® (or other Ny, functions), and the parameters Ay, ..., A,.
We assume that the value that C represents may change in different occurrences
in the same chain of inequalities.

If ® satisfies the As-condition, then ® satisfies the following properties:

(P5) There exists C' > 0 such that for every =,y € R? ®(zx + y) < C(®(x) +

2(y)) +1.

(P6) For any A > 1 there exists C'(A) > 0 such that ®(Az) < C(\)®(x) + 1.

(P7) There exist 1 < p < oo and C > 0 such that ®(z) < Clz|P + 1.

Let ®; and 5 be Ny, functions. Following [34], we write ®; 3 @4 if there exist
k,C > 0 such that

®i(z) < C + Dy(kx), 2eR (4)
For example, if & € Ay then there exists p € (1,+00) such that & 3 |z|P. If for
every k > 0 there exists C' = C(k) > 0 such that holds, we write ®; < ®,.
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We observe that ®; 3 @5 implies that &3 3 ®7. A similar assertion holds for the
relation <.

If &* € A, then ® satisfies the Va-condition, i.e., for every 0 < r < 1 there exist
I=1(r) >0and C' = C'(r) > 0 such that

B(z) < %@(m) +C', zeRL (5)

Tt is easy to see that this definition is equivalent to the more usual, i.e., r = 1/2
and inequality holding for |z| > ¢ and a certain rg > 0.

We denote by M = M ([O,T],Rd), with d > 1, the set of all measurable
functions (i.e., functions which are limits of simple functions) defined on [0,7]
with values on R?, and we write u = (uy, ..., uq) for u e M.

Given an N, function ® we define the modular function pe : M — RT U {+00}
by

pa(u) = JT D(u)dt.
Now, we introduce the Orlicz class C® = C'® ([O7 T],]Rd) by setting
C®:={ue M| ps(u) < 0}.
The Orlicz space L® = L* ([0,T],R?) is the linear hull of C'®; equivalently,
L* :={ue M|3IN>0:ps(du) < 0} .
The Orlicz space L? equipped with the Luzemburg norm

| o = inf{A | po (%) dt < 1}
is a Banach space.

The subspace E® = E? ([O,T],Rd) is defined as the closure in L? of the sub-
space L® ([(), 7], ]Rd) of all R%-valued essentially bounded functions. The equality
L® = E? is true if and only if ® € Ay (see [27, Cor. 5.1]).

A generalized version of Hélder’s inequality holds in Orlicz spaces (see [27]
Thm. 7.2]). Namely, if ue L® and v € L®" then u-v e L' and

T
f v wdt < 2ulpov] Lo
0

By u - v we denote the usual dot product in R¢ between u and v.
We consider the subset II(E?®,7) of L® given by

H(E®,r):={ue L* | d(u, E®) <7} = {ue L? | d(u, L") < r}.

This set is related to the Orlicz class C® by the inclusions

I(E®,r) c rC® c TI(E®,r) (6)
for any positive 7. This relation is a trivial generalization of [27, Thm. 5.6]. If
® € A, then the sets L?, E®, II(E®,r) and C® are equal.

As usual, if (X, | - |x) is a normed space and (Y, | - ||y) is a linear subspace of
X, we write Y < X and we say that Y is embedded in X when there exists C > 0
such that |y|x < Clly|y for any y € Y. With this notation, Holder’s inequality
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328 FERNANDO D. MAZZONE AND SONIA ACINAS

states that L® — [L‘I’*]*, where a function v € L? is associated to &, € [L‘b*]*
given by

T
(&pyuy :J v - udt.
0

It is easy to prove that L® < L® < L' for any N, function ®.
Suppose u € L®([0,T],R?) and consider K := pg(u) + 1 > 1. Then, from
we have pg (K ~'u) < K 'pg(u) < 1. Therefore, we conclude

lullpe < po(u) + 1. (7)
We highlight that L® ([O,T],Rd) can be equipped with the weak* topology
induced by E®" ([0,T],R?) because L® ([0,T],R?) = [E‘I’* ([O,T],Rd)]* (see |15,

Thm. 3.3]).
We define the Orlicz-Sobolev space W' L?® ([0, T],Rd) by

W'L® ([0,T],RY) := {u|ue AC ([0,T],R%) and «’ € L* ([0,T],R%)},

where AC ([0,T],R?) denotes the space of all R? valued absolutely continuous
functions defined on [0,T]. The space W!L® ([0,T],R?) is a Banach space when
equipped with the norm

lullwipe = Julze + |u'Le.

Let the function Ag : RY — [0, +00) be the greatest convex radial minorant of
P, ie.,
Ag(z) = sup {¥(x)}, (8)
where the supremum is taken over all the convex, non-negative, radial functions ¥
with ¥(z) < ®(x).

Proposition 2.1. Ag is a radial and N function.

Proof. The convexity and radiality of Ag is a consequence of the fact that the
supremum preserves these properties. Then, it is only necessary to show that
Ag(z) > 0 when = # 0, and Ag(z)/|z] - © when |z| — 0. We write, for
r € R, r* = max{r,0}. Since ® is an N, function, for every k > 0 there exists
ro > 0 such that ®(z) > k(|| — ro)*, for |z| > r9. As k(Jz| — ro)T is a non-
negative, radial, convex function, it follows that Ag(x) = k(|| — o). Therefore
liminf |, Ae(z)/|2| = k and consequently lim| ;o Ag(x)/|2] = 0.

As @ is an Ny, continuous function, for every r > 0 there exists k(r) > 0
such that ®(x) > k(r)|z| = k(r)(Jz| — r)T, when |z] > r. This fact implies that
Ag(z) > 0 for x # 0. O

By abuse of notation, we identify Ag with a function defined on [0, +00). This
function is invertible.

Corollary 2.2. L*([0,T],R?) — LA=([0,T],R%).

As is customary, we will use the decomposition © = @ + @ for a function u €
L'([0,T7]), where u = £ Sgu(t) dt and % = u — .
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PERIODIC SOLUTIONS OF EULER-LAGRANGE EQUATIONS 329

Lemma 2.3. Let ® : R — [0, +m0) be an Ny, function and let
ue WL ([0,T],R?). Let Ap : RY — [0,+00) be the isotropic function defined
by . Then:

(1) Morrey’s inequality. For every s,t € [0,T] with s # t,

_ 1
ut) ~ (o) < Js — t1g" (2 ) ol (ML)
(2) Sobolev’s inequality.
_ 1
e < 45" () max{L )l o (1)

(3) Poincaré-Wirtinger’s inequality. We have % € L* ([0,T],R?) and
- 1 (1
|2z < TAG (T> [u']| e (P-W.L)
(4) If ® is an No, function, then the space W'L® ([O,T],Rd) is compactly
embedded in the space of continuous functions C([0,T],R%).

Proof. It is an immediate consequence of Corollary and [I, Lemma 2.1, Cor.
2.9]. 0

Lemma [2:3] gives us estimates for isotropic norms of u. In these type of inequal-
ities some information is lost. The following result gives us an estimate that takes
into account the anisotropic nature of the space W'L® ([O,T],Rd). The proof is
similar to that of [§, Thm. 4.5].

Lemma 2.4 (Anisotropic Poincaré-Wirtinger’s inequality). Let ® : R? — [0, +-00)
be an Ny, function and let ue W'L® ([0,T],R?). Then

P (a(t)) < % LT ® (T (r)) dr. (A.P-W.L)

Proof. Applying Jensen’s inequality twice, we get

@@@»=¢(§j ww—u@»m>

0
. O(u(t) —u(s))ds

1 (T t dr

< = ) t — s|u’ d
7, (L' ““mtﬂ>s
1 T

1 t ,
< — [ _ .
Jo = L d (|t slu (r)) drds

From |(P1)| we have that ®(rz)/r is increasing with respect to r > 0 for a fixed
x € R%. Therefore, the previous inequality implies (A.P-W.1.)). (]

1
Si
T
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Remark 2.5. As a consequence of Lemma [2.3] we obtain that
lully e = Tl + |u'] o,
defines an equivalent norm to | - |1 e on WLL®([0,T],RY).
Another immediate consequence of Lemma [2.3]is the following result.

Corollary 2.6. Every bounded sequence {u,} in W*L®([0,T],R?%) has a uniformly
convergent subsequence.

3. EXISTENCE OF MINIMIZERS

It is well known that an important ingredient in the direct method of the calculus
of variations is the coercivity of action integrals. In order to obtain coercivity for
the action integral I, defined in , it is necessary to impose more restrictions on
the potential F'.

There are several restrictions that were explored in the past. The one we will
study in this article is based on what is known in the literature as sublinearity (see
[30, 35 [38] for the Laplacian, [I7, [32] for the p-Laplacian, and [I8] 22| 23], [37] for
(p1, p2)-Laplacian). In the present article we will use another denomination for this
property.

Definition 3.1. Let F : [0,7] x R? — R be a function satisfying and We

say that F' satisfies condition if there exist an Ny, function ®¢, with &5 < P,
and a function d € L'([0,T],R), with d > 1, such that

o+ (ZZ“:;) < Bo(z) + 1. (B)

The condition encompasses the sublinearity condition as it was introduced
in the context of p-Laplacian or (p1,p2)-Laplacian systems. For example, in [I8],
Thm. 1.1] Li, Ou and Tang considered a potential F' : [0,T] x R? x R? — R
satisfying and and the following condition (we recall that p’ = p/(p — 1)):

(H) There exist f;, gi, hi € L'([0,T],Ry), a; € [0,p:/D}), i = 1,2, B1 € [0,p2/P}),

and Sy € [0, p1/ph) such that

Vo, F(t, 21, 22)| < fr(t)]a|* + g1(t)]aa]™ + ha(t),
(Voo F(t, 21, 22)| < fot)]@2|*? + ga(t)]a1]™ + ha(t).

We leave it to the reader to prove that implies (B]), with ® = ®,, ,,,, ®o =
3, 5,, where p;, i = 1,2, are taken so that max{aip,B2ph} < P; < p1 and
max{asph, S1pi} < Py < p2, and d = C(1 + X {f; + g; + hi}) € L', with C > 0
chosen large enough.

Theorem 3.2. Let ® be an Ny -function whose complementary function ®* sat-

isfies the Ag-condition. Let F' be a potential that satisfies and the

condition .
§o F(t,x)dt
im =———— = +o0. 9
|z|—00 @0(2.’1}) ( )

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



PERIODIC SOLUTIONS OF EULER-LAGRANGE EQUATIONS 331

Let M be a weakx closed subspace of LT and let V < C([0,T],R?) be closed in the
C([0,T],R%)-strong topology. Then I attains a minimum on H = {ue W'L® |u e
V and v € M}.

Proof. Step 1. The action integral is coercive. Let A be any positive number with
A > 2max{T,1}. Since ®y < P, there exists C(\) > 0 such that

Bo(z) < @ (%) +CO0), zeR (10)

By the decomposition u = T+, the absolute continuity of F(t,x + sy) with respect

to s € R, Young’s inequality, . the convexity of @, m and _

we obtain:

J = JT F(t,u) — F(t,a)dt

0

T rl
<f f |V F(t,u+ su)u| dsdt
0 Jo

< AJT d(t) f B* (A (), F(t,a + s3)) + (;‘)] ds dt

0 0 L

T 1r ~
< Af d(t)f Lo(2m) + 200 (20) ds + @ (“) + 1] ds dt

< /\LT d(t) Ll :%(zm 420 (z) + C(/\)] ds dt

i T T !
< C190(210) + )\CZJ o ( “A(8)> ds + C,
0

where Cy = Cy(||d||z1) and Cy = Cy(||d|r, A). Since ®* € Ag, we can choose A
large enough so that [ = \T~! satisfies for r = 2 min{(C>T)~!,1}. Thus, we
have

1 T
J < C190(2u) + §f ® (u'(s)) ds + Ch.
0
Then

f {P(u Ju) — F(t,u)] + F(t,u)} dt

2

We take u,, € WLL® with |u,|w1ze — 00. From Remark [2.5) ﬂ, we can suppose
that ||u} | — oo or |u,| — co. In the first case, from (7)) we have that pg (u,) — 00
and hence I(u,) — . In the second case, I(u,) — o as a consequence of

Step 2. Suppose that u, — u uniformly and u!, = o' in L®([0,T], R?); then
I(u) < liminf, o I(uy,).

2*] ( )dt—CﬁI’oQ’u J- Ftu)dt—01
0
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Without loss of generality, passing to subsequences, we may assume that the
liminf is actually a lim. The embedding L®([0,7],R?) — L([0,7],R%) implies
that v/, — «' in L'([0,T],R?). Now, applying [7, Thm. 3.6] we obtain I(u) <
limy, o0 I ().

Final step. The proof of the theorem is concluded with a usual argument. We
take a minimizing sequence u,, € H of I. From the coercivity of I we have that u,
is bounded on W'L®([0,T],R?). By Corollary (passing to subsequences) we
can suppose that u, converges uniformly to a function u € V. On the other hand,
!, is bounded on L® = [qu]*. Thus, since E®” is separable (see [27, Thm. 6.3]),
from [5, Cor. 3.30] it follows that there exist a subsequence of u), (we denote it u,
again) and v € M such that u/, =~ v. From this fact and the uniform convergence
of u, to u, we obtain that

T T T T
J ¢ -udt=lim | ¢ -u,dt =— lim cp-uildt:—f - vdt,
0 =% Jo =% Jo 0

for every function ¢ € C°([0,T],R%) < E®" with ¢(0) = ¢(T) = 0. Thus, u has a

derivative in the weak sense in L?. Taking into account L® < L! and [7, Thms.

2.3 and 2.17], we obtain u € W'L® and v = v a.e. t € [0,T]. Hence, u € H.
Finally, the semicontinuity of I that was established in step 2 implies that v is

a minimum of I. O

Remark 3.3. The results of this section can be extended without difficulty to any
Lagrangian £ with £ > Lg p (see [I]).

4. REGULARITY OF MINIMIZERS AND SOLUTIONS OF EULER—LAGRANGE
EQUATIONS

In this section, we will address the question of when minimizers of I are solu-
tions of the associated Euler-Lagrange equations. It is well known that, in virtue
of the Lavrentiev phenomenon (see [7, Sec. 4.3]), this is a delicate matter. It
is a consequence of Tonelli’s partial regularity theorem that under certain con-
ditions on the Lagrangian function, if a minimizer is additionally Lipschitz then
it is solution of Euler-Lagrange equations (see [7, Sec. 4.3]). The question then
is to determine sufficient conditions on the Lagrangian £ in order that minimiz-
ers be a priori Lipschitz. In this direction, several conditions were discussed in
the literature (see [0, [7, [IT, [I3]). We note that Lipschitz functions satisfy that
u' € L*, therefore d(u', L®) = 0. We will prove in Theorem that the condition
d(u', L®([0,T],R%)) < 1 will be sufficient for the minimizers of our functional I to
satisfy Euler—Lagrange equations.

We denote by Lip([0, 7], R?) the set of R%-valued Lipschitz continuous functions
defined on [0,7]. If X <= L*([0,7],R%) and u € L®([0,T],R%), we denote by
d(u, X) the distance from u to X computed with respect to the Luxemburg norm.
We recall that u € Lip([0, 7], R¢) implies that d(u/, L*([0,T],R%)) = 0.
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Theorem 4.1. Assume that F is as in Theorem[3.9 and ® is strictly convez. If
u is a minimum of I on the set H = {u € W'L®([0,T],R?) | u(0) = u(T)} and
d(u', L®([0,T],R%)) < 1, then u is solution of (Pg)).

Remark 4.2. We observe that H = {ue W'L® |u e V and v’ € M}, where
Vi={ue C([0, T}, RY) [u(0) = u(T)}, M := L*([0,T],RY),

and V is C([0,T],R%)-closed. Therefore, from the results of the previous section
the functional I given by has a minimum « on H and d(u',L*) < 1. The
last inequality follows from pg(u’) < oo and @ Then, the possible minima of I
that do not satisfy the hypotheses of Theorem [4]] lie on the nowhere dense set
{w:d(u,L*)=1}.

The proof of the previous theorem depends on the Gateaux differentiability of
the action integral on the space W'L® ([0, T], R?). We will deal with a more general
Lagrangian function £ : [0,7] x R? x R? — R, which is assumed measurable in ¢
for each (z,y) € RY x R? and continuously differentiable at (x,%) for almost every
t € [0,T]. We consider

T
I(u) = Iz () = L Lt u(t), o' () dt, (1G)

the action integral associated to £. In order to obtain differentiability of I, it
is necessary to impose some constraints on £. In the paper [§], Chmara and
Maksymiuk obtained differentiability for I on W'L® assuming a similar condition
to Definition [£.3] and additionally they supposed that ® € Ay n V,. For our
purpose, the condition ® € Ay is a very serious limitation since it leaves out
of consideration functions that grow faster than power ones. According to our
criterion, including Lagrangians with a faster growth than power functions is one
of the greatest achievements of the present paper. For this reason, we present a
proof of the results obtained in [8] without the assumption ® € Ay. When @ ¢ A,,
the differentiability of I is somewhat more delicate since the effective domain of I
is not the whole space W'L®.

Definition 4.3. We say that a Lagrangian £ satisfies the condition if

L] + Vo L] + @ <V§L> < a(z) [b(t)+<1> (%)] (S)

for a.e. t € [0,T], where a € C (R, [0, +0)), be L* ([0,T7,[0, +0)), and A, X > 0.

Condition includes structure conditions that have been previously considered
in the literature in the case of p-Laplacian and (p1,ps)-Laplacian systems. For
example, it is easy to see that, when ®(z) = ®,(z) = |z|”/p, the condition
is equivalent to the structure conditions in [2I, Thm. 1.4]. If ® is a radial Ny,
function such that ®* satisfies the As-condition, then is related to conditions
[1, Eq. (2)—-(4)]. If ® = &, ,, is as in Equation (2)) and £ = L(¢, z1,22,y1,y2) is a
Lagrangian with £ : [0,T] x R? x R? x R? x R — R, then inequality is related
to structure conditions like [33, Lemma 3.1, Eq. (3.1)]. As can be seen, condition
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is a more compact expression than [33], Lemma 3.1, Eq. (3.1)] and moreover
weaker, because does not imply a control of |D,, L| independent of ys.

Remark 4.4. We leave to the reader the proof of the fact that if a Lagrange function
L satisfies structure condition and ¢ 3 g, then L satisfies with ® instead
of ® and possibly with other functions b, a and constants A and .

Remark 4.5. The Lagrangian £ = Lo p = ®(y) + F(t,z) satisfies condition (J),
for every A < 1. In order to prove this, the only non-trivial fact that we should
establish is that ®*(V,L) < a(x) {b(t) + ® (y/A)}. From and the fact that
(d/dt)®(tx) = V®(tz) - x is a non-decreasing function of ¢, we obtain

A~ 1
O (VP(x)) <z -Vd(z) < = 11-1] %@(tm)d ﬁ@(A_lx).

Therefore ®*(V, L) = ®* (VO(y)) < A(1 — A)~1®(y/A), for every A < 1.

Given a function a : R — R, we define the composition operator a : M — M
by a(u)(xz) = a(u(z)). We will often use the following result, whose proof can be
carried out as that of Corollary 2.3 in [1].

Lemma 4.6. If a € C(RY,RT) then a : W'L® — L®([0,T]) is bounded. More
concretely, there exists a non-decreasing function A : [0, +00) — [0, 4+00) such that

la(u)llze= (o, < A(lullwz+)-

The following lemma will be applied several times. We adapted the proof of [I,
Lemma 2.5] to the anisotropic case. For an alternative approach, we suggest [g].

Lemma 4.7. Let {u,}nen be a sequence of functions converging to u € II(E®,\)
in the L®-norm. Then, there exist a subsequence Un, and a real valued function
h e LY([0,T],R) such that u,, — u a.e. and ®(u,, /\) <h a.e.

Proof. Since d(u, E®) < X\ and u,, converges to u, there exist a subsequence of u,,
(again denoted uy,), A € (0,)\) and ug € E® such that d(u,,up) < X\, n = 1,....
As L® ([O,T]JRd) — ! ( [0, 7] Rd) the sequence u,, converges in measure to .
Therefore, we can extract a subsequence (denoted again u,,) such that u,, — u a.e.
and

- A
>\TL = Hun — un_1”L<I> < F, for n = 2.
We can assume A, > 0 for every n = 1,.... We write A\; := |u; — uo|re and

o= A — Z;‘chl An, and we define h : [0,T] — R by

h()ix\oq) +i)\j+1¢ Uji1 — Uj
X AO 247\ N )

j=0

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



PERIODIC SOLUTIONS OF EULER-LAGRANGE EQUATIONS 335

As ©(0) = 0 and P is a convex function, we have for any n =1,...

n—1
) _ g (0 Nt
(I)()\> ©<A+Z By )
7=0
n—1
< %@ <i°> + A&“@ <“j“ _“j> <h.
0

=0 )‘j+l

Since ug € E® = C* and E? is a subspace, we get that ®(ug/\o) € L'([0,T], R).
On the other hand, |u;4+1 — uj|g2 = Aj+1 and therefore

T
J¢<WH—w>ﬁ<L
0 )‘j+1

Then h € L'([0,T],R). O

The proof of the next theorem follows the same lines as [I, Thm. 3.2], but
with some modifications due to the lack of monotonicity of ® with respect to the
euclidean norm and the fact that the notion of absolutely continuous norm (used
intensely in [I, Thm. 3.2]) does not work very well in the framework of anisotropic
Orlicz spaces when ® ¢ A,.

Theorem 4.8. Let L be a differentiable Carathéodory function satisfying .
Then the following statements hold:

(1) The action integral given by is finitely defined on the set 5;{’ =
WIL® A {u | v e TI(E®, A)}.

(2) The function I is Gateauz differentiable on EY and its derivative I' is
demicontinuous from 5}1{’ into [WlL‘I’]*, i.e., I' is continuous when Eﬁ’ 18
equipped with the strong topology and [WlL‘I’]* with the weakx topology.
Moreover, I' is given by the expression

T
I'(u),v) = f [VoL(t,u,u') - v+ VyL(t,u,u') '] dt. (11)
0
3) If ®* € Ay then I' is continuous from E® into [WLL®]" when both spaces
A
are equipped with the strong topology.

Proof. Let u e EF. From () we obtain that ®(u'(t)/A) € L'. Now, from and
Lemma [£.6] we have

Lt ult), o (6))] + [V £t u(t), o (£))] + @* (WW)

A

< A(ulwi ) [b(t) + P (“/(\t))] e, (12)

Thus, by integrating this inequality item is proved.
We split up the proof of item into four steps.

Step 1. The non-linear operator u — V. L(-,u,u) is continuous from Ey into
LY([0,T]) with the strong topology on both sets.
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Let {u,}nen be a sequence of functions in 5}? and let u € 5/‘{) such that u,, — u
in W'L®. By (SI), u, — u uniformly. As u}, — v’ € £F, by Lemma there
exist a subsequence of v/, (again denoted u/,) and a function h € L'([0,T],R) such
that u,, — u a.e. and ®(ul,/A) < h ae.

Since u,, n = 1,2,.. ., is a bounded sequence in W' L®, according to Lemma
there exists M > 0 such that |a(u,)|r> < M, n = 1,2,.... From the previous
facts and , we get

/
Vo L(un,ul,)| < a(uy,) [b+ D (zj\")] < M(b+h)e L.
On the other hand, by the continuous differentiability of £, we have
Vo L(t, tun, (t),ul, (£)) = Vo L(tu(t),u'(t) for ae. te[0,T].

» Umy
Applying Lebesgue’s dominated convergence theorem we conclude the proof of
step 1.

Step 2. The non-linear operator u — V,L(-,u,u’) is continuous from E§ with the
strong topology into [L'i’]* with the weakx topology.

Let u € £F. From (12), it follows that

Vo L(u,u') € AC? ([0,T],RY) < L ([0,T],RY) < [L® ([0,T],RY)]".  (13)

Let u,,u € ij such that w,, — v in the norm of W'L®. We must prove that
VyL(tn,uly) = VyL(-,u,u'). Assume, on the contrary, that there exist v € L?,
e > 0, and a subsequence of {un} (denoted {u,} for simplicity) such that

KV L un, uly), vy — NV L(-,u,u'),v)| > e (14)

We have u, — v in L* and v/, — v’ with «/ € [I(E®, A). By Lemmas [2.6| and
there exist a subsequence of {u,} (again denoted {u,} for simplicity) and a function
h e LY([0,T],R) such that u,, — u uniformly, u,, — v’ a.e. and ®(u,,/A) < h a.e.
As in the previous step, Lemma implies that a(u,(t)) is uniformly bounded by
a certain constant M > 0. Therefore, from inequality with u,, instead of wu,
we have

o (W) <M+ h)=:hyeL. (15)

As v € L? there exists A, > 0 such that ®(v/\,) € L'. Now, by Young’s inequality
and , we have

VL tn 1) - () < Ay [ (W) + o <;)]
< MGM Db+ h) + A\ (;) e Ll
Finally, from Lebesgue’s dominated convergence theorem, we deduce
LT YV L(t, up,up) - vdt — LT YV, L(t,u,u') - vdt,

which contradicts the inequality . This completes the proof of step 2.
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Step 3. We will prove . Note that , and the imbeddings W!'L® «—
L*® and L*" — [L‘D]* imply that the right-hand side of defines an element of
[WiL®]".

The proof follows similar lines as [2I, Thm. 1.4]. For ue £ and 0 # v e WIL?,
we define the function

H(s,t) := L(t,u(t) + sv(t),u' (t) + sv'(t)).

For |s| < sg := (A —d(v/, E®)) /|v]w1Le we have that v’ + sv” € II(E®, A). This
fact implies, in virtue of Theorem item [1} that I(u + sv) is well defined and
finite for |s| < so.

We write sy := min{sg, 1 — d(u/, E®)/A}. Let A\, > 0 such that ®(v'/)\,) € L.
As v/ e II(E®, A), we have

u’ 1
d{ ———,E% | = ——d(/,E®) <1
(e ) = a9 <1
and consequently (1 —s1)"*A~1u’ € C®. Hence, if v’ € L® and |s| < s1A\; !, from
the convexity of ® and |[(P2)] we get

u' + sv’ u’ s
o) = () e ()

=:h(t)e L .

We also have |u+ sv[y1pe < |ufywipe + sofv]w:pe; then, by Lemmal[d.6] there
exists M > 0 independent of s, such that |a(u + sv)|p= < M. Now, applying
Young’s inequality, (12)), the fact that v e L%, (16), and ®(v'/A,) € L1, we get

|DoH(s,t)| = |[VoL(t,u+ sv,u' + s0') v+ VyL(Eu+ sv,u + sv') - V|

<M [b(t) Lo (“’ T”’ﬂ 10|

N, [CD* (Vyﬁ(t,u+sv,u +sv)> LD v>]
v

A ,
<M [b(t) Ty (“ ;S”)] (Jo] + M) + AN, @ (A)

A
< M (b(t) + h(t)) (Ju] + AXy) + AN, @ </) eL.

Consequently, I has a directional derivative and
d T
I'(u),v) = d—I(u +sv)|,_, = J [V L(t,u,u') v+ VyL(tu,u') 0] dt.
S $= 0
Moreover, from the previous formula, , , and Lemma we obtain

KI'(u), v < [VaeLlprvlee + [VyLlpes [/ e < Cllvlwrpe,
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with an appropriate constant C'. This completes the proof of the Gateaux dif-
ferentiability of I. The previous steps imply the demicontinuity of the operator
I': €2 — (WL

In order to prove item , it is necessary to see that the maps u — V,L(t, u,u’)
and u — V,L(t,u,u’) are norm continuous from £§ into L' and L®", respectively.
It remains to prove the continuity of the second map. To this purpose, we take
Up,u € EX,m = 1,2,..., with ||u, — uy1pe — 0. As before, we can deduce the
existence of a subsequence (denoted u/, for simplicity) and h; € L' such that
holds and u,, — u a.e. Since ®* € A,, we have

D*(Vy L(-,up,ul,)) < c(N)P* (W) +1<c(Nhy +1=:hye L

Then, from we get
D" (VyL(-,un,up) — VyL(u, ') < K(ho + @ (VyL(-,u,u))) + 1.

Now, by Lebesgue’s dominated convergence theorem, we obtain that V, L(-, u,, u,)
is pp+ modular convergent to V, L (-, u,u’)), i.e., por (un, —u) — 0. Since ®* € Ay,
modular convergence implies norm convergence (see [28]). O

Proof of Theorem [{.1 Suppose that d(u/, L*) < 1. Since d(u', E®) = d(u/, L*),
according to Remark [£.5] and Theorem [I.8] I is Gateaux differentiable at u. By
Fermat’s rule (see [12, Prop. 4.12]), we have {I'(u),v) = 0 for every v € H. There-
fore

T
f Vo (u'(t) - J V. F(t,u(t)) - v(t)dt. (17)

From Theorem we have that V,F(t,u(t)) € L*([0,T],R%) and V& (u'(t)) €
L?([0,T],R) — L'([0,T],R). Identity (I7) holds for every v € C*([0,T],R?
with v(0) = v(T). Using [2I, Fundamental Lemma, p. 6], we get that V®(u'(t)) is
absolutely continuous and (d/dt) (V®(v'(t))) = Vo F(t,u(t)) a.e. on [0,7]. More-
over, V®(u'(0)) = V@®(u'(T)). Since ® is strictly convez, V® : R? — R? is a one-
to-one map (see, e.g. [12, Ex. 4.17, p. 67]). Hence, we conclude that «'(0) = «/(T).
Finally, Theorem [£.1]is proven. O

The following is the main result in this article. In this theorem we give sufficient
conditions for minimizers to be solutions of the Euler—Lagrange equations.

Theorem 4.9. Let ®, F, and H be as in Theorem [[.1 Suppose some of the
following condition holds: a) ® € Ay, or b) F(t,x) is differentiable with respect to
(t,z) and

< a(x)b(t), (18)

with a and b as in . Then if u is a minimum of I on the set H, u is solution of
(Pa)-

Proof. The condition d(u', L®) < 1 is trivially satisfied when ® € Ay because, in
this case, L is dense in L®([0,T], R?).

0
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Suppose that b) holds and w« is a minimum of I. We note that v is also minimum
of I on the set defined by a Dirichlet boundary condition

{ve WIL®([0,T],RY) | v(0) = u(0), v(T) = u(T)}.

Therefore, we can apply Proposition 3.1 in [I3] (see also the remark which follows
that Proposition) and we obtain u’ € L. ]

Remark 4.10. Returning to the system of Example we note that the N,
function ®(y1,y2) = exp(y? + y3) — 1 has a complementary function which sat-
isfies the As-condition (see [I6, p. 28]). In addition, for every p > 1 we have
[(y1,92)|P < @(y1,y2). Therefore *(y1,y2) < [(y1,92)|? for ¢ = p/(p — 1).
Consequently, if F(t,z1,22) = P(t)Q(x1,z2) with P and @ polynomials, and
d(t) := Cmax{1,|P(t)|}, then ®*(d~1(t)V,F) < |(z1,72)|? + 1, where p and C
are chosen large enough. Hence ® and F' satisfy with @g(y1,92) = [(y1, y2)|P-
The conditions and can be proved in a direct way. All these facts
show that there exist solutions of the system in Example [[.]
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