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CLASSIFICATION OF LEFT INVARIANT HERMITIAN
STRUCTURES ON 4-DIMENSIONAL NON-COMPACT
RANK ONE SYMMETRIC SPACES

SRDJAN VUKMIROVIC, MARIJANA BABIC, AND ANDRIJANA DEKIC

ABSTRACT. The only 4-dimensional non-compact rank one symmetric spaces
are CH? and RH*. By the classical results of Heintze, one can model these
spaces by real solvable Lie groups with left invariant metrics. In this paper we
classify all possible left invariant Hermitian structures on these Lie groups, i.e.,
left invariant Riemannian metrics and the corresponding Hermitian complex
structures. We show that each metric from the classification on CH? admits
at least four Hermitian complex structures. One class of metrics on CH? and
all the metrics on RH* admit 2-spheres of Hermitian complex structures. The
standard metric of CH? is the only Einstein metric from the classification,
and also the only metric that admits Kahler structure, while on RH* all the
metrics are Einstein. Finally, we examine the geometry of these Lie groups:
curvature properties, self-duality, and holonomy.

INTRODUCTION

Thanks to Heintze [9], it is known that all non-compact rank one symmetric
spaces are exactly the hyperbolic spaces

RH"™ = SO0(1,n)/S0(n),

CH"™ =SU(1,n)/S(U(1) x U(n)),

HH" = Sp(1,n)/$p(1) x Sp(n),
and Cayley’s octonionic plane QH? = Fy(—20y/Spin(9).

In dimension four this comes down to spaces CH? and RH*, since the quater-
nionic hyperbolic line HH? coincides with RH*. This follows from the isomorphism
of Lie groups Sp(1,1) = SO(1,4)/+, giving

HH' = Sp(1,1)/Sp(1) x Sp(1) = SO(1,4)/S0(4) = RH*.

From Heintze’s papers [9, [10], we also know that a connected homogeneous

manifold of non-positive curvature can be represented as a connected solvable Lie
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group with a left invariant metri(ﬂ RH* and CH? are both symmetric spaces
of negative sectional curvature, therefore they are solvmanifolds, i.e., they can be
represented as connected solvable Lie groups with left invariant metrics. They are
exactly the noncompact part in the Iwasawa decomposition of the corresponding
isometry groups. We denote these solvable Lie groups by RH* and CH?2, and their
Lie algebras by rhy and ch2E|

In the sequel we classify the Hermitian structures on these groups: all possible
non-isometric left invariant Riemannian metrics and Hermitian complex structures
in regard to those metrics.

Left invariant Riemannian metrics. We give the classification of non-isometric
left invariant Riemannian metrics on the Lie group CH? in Theorem The
classification of non-isometric left invariant Riemannian metrics on the Lie group
RH" is presented in Theorem These results are partially known (see [0, Table 2,
Aj g for chy, Ai:é for rhy)).

In dimension three, Milnor [I4] gave a complete solution to the more general
problem: he used the cross product to classify all left invariant Riemannian metrics
on 3-dimensional Lie groups. For the classification of metrics in higher dimensions
we use different methods based on Alekseevsky’s result that for completely solv-
able Lie groups the isometry classes of left invariant metrics are the orbits of the
automorphism group acting on the space of left invariant metrics (see [T}, 2] and
Lemmas .

From Jensen’s classification of homogeneous Einstein spaces of dimension four
[T1], we know that CH? and RH* are the only non-compact, non-flat, indecom-
posable 4-dimensional Riemannian homogenous spaces that admit a left invariant
Einstein metric. They are also found in [12] within a classification of 4-dimensional
Einstein Lie groups. These results are in line with Alekseevsky’s conjecture that
every non-compact Riemannian Einstein homogenous space is a solvmanifold. A
left invariant Riemannian Einstein metric on a given Lie group, if it exists, is unique
up to a scaling (see [I3] for recent results on Einstein solvmanifolds). Therefore,
the Einstein metrics obtained on RH* and CH? in [IT, 12] are the usual metrics of
hyperbolic spaces RH* and CH? viewed as symmetric spaces.

Hermitian complex structures. The main result of this paper is a classifica-
tion of left invariant Hermitian complex structures on CH? with respect to all
non-isometric left invariant Riemannian metrics (T heorem. Note that for each
left invariant metric there exists a 2-dimensional sphere of Hermitian almost com-
plex structures. However, the integrability condition imposes further restrictions,
sometimes so strong that there are even-dimensional Lie groups that do not admit
any integrable complex structures at all (see [§]). In our case, finding the integrable

INote that a simply connected, homogeneous manifold can be isometric to more than one Lie
group equipped with a left invariant metric. In other words, non-isomorphic Lie groups might
admit left invariant metrics which make them isometric as Riemannian manifolds. For a way to
test whether two given solvmanifolds are isometric see [7].

2The Lie algebra chg is denoted by %1 in [3,[], A}LQ in [6], H3 in [I6], and RA x n in [I7].
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Hermitian structures on CH? amounts to intersecting the sphere of Hermitian al-
most complex structures with some non-trivial surfaces of second order coming
from the Nijenhuis integrability condition. On RH* the integrability condition
is automatically satisfied, so each metric allows a sphere of Hermitian complex
structures (Theorem [3.2)).

The classification of left invariant Hermitian complex structures on CH? is re-
lated to many known results of complex geometry of Lie algebras. For example,
chy appears in Barberis’s classification of invariant hypercomplex structures on
4-dimensional Lie groups [4]. These structures happen to be Hermitian, but not
Kéhlerian (the first case from Table [I). In fact, it was shown in [5] that chy is
one of three non-abelian 4-dimensional Lie algebras admitting both the hypercom-
plex and the para-hypercomplex structure. Snow [I8] investigated 4-dimensional
solvable simply-connected real Lie groups with commutator subalgebra of dimen-
sion less than three. He classified left invariant complex structures with respect
to certain subalgebras of the complexification of real Lie algebras. Ovando [16]
extended this result to 4-dimensional Lie algebras with 3-dimensional commutator
algebra. The chs case (denoted by Hj in [I6]) is related to our result in the special
case of the left invariant metric associated with an orthonormal base. Specially,
Ovando [17] considered spaces CH? and RH* modelized as Lie groups and clas-
sified all left invariant complex structures with respect to standard metrics (see
Remarks . In the rhy case she found a sphere of Hermitian complex struc-
tures which is consistent with our result.

Outline. Section [l| explains the automorphism group action on the space of left
invariant metrics. Basic notation and formulas are introduced here.

In Section [2| we classify Hermitian structures on CH2. The group of automor-
phisms of the Lie algebra chs is given by Lemma[2.1] Theorem [2.1] classifies all non-
isometric positive definite inner products on chy. They are denoted by S(p, z, ),
where p, 3 > 0, z > 0 are real parameters, and p — 2 > 0. The corresponding left
invariant Riemannian metrics are denoted by g(p,z, ). Lemma describes the
isometric automorphisms of these metrics. In Theorem [2.2] we classify Hermitian
complex structures on CH? with respect to g(p, x, 5). Their matrix representations
are listed in Table 1l

In Section We classify Hermitian structures on RH*. Lemma describes the
automorphisms of the Lie algebra rhs, and Theorem classifies non-isometric
positive definite inner products S(A). We prove that each of the metrics g(A),
corresponding to S()), has a 2-dimensional sphere of Hermitian complex structures
(Theorem [3.2)).

Section nsiders geometry of the metric Lie groups CH? and RH*. Curvature
properties of CH? are given in Theorem In Theorem we show that all
metrics g(p, x, 8) have the full holonomy, except the Kéhler metric g(%, 0, 8) whose
holonomy group is U(2). Theorem shows that all metrics g(\) on RH* have
constant negative sectional curvature and full holonomy group.

We are very grateful to our colleagues Neda Bokan and Tijana Sukilovi¢ for
many valuable comments and suggestions.
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1. PRELIMINARIES

A Lie algebra g together with an inner product is called a metric Lie algebra.
Every metric Lie algebra defines, by left translations, the unique left invariant
metric on the corresponding Lie group G, called a metric Lie group. Two metric Lie
algebras are isometric if they are isomorphic as vector spaces, and the isomorphism
between them preserves curvature tensor and its covariant derivatives. In other
words:

Lemma 1.1 (Alekseevsky [2]). Two metric Lie algebras are isometric if and only
if the corresponding Riemannian spaces are isometric.

In general, two isometric metric Lie algebras do not have to be isomorphic.
However, this does hold for completely solvable Lie algebras.

Lemma 1.2 (Alekseevsky [1,12]). Isometric completely solvable metric Lie algebras
are isomorphic.

Therefore, the isometry classes of different left invariant metrics are precisely
the orbits of the automorphism group Aut(g) acting on the space of left invariant
metrics. Since CH? and RH* are completely solvable groups, this allows us to
classify non-isometric metrics using algebraic methods in Theorems and

Recall that an almost complex structure on a manifold M is an automorphism
J : TM — TM satisfying

J? = —1Id. (1)
If g is a Riemannian metric on M, then J is Hermitian if
9 X, Y)=9(JX,JY), X, YeTM. (2)

The space of Hermitian orientation preserving almost complex structures on
2n-dimensional vector space with a given positive definite inner product is the
symmetric space SO(2n)/U(n). For 2n = 4 we have SO(4)/U(2) = S?, the two
dimensional sphere of the almost complex Hermitian structures.

The Nijenhuis tensor N of an almost complex structure J is a tensor field of
rank (1,2) given by

N(X,Y)=[JX,JY] - [X,Y] - J[JX,Y] - J[X, JY] (3)

for any X, Y € TM.

If an almost complex structure J is integrable, i.e., its Nijenhuis tensor vanishes
identically, then J is a complex structure and M is a complex manifold. In Theo-
rems 2.2 and [3.2] we essentially look for those almost complex Hermitian structures
that annihilate the Nijenhuis tensor.

Note that a Lie group admitting a left invariant complex structure may not be
a complex Lie group. In order to have the structure of a complex Lie group, the
group multiplication has to be holomorphic, or equivalently, the complex structure
J has to be ad-invariant.

Let (M, g) be a Riemannian manifold and V its Levi-Civita connection. When
the manifold M is a Lie group, Koszul’s formula reduces to

29(VxY, 2) = g([X, Y], Z) — g([Y, 2], X) + 9([Z, X],Y) (4)
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for any left invariant vector fields X,Y, Z.
We define the Riemann curvature operator R(X,Y) : T, M — T, M, p € M, by

R(X,Y)=VxVy —VyVx = Vix X (5)
for any vector fields X,Y on T,,M. The Ricci curvature tensor is defined by
(X, Y)=Tr(Z— R(Z,X)Y). (6)

A manifold (M, g) is Einstein if p is proportional to the metric g. The scalar
curvature 7 is the trace of the Ricci tensor with respect to the metric g. If (X,Y)
is a basis of a 2-dimensional plane m C T, M then

 RY)Y.X)
Km) = X X)g(v,7) - g(X,7)2 @)

is a sectional curvature in the plane 7. If M is endowed with a Hermitian complex
structure J, then for a unit vector X € T,,M, vectors X and JX form an orthonor-
mal basis of the J-invariant plane 7 and K (7) is called a holomorphical sectional
curvature.

The curvature operators R(X,Y) satisfy g(R(X,Y)Z, W) = —g(R(X, Y)W, Z)
and therefore belong to the algebra of skew-symmetric endomorphisms so(g). We
identify the skew-symmetric endomorphisms so(g) with 2-vectors A2TpM by the
formula

(XAY)(Z) :=9(2,Y)X - g(Z,X)Y,
for any Z € T,M. Since R(X,Y) = —R(Y,X), the curvature tensor can be re-
garded as an operator on the space of 2-vectors

R:AN*T,M — A*T,M = s0(g), R(XAY):= R(X,Y).
A Riemannian metric on T, M naturally induces a positive definite inner product
(,-) on the space of k-vectors A*T,M by
(Xa A ANXp, Yi A AYy) i=det(9(X5,Y5)).

The operator R : AQTpM — AQTPM is symmetric with respect to the inner product
(-,-) on A’°T,M.

If M is 4-dimensional and w € A4TpM is the unit vector, a Hodge star operator
1 A°T,M — A*T,M is defined by the relation

a A = {a, fw. (8)

It is symmetric with respect to the inner product (-, -) and satisfies x> = Id. There-
fore, it induces an orthogonal splitting

A= A2 @A

of the 6-dimensional space A? into the 3-dimensional +1 eigenspaces of .
With respect to that splitting, the curvature tensor has the well known decom-

position
T W+ B
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where 7 denotes the scalar curvature, W_ is the Weyl conformal tensor, and B is
the traceless Ricci tensor. We say that (M, g) is self-dual (resp. anti-self-dual) if
W, =0 (resp. W_ = 0) and conformally flat if W, = 0 = W_. If either of Wy
vanishes we say that M is half-conformally flat. The manifold is Einstein if and
only if B =0.

2. CLASSIFICATION OF LEFT INVARIANT HERMITIAN STRUCTURES ON C’Hz

Consider the Iwasawa decomposition, SU(1,2) = K AN, of the semisimple group
of isometries of CH2. The compact part is isomorphic to U(2), the nilpotent part N
is the Heisenberg group Hs, and the abelian part is 1-dimensional. The completely
solvable group CH? = AN acts simply transitively on the complex hyperbolic
plane CH? and gives it a structure of a Lie group in a way that its Kahler metric
is left invariant. Its Lie algebra chso is spanned by vectors X, Y, Z, W with nonzero
commutators:

chy t [X, Y] = %Y, X, 7] = %Z, X, W]=W, [Z,Y]=W.  (10)

chs is a semidirect product of the nilpotent Heisenberg ideal spanned by Y, Z, W
and the 1-dimensional center spanned by X.

CH? is a solvmanifold in a trivial way, i.e., it acts on itself isometrically by left
translations. Equipped with the Kéhler left invariant metric, CH? is the complex
hyperbolic plane CH? in the usual sense.

Lemma 2.1. The automorphism group of the Lie algebra cho is

1 0 0 O
_ uyp a b 0 u) _ 1 [(=b a\ (n o
Aut(chg) = w ¢ d 0 | (u2> = <—d c) (v2> , A=ad — bc
e v vy A

(11)

Theorem 2.1. All non-isometric positive definite inner products on chsa, in some
basis with Lie algebra commutators , are represented by the matrices

0 0

S(p,z,B) = (12)

o83
SO o8
S = O

0

0 )
B
where x >0, B3>0, p— 2% > 0.

Proof. Two different inner products on chs define two metric Lie algebras on the
same space. If the inner products are represented by symmetric positive defi-
nite matrices S and FTSF, F € Aut(chs), those metric Lie algebras are iso-
morphic, and therefore they are isometric. The converse statement follows from
Lemma [1.2l Thus, non-isometric left invariant inner products correspond to the
orbits of the group Aut(chs) acting on the space of positive definite symmetric
matrices. Lengthy calculations similar to the proof of Theorem (rhy4 case) show
that these orbits are represented by the matrices of the form S(p, z, 5). (]
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A left invariant metric on a Lie group is uniquely determined by an inner product
on its Lie algebra. We denote by g(p, z, ) the left invariant Riemannian metric on
CH? corresponding to the inner product S(p, z, §). From Lemmait follows that
the isometry classes of the metrics on CH? are the orbits of the automorphism group
Aut(CH?) acting on the space of left invariant metrics. Therefore, Theorem [2.1
gives us the classification of all non-isometric left invariant metrics on CH2.

Lemma 2.2. The group of isometric automorphisms of che with the inner product
S(p,x, ) is isomorphic to the discrete group Zso, if x > 0, and to the orthogonal
group O(2), if x = 0.

Proof. The matrix of an automorphism F' is of the form . It is an isometry if
FTSF = S is satisfied.

If > 0, then F is either the identity matrix or F' = diag(1,1,—1,—1).
1 0 0 0
0 cosp —Asing O
0 sing Acos¢p O
0 0 0 A

If x =0, then F = ;A= =+1. O

Now we classify the left invariant Hermitian complex structures on CH? with
respect to all non-isometric left invariant Riemannian metrics g(p, z, ).

Theorem 2.2. All left-invariant Hermitian complex structures on the metric Lie
group (C”H27g) corresponding to the metric Lie algebra cho with the inner product

S(p,x, ) are:

la) forz =0,1—4pB =0, the 2-dimensional sphere of structures {Js .+ | s*+
r? 4+ 2 =1};

1b) forx =0, 1 —4pB8 #0, 4 structures Jx+, INk+;

2a) forx>0,1—4pB8 =0, 4 structures Ji+, Jot;

2b) forx >0, 1—4pB #0, det S # 4p*B%, 4 structures Ja, Jyt;

2¢) forx >0, 1—4pB #0, det S = 4p?B%, 4 structures Js+, Jo.

Matrices of these structures and their isometric isomorphism classes are given in
Table [

Proof. Let J = (a;;) denote the matrix representing the complex structure J in a
basis with commutators . Since J is a Hermitian complex structure, it imposes
certain constraints on the entries of the matrix J = (a;;).

The condition that the structure J is Hermitian, is equivalent to

JIS +SJ =0,
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S(p,z,B) Hermitian complex structures Isomorphic
z=0 . - . (s,r,q) ~ (0,7,q)
1—4pf=0 0  —2sy/B —2rVB —2¢8 E‘ZQN Zg

Q:F 0 —q B t t t g =1
Jsra = L2t gP=1
q 0 —svB
o s 0
NI
z=0 0 0 0 8 0o 0 0 —,/8 I+~ Jk—
1—4pB #0 r r INK+ ~ INK-
0 -1 0 -1 0
Jr+ =% INk+ =%
0 1 0 0 0 1 0 0
-JEo oo o Lo o0 o0
x>0 0 0 _a(ri-2?) Jip ~ Ji-
1—4pB=0 e S o
o o e D)
Jip =+ 2ri(p—a?) Apri(z%—p)
- 0 0
T 0 0
ie{1,2},  r=p/2 (1+2\/deLS)1 rg:p,/z(pz\/dens)
>0 0 0 2q(2pti+1)zB aB(—2tiz®—4Ba>+4pB—1) Jzp ~ Ja_
— 4pf (p—22)(1—4pB) (p—=?)(1—4pB) e ~
rll ;pdr"o# 0 0 a(4t.Bp* —tipttia®+20%8) o(2pt: +1)z8 or ~ Ja-
et S # 4p°f T =+ =22 (1=4pB) @-22)(1—4pB)
£ (ti-+25)
qjl—/ipﬂ qti 0 0
;e Y )
. o 1—ap3 _ 20B++/Blp—a2)(4pB—1)2 _ 22%B—+/Blp—a2)(4pB—1)2
{34l a=\/glm b= g = ~ I Ftp—a?
z>0 0 0 _ 1-4pf ___4pp+1 Jsp ~ J5-
1—4pB#£0 p(12pB+1) 2py/12p3+1 Jor ~ Jo_
— 4252 2 1 [ 1—4ps
det S = 45 e — 4 0 0 V12pB+1 2\ p(2pB+1)
ok _ [p0=apB)  __appt1 0 0
12pf+1 V/12p8+1
4p p(1-4pB) 0 0
TopA il 12pB+1
1
0 0 T
0 0 0
Jor = £
VP VT=4p8 0 0
0 -2/p 0 0

TABLE 1. Hermitian complex structures on chy with inner product S(p, z, 3).

which implies the following linear relations:

Rev.

:07

ass aqq = 0,
azq = —ay3f, ai = a2,
_a31 — az2x _
a3 = —>5——, 023 =
s —p
—a418 + asgxf
14 = ——— 5

p—a?

)
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The condition that J is a complex structure is equivalent to the system of qua-
dratic equations
N(X,Y)=0, J*=-Id, (13)
where the Nijenhuis tensor N is given by . These quadratic constraints lead us
to discuss the following cases:
Case la. =0, 1—4pB=0.
Conditions are now equivalent to
4a3, B + 4af, 2 + afyB = 1.
Denoting
r=2a3\B, s=au\/B, t=2aup,

we have the sphere of complex structures J, s ¢, with 72 + s* 4+ % = 1, listed in
Table [1I

Case 1b. x =0, 1 —4ps # 0.

Conditions , together with the regularity of J, are now equivalent to
p
as3=0, a12=0, ap=0, a3 =0, aj=1, af ==.

B

Consequently, in this case we have four complex structures Jx+, Jyx+, listed in
Table [1I

Case 2. z > 0.
From conditions and the regularity of J it follows that

aq3 =0, a2 =0,

a3y = a3 — 2a42pB + 2a41 23, (14)
9 _
a§2 i (a2 + a32$)(a422p asnx)p — (15)
p—x
4(asop — anz)? B2
2
—1=0. 16
a3z9 + p—a? (16)

Case 2a. >0, 1—4ps =0.
From conditions and it follows that aszs = f‘%}. From the relation
we get az = —%2. Conditions are now equivalent to
41042 = pr, (17)
ajy + alp = 4p”. (18)

Now we consider the system (17]), with respect to coordinates (a41, a42).
Since p # 0, x # 0, the equation (17)) is always a hyperbola, and the equation
is an ellipse. One can check that these curves always intersect in 4 points given by

2
as = £1/2(1 £ 2v/det S), asp = %.
41

All four possible values of a4; are real under the given conditions. Denoting
r1 =py/2(1 4+ 2Vdet S), 12 =py/2(1 —2VdetS5),
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we have matrices of the corresponding complex structures Ji+ and Joi given in
Table [1I

Casez >0, 1—4pB #0.
From conditions and and the regularity of the matrix J it follows that

2(agex + 2a4123)
4pp —1

ay42 =

Conditions are now equivalent to
afy — 4a3i 5 +4pf — 1 =0, (19)

(4Bp* — p + 2%)a3y + dagaag fa? + (B — 45%p + 46%2?)a?, = 0. (20)
The equation with variables ass and a4; represents a hyperbola. Notice that
the determinant of the quadratic form equals —(1 — 4pB)%det S. It is strictly
negative, so the equation represents two lines intersecting at the origin. There-
fore, the solution of the system above is the intersection of a hyperbola and two
lines. The coefficient of the term a3, in equals %(41)252 — det S) which leads
us to consider the following cases:

Case 2b. >0, 1 —4pB #0, detS # 4p?j2.
In this case, aq; # 0. We put ags = tay; and from we get

_ 1= 2084 /B(p—a?) (4pB 1)
W\ T T —4p?B + p — a2 '

The corresponding complex structures Js4+ and Jyo are given in Table We use
the notation t3 =ty, t4 =1t_, ¢ = a4.

Case 2c. £ >0, 1 —4pB #0, detS = 4p?B2.
In this case equation becomes

as15(1 — 4pp)(4asep + 4aspB + as) = 0.

The only two options, a4; # 0 and a4y = 0, give structures Js4+ and Jg+ respec-
tively. This covers all the cases, so all complex structures have been found.

If two structures J and F~!'JF are related by an isometric automorphism from
Lemma they determine the same geometry. We call them isomorphic and they
are listed in Table[Il O

Remark 2.1. The sphere of complex structures {J,,;} from Theorem was
found by Barberis [4] within a classification of hypercomplex structures on 4-dimen-
sional Lie groups. Namely, the structures I = Jy0,0, J = Jo,1,0, K = Jo,0,1 con-
stitute a hypercomplex structure (I, J, K), i.e., they satisfy IJ =K = —JI. Tt is
interesting that a hypercomplex structure on a 4-dimensional manifold determines
a conformally unique Hermitian metric. On the Lie group CH? that metric is
g(ﬁ7 0,5), 8 > 0 from the classification.
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Remark 2.2. Ovando [16] [I7] found three classes of left invariant complex struc-
tures with respect to certain subalgebras of the complexification of the real Lie
algebra chy. Considering an orthonormal basis (thus fixing one left invariant met-
ric) she noted that one of those classes contains the standard Kéhler metric on
CH?. This case corresponds to Jx4 from our classification in the special case
of the left invariant metric g(1,0,1). The second class from [I16] corresponds to
Jn i+ with the same metrics, and complex structures from the third class are not
Hermitian.

3. CLASSIFICATION OF LEFT INVARIANT HERMITIAN STRUCTURES ON RH*

If SO(1,4) = KAN is the Iwasawa decomposition of the group of isometries of
RH*, then the compact part is SO(4), the abelian part is R?, and the nilpotent
part is 1-dimensional. The Lie group RH* = AN, acting simply transitively on the
real hyperbolic space RH*, has the Lie algebra rh4 spanned by vectors ey, ez, 3, e4
with nonzero commutators:

rhy : les,ex] = ek, k=1,2,3. (21)
It is a two step nilpotent algebra with a 3-dimensional commutator subalgebra
spanned by e, es, 3.

Lemma 3.1. The automorphism group of rhy is
Aut(rhy) = {(61 l;) |A e Gi3(R), v e R3} . (22)

This group is isomorphic to the group Aff3(R) of affine transformations of R3.

Theorem 3.1. All non-isometric positive definite inner products on rhy, in some
basis with Lie algebra commutators , are represented by the matrices

(I3 0O
where A > 0.

Proof. Thanks to Alekseevsky’s results (Lemmas and , describing non-
isometric inner products on rhys is equivalent to finding equivalence classes of
positive definite symmetric matrices S under the equivalence relation S ~ FTSF,
where F' = F(A,b) is an automorphism of the form (i.e., finding orbits of the
automorphism group). If S is any symmetric positive definite 4 x 4 matrix, we can
S w
ol A
definite 3 x 3 matrix, v € R3, A € R. Choosing the automorphism Fy (I3, —S~'v), S

gets simplified to S = FT SF, = (g g)\

write it in a block matrix form S = < >, where S is a symmetric positive

> . Now we choose automorphism F5(A4, 0),

0 A
is the simplest representative of an orbit of the automorphism group acting on the
space of positive definite symmetric matrices. O

where A is a matrix diagonalizing S. The resulting matrix Sy = FJ SFy = (I?’ O>
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Every positive definite inner product S(X) gives rise to a unique left invariant
Riemannian metric g(\) by left translations, so the previous theorem describes all
non-isometric left invariant Riemannian metrics on RH?.

Theorem 3.2. Every left invariant metric g(\) on RH*, determined by the inner
products S(A), A > 0 on rhy, admits a 2-dimensional sphere of Hermitian complex
structures

0 —a -8 —/A

« 0 -y BVA 2 2 2 _
ﬂ ~ 0 —Oé\/X y o +ﬁ +")/ =1.
a2 B e 0

VA Vi VA

Proof. Direct calculation shows that conditions of integrability (Nijenhuis) are a
consequence of conditions J2 = —Id and J being Hermitian. O

Remark 3.1. With respect to the standard metric g(1), Ovando [17] found a
2-sphere of Hermitian complex structures on rhy which is consistent with the pre-
vious result.

4. LEFT INVARIANT GEOMETRY OF METRIC LIE GROUPS CH? AND RH*
Now we are ready to prove the theorems that describe curvature properties of
left invariant metrics g(p, z, ) on CH?, and of left invariant metrics g(\) on RH*.
Theorem 4.1.

i) For all left invariant Riemannian metrics g(p,z, 3), CH? has a constant neg-
ative scalar curvature
_ 11+4pp
2(p—=?)

it) Among g(p,x, ), the unique Einstein metric is g(%,O,ﬁ), B > 0. Moreover,
it is the unique metric that admits a Kdhler structure (Jx+ in classification).
CH? with this metric is a solvmanifold with constant holomorphic sectional
curvature —B and it is isometric to the complex hyperbolic plane CH?.

iii) g(ﬁ, 0,53) and g(%,O,ﬁ) are the only half-conformally flat metrics on CH>.

Proof. Since we work with left invariant basis, we have a natural identification
TZ,C’H2 > chy for any p € CH2. Let (X,Y, Z,W) be a basis of chy with commutators
of the form . In that basis, the metric g(p, z, 8) is represented by the matrix
S = S(p,x,B) of the form .

The Levi-Civita connection can be calculated by Koszul’s formula . Using the
fact that V is torsion-free, Vx, Xo — Vx, X1 = [X1, X3], it follows that all nonzero
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covariant derivatives are determined by
x

X
VX = 5y P TP VY = g (e,
VY = — 5 (X —av), WwZ=—iw wvew=5z
Y 72(1)—.%‘2) X i Y - 2 i Y 72 Y
1 p
Z=—— _(X—aY - P _ax—pv
Vz 2(p_x2)( x )7 VzW 2(])—(172)(33 p )7
VW = D (x —ay).

Note that the 2-dimensional submanifold whose tangent space is spanned by left
invariant vector fields X and Y is totally geodesic. Using formula we obtain
the curvature operator R : A2cho — A2chs:

1
XAY)=—-——(XAY —2)Z AW
R(XAY) = o=y (XAY + (0= a?)Z A W),
1
R(XNZ)=— (XAY +2e X AW —pY AW),
1
R(Y AW) = W([;’)(AZ—acﬁ)mvv_zscmfAZJr(pﬂ—z)yAW),
RZANW)=——(BX ANY — —2)ZNANW).
(ZAW) = o=y (8 (b8 —2)Z A W)
Using formula @ we obtain the Ricci tensor matrix in the basis (X,Y, Z, W):
2-3
=2 —x 0 0
1 g —pimesE2 0
P= 2 ’ pB+2  —5ap (25)
p—= 0 0 3 T
0 0 —5491,3 5(172*4)
The scalar curvature is then
o 11+ pg
o 2(p—a?)

Since p, 3 > 0 and p — 22 > 0, the scalar curvature is negative. This proves part i)
of the theorem.
The condition ¢(p, z, 8) is Einstein, i.e., p = Ag for some A € R, is according to

and equivalent to
3

=0, ps=1, and )\:—%.
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Therefore, the only Einstein left invariant metric on CH? is g(%,O7 B). For the
complex structure Jx4+ from Table direct calculation shows Vv Jg+ =0 for
any V € chy. Thus, (CHQ,Q(%,O,,B),JKi) is a Kahler manifold with constant
holomorphic sectional curvature —f, so it is isometric to the complex hyperbolic
plane CH?2. Note that g(%,O7 B) with complex structure Jyg+ is not Kéhlerian,
but also has a constant holomorphic sectional curvature —/.

We check case-by-case structures from Table [I] to prove that no metric other
than g(%, 0, 8) admits a Kéahlerian structure. This proves part ii).

To prove iii) we introduce an orthonormal basis of chy with respect to the inner
product S(p,z, 3)

1
GQZY, 63227 €4 = —=.

1 x
= X - Y7
Vp—a? Vp—a? VB
The basis e; Aej, < j, is an orthonormal basis of A2chy, and w =e; Aeg Aes Aea
is a unit vector that spans A*chy. Further lengthy calculations show that

€1

1 1 1
A2 =L —=(e1 NestesNhes),—=(e1 ANes FeaAeys), —(el Nedtes Ae
<\@(1 2 3N\ ey) \@(1 3 T+ €2 1) \/5( 2 3))
(26)

are orthonormal bases of +1 eigenspaces A3 of the Hodge operator  defined by .
One can use R : A2 — A? given by with respect to the basis to obtain the

decomposition @ If z # 0 then W4 # 0, so a metric cannot be half-conformally
flat. If x = 0 we obtain

1+3y 2
Wy = ﬂ diag(1,1, —2).
12p
We see that W_ vanishes when pS = 1 or 4pf8 = 1, so iii) is proved. O

Remark 4.1. Milnor showed that the scalar curvature of a non-flat left invariant
Riemannian metric on a solvable Lie group is strictly negative ([14, Theorem 3.1]).
None of g(p, z, 3) on CH? is flat and this is consistent with our result.

Theorem 4.2. All left invariant metrics g(p, x, ) on CH? have the full holonomy
group, except the Kdhler metric g(%, 0,8), whose holonomy group is isomorphic to
U(2).

Proof. The infinitesimal holonomy algebra is spanned by curvature operators R(-, )
and their covariant derivatives V¥R of all degrees k& € N. The corresponding
uniquely determined connected subgroup of GL(4,R) is called the infinitesimal
holonomy group. Since a Lie group is an analytic manifold, its restricted, local
and infinitesimal holonomy groups coincide (see [I5]). Moreover, CH? is simply
connected, therefore, the holonomy group is the same as the local holonomy group.
In the p8 = 1, z = 0 case the metric is symmetric. Hence, VR = 0 and the
holonomy algebra is u(2) spanned only by curvature operators. In all other cases,
direct but lengthy calculations show that the holonomy algebra is isomorphic to
so(4) and is spanned by curvature operators and their first covariant derivatives.
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We may now conclude that in the pg = 1, x = 0 case the holonomy group is
U(2). In all other cases, the metric g has the full holonomy group. O

Corollary 4.1. All left invariant metrics g(p,x, ) on CH? are indecomposable.
Now we consider the geometry of RH*.

Theorem 4.3. All left invariant Riemannian metrics g(\) on RH* are Einstein.
They have constant negative sectional curvature —%, constant scalar curvature —1—)\2,
and the holonomy group is full.

Proof. From Koszul’s formula for left invariant vector fields , it follows that all
nonzero covariant derivatives are determined by
€4
Veea = —€1, Veyeq=—€z, Veses=—€5 Ve €1 = Vey€s = V€3 = .

Further calculation brings us a nice expression for the curvature operator
R : A%rhy — A%rhy given on the basis of the space of 2-vectors A%rhy:

1
R(ei/\ej):fxei/\ej, 1<i<y <4,

From definition and the previous formula, it follows that the sectional curvature
is

1

A )

for any 2-dimensional plane m C TpRH4. Using @ we find the matrix of the Ricci

tensor: p = diag(—%, —%, —%, —3). Since p is proportional to the inner product

matrix (23)), the corresponding left invariant metric g(A) is Einstein, and the scalar
curvature is 7 = —42. The holonomy algebra is 6-dimensional, hence g(\) has the

full holonomy group. O

K(r)=—
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