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BICONSERVATIVE LORENTZ HYPERSURFACES IN E!'*! WITH
COMPLEX EIGENVALUES

RAM SHANKAR GUPTA AND AHMAD SHARFUDDIN

ABSTRACT. We prove that every biconservative Lorentz hypersurface M{* in
E’IH'l having complex eigenvalues has constant mean curvature. Moreover,
every biharmonic Lorentz hypersurface M[* having complex eigenvalues in

E?+1 must be minimal. Also, we provide some examples of such hypersurfaces.

1. INTRODUCTION

The classification of constant mean curvature (CMC) hypersurfaces plays an
important role in relativity theory [20] 23], and such type of hypersurfaces are
associated with the problem of eigenvalues of the shape operator or differential
equations arising from the Laplacian operator.

In 1964, Eells and Sampson [I] introduced the notion of poly-harmonic maps as
a natural generalization of the well-known harmonic maps. Thus, while harmonic
maps between Riemannian manifolds ¢ : (M, g) — (N, h) are critical points of the
energy functional E(¢) = 3 [}, |d$|?vy, the biharmonic maps are critical points of
the bienergy functional E2(¢) = % [,, [7(¢)[*vy, where T = trace Vd¢ is the tension
field of ¢.

In 1924, Hilbert pointed that the stress-energy tensor associated to a func-
tional F is a conservative symmetric 2-covariant tensor S at the critical points
of E, i.e., divS =0 [I7]. For the bienergy functional F5, Jiang defined the stress-
bienergy tensor So and proved that it satisfies div Sy = —(m2(¢), d¢) [18]. Thus, if
¢ is biharmonic, then div So = 0. For biharmonic submanifolds, from the above
relation, we see that div So = 0 if and only if the tangential part of the bitension
field vanishes. In particular, an isometric immersion ¢ : (M, g) — (N, h) is called
biconservative if div Sy = 0.

Biconservative submanifolds were studied and classified in E* by Hasanis and
Vlachos [16], where the biconservative hypersurfaces were called H-hypersurfaces.
In [24], the complete classification of H-hypersurfaces with three distinct curvatures

2010 Mathematics Subject Classification. 53D12, 53C40, 53C42.

Key words and phrases. Lorentz hypersurfaces; Biconservative submanifolds; Biharmonic sub-
manifolds; Mean curvature vector.

The work of the first author is supported by award of a grant under FRGS for the year 2017-18,
F.No. GGSIPU/DRC/Ph.D./Adm./2017/493.

595


https://doi.org/10.33044/revuma.v60n2a20

596 R. S. GUPTA AND A. SHARFUDDIN

in Euclidean space of arbitrary dimension was obtained and some explicit example
was given. Upadhyay and Turgay classified biconservative hypersurfaces in E5 with
diagonal shape operator having three distinct principal curvatures [25]. Further,
they have constructed the example of biconservative hypersurfaces with four dis-
tinct principal curvatures. Recently in [6], it was proved that every biconservative
Lorentz hypersurface in E{”l with complex eigenvalues having at most five distinct
principal curvatures has constant mean curvature. Further, it was proved that a
biconservative Lorentz hypersurface with constant length of second fundamental
form and whose shape operator has complex eigenvalues with six distinct princi-
pal curvatures has constant mean curvature [6]. For more work on biconservative
hypersurfaces in pseudo-Euclidean spaces, see references in [6] 25]. For work on
biharmonic submanifolds, see [2, [12] and references therein.

In this paper, we study biconservative Lorentz hypersurfaces in ]E;L'|r1 whose
shape operator has complex eigenvalues. The shape operator of Lorentz hypersur-
faces with complex eigenvalues takes the form [21] [19]

A
A= —p A ) (1.1)
Dn—2
with respect to a suitable orthonormal base field of the tangent bundle {e1, s, ..., e,}
of T, M7, which satisfies
g(elael) = _17 g(eiaei) :17 ’6'22,3,...,77/, (12)
and
g(ei7ej):0a i?j:1727"‘7n7 275]7 (13)
where D,,_o = diag{A3, \4,..., A} and p # 0.
We prove:

Theorem 1.1. Let M be a biconservative Lorentz hypersurface in IE;LH with
complex eitgenvalues. Then it has constant mean curvature.

A submanifold satisfying
AH =0
is called biharmonic submanifold [2].
The study of biharmonic submanifolds in Euclidean spaces was initiated by Chen
in the mid 1980s. In particular, he posed the following well-known conjecture in
1991:

The only biharmonic submanifolds of FEuclidean spaces are the minimal ones.

The conjecture was later studied by many researchers and so far it is found to be
true for hypersurfaces in Euclidean spaces [8], [10} [12} [T4] [T5] [16]. Chen’s conjecture
is not always true for submanifolds of semi-Euclidean spaces (see [3,4,[5]). However,
for hypersurfaces in semi-Euclidean spaces, Chen’s conjecture is also right (see
11, 4, (5, 7, 9] [13]).

Since every biconservative hypersurface is a biharmonic hypersurface, using The-

orem and (2.5a)) we find:
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Theorem 1.2. Every biharmonic Lorentz hypersurface M{* in E?'H with complex
eigenvalues must be minimal.

2. PRELIMINARIES

Let (M7, g) be an n-dimensional Lorentz hypersurface isometrically immersed
in (E7™,5) and g = Gyn- We denote by ¢ the unit normal vector to M7', where
g(&,6) = 1. A vector X in Ef"*! is called spacelike, timelike or lightlike according
as g(X,X) > 0,9(X,X) <0, or g(X,X) =0, respectively.

The mean curvature H of M7 is given by

1
H = —trace A, (2.1)
n

where A is the shape operator of M}
Let V denote the Levi-Civita connection on M{'. Then the Gauss and Codazzi
equations are given respectively by

R(X,Y)Z = g(AY, 2)AX — g(AX, Z)AY, (2.2)
(VxA)Y = (Vy A X,
where R is the curvature tensor and
(VxA)Y =VxAY — A(VxY) (2.4)

for all X, Y, Z € T(TM}).

The biharmonic equation can be decomposed into its normal and tangential
parts. The necessary and sufficient conditions for M{* to be biharmonic in E?**
are:

AH + H trace A% = 0, (2.5a)
A(grad H) + gH grad H = 0. (2.5b)

Then, the submanifold satisfying the tangential part of the biharmonic equation
is called biconservative, and therefore the biconservative Lorentz hypersurfaces M7
in E"*! are characterized by (2.5b).

3. BICONSERVATIVE LORENTZ HYPERSURFACES IN Ej*t!

In this section, we study biconservative Lorentz hypersurfaces in IE?‘H with com-
plex eigenvalues. Since every hypersurface with constant mean curvature is always
biconservative, we assume that the mean curvature is not constant and grad H # 0.
Assuming non-constant mean curvature implies the existence of an open connected
subset U of M{* with grad,H # 0, for all x € U. From 7 it is easy to see
that grad H is an eigenvector of the shape operator A with the corresponding prin-
cipal curvature —5H. Therefore, there does not exist a biconservative Lorentz
hypersurface M7 in E?H with two distinct principal curvatures of non-constant
mean curvature with complex eigenvalues. Without losing generality, we choose
en in the direction of grad H. Then, the shape operator A of hypersurfaces M7
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in ]E;"Jrl will take the following form with respect to a suitable orthonormal frame
{e1,ea,...,en}:
Ager = dep — e, Apges = pey + Aea, Age; = Ny, 1€ D, (3.1)
where D = {3,4,...,n}. Also, we denote the following sets by
A={1,2,....n}, B={1,2,....n—1}, C={3.4,...,n—1}.

The grad H can be expressed as

grad H = Z e;(H)e
i=1

As we have taken e,, parallel to grad H, we have
en(H) #£0, e;(H)=0, i€ B. (3.2)
We express
Ve,€j = z": wiiem, i,j€ A (3.3)
m=1
Differentiating and with respect to e, and using , we obtain

for i # j and 4,5,k € A. Using (2.1) and (3.1), we obtain that
3 H
2 + Z A = 2 = 3, (3.5)

From now onwards we assume that grad H # 0 in an open connected subset U
of M7, ey, is in the direction of grad H, and e, (H) # 0.

Now, we obtain results which will be useful to prove Theorem [I.I] Although
the proofs of some of the following results were given in [6], to make the paper
self-contained we have included them here with a different approach in the proofs.

Lemma 3.1. Let M7 be a biconservative Lorentz hypersurface in E?H having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,€2,...,en}. Then,

ei(\g) = (i = A)wl; = (A = A}

Ji Ji’

(3.6)
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(N = N\wl, = O\ — A\, (3.7)

O‘j - )\)wilj - :U’wizj = (\i — )\)le‘i - M%Q‘i (3-8)
(A = Nwi + pw); = (A = Aw?; + ,uwjl-i, (3.9)
N — A )Wu uwzQ + (A= X\j)wiy, (3.10)
(A — )‘i)wlj = _NWjQ (A — )‘i)wjl’ (3.11)
(A = Nl — e, = e, (3.12)

(Ao = A, + peol; = —eq (1), (3.13)
er(h) = —pwoly + (3= Awly, (3.14)

(Ai = Aj)wy qu + (A= Aj)wia, (3.15)
(A — )‘i)w2j = Mwﬂ (A = Ai)wj JQa (3.16)
(Xi — A)W%i - szi =ei(p), (3.17)

(i = NJwd; + puws; = 6i(>\) (3.18)

e2(Ni) = pwiy + (A = Xj)wia, (3.19)

e1(p) = ea(N), (3.20)

e1(N\) = —ea(p), (3.21)

(A = A)wia + pwiy = (A = \i)why — pahs, (3.22)

for distinct 1,5,k € D such that A\, # Aj # A;.

Proof. Taking X =e¢;, Y =¢; in . ) for i,5 € D, and using and (| .7 we
get

(Ve, A)ej = ei(Nj)e; + A (w e1 + w? se2) — (w 1-1]-,/461 —l—w?jAeg +Z A — Ap)wr ek
k=3
Putting the value of (V., A)e; in (2.3)), we find

€; ()\ )e] + A (w e1 + W 62) ( Z-lj.Ael + wfjAez) + ()\] — )\k)wfjek

= ej(/\i)ei + )\i(wjlviel + w?ieg) — (w}iAel + w?iAeg) + ()\Z — )\k)wﬁek, (323)
k=3

whereby for i # j = k and i # j # k we obtain (3.6) and (3.7, respectively.

Moreover, using (3.1]) in (3.23) and comparing the coefficients of e; and eq, we find
(13.8) and (3.9)), respectively.
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Next, using and . in (Ve, Ae; = (Ve, A)eq, for i € D, we obtain

er(Ai)er + Ai(wiier +wijen) — (wiAer + wijAes) + Z At e
7j=3
= (V) — ply)en + O — eulp))es — Ader +3 (= Aty = gy e,
7j=3

whereby for i # j we get Further, comparing the coefficients of ey, es, and
e; and using (3.4), we have (3.12)), (3.13) and (3.14)), respectively.
Also, using and in (Ve, Aej,ei) = g((Ve, Aer, e;) gives (3.11)).
Similarly, using and in (Ve, A)e; = (Ve, A)ea, for i € D, we get

62(/\z')€i + )\i(w%iel + w%ieg) — (w%iAel + wgi.Aeg) + Z(/\Z — )\j)w%iej
3
(A=)

j:
J J )

( Wio + U%‘l)ew

3

= (ei(N) + pwii)ez + (Awip + ei(p))er — wipAer +
Jj=
whereby for i # j we get (3.15)). Further, comparing the coefficients of ey, es, and
e; and using (3.4), we have (3.18]), (3.17) and (3.19)), respectively.
Also, using (3.1) and (2.4) in ((Ve, A)ej, e;) = g((Ve, A)ez, €;) gives (3.16).
Now, using (3.1)) and (2.4) in (V¢, A)ea = (Ve, A)ey, for i € D, we obtain

e1(n)er +er(N)es + Z ( (A = Xi)wiy + uwn)ez
=3

= e2(Vex — ealue + Y (A= Ay — pey ) e,
i=3
whereby comparing the coefficients of e;, e3, and e; and using (3.4]) we have (3.20]),
(3.21), and (3.22]), respectively. This completes the proof of the lemma. O

Next, we have

Lemma 3.2. Let M7{ be a biconservative Lorentz hypersurface in JE?H having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,ea,...,en}. Then,

An # A, VEkeC. (3.24)
Proof. Let A\, = Ay for k € C; then taking i =n and j = k in , we get
en(M) =0 or e (H)=0, as\,= _%,
which contradicts , thereby completing the proof of lemma. O

Using (3.2), (3.3) and the fact that [e;e;](H) = 0 = Ve,e;(H) — Ve, e;(H) =
wihen(H) — wiie,(H), for i # j, we find

wlh =wr, 1,j € B. (3.25)

) J
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Lemma 3.3. Let M{* be a biconservative Lorentz hypersurface in ]E;A"|r1 having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,€a2,...,en}. Then,

=0, VieA. (3.26)
Proof. Putting i #n, j =n in and using and ( ., we find
=0, ieD. (3.27)
Taking ¢ = n in and ( and using and ., we find
w}m =w?, =0. (3.28)

Combining (3.27)) and -, we get ((3.26 - O

Lemma 3.4. Let M7 be a biconservative Lorentz hypersurface in ]E’f"|r1 having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,€9,...,en}. Then,

Why = Wiy = Wiy = wy = 0. (3.29)
Proof. Taking ¢ = n in (3.22)) and using (3.25)), we get
Wl = —Why. (3.30)
Taking i = n in (3.12)), (3.13)), (3.17), (3.18) and using (3.4), (3.25), and (3.30),
we find
— (A = Nwiy + pwgs =0, (A, — A)wiy + pwiy = 0. (3.31)
Solving (3.31)), we get
Wiy = why = 0. (3.32)

Using (3.32), (3.30) and (3.25)), we get (3.29). U

Lemma 3.5. Let M7 be a biconservative Lorentz hypersurface in ]E”f‘|r1 having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,ea,...,en}. Then,

w}j =w} = w{i —w), =0, i#3j, i,jeD. (3.33)
Proof. Using (3.10)), - ) and , we get
LW ()\ A ) ,uwﬂ (A — )\i)wjl-i. (3.34)
Similarly, using ([3.15) and ( ., we find
uw” + ()\ Aj ) ,uwﬂ +A=N ) . (3.35)
Combining and (3.35)), we obtaln
W = wj;. (3.36)
Combining (3.8)) and -, we find
(A = Nwiy = (X = Nwj;. (3.37)
Using (3.34), (3.35)), (3-36) and (3.37)), we get (3.33), thereby completing the proof
of the lemma. O

Now, we find the following lemma for covariant derivatives.
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Lemma 3.6. Let M{* be a biconservative Lorentz hypersurface in IE;H'l having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,€a,...,en}. Then,

m m 2
vel €1 = § W11€m; Vel €2 = § Wi12€m, v€1 €n = 07 Venel = Wnp1€2,

m#1l,n m#2,n
m m 1
Ve,€1 = g Wy1€m, Ve,€2 = E Wy5€m, Vesen =0, Vg ea=w,se1,
m#1l,n m#2,n

1 2 1 2 m
Ve € = wier +wizes, Ve,e5 =wye1 +wyer, Ve = E Wi €m,
m#i
2 i 1 i n
Ve, 61 = wjjea +wiiei,  Ve,ea =wiper +wjsei, Ve = —wjie;, Ve ey, =0,
for i € C. Moreover,
(a) If M7 has all distinct principal curvatures, then

Ve,ei =0, Vee;=wje,  Vi,jeC, i#j,

(b) If M} has q distinct principal curvatures A£+/—1p, Az, ..., Ag—1, An, with
multiplicities p3, ..., pg—1 0f A3, ..., Agq—1, respectively, such that p3 + ps +
“rFPg—2 +Pg—1=n—3, then

m ) .
Ve, €i = g wysem, Vie Gy, m#i,

Ci,
vGiej :ngem, Vi,j € Ciu i £ J, mF g,
Ciy
where iy = 3,2,...,q—1, and C3 = {3,...,p3 + 2}, C4 :{p3+3,_...,p3—|—
pa+2}, ..., Com1={p3+ps+---+pg—2+3,...,n—1}, and w;; satisfy

BA) and G).
Proof. (a) Let M7 have all distinct principal curvatures. Putting j =n and k = j

in (3.7) and using (3.25)), we get

wh =wh =0, i,j€C,i#]. (3.38)
Putting i = n and k =4 in (3.7) and using (3.38]) and (3.4]), we find
Wfﬁ = wzjn = 07 iaj € Ca i 7£ .7 (339)

(b) Let M} have ¢ distinct principal curvatures. Putting ¢ = n and k = 7 in

(13.7), we obtain

wl =0, j#iand j,i€Ci, i1=3,...,q— 1. (3.40)
Putting j =n and k=7 in and using , we get
W =wh =0, i€Ci, j€Cy, i1 #is i1,02=3,...,q— L. (3.41)
Taking i € C;, in (3.7), we have
wl. =0, j#kand jkeCyy, iy #ia, i1,i2=3,...,q— 1. (3.42)
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Putting i = n and k =4 in (3.7) and using (3.41]) and (3.4]), we find

wi=wl =0, jeC, i€Ci, i1#is, i1,i2=3,...,q— L. (3.43)

Now, using Lemma Lemmal3.4] Lemma 3.5 and (3.38)), (3.39), (3.40), (3.41)),
(13.42) and (3.43) in (3.3), completes the proof of the lemma. O

Next, we have

Lemma 3.7. Let M{* be a biconservative Lorentz hypersurface in ]E”f‘|r1 having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,ea,...,en}. Then,

A=0. (3.44)

Proof. Evaluating g(R(ey, e1)en,e1), using (2.2)), (3.1) and Lemma we have
9(Ve,Veen — Ve, Ve, en — Vi, e,1€n; €1)
= g(Aelv en)g(Aenv 61) - g(Ae’na en)g(Aela el)v

which gives

A\, =0. (3.45)
Since A, # 0, from ([3.45) we find (3.44). Thus, we complete the proof of the
lemma. O

Now, using Lemma [3.7] we find the following theorem.

Theorem 3.8. There does not exist a biconservative Lorentz hypersurface M{* in
E?H with three distinct principal curvatures of non-constant mean curvature with
complex eigenvalues.

Proof. Let M7 have three distinct principal curvatures. Then, from (3.5)) and
(13.44)), we get H = 0, a contradiction, which completes the proof of the theorem.
O

Next, we have

Lemma 3.9. Let M be a biconservative Lorentz hypersurface in ]E?Jr1 having
the shape operator given by (3.1) with respect to a suitable orthonormal frame
{e1,ea,...,en}. Then,
and

n = constant.

Proof. Using (3.44)) and (3.4) in (3.12)) and (3.18]), we find
Nwly = pwty  and  Awh, = —pwh;, (3.47)

respectively.

On the other hand, adding (3.13)) and (3.17), and therein using (3.44), (3.47)
and ([3.4)), we obtain
Wi = Wi, (3.48)
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which together with (3.47)) gives

why = —wh;. (3.49)
Using (3.44), (3.48) and (3.49) in (3.22)), we get
pwiy = Nwlsy. (3.50)

Therefore, from (3.47) and (3.50), we obtain
(1 = Af)wiy = 0.

We claim that wi; = 0. In fact, if wi; # 0, then u? — A2 = 0, which gives
Ai = £p for all ¢ € C. In view of Theorem |3.8] we consider the following cases:

Case I. Let M7* have four distinct principal curvatures. Then, using (3.44]) and
Lemma (3.2 in (3.5), we obtain (n — 3)\; = 222 or +(n — 3)pu = 222 which on
differentiating with respect to e,, gives £(n—3)e, (u) = % Also, using ([3.29)
in (3.13), we find e, (p) = 0. Therefore, we obtain e, (H) = 0, a contradiction.

Case II. Let M{" have five distinct principal curvatures A £ v/ —1u, A3 = p,

A4 = —p, Ap. Then, using (3.44)) and Lemmain (13.5), we get (ps—pa)p = %,
where p3 and p4 are the multiplicities of A3 and A4, respectively. Now, proceeding
as in Case I, we get a contradiction.

Case III. Let M{" have more than five distinct principal curvatures. Then, we
get \; = *p for all i € C, which contradicts the fact of having more than five
distinct principal curvatures.

Hence w!; = 0. Using this in (3.48)), (3.49) and (3.50)), we find (3.46). Using
(3-29), (3.44) and (3.46) in (3.13), (3.20) and (3.21), we get

61(,LL) = 62(,11,) = el(u) =0, VieD. (351)

Hence p is constant in all directions. This completes the proof of the lemma. O

Lemma 3.10. Let M7 be a biconservative Lorentz hypersurface in ]E’f"’l having

the shape operator given by (3.1) with respect to a suitable orthonormal frame

{61,62,...,€n}. Then, g(R(enaei)enaei)7 g(R(en;ei)eiael); g(R(en,ei)ei,e2);

g(R(ei, e1)ei, en), g(R(ei, e2)e, en), g(R(ei, e2)e;, e1) and g(R(e;, e1)e;, e2) give the
following:

en(wl) = ()2 = Anhi, (3.52)

1y _ 1 1,2

en(Wi;) = Wiwi; — WyoWis, ( )

€n (%%) = WZ'WZ% - w?zlwiliﬂ ( )

e1 (W) = whwi, (3.55)

e2(wf) = wiwd, (3.56)

ea(wy;) + wii(wag — wiy) = s, (3.57)

el(w?i) + wili(w%l - W?z) = pAi, ( )

respectively, for all i € C.
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Proof. Here, we give the proof of the first two relations ) and - The
proof of the other relations can be obtained in a similar way

Using (2.2]) and ., we have
g(R(en,€i)en, ;) = g(Aei, en)g(Aen, e;) — g(Aen, en)g(Aei, e;) = =M Ni,  (3.59)
g(R(en, ei)ei,e1) = g(Aeq, e;)g(Aen, e1) — g(Aey, e;)g(Aei, e1) =0, (3.60)

for all 7 € C.
(i) Let M7 have all the distinct principal curvatures. Then, using Lemma
we get

g(R(env ei)em ei) = g(venveien - veivenen - v[enei]em ei)
= g(Ve, (—witei) — wiVe,en, ;) = g(—en(w)e; + (W) e, €;)

= —en(wii) + (WiH)?,

(3.61)
for all i € C.
Therefore, from and | , we get (3.52] -
Next, we know that
g(R(en,ei)ei,e1) = g(Ve,Ve,ei = Ve, Ve, 65 — Vie, €5 €1), (3.62)

for all i € C.
Now, using Lemma [3.6] and Lemma we have

n n
venvei €i = ven < Z leeT”) = Z (en(w )em + Wi ven eTI’L)
m##i, m=1 m#i, m=1
Vei ven €; = 0; VV@,Lei €; = 07

n
_ n L ,n m
Vveie, i = —wi;Ve,€i = wii( E Wi em)-

m#i, m=1
Hence, using the above in (3.62), we get
g(R(eTH ei)€i7 61) = _en(wili) - wi2 wn2 + wu zlz (363)
for alli e C.

Therefore, from and | , we get - ) for i € C.

(ii) Let M7 have ¢ distinct pr1nc1pal curvatures. Then, using Lemma we
find

g(R(ena ei)env ei) = g(VGn vﬁi €n — Vei ve'n €n — V[enei €n, 61')

n
= g(Ve, (—wie;) g W (Ve, €n) —witVe,€n, €;)

m#i
C3 C3
STEIRED P O p) Y
m#£i l#n
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wherein using ([3.40) gives
9(R(en, ei)en, ) = —en(wii) + (wii)?, (3.64)
for all i € (5.

Therefore, from (3.59) and (3.64), we get (3.52)) for ¢ € C3. Similarly, for all
i € C, we find (3.52).

Next, using Lemma [3.6] and Lemma [3.9] for i € C5, we have

Ven Vei €; = en ( Z Wi em) = zn: (en(wg)em + wgv@n em)’

m#i,m=1 m#i,m=1
p3+2 p3+2 p3+2
Vei vEnei = Vei( wniem) = (ei (wnz €m + w wzm )
m#i,m=3 m#i,m=3 l;ﬁm m=3
p3+2 p3+2 p3+2
_ m _ m l
vveneiei - E wniVEmei - E wni( E Wini€l

m#i,m=3 m#i,m=3 1#i,0=3

n

— n m
Vvese,€i = —wiiVe, € = wu‘( E w em>.

m#i,m=1
Hence, using the above in (3.62), we get
g(R(eTH ei)ei7 61) = _e’ﬂ(wzlz) - w'?zwnZ + UJ” zlz (365)
for all i € C5.

Therefore, from (3.60) and (3.65), we get (3.53)) for ¢ € C3. Similarly, for all
i € C, we find (3.53). O

4. PROOF OF THEOREM [L]]
Proof. Using Lemma we get
e1en — ene1 = Ve, — Ve, €1 = —w2 en. (4.1)

Operating wl* on both sides in (4.1f), we find

eren(Wfy) — ener(wii) = —whiea(Wh). (4.2)
Using (3.52), (3:53), (B.55), (3:56), (3-14), (:2) and Lemma [3.7 in (£.2)), we
obtain
pAwy; =0, (4.3)
whereby we find
wZ =0. (4.4)
Now, using Lemma [3.6] we get
e2en(Wfy) — enea(wit) = —wpper (Wh). (4.5)
Using (3.52), (3:54), (3.55), (3:56), (3-19), (:2) and Lemma [3.7 in (L.F), we
obtain
wh = 0. (4.6)
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Using (4.4) and (4.6) in , we find A; = 0 for all ¢ € C. Using this in (3.5)),

we get H = 0, a contradiction, and hence the proof of Theorem [I.1]is complete. O

5. EXAMPLES OF LORENTZ HYPERSURFACES WITH COMPLEX EIGENVALUES
N ErH

In this section, we give some examples of Lorentz hypersurfaces in support of
the results obtained in previous sections. We denote the metric tensor g in E?H
by

n+1

g=—dri + Z da?, (5.1)
=2
where (z1,22,...,Tn, Tnt1) is a rectangular coordinate system in IE?H.

Example 5.1. Consider the hypersurface M in E?H given by
flt, s, t1,ta, ... tu_o) = (¢(t) cosh s, d(t) sinh s, s, t1,ta,...,th—2),
where ¢(t) is a smooth function such that ¢'(t) # 0, and s,t1,...,t,—3 € R.

By a direct computation, we find that the vector fields
1 1

—— 0, e = ———=0s,

@) VIt 2

form an orthonormal base for the tangent bundle of M and the unit normal vector
field of M is given by

e; = €3 =04, €4 =01,..., e =0, _,

1
N = ————(—sinhs, —cosh s, ¢(¢),0,0,...,0).

V1+¢3(t)

A further computation shows that

— 1 = 1
N = —-—— N - —
vel 1+¢2(t)€27 v(iz 1+¢2(t)€17

(5.2)

In view of (5.1)) and (|5.2)), the shape operator A of M has the following form:

0 -
_ 1
A=| wom O ’

Dn72

where D,,_o = diag{0,0,...,0}.
If M is biconservative, then grad H must be in the direction of any one of the

vector fields es,...,e, with corresponding eigenvalue _ZH . From (5.2), we can
see that the eigenvalue corresponding to each of the vector fields es, . .., e, is zero.

Therefore, we get H = 0. This fact can be verified as the hypersurface M has three
distinct eigenvalues W%’ —W%, 0.
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Example 5.2. Consider the hypersurface M in IE;L'H given by
f(t,s,0,t1,ta, ... ,th—3) = (¢ (t) cosh @ cosh s, ¥ (t) cosh 6 sinh s, s,1(t) sinh 0,
t1,ta, . tns), (5.3)
where ¥ (t) is a smooth function such that ¥ (t),y'(t) # 0, and s,0,t1,...,tn—3 € R.
We find that the vector fields

ho inh 0 1
er= (o )= (5o )oe e = ( ).,
v'(t) (D) 1+ 42(t)cosh®@
sinh 6 cosh 6
€3 = (W)at* (W)ég, 64:@1, ceey enzﬁtn%,
form an orthonormal base for the tangent bundle of M such that
gler,er) = =1, glese;) =1, and g(ey,e) =0, (5.4)

fori=2,3,...,nand k,l =1,2,...,n, with k # [.
The unit normal vector field of M is given by

1
N = (—sinh s, — cosh s, ¢(t) cosh 8, 0,0,...,0).

1 4 92(t)cosh?@

Also, we obtain

1 — 1 —
=——— ¢, Ve ,N=——"—""—-©¢,, Vo.N=0, (55
1 4 1b2(t)cosh?@ 2 : 1 4 1b2(t)cosh?@ ! (5:5)
for j =3,4,...,n.
In view of (5.4) and (|5.5)), the shape operator A of M has the following form:
1

Ve, N

01 1+42(t)cosh?0
A= T 1+42(t)cosh?6 0 ’ (56)

-Dn—2
where D,,_o = diag{0,0,...,0}.
Further, we can see that M is biconservative with H = 0 as the hypersurface M

V=1 . V=1 0
1+42(t)cosh?0’  1+1)2(t)cosh?0’ ~"

has three distinct eigenvalues

Example 5.3. Consider the hypersurface M in IE;LH given by
ft,8,0,t1,t2,...,th_3) = (tcoshs,tsinh s, s + cosf,sin b, t1,ta,...,tnh_3),
where § € [0,27) and s,t,t1,...,tn—3 €R.

We can see that the vector fields e; = 0, es = ﬁ@s, e3 = (\ / thﬁ%) (39+

(fi_ftag)ﬁs), €1 = 0Oy, ..., €n = O,_,, form an orthonormal base for the tangent
bundle of M such that
gler,er) = =1, glese) =1, and g(ep,e) =0, (5.7)

fori=2,3,....,nand k,l=1,2,...,n, with & # (.
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The unit normal vector field of M is given by

1
= ————(—cos0sinh s, —cosfcoshs,tcosf,tsinfh,0,...,0).
T 6 sinh 0 cosh 0 0,0 0
cos
Also, we obtain
= cos 6 sin 6 cos 0
Ve N == eo + €3,
T O ) tcos20) © /(LT 2)(2 + cos20)
— sin 6 cos 6 t(1+¢t2
Ve, N = — 2 (42 o T 2( 2)3 ’
(14 t2)(t? + cos?0) (t2 4 cos?6) 2 (5.8)
= cos 6
VGQN: 1

- e
V(1 +2)(t2 + cos20)
Ve,N=0, forj=4,5,....n
From (5.7) and (5.8)), we can see that M has four distinct eigenvalues for § = 0

and its shape operator A has the form

0

A= T 1+

1
1+¢2
0
t )

T V/1te2
Dn—3

where D,,_3 = diag{0,0,...,0}.

Further, we can see that M is biconservative with H = 0 for ¢t = 0.
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