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GENERALIZED METALLIC STRUCTURES

ADARA M. BLAGA AND ANTONELLA NANNICINI

ABSTRACT. We study the properties of a generalized metallic, a generalized
product and a generalized complex structure induced on the generalized tan-
gent bundle of a smooth manifold M by a metallic Riemannian structure (J, g)
on M, providing conditions for their integrability with respect to a suitable
connection. Moreover, by using methods of generalized geometry, we lift (J, g)
to metallic Riemannian structures on the tangent and cotangent bundles of
M, underlying the relations between them.

1. PRELIMINARIES

On a smooth manifold M, besides the almost complex, almost tangent, almost
product structures, etc., some other polynomial structures can be considered as
C*°-tensor fields J of (1,1)-type which are roots of the algebraic equation

QW) :=J"+apJ" P - +axJ +a ] =0,
where [ is the identity operator on the Lie algebra of vector fields on M. In
particular, if Q(J) := J? —pJ —ql, with p and g positive integers, its solution .J will
be called metallic structure [2]. The name is motivated by the fact that the (p, q)-
metallic number introduced by Vera W. de Spinadel [§] is precisely the positive

/12
root of the quadratic equation 2% — pr — ¢ = 0, namely o, , == Lgﬂ For

example: if p = ¢ = 1 we get the golden number o = %; ifp=2and qg=1we

get the silver number 091 =1 + V2;if p =3 and ¢ = 1 we get the bronze number
031 = 3i2— ”13; if p=1and g =2 we get the copper number o712 = 2;if p=1
1++v13
LtV2d

and ¢ = 3 we get the nickel number o1 3 = , and so on.

We shall briefly recall the basic notions of metallic (Riemannian) geometry.

Definition 1.1 ([3]). A metallic structure J on M is an endomorphism J : TM —
TM satisfying

J? =pJ +ql, (1.1)
for some p, ¢ € N*. The pair (M, J) is called a metallic manifold. Moreover, if a
Riemannian metric g on M is compatible with J, that is g(JX,Y) = ¢g(X,JY),
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for any X, Y € C°(TM), we call the pair (J,g) a metallic Riemannian structure
and (M, J, g) a metallic Riemannian manifold.

The concept of integrability for a metallic structure is defined in the classical
manner.

Definition 1.2. A metallic structure J is called integrable if its Nijenhuis tensor
field

Ny(X,Y):=[JX,JY] - J[JX,Y] - J[X,JY] + J*[X,Y]
vanishes for all X,Y € C®(TM).

It is known [3] that an almost product structure F' on M induces two metallic
structures: 9
Op,q — P p
—F 4+
2 2
and, conversely, every metallic structure J on M induces two almost product struc-

tures: 5
FE—+ (  — I),
20p,q— D 20pq— D

/2
where o), 4 = Lgﬂ is the metallic number, for p,q € N*.
In particular, if the almost product structure F' is compatible with a Riemannian
metric g, then (J*,g) and (J~, g) are metallic Riemannian structures.

JE=4

The analogue concept of locally product manifold is considered in the context
of metallic geometry.

Definition 1.3 ([I]). A metallic Riemannian manifold (M, J,g) is called locally
metallic if J is parallel with respect to the Levi-Civita connection V of g, that is
VJ=0.

In the following, we shall extend the definition of a metallic structure for any real
numbers p and ¢. In this way, we also include some other well-known structures; for
instance, if (p,q) € {(0,—1),(0,0),(0,1),(1,0)}, the solution of would yield
an almost complex, an almost tangent, an almost product and a J(2, 1)-structure,
respectively.

2. GENERALIZED STRUCTURES INDUCED BY METALLIC STRUCTURES
Let TM & T*M be the generalized tangent bundle of a smooth manifold M.

Definition 2.1. A generalized metallic structure J on M is an endomorphism
J:TMeT*M — TM @ T*M satisfying

J? =pJ +ql,
for some real numbers p and gq.

For a linear connection V on M, we consider the bracket [-,-]v on C*(TM @
T*M) [6]:
(X +a,Y + 8]y = [X,Y]+ VxB - Vya,
for all X,Y € C®°(T'M) and o, § € C(T*M).
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Definition 2.2. A generalized metallic structure J is called V-integrable if its
Nijenhuis tensor field va with respect to V,

va(a7 7) = [Jo, Jrly — J[Jo, 7]y — Jlo, J7]v + J?[0, 7]+,

vanishes for all 0,7 € C°(T'M & T*M).

2.1. Generalized metallic structure induced by (J, g). Let (J, g) be a metallic
Riemannian structure on M such that J? = pJ + ¢I, p,q € R. If we denote by
fg : T*M — TM the inverse of the isomorphism by : TM — T*M, by(X) :=ixg,
from the g-symmetry of J we have ff; 0 J* = Jofly and b, 0 J = J* o b, where
(J*a)(X) := a(JX). Also notice that J* is a metallic structure too, namely,
(J*)? = pJ* +ql, and we easily get that f,0(J*)* = J*ot, and byo J* = (J*)kob,,
for any k € N.
On TM @ T*M we consider the Riemannian metric

I X +a,Y +p):=g(X.)Y) + g(tga, §45), (2.1)
for any X, Y € C*°(TM) and o, f € C®(T*M).
Definition 2.3. A pair (j , §) of a generalized metallic structure J and a Riemann-

ian metric g such that J is g-symmetric is called generalized metallic Riemannian
structure.

Remark that the generalized metallic structure Jm = (J 0 ) induced by the

0 J*

A

metallic Riemannian structure (J, g) is g-symmetric; hence, (J,,, §) is a generalized
metallic Riemannian structure.

Proposition 2.4. The generalized metallic structure Jm induced by the metallic
Riemannian structure (J,g) on M is V-integrable if and only if J is integrable and

(VuxJ)=(VxJ)J, for any X € C*(TM).
Proof. We have:
NY (X,Y) = [JX, JY] = J[JX,Y] = J[X, JY] + J2[X,Y] = Nj(X,Y)
NY (X,B) = [JX, J*Bly — JIX, By — J*[X, J*Blv + (J*)[X, Blv
= VxJ B =T VyxB—TVxJB+(J)VVxp
= ((VuxJ") = T (VxJ))(B)
=B((VixJ) = (VxJ)J)
N (a,B) =0,
for all X, Y € C*(TM) and «, 8 € C*°(T*M). The proof is thus complete. O

Remark that if V is a J-connection, that is VJ = 0, then Jom is V-integrable
if and only if J is integrable. Moreover, if TV is the torsion of V, TV (X,Y) :=
VxY — Vy X — [X,Y], then a direct computation gives:

Ny(X,Y) = (Vyx)Y — (Voy )X + J(Vy )X — J(VxJ)Y + ®&(TV)(X,Y),

Rev. Un. Mat. Argentina, Vol. 61, No. 1 (2020)



76 A. M. BLAGA AND A. NANNICINI

where
O(TV)X,Y) := -TYV(JX,JY)+JTV(JX,Y)+JTV(X,JY) - J*TV(X,Y).

In particular, if V is a torsion free J-connection, then Jm is V-integrable.

Let VY be the Levi-Civita connection of g and define a linear connection D on
M by D :=V9+ F, where F is a (1,2)-type tensor field such that

DJ=0
Dg=0.

(V4I)Y = JF(X,¥) — F(X, )
g(F(X,Y),Z2)+g9(Y,F(X,Z)) =0

This is equivalent to

for any X,Y,Z € C*°(TM).
Consider the bracket [-,-]p on C°(TM & T*M) [6]:

[X—FO&,Y—'—ﬁ]D = [X’Y]+DXB_DYa7

for any X, Y € C®°(TM) and a, € C®(T*M).
Define the connection D on TM & T*M by [7]:

bx(Y'Fﬁ) = DXy—f'Dxﬂ,
for any X, Y € C>*°(T'M) and 8 € C°(T*M). It follows that
Dx(Y +8)=V%Y + F(X,Y) +VxfB - fo F(X,).

Let n be the dimension of M and assume that ¢ # 0. Denote by {z!,... 2"}
the local coordinates on M and let {X7,..., X,,} be the corresponding local frame
for TM. Following [4] we define:

1 1
F(Xi, X;) = w(X;) X —w(X1)g™ gi; Xi + QW(JXj)JXi - ;w(JXz)glkagist,

where w is a 1-form on M and we use Einstein’s convention of summation.
We immediately have that g(F'(X;, X;), X,)+9(X;, F(X;, X)) =0, for all ¢, 7, r;
therefore, Dg = 0, for any 1-form w. Moreover, the torsion of D is given by

TP(X,Y) =w(¥V)X —w(X)Y + éw(JY)JX - éw(JX)JY,

for any X, Y € C*(TM).
Lemma 2.5. TP satisfies the following properties:
TP(JX,Y)=JTP(X,Y)=TP(X,JY)

®(T7)(X,Y) =0,
for any X, Y € C*(TM).
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Proof. From a direct computation we get

JTP(X,Y) = w(Y)JX—w(X)JY—Fgw(JY)JX—gw(JX)JY—i-w(JY)X—w(JX)Y,

which is equal to T?(JX,Y) and TP (X, JY).
Consequently, we have ®(TV)(X,Y) = 0. O

Recently, C. Karaman [4] constructed metallic semi-symmetric metric J-connec-
tions D on locally decomposable metallic Riemannian manifolds (M, J, g). These
connections satisfy:

1 1
DJ =0, Dg=0, T?(X,Y) =w(Y)X —w(X)Y + gw(JY)JX - aw(JX)JY,

for any X, Y € C°°(T'M). In particular, we can state the following:

Proposition 2.6. Let (M, J, g) be a locally decomposable metallic Riemannian
manifold and let D be a metallic semi-symmetric metric J-connection. Then J,,
is D-integrable.

Proposition 2.7. Let (jm = ‘é })*

ian structure induced by the metallic Riemannian structure (J, g) on M with § the
Riemannian metric defined by (2.1)). Then:

(1) DJ,, = 0 if and only if DJ = 0;

(2) Dg =0 if and only if Dg.

),Q) be the generalized metallic Riemann-

Proof. Remark that DJ,, = 0 is equivalent to (DxJ)Y + 80 DxJ = 0, for any
XY € C®°(TM) and 8 € C°(T*M), and Dg = 0 is equivalent to (Dxg)(Y,Z) —
(Dxg)(gf,8g7) =0, for any X,Y,Z € C*°(T'M) and 83,y € C*°(T*M). O

Definition 2.8. A smooth map f between two metallic manifolds (M, J1) and
(Ma, J3) is called metallic if f, 0 Jy = Jy 0 fi.

Remark 2.9. A metallic diffeomorphism f between two metallic manifolds (M, Jy)

and (Ms, J2) naturally induces an isomorphism f between their generalized tangent
bundles defined by

fiTMy ®@T My — TMy ® T*Ms, f(X +0a):=f. X+ ((f)) ‘o,

where f. : TM; — TM, is the tangent map of f and (f,)* : T*Ms — T* M, is the
dual map of f,, that is, ((f.)*a)(X) := a(fX), for all @« € C°(T*Ms) and X €
C°(T M), which preserves the generalized metallic structures Jlm = él ﬁ*)’
i = 1,2. Indeed, from f, o J; = Js o f, follows that (f.)* o J5 = JJ o (f.)*, hence
ijl,m:jQ,mof'

In particular, if f : M — M is a diffeomorphism which preserves the metallic
structure J, then f can be defined by

A

f(X +a):=fiX + (fi) o,
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78 A. M. BLAGA AND A. NANNICINI

which coincides with the generalized metallic structure Jm when J = f«. In this
case, J is invertible and J ! = %J — gI, for ¢ # 0.

2.2. Generalized product structure induced by (J, g). Let (J, g) be a metal-
lic Riemannian structure on M such that J? = pJ + ¢I, p,q¢ € R. Then J, :=

<J (I =%

b, g > is a generalized product structure on M, that is jg =1

A direct computation gives the following.

Proposition 2.10. The generalized product structure jp induced by the metal-

lic Riemannian structure (J,g) on M is V-integrable if and only if the following
conditions are satisfied:

Ny — (I = J?)tg(dVg) =
(Vuxg)Y = (Voyg) X + J*(Vxg)Y = (Vyg)X) + g((Vy /)X — (VxJ)Y)
+g(TV(X,JY)+TV(JX,Y)) =0
(dVg)((I = J*)Y, X) = (Vx J")g(JY) + (vJXJ*) (¥)=0
(Va-sxI)g(Y) = (Vi—y2)y J7)g(X) =
(Viu—sx 1Y = (Vu—rzy J)X + TV((I —J)X, (I - J?)Y)
- (I - Jz)ﬁg((v(l—ﬂ)xg)y - (V(I—J?)YQ)X) =0
— (Vux )Y = (V_yoy )X + (Vx )Y + J(VxJ?)Y — J*(VxJ)Y
— (I = J)t(Vixg)Y — (Vxg)JY)
—~TV(IX,(I-J*Y)+JTV(X,(I - J*Y) =0,
for all X, Y € C°(TM), where we denoted b, by g and the exterior differential as-
sociated to V acting on g by (d¥ g)(X,Y) := (Vxg)(Y)—(Vyg)(X)+g(TV(X,Y)).

Proposition 2.11. Let (M, J, g) be a locally metallic Riemannian manifold. Then
Jp is V-integrable, for V the Levi-Civita connection of g.

Proof. From the previous proposition, we have that the generalized product struc-
ture Jp, is V-integrable if and only if the following conditions are satisfied:

N; =0

(Vy )X = (VxJ)Y =0

(VxJ5)J* = (VyxJ") =0

(Va—i2xJ)g(Y) = (Va—s2yy I )g(X) =0

(Vu—ryxJ)Y = (Vi ey J?)X =0

— (Vux )Y = (Vo2 )X + (Vx )Y + J(VxJ?)Y — J*(VxJ)Y =

= (Vux )Y + (Vigy )X = (VxJ)Y + J(VxJ?)Y — J*(VxJ)Y =0,
for all X, Y € C*°(T'M). In particular, if V.J = 0, then jp is V-integrable. O
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Definition 2.12. A generalized product structure J on M is called anti-pseudo-
calibrated if it is (-,-)-anti-invariant and the bilinear symmetric form defined by

A

(-, J+) on TM is non-degenerate, where
1

(X -+, +6) i= 5 (a(Y) - B(X))

is the natural symplectic structure on TM & T* M.

Remark 2.13. The generalized product structure jp is anti-pseudo-calibrated with
respect to (-, ).

Proposition 2.14. Let jp be the generalized product structure defined by the metal-
lic Riemannian structure (J,g) on M. Then

G(o,7) = (0, J(1)),
with o,7 € C*(TM ©T*M), is a neutral metric.

Proof. Locally we can write 2G in block matrix form as:

(& )

As J is g-symmetric, pointwise, we can take ¢ = I and J = A the diagonal
matrix with eigenvalues Ai,...,\, which are solutions of the metallic equation
A2 —p\ — ¢ = 0. Then we get:

<—IA PA +qu— 1)I> '

In order to compute the indices of 2G, we can use the Gauss—Lagrange algorithm
and by elementary operations on rows and columns of the matrix we get the form

1 0
0 —I+(A2—pA—ql))’

o %)

hence 2G has n positive and n negative eigenvalues and the proof is complete. O

therefore

R 72
Proposition 2.15. Let (J, := (bJ o _j*)ﬁg) ,3) be the generalized product
g

structure induced by the metallic Riemannian structure (J,g) on M, with § the

Riemannian metric defined by (2.1). Then
ﬁjp =0 if and only if DJ =0 and Dg = 0.

Proof. Remark that (DyJ,)X = (DyJ)X + (Dyg)X, for any X,Y € C™(TM)
and (Dy Jp)a = —p(Dy (Ji4))a—(¢—1)(Dyty)a—(Dy J*)e, for any Y € C(T'M)
and «a € C°(T*M), therefore the statement. O
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Remark 2.16. Starting with a metallic structure on a manifold, with minimal re-
strictions on p and ¢, some other generalized metallic structures on its generalized
tangent bundle can be constructed as follows.

The metallic structure J on M induces two almost product structures on M:

2
FEo=+ < J- 2L I);
20p,q—p 20p,q—p

the almost product structures F* induce two generalized product structures on
TM ®T*M:
. FT 0
+ . .
Foe= ( 0 ( Fi)*>’

and the generalized product structures F* induce two generalized metallic struc-

tures on TM & T*M:

20p,q — P
2

20p,q— P

jim ==+ >

F++§I, jim ==+

jjrr,m = j:,m = (g f*)

a_ 2 —J +pl 0
_ 7+t =

The metallic structure J on M induces a generalized product structure on 7'M &

T*M:
. (T (- g )
Jp = 9,
= I

A
F =1
+2,

where

and

and the generalized product structure jp induces two generalized metallic struc-
tures on TM & T*M:

j$ = 172017’; pjp + g[,
namely,
Jt = (WJ+ ol (B + (g~ 1)I)ﬁg>
" bg _%J* + gl
and
i (—2””’2"_”J+ BT —(pJ + (g — 1)I)ﬁg>
U )

2.3. Generalized complex structure induced by (J, g). Let (J, g) be a metallic

Riemannian structure on M such that J?> = pJ + qI, p,¢ € R. Then J. :=

— 2 A

(bj (7 +J{ L is a generalized complex structure on M, that is, J2 = —1I [6].
g —

A direct computation gives the following.
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Proposition 2.17. The generalized complex structure J, induced by the metal-
lic Riemannian structure (J,g) on M is V-integrable if and only if the following
conditions are satisfied:

Ny + I+ T)g(d"g) =0
(Vixg)Y = (Voyg) X + T (Vxg)Y = (Vyg)X) + g((Vy /)X = (VxJ)Y)
+9(TY(X,JY)+TV(JX,Y)) =0
(@Vg)((I +J*)Y, X) + (VxJ)g(JY) — (VJXJ )g(Y) =0
(VatrryxI )g(Y) = (Vs I )g(X) =
(Virro)x Y = (Vaprey J)X - TV((I + )X, (I + J%)Y)
— (I + I (Va4s2)x9)Y = (Vrgs2vg)X) =0
— (Vux )Y + (Vg )X = (Vx )Y + J(VxJ?)Y — J*(VxJ)Y
+ (T4 T (Vix9)Y — (Vxg)JY)
+TV(JIX,(I+JHY) = JTYV(X,(I+J*)Y) =0,
for all X, Y € C°(TM), where we denoted by by g and the exterior differential as-
sociated to V acting on g by (d¥ g)(X,Y) := (Vxg)(Y)—(Vyg)(X)+g(TV(X,Y)).
P:roposition 2.18. Let (M, J,g) be a locally metallic Riemannian manifold. Then
J. is V-integrable, for V the Levi-Civita connection of g.

Proof; From the previous proposition, we have that the generalized complex struc-
ture J. is V-integrable if and only if the following conditions are satisfied:

N;=0

(VyJ)X = (VxJ)Y =

(VxJ*)J* = (VyxJ") =0

(VagsryxJ)g(Y) = (VarryyJ5)g(X) =0

(Vass2)xI)Y = (Vigry )X =0

= (Vux )Y + (Vsry )X = (Vx )Y + J(Vx J2)Y = J2(Vx )Y =
for all X, Y € C*°(TM). In particular, if V.J = 0, then J, is V-integrable. O
Definition 2.19. A generalized complex structure J on M is called calibrated if

it is (-,-)-invariant and the bilinear symmetric form defined by (-,.J-) on TM is
non-degenerate and positive definite, where

~5(a(¥) = B(X))

is the natural symplectic structure on TM & T* M.

(X+a,Y+5):=

Remark 2.20. The generalized complex structure J, is calibrated with respect to

(,)
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R _ 2
Proposition 2.21. Let (J. := (bj (! +J{ )ﬁg) ,§) be the generalized complex
g _

structure induced by the metallic Riemannian structure (J,g) on M with § the
Riemannian metric defined by (2.1). Then:

DJ, =0 if and only if DJ =0 and Dg = 0.

Proof. Remark that (DyJ.)X = (DyJ)X + (Dyg)X, for any X,Y € C°(TM)
and (Dy Jo)a = —p(Dy (J44))a—(g+1)(Dyfg)a—(Dy J*)a, for any Y € C(T'M)
and o € C°(T*M), therefore the statement. O

Definition 2.22. A pair (jc, jp) of a generalized complex structure and a gener-
alized product structure is called generalized complex product structure if J.J, =
.

Remark 2.23. Tf (J,g) is a metallic Riemannian structure on M, then (J., J,), for

o _ 2 N _ 72
Je = 7 ( +{ o and J, = J J*)ﬂg , is a generalized complex
by -J by —J

product structure.

3. METALLIC STRUCTURES ON TANGENT AND COTANGENT BUNDLES

3.1. Metallic structure on the tangent bundle. Let (M, J, g) be a metallic
Riemannian manifold and let V be a linear connection on M. V defines the de-
composition into the horizontal and vertical subbundles of T'(T'M):

T(TM) =TH(TM) e TV (TM).

Let m : TM — M be the canonical projection and m, : T(T'M) — TM be the
tangent map of 7. If a € TM and A € T,(TM), then 7.(A) € Tr)M and we
denote by x, the standard identification between T5 ()M and its tangent space
Ta (Tﬂ'(a)M)'

Let UV : TM @ T*M — T(TM) be the bundle morphism defined by

UV (X + @) == X, + Xalfga),
where a € TM and X! is the horizontal lifting of X € TrayM.

Let {z',...,2"} be local coordinates on M, let {Z',...,2",y',...,y"} be re-
0
spectively the corresponding local coordinates on T'M, and let {Xl, ey X, EmE
Y
0 0
ey —} be a local frame on T(T'M), where X; = —. We have:
oy ozt
0
XH = X, — 0L, —
i Yy Llik ay[
0
vV _ k7l
Xi =y FikaTJl

H
(a) ~0
oy’
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a\" 9
oyt ) oy’

where i, k,[ run from 1 to n and I‘fl are the Christoffel symbols of V.

Let UV : TM &T*M — T(TM) be the bundle morphism defined before (which
is an isomorphism on the fibres). In local coordinates, we have the following ex-
pressions:

A

Let (Jpm, §) be the generalized metallic structure defined in the previous section.
The isomorphism ¥V allows us to construct a natural metallic structure .J,,, and a
natural Riemannian metric g on T'M in the following way.

We define J,,, : T(TM) — T(T'M) by

T 1= (\IIV) oJm o (‘Ilv)_1
and the Riemannian metric g on TM by
3= ((TV)™H)"(9)-
Proposition 3.1. (T'M, J,,,§) is a metallic Riemannian manifold.

Proof. From the definition it follows that J2 = pJym + ql and g(J,X,Y) =
9(X, J,.Y), for any X,Y € C(T(TM)). 0

In local coordinates, we have the following expressions for J,, and g:

I (X)) = JEXH

K2

Moreover,

0

T (Xi) = JEX =y (JETh = T 5

9(Xi, X5) = gij + vy "T0,. 1%, gni
B 0
g (Xi, ayj> = Y"1
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Computing the Nijenhuis tensor of J,,, we get the following:

o 0
% (g a) =0

0 g O
Ny, (XiH’ 3zﬂ> = ((Vux,J) X; = J (Vx,J) X;) o
Ny, (X XT) = (N (X, X)) X!
0
- ys (J’Lk‘]]h Zhs - JlTJszéc]s - JJ}LJlTRihs +leTRﬁjs + qR:gs) aiyr

Therefore we can state the following.

Proposition 3.2. Let (M, J,g) be a flat locally metallic Riemannian manifold. If
V is the Levi-Civita connection of g, then (Jp,,q) is an integrable metallic Rie-
mannian structure on TM.

3.2. Metallic structure on the cotangent bundle. Let (M, J, g) be a metal-
lic Riemannian manifold and let V be a linear connection on M. V defines the
decomposition into the horizontal and vertical subbundles of T'(T*M):

T(T*M) = TH(T*M) o TV (T*M).

Let m : T*M — M be the canonical projection and 7, : T(T*M) — TM be
the tangent map of w. If a € T*M and A € T,(T*M), then m,(A) € Ty M and
we denote by Y, the standard identification between T:(G)M and its tangent space

Ta(T3 oy M).
Let ®V : TM & T*M — T(T*M) be the bundle morphism defined by [5]:
V(X +a) = X"+ xi(),
where a € T*M and X is the horizontal lifting of X € TryM.

Let {z',...,2"} be local coordinates on M, let {Z',..., @™, y1,...,yn} be re-
spectively the corresponding local coordinates on T*M and let {X,..., X, 900
Y1
0 0
..,=—} be alocal frame on T(T*M), where X; = —. We have:
OYn oxt
H g 0
X =X +uyely—
oyl
0
X} = —yTh5—
Y layl

H
(o) =
yi

a\" o
dyi Oy

where i, k,[ run from 1 to n and I‘Z are the Christoffel symbols of V.
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Let @V : TM @& T*M — T(T*M) be the bundle morphism defined before
(which is an isomorphism on the fibres). In local coordinates, we have the following

expressions:
0
oV ) = xH
(1) =

0
8yj '
Let (Jpn, §) be the generalized metallic structure defined in the previous section.
The 1somorphlsm ®V allows us to construct a natural metallic structure .J,,, and a

natural Riemannian metric g on 7% M in the following way.
We define J,, : T(T*M) — T(T*M) by

Jm = (®V) 0 Jp o (V)71

PV (dzl) =

and the Riemannian metric § on T*M by
g:=((@V)"H)(9).
Proposition 3.3. (T*M, J,,,§) is a metallic Riemannian manifold.

Proof. From the definition it follows that J2 = pJm + ¢l and §(J,X,Y) =
9(X, J,Y), for any X,Y € C°(T(T*M)). O

In local coordinates, we have the following expressions for J,,, and §:

I (XH) = JEXH

7

0
Jm
ay]) ayk

(Xﬁ59>_0

322 )=
dyi” Oy; '

I (Xi) = JEXy, + i (JETL, — J5TL)

Moreover,

0
oy

§(Xi, X;5) = gij + ypynTETE g

0
g (X, 2 ) = —yuTh g,

Computing the Nijenhuis tensor of J,,, we get the following:
i <3 5) _
Im \ 9y 9y;
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) 9
N; X-H,>: Vix,J) Xe —J (Vx,J) Xp) —
Jm( i (Vix,J) Xy — J (Vx,J) Xk) o

Nj, (X[, XT) = (N (X, X)X

. . 0
4 (T} Ry = T3 R = T3 R + I3 R+ aBijo) -
S

Therefore we can state the following.

Proposition 3.4. Let (M, J,g) be a flat locally metallic Riemannian manifold. If

V is the Levi-Civita connection of g, then (J,q) is an integrable metallic Rie-
mannian structure on T*M.

Remark 3.5. The metallic structures J,, and J,, on the tangent and cotangent
bundles respectively, satisfy:

T o (2 0 (@Y) 1) = (17 0 (7)) 0 .
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