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ON THE WELLPOSEDNESS FOR A FUEL CELL PROBLEM

LUISA CONSIGLIERI

ABSTRACT. This paper investigates the existence of weak solutions to two
problem sets of elliptic equations in adjoining domains, with Beavers—Joseph—
Saffman and regularized Butler—Volmer boundary conditions being prescribed
on the common interfaces, porous-fluid and membrane, respectively. Mathe-
matically, the modeling tool is the coupled Stokes/Darcy system, completed
by the thermoelectrochemical (TEC) system, in the multiregion domain. The
Stokes/Darcy system consists of the Stokes equation on one part of the do-
main coupled to the Darcy equation, where the flow velocities are small and
mainly driven by the pressure gradient in porous medium. The TEC sys-
tem consists of the energy equation and the mass transport associated with
electrochemical reactions, where the fluxes are given by generalized Fourier,
Fick and Ohm laws, by including the Dufour—Soret and Peltier—Seebeck cross
effects. The present model includes macrohomogeneous models for both hy-
drogen and methanol crossover. The novelty in the presented model lies in
the presence of the Joule effect into the Stokes/Darcy-TEC system altogether
to the quasilinear character given by temperature dependence of the phys-
ical parameters such as the viscosities and the diffusion coefficients, by the
concentration-temperature dependence of cross-effect coefficients, and by the
pressure dependence of the permeability. The purpose of the present work
is to derive quantitative estimates of the solutions to clarify smallness condi-
tions on the data. We use fixed point and compactness arguments based on
the quantitative estimates of approximated solutions.

MSC 2020: Primary: 76505, 80A50; Secondary: 35Q35, 35Q79, 35J57,
35D30.

Keywords: PEM fuel cell; multiregion domain; Stokes—Darcy system; porous
media; heat-conducting fluids; Beavers—Joseph—Saffman boundary condition;
electrochemistry.

1. INTRODUCTION

In this paper, we study the so-called fuel cells. Our concern is on the mathe-
matical analysis of thermoelectrochemical (TEC) models from devices that convert
the chemical energy from a fuel into electricity. The chemical reaction produces
charged ions, which move on a membrane. Positively charged ions are conducted
by the proton exchange membrane at low operating temperature in polymer elec-
trolyte membrane fuel cells (PEMFC) [II, 17, 25] and direct methanol fuel cells
(DMFC) [26, B4], while negatively charged ions are conducted by adequate ionic
condutors at high operating temperatures in solid oxide fuel cells (SOFC) [20), [16]
and molten carbonate fuel cells (MCFC) [29]. Although their differences, they all
consist of two electrodes (one anode and one cathode), an electrolyte membrane
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2 LUISA CONSIGLIERI

separator between the two electrodes, and two or more channels. The domain con-
sists of different pairwise disjoint Lipschitz subdomains (precisely, it is separated
into five regions, and it has four interfaces of (n — 1)—dimension) as sagittally il-
lustrated in Fig. 1. It includes the membrane medium in contrast with the phase
change models, whose consider the membrane as an interface separating the dif-
ferent conductive phases [8]. We refer to [I3] a numerical approach for the steady
free boundary value problem, on which mixed Dirichlet—Neumann conditions are
specified, motivated by the two-phase flow in fuel cell electrodes.

It is widely recognized that the behavior of the components in the interface
boundaries plays an essential role in the cell performance, and it can determine
its life. An exact solution of an electro-osmotic flow problem modeling polymer
electrolyte membranes is derived in [4] under the assumption that Stokes flow is
driven by only an external field, not by a pressure gradient, in an infinite cylindrical
pore. In [28] [32], the authors combine a PEM fuel cell and electrical circuits to
potentiate the energy efficiency, to reduce the cost of FC technology, and to improve
fuel usage. Computational fluid dynamics (CFD) based tools are developed for
PEMFC (see [12, 23| 27], and the references therein).

The complexity of the present model is a true drawback by the presence of
both the cross and Joule effects altogether with different types of interfaces: the
fluid-porous interfaces that require stress boundary conditions such as the Beavers—
Joseph—Saffman interface condition, and the membrane interface on that the elec-
trochemical reactions occur. We refer to [6] the existence of a weak solution of a
1D half-cell model.

The coupled system of elliptic equations (Stokes/Darcy-TEC) is quasilinear since
the physical parameters such as the viscosity and the diffusion coefficients depend
on the temperature while the cross-effect coefficients depend on the temperature
and the concentrations. Moreover, the permeability depends on the pressure by the
Klinkenberg equation. It is known that regularity results are available whenever
the Navier—Stokes—Fourier system has constant coeflicients [3]. We refer to [7] the
study of the Beavers—Joseph—Saffman—Stokes—Darcy—Fourier problem.

The existence of weak solutions is established by applying a fixed point procedure
under some assumptions on the nonlinear terms. The use of the Tychonoff fixed
point theorem is being somewhat standard. However, the existence of the dissipa-
tion term requires some additional regularity and some small coefficient conditions
were enforced.

We confine ourselves to the study of the proton exchange membrane fuel cell.
We focus our attention on HoPEM fuel cells driven by gaseous hydrogen, but the
present model may be include other cells as for instance direct methanol fuel cells
operating on methanol in an aqueous solution.

The structure of the paper is as follows. We begin by introducing the con-
crete physical model under consideration. Next, the functional framework, the
data under consideration and the main theorems are stated in Section Some
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FI1GURE 1. The flow region Q¢ = Qg0 UQ,; and the porous region
Qp = QU Qum U Qe (not in scale), with length I, + I, + 1. << L
where L = 1 — 10 cm denotes each channel length. Left: xy cross-
section. Right: xz cross-section.

auxiliary results are proved in Section [d] In particular, the existence of an aux-
iliary velocity-pressure pair in Subsection [{.I] and an auxiliary partial density-
temperature-potential triplet solution in Subsection In Section [5] the fixed
point argument is applied to prove Theorem [3.5]

2. STATEMENT OF THE FUEL CELL PROBLEM

Let 2 be a bounded multiregion domain of R™, n > 2, that is, = int <§f U ﬁp

is a connected open set, with Q¢ and €, being two disjoint open subsets of 2. The
multidomain 2 represents one single PEM fuel cell, which its 2D (two-dimensional)
representations are schematically illustrated in Fig. 1.

The fluid bidomain ¢ consists of two channels, namely the anodic fuel chan-
nel Qe and the cathodic air channel Q,;;, constituted by mixtures (since their
noncontinuity) of the gas and liquid phases [I].

The membrane electrode assembly, what we call by porous domain §2;,, consists
of the regions relative to the membrane separator €2, and the backing and catalyst
layers of the two electrodes. The domain 2, stands for the proton conducting
membrane (20 pm to 100 pm in thickness). It accounts for the transport of dissolved
water (HyO) and the hydronium (H3O™) ions, and it is electrically insulating such
that the electrons are forced to travel in an external circuit from the anode to
the cathode. An usual catalyst layer, between the membrane separator and the
backing layer, can be assumed to have negligible measure (the backing layers are
approximately [, = [, = 200pum in thickness, while the catalyst layers are 5pm
to 10um [T} 2]), and it is denoted by I'cr. Other interface is the porous-fluid
boundary I' = 9Q, N Q.
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The fuel (for instance, pure hydrogen [24] or hydrocarbon type which includes
diesel, methanol [34] and chemical hydrides) is oxidized at the anode catalyst layer
I'., generating positively charged ions and electrons. The positively charged ions
travel through Q,, while the traveling of the free electrons produces the electric
current in the backing layers, Q, and ., through an external circuit that it is
attained by a current collector I'c.. These two currents are interconnected through
the electrochemical reactions. At the cathode catalyst layer I'c, the oxygen re-
duction occurs: hydrogen ions, electrons, and oxygen react to form water. We
set

Qp:Qau(ﬁme)UQC:QaUFaUQmUFCUQC.

Hereafter, the subscripts, a and ¢, stand for anode and cathode, respectively.

The general phenomenological fluxes, j; [kgs™'m™2], q [Wm™2] and j [Am~2],
are explicitly driven by gradients of the temperature 6, the mass concentration
vector p, and the electric potential ¢, in the form (up to some temperature and
concentration dependent factors)

I
ji = =Di(0)Vpi — Y _ Dij(0)Vp; — piSi(ci,0)VO — uip;Vp; (1)
=t
I
q=—R0>> Dj(c;,0)Vec; — k(0)VO —TI(0)o(c,0)Ve; (2)
j=1

I
ji= —FszDj(H)ch —ag(0)o(c,0)Vl — o(c,0)Vo,
j=1

with ¢ = 1,---,1, see [9, [I0] and the references therein. These include the Fick
law (with the diffusion coefficient D; [m?s~!]), the Fourier law (with the thermal
conductivity k& [Wm™"K~!]), the Ohm law (with the electrical conductivity o
[Sm~1]), the Dufour-Soret cross effect (with the Dufour coefficient D} [m?s~! K—1]
and the Soret coefficient S; [m? s~ K=!]), and the Peltier—Seebeck cross effect (with
the Peltier coefficient II [V] and the Seebeck coefficient ag [V K~1] being correlated
by the first Kelvin relation).

In the fuel cell model, the main contribution for the electric potential is given
at the membrane interface (cf. Subsection , and the electric flux is reduced to
the Ohm law [T, 2]

j=-0(c,0)V¢p in Q,UQ.. (3)
Each partial density is defined by
pPi = Mici7 (4)

where M; denotes the molar mass [kgmol '] and ¢; is the molar concentration
[mol m~3] of the species i.

The mobility u; [m?s~! V~!] satisfies the Nernst-Einstein relation u; = z;F D;/
(RO), and according to Onsager reciprocal theorem, the two coupling coefficients
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are equal. The universal constants are the so-called the Faraday constant F =
9.6485 x 10* Cmol !, and the gas constant R = 8.314 Jmol ' K.

Hereafter the subscript ¢ stands for the correspondence to the ionic component
i =1,---,Iintervened in the reaction process, with I € N being either I, whenever
Q, or Iy whenever €. To avoid confusing, we never show the components of vectors
of R™, namely the velocity vector or the gradient, in the present work.

2.1. In the fluid bidomain Q¢ = Qo) UQ,;,. By the characteristics of the chan-
nels, the convection for fluid and heat flows may be neglected.

The governing equations are the conservation of mass, momentum, species and
energy, a.e. in (¢,

V- (pu) = 0; (5)
—V.7=-Vp; (6)

V- (up;) +V-ji = 0; (7)

V-q=0, (8)

for the uncharged species i = 1,--- ,I. The unknown functions are the density p,
the velocity u = (ug,uy,u.), the mass concentration vector p = (p1,---, pr) and

the temperature 6.
We assume that the anode and cathode gas mixtures with water vapor act as
ideal gases [25], that is, the pressure p obeys the Boyle-Marriotte law

b= Rspeciﬁcpe, (9)

where Rypeciic = R/M with M denoting the molar mass [kg mol_l]. Moreover, the
deviatoric stress tensor 7 = pl + o, where ¢ represents the Cauchy stress tensor
and | denotes the identity (n x n)-matrix. The stress tensor 7, which is temperature
dependent, obeys the constitutive law

7 = p(@)Du + \(0)tr(Du)l, tr(Du) =1: Du=V -u, (10)

where D = (V + V7T)/2 denotes the symmetric gradient, and g and X\ are the
viscosity coefficients in accordance with the second law of thermodynamics

p(0) >0, v(0) := A(0) + p(0)/n = 0, (11)

with v denoting the bulk (or volume) viscosity and p/2 being the shear (or dynamic)
viscosity. Here we denote ¢ : ¢ = (;;<;; taking into account the convention on
implicit summation over repeated indices.

Finally, we emphasize that there is no electric current in the fluid bidomain.

2.2. Number of species I. The number of species I € N may indeed represent
different numbers I, I, and I. corresponding to the domains Qg,e1 U 2,4, Qi and
Qair U Q¢, respectively.

The flow domain € accounts for the reactant gases (oxygen, nitrogen and wa-
ter vapor on the cathodic channel) and liquid water. In the HoPEMFC, the dry
hydrogen gas is humidified before of being introduced into the fuel channel Qg,q.
In the DMFC, the chemical reaction in the anode catalyst layer is the methanol
(CH30H) oxidation.
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2.2.1. The anodic fuel compartment Qo) US2,. In the anodic region, different kinds
of humidified fuel may be considered, for instance:

e Hs, to produce the hydrogen oxidation reaction [, 2, [17]: Hy — 2H" +2e~
on the membrane interface I',, which means
Ha(g) + 2H20(1) — 2H30™ (aq) + 2e™, E°=0.00V.
The gas composition obeys
p = M(Hy)cn, + M(H20)cn,0  in Qpel U Qa;
p= MCH30+ + M(H2O)CH20 in Q,
with M(Hy) = 2gmol ™!, M(H,0) = 18gmol ™! and M = 1gmol .

e methanol, to produce the oxidation reaction [34]: CH;OH+H20 — CO2 +
6HT + 6e~ on the membrane interface T',,.

Then, we take i = fuel, H5O.

2.2.2. The cathodic air compartment Qa U Q¢. In the cathodic region, the air
undergoes the oxygen reduction reaction [I7,24]: Oy +4HT +4e~ — 2H50 on the
membrane interface I'c, which means

02(g) + 4H307 (aq) + 4e~ — 6H0(1), E°=1.23V.

Then, we take i = Og, HyO. The liquid water byproduct drains away for a proper
operating of the fuel cell. The gas composition obeys

p= M(HQO)CHzo + M(Og)Coz,
with M (H,0) = 18 gmol ™" and M(O;) = 32gmol . The mass density is assumed
to be
I
p= Zpi in Q. (12)
i=1

Therefore, the overall balanced cell reactions are
HQPEMFC 2H, + 02 — QHQO, Eg n= 1.23V.

€

DMFC: 2CH40 + 305 — 2CO3 + 4H0.

For the sake of simplicity, we consider the number of species (cf. Table 1)
I=L=I,=1.=2.

The water is present in fluid and vapor states, and in both cases it can be modeled

TABLE 1. The correspondence of each component to each region

{ quel ) Qa Qm Qair U QC
1 fuel H;07F 0,
2 HQO HQO HQO

as a Newtonian fluid (linearly viscous fluid).
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2.3. In the porous domain Q, = 2, U Q,, U.. The governing equations, after
a volume averaging procedure [5], are

V- up = 0; (13)
V-ji=0; (14)
V-q=0Q, ae. in Q, (15)

for i according to Table 1 in Section 2.2.2} that is I, = 2. Here, it is omitted
the bracket (-), which usually represents the volume averaged. Thus, the tem-
perature 6 is the spatially averaged (over a representative elementary volume)
microscopic quantity, and the Darcy velocity up [ms~!] is the superficial aver-
age quantity. The volume averaged density p of the fluid is piecewise constant,
Pwater = 970kgm ™3 and pa;; = 0.995kgm ™3, due to pair = Patm Mair/(RY,), at the
typical operating temperature of 6, = 357.15 K (= 84°C), patm = 101.325 kPa and
M, = 28.97gmol L.
The Darcy velocity up obeys

pup = —K,Vp (16)

where p is the intrinsic average pressure [Pal, = p(6) denotes the viscosity [Pas]
and K, represents the gas permeability [m?] that is given by the Klinkenberg
equation

K, =K (1 + g) : (17)

with b > 0 being a constant, b > 0 in Q, U, and b = 0 in Q,, and K; > 0 being
the liquid permeability of the porous media that only depends on the porosity e
and therefore it is constant.

The molar flux J; of the water ¢ = HyO obeys , where the second term means
the electro-osmosis (j # ¢), with D;; = nqg representing the electro-osmostic drag
coefficient [23]. The proton flux J; of the ionic component i = H3OT obeys ,
where in the first term D; = k/(2;F), with the proton ionic conductivity x being
no constant in accordance with the membrane did not being fully hydrated.

In the energy equation , the Joule effect

Q = xa.u0.0|Vo[? (18)

takes into account that the effect of flow velocity is negligible when compared to
the electrical current that exists in €2, U Q.
The electric current density j verifies

V-j=0 ae inQ,UQ. (19)

Notice that there is no electric current density in 2y, i.e. there is the ionic current
density j, that verifies j,, = zp+ FJg+, where the valence of species zg+ = 1. Also,
om = 8.3Sm™! is known for the ionomer Nafion.
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2.4. On the outer boundary 0f). The boundary of € is constituted by three
pairwise disjoint open (n — 1)-dimensional sets, namely I'i,, Ioyt and T'y, which
represent the inlet, outlet and wall boundaries, respectively,

00 =T, UTous UT,.

The wall boundary has a subpart I'cc C 0€, that stands for the current collector,
meaning that the remaining wall boundary is electrical current insulated. The inlet
and outlet sets are the union of two disjoint connected open (n — 1)-dimensional
sets, namely,

I = 1—‘in,a U I_‘in,c;
Fout = Fout,a U Fout,m

corresponding to the anodic and cathodic channels, Qg and Q.
On the wall boundary I'y,, the no outflow boundary conditions are considered
to the velocity and the species,

un:(pzu+Jz)n:0 (7’:1771) (20)

Hereafter, n denotes the outward unit normal to 0).

On the inlet and outlet boundaries T';, U I'oyt, the velocity, the partial densi-
ties and the temperature are specified. Due to the characteristics of the domain,
the velocity is constantly specified on the y direction. Since the general case for
prescribed partial densities and temperature can be handled by subtracting back-
ground profile that fits the specified functions, we assume homogeneous Dirichlet
condition.

o for a.e. (z,0,z2) € Diy:
u(z,0, z) = uiney = (0, uin,0);
pi(z,0,2) = 0(x,0,z) = 0.
o for a.e. (x,L,z) € Tout:
u(z, L, 2) = uourey = (0, Uout, 0);
pi(z,L,z) =0(z, L, z) = 0.
On the current collector wall boundary I'., the electric potential is prescribed

through the cell voltage Ecenn = @|r.. . — @|r...., that means

cc,c

¢p=Eenonlce and ¢=0o0nTc,. (21)

On the remaining wall boundary Ty, \ T'cc, the no outflow j-n = 0 is considered.
Finally, the Newton law of cooling, which is mathematically known as the Robin-
type boundary condition, is considered

q-n= hc(ﬂ - ee) on Iy, (22)

where h. denotes the conductive heat transfer coeflicient, which may depend both
on the spatial variable and the temperature function 6, and . denotes the external
coolant stream temperature at the wall.
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2.5. On the fluid-porous interface I'. The unit outward normal to the inter-
face boundary I' pointing from the fluid region to the porous medium is e, on
int (0Qguel N ON,) and —e, on int (N, N INe).

We consider the continuity of mass flux, a constant interface temperature, and
the balance of normal Cauchy stress vectors (namely, ofn + opn = 0)

u-e, = up - e;; (23)
Or = 0y (24)
(7-ez) e; = [p| = pr — pp, (25)

where [-] denotes the jump of a quantity across the interface in direction to the
fluid medium. The condition guarantees that the exchange of fluid between
the two domains is conservative.

The heat transfer transmission is completed by the continuous heat flux condi-
tion

qr-€e; = —qp - €. (26)

Finally, we assume the fluid flow is almost parallel to the interface and the Darcy
velocity is much smaller than the slip velocity. Thus, the Beavers—Joseph—Saffman
(BJS) interface boundary condition may be considered [I4]

(T-m)-ej=—Pu-e;  (j=y,2) (27)
where the coefficient 8 = ap;K /2 > 0 denotes the Beavers—Joseph slip coeffi-

cient, with ap; being dimensionless and characterizing the nature of the porous
surface.

2.6. On the membrane interface I'cr, = 'y UT'.. In the sequel, we focus on the
HoPEMEFC. In both half cell reactions, the number of electrons that participate in
each half cell reaction n is equal to 4 (see Subsections and 2.2.2).

On T, = 09, N Qu, it occurs the oxidation reaction of the fuel, that is,

. sM(Hsz) .
j1-es = —%ja a.e. on 'y,
with the anodic stoichiometry number s = 2.

On Ty = 99 N Qu,, it occurs the oxygen reduction reaction, that is,
SM(OQ) .

Jiep = g e ae. on e,
with the cathodic stoichiometry number s = 1.

The reaction rates j, [A m~2] are given by the Butler—Volmer equation

j :] Cfuel exp Fna — exp _% .
a0 Cfuel,0 RO, RO, |/’

o = o002 (exp || _ e |- L0
]C_]QOCOQ,O p RO, p RO,

for some jy o > 0 only spatial dependent being such that jao > joo [25]. Here,
it is considered the charge transfer coefficient equal to 1/2, 6, and 6. are some
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reference temperatures, v = 1/2 for Hy fuel, and 1y = ¢y — ¢, — ¢, stands for the
overpotential (¢ = a,c), for some reference potential ¢,..

Thus, the electric current may be modeled by the Butler—Volmer boundary
condition

—j-e;=j¢ ae only (£=a,c), (28)

Notice that the reaction rates are affected by the transport of species near the
electrode, and may be represented as a current in terms of the limiting current

o e\
Je = Je,L (1 - (_> > P
co

with vy = v if / = a, and v = 1 if £ = ¢. Then, we may consider

B 27,0 sinh[n/By]
Je,L + 2je,0 sinh[n/By]

Je(n) = je, for n > 0, (29)

with By, = RO,/ F being the Tafel slope at £ = a,c. For a mathematical analysis,
we assume that

Je(n) = —je(—=m) ifn <0. (30)

We emphasize that this assumption avoids the existence of infinitely many non-
trivial solutions that happens for boundary value problem under the Butler—Volmer
boundary condition [22]. Also j, representing the dual-pathway kinetic equation
based on the Tafel-Heyrovsky—Volmer mechanism [31} [33] may be similarly treated.

3. VARIATIONAL FORMULATION AND MAIN RESULT

In the framework of Sobolev and Lebesgue functional spaces, for r > 1, we
introduce the following spaces of test functions

V(Q) ={veH (Q): v=0onT;,UToy; v-n=0o0nTy};
V() ={v e WH(Q,) 1 v="0o0nTe};

V(Q)={ve HQ): v=0o0n T, UTqu};
H(@) ={v € HYQy) t v = v, ve = vla, tm = vla,

Vg = U 00 Ty 0o = Uy, on T}

H(Q) ={ve H'(Q): vf:=vlq,, vp:=1|q,, vy =1, onT},

with their usual norms. Considering that the Poincaré inequality occurs whenever
the trace of the function vanishes on a part with positive measure of the boundary
0Q, then the Hilbert spaces, V(Qy), V2(,) and V(Q2), are endowed with the
standard seminorms (cf. (54)).

We denote V(Q2,) = V2(Q,), for the sake of simplicity.
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ON THE WELLPOSEDNESS FOR A FUEL CELL PROBLEM 11

Set the (p,6)-dependent (I + 2)2-matrix

Dy(0) o D11(9) ai1+1(p1,0)  ary2(p1,9)
Ap0)=1"Due) - D)  anga(pnd)  arge(end) |
ary11(p1,0) -+ arrri(pr, 0) k(0) ar11+2(p, 0)
ary21(p1,0) -+ arpe1(pnb)  arp2141(p,0) a(p,?)

where the leading coefficients are kept denoted according to the Fick, Fourier, Ohm
laws, for reader’s convenience.

The fuel cell problem, which its strong formulation is stated in Section [2] is
equivalent to the following variational formulation.

Definition 3.1. We say that the function (u,p, p, 6, ¢) is a weak solution to the
fuel cell problem, if it satisfies the following variational formulations to

e the momentum conservation (Beavers—Joseph—Saffman /Stokes—Darcy prob-
lem)

/ u(0)Du:Dvdx+/ )\(Q)V-uV~de+/ Ky(p
Qs Qf Qp

1(6)

+//8(0)11T'VTdS+/pV~ndS—/u-nvds
r T T
= Rspeciﬁc/ pev . VdiU, (31)
Qg

)Vp~Vvdx

holds for all (v,v) € V() x H(p).
e the species conservation

/ piu~Vvdaz—|—/ D;(0)Vp; - Vvdx
Qs Q

I
+ Z/ D;;(0)Vp; - Vodz + / a;1+1(pi, 0)VEO - Vo de
—1 J O Q
i
+/ ai71+2(pia 0)v¢ -Vodr = 07 (32)
QP
holds for all v € V() and i = 1,2,--- L.
e the energy conservation

/Qk(G)VG-Vvdx—i-/ he(0)0v ds

w

I
+Z/ a1+1,j(Pj79)VPj'VUd$+/ arp1,142(p, 0)Ve - Voda

=1/ Q,
= / he(0)B,vds + / a(p,0)|Ve|*vda, (33)
Tw Q,UQc
holds for all v € V(Q).
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e the electricity conservation

P

I
/ a(p,0)Ve - Vwdzr + Z/ art+2,;(p;,0)Vp; - Vw dz
j:1 Qm

+/ ar+2,14+1(P, 9)V9'V1Ud$+/ Ja([¢])[w] ds

m a

= / jc(¢c — Om — Ecell)[w] ds, (34)

holds for all w € V(£2,).
e and p obeying .

Hereafter, we use the notation ds for the surface element in the integrals on the
boundary as well as any subpart of the boundary 92. Although in Section [2.5]
the notation [-] was used for the jump of a quantity across in the interface in the
direction to the fluid media, for the sake of clearness, in it means [w] = wp—wW,
where the subscripts denote the restriction to ¢, £ = a, ¢, or O,

The equivalence between the strong and variational formulations use standard
arguments [30]. Indeed, the variational formulation follows from the strong
formulations (6)), and ([16]), via the Green formula,

—/ T!DVdZE+<TT+TNn,V>F=/ pV -vdx
Qf Qf

— (pf,v~n>p, Vv EV(Qf);
Ky(p)

—/uD'nvds, Yv e H(Qp),
r

by considering , and ([27)).
The variational formulations (32)), (33]) and (34 . 4)) follow from the respective strong
formulations, namely, from @, (114) Wlth boundary conditions (20 , -(30); from

(), (15), with boundary conditions (22)), (24) and (26); and from 19) with
boundary conditions (20))-(2I).

Remark 3.2. All terms are meaningful in the integral identities —.
particular, the Joule effect Q = o|V¢|*belonging to L!(Q, U () is meaningful for
any t > 1 if n =2 or for any ¢ > 2n/(n + 2) if n > 2.
The set of hypothesis is as follows.
(H1): The viscosities p and A are assumed to be Carathéodory functions
from Q¢ x R into R such that
Bp 1 >0y < pla,e) < p (35)
INF >0 —p/n < Nz, e) <A, (36)
for a.e. x € € and for all e € R.While K, is assumed to be Carathéodory
function from €2, x R into R such that

3K, b>0: K, < Ky(z,e) < K, +b, (37)
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ON THE WELLPOSEDNESS FOR A FUEL CELL PROBLEM 13

for a.e. x € ), and for all e € R.

(H2): The matrix of coefficients A has its components being Carathéodory
functions from Q x RI*! to R, except the leading coefficients D;, k that are
Carathéodory functions from € x R to R. While the leading coefficients
D;, k and o satisfy

AD¥ D 4,D;p > 0: Dy, < Di(x,¢) < DF,  forae. xe€Qy (38)
D;,, < Di(x,e) < D¥,  forae. x € Qy; (39)
Ik, by >0:ky <k(z,e) < k#,  for a.e. x € (40)
EIU#,U#,Um >0:04 <o(z,e) < o, forae ze€Q,UQ: (41)
om < o(z,e) <o, forae x€Qy (42)
for all e € R and e € RI*!, the remaining coefficients satisfy
Elafizj >0: Jarye,i(,e)] < aﬁ_zj, a.e. in Qp; (43)
Elafj >0: |a;;(-,e)] < afj, a.c. in Q, Ve € R (44)
forallie {1,---, I+ 1} and 5 € {1,--- , I+ 2} such that i # j. Moreover,
we assume
(afpy)? (afip.)? L (af)?
. — : D D. _ 21 +1,¢ _ 21 +2,¢ _ 21+1 VI > 0: 45
Q4 4 mln{ 1,7 zm} k# o ; Dj,# ) ( )
i
I # 2 # 2
a’ a
arp1 g = hy — 42 (al111) _ 2( r2,141) S 0; (46)
j=1 J,# Om
# 2 I # 2
a a’
aHQ#:min{a#,Um}—QM—QZM>0, (47)
7 ke — Djy
Jj=1 ’
for each i = 1,--- ,I. We observe that these assumptions are required for

the Legendre-Hadamard ellipticity condition.
(H3): The boundary coefficient f is assumed to be a Carathéodory function
from I' x R into R. Moreover, there exist fx, B# > 0 such that

By < B(e) < B, (48)

a.e. in I') and for all e € R.
(H4): The boundary coefficient h. is assumed to be a Carathéodory function
from I'y, x R into R. Moreover, there exist hy, h# > 0 such that

h’# < hC('ae) < h#v (49)

a.e. in I'y,, and for all e € R.
(H5): The boundary functions j,, £ = a, ¢, are assumed to be the odd con-
tinuous functions from R into R, defined in —.
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14 LUISA CONSIGLIERI

(H6): There exists ug € H* (%) such that ug = ui, on Ty, and ug = Uout
on I'oys. Indeed, due to the characteristics of the problem, ug has explicit
expression

uO('I, Y, Z) = Uin + (uout - Uln)y/L

Remark 3.3. The assumption is a sufficient condition for the validity of
the second law of thermodynamics . The physical meaning of this sufficient
condition is consistent with known values of viscosities in the operating temperature
range 320 K to 390 K, for instance p14 ~ 4.2x 107° Pas and p# =~ 4.8 x 10~° Pas for
the air. In , the upper bound A\# may be assumed \# > u# /n, for the sake of
simplicity, to assure that || < A\#. Indeed, the bulk viscosity can be decomposed,
at a first approach [21], into a vibrational contribution vyj, >> p and a rotational
contribution 10t = ¢(0)u, where ¢ stands for a temperature dependent function
such that 0 < ¢(@) < 1/3 for the three-dimensional space. While the presence
of the vibrational contribution means that A > 0, if there exist only rotational
contribution then A = —(1/3 — ¢(0))u < 0.

Remark 3.4. The choice of — depends on the application of the relation
(a1 + - +an)? <2V "Ya? +a3) + 2V 2a2 + - + 2a%, N > 2, in the inequality
(72). The meaningful of — follows from that the cross-effect parameters
are some orders of magnitude smaller in comparison to the leading coefficients (see
[1L 2] and the references therein).

Using the fixed point argument, we establish the following existence result under
the smallness on the data.

Theorem 3.5. Let Q) be a bounded multiregion domain of R™, n = 2,3. Under
the assumptions (H1)-(H6), the fuel cell problem admits, at least, one solution
according to Definition [3.] such that

the velocity u € ug + V(y), with ug = upey;

the pressure p € H(p);

the partial densities p € [V (Q)];

the temperature 6 € V(Q);

the potential ¢ € Eceixa, + Vi(Qp), forr > 2,

if provided by one of the smallness conditions or .

The existence of the weak solution to the fuel cell problem relies on the fixed
point argument

(70,60, @) € B i= () x [H' Q)] x V(2,) x L2, U Q)
= (U,p) € V(Qy) x (H(2p)/R)

= (0,0, bec) € [V(Q>]I+1 X V(Qp)

= (9, 0,0, becs [V Bla,00.]?) (50)
where

e (U,p) =(U,p)(m, o,&) stands for the auxiliary velocity-pressure pair given
at Section [}
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ON THE WELLPOSEDNESS FOR A FUEL CELL PROBLEM 15

b (pla s PL 03 ¢CC) = (p7 07 (b) (W7 o, 57 2 Q) stands for the auxiliary partial
densities, temperature and potential given at Section fort > 2n/(n+2)
ifn>2ort>1ifn=2 withw=u(m,g,&) being the auxiliary velocity
field given at Section

o ¢ = ¢cc + Ecetixa., With xq. denoting the characteristic function.

4. AUXILIARY RESULTS

In this section, although our result is only valid for n = 2,3, we keep the space
dimension n as general whenever possible. Thus, the reader is able to be aware
where the dimension is an obstacle and may reflect on it.

We begin by naming some known constants (see, for instance, [15]) that are used
in this work.

Definition 4.1. We call by
e S* the continuity constant of the Sobolev embedding H'(Q) < L2 (),
i.e. it obeys the Sobolev inequality
90 < S*v]l12.0, Vo€ HYQ), (51)

with 2* = 2n/(n—2) being the critical Sobolev exponent if n > 2. If n = 2,
the Sobolev inequality holds for any 1 < p < oo. For the sake of simplicity,
we also denote by 2* any arbitrary real number greater than one, if n = 2.

e S, the continuity constant of the trace embedding H!(2) — L% (9), i.e.
it obeys the trace inequality

0]l 00 < Sullv]l12.0, Yo HY(Q), (52)

with 2, = 2(n — 1)/(n — 2) being the critical trace exponent if n > 2. If
n = 2, we denote by 2, an arbitrary real number greater than one.

Remark 4.2. The Rellich-Kondrachov compact embeddings WP (Q) << LI(Q)
and W1P(Q) << L(09) stand for any exponent g lower than the critical Sobolev
exponent p* and the critical trace exponent p,, respectively. If ¢ = p* only contin-
uous embedding holds. Similarly with the embedding of WP (Q) into L4(99), if
q = p« it is only continuous.

lv

The Poincaré constant Cq can have different forms, i.e. it obeys one of the
Poincaré-type inequalities

Clyrel% lv —all2,0, < Ca,lIVVl2,q,, Yve HI(QP); (53)
[vll2,0, < Ca,lIVvl2,0,, YveV(Q), (54)

where V(€y) stands for V(Qy), V(€,) or simply V(Q2). The inequality is
known as Deny-Lions lemma [I1].
We recall the classical Korn inequality.

Lemma 4.3 (Korn inequality). Let Q C R™, n > 2, be a bounded Lipschitz domain.

Then, there exists a constant Cx > 0 such that
IVv[3e < CxlDv 30
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for all v € HY(Q).
Next, the transport term is precised for some exponent g.

Lemma 4.4. Let Q C R™ be a bounded Lipschitz domain. For each w € L1(Q),
qg=mn>2orq>n=2, the following functional is well defined and continuous:
ee H(Q) — [,w-Vevdz, for all v e H (Q). In particular, the relation

/W~Vevdx
Q

holds for any e,v € H(£2).

< |wllgallVelzalvlz- o (55)

Proof. The wellposedness of the functional is consequence of the Holder inequality,
for 1/q+1/2* =1/2 i.e. 2¢/(q — 2) = 2*. O

Notice that the Rellich-Kondrachov embedding H!(Q) << LP(Q) is valid with
exponents ¢, p and 2 such that (cf. Remark [4.2)
1 1 1 1

—<—=-—-&g>n
> Sp 2 a-n

4.1. Auxiliary velocity-pressure pair. For m € L?({,), o € [L*()]" and ¢ €
H'(€2), we define the Dirichlet-BJS/Stokes-Darcy problem

/ w&)DU : Dvdx + | AEV-UV - -vdx
Qs Qs

KQ(F)Vp-Vvdx—l—/pv-nds—/U-nvds
(&) r r

+/1—~/8(£)UT'VTds+/g;p
— Repotic / 0€V v dz — G(€, 1, v,v), V(v,v) € V() x H(Q,), (56)
Qf

where
I
0= o (57)
i=1
G(&,2z,v,v) :/ w(€)Dz : Dvdz +/ A&V -2V -vdx
Qf Qf
+/Fﬁ(§)zT-des—/Fz-nvds. (58)

The existence of a unique weak solution (U, p) = (U, p)(7, g, §) to the variational
equality can be stated as follows.

Proposition 4.5 (Auxiliary velocity-pressure pair). Let m € L2(€,,), o € [L*(Q¢)]!
and ¢ € HY(Q), n = 2,3. Under the assumptions (H1), (H3) and (HG6), the
Dirichlet-BJS/Stokes—Darcy problem admits a unique weak solution (U, p) €
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V(Qy) x (H(R,)/R). Moreover, if u= U + uq the quantitative estimate

H# 2 2 K 2
EHVUHQ,Qf + Byllurlzr + FHVPHQ,QP

N Nz )

" ﬂ# 2
+ max{f ,E}HUOHZF (59)

Rpecifi A
< (wllel s.0¢ll€lla0r + V[ Duoll2.0, + —#IIV “ugl|,0

holds.

Proof. The existence of a unique weak solution (U, p) € V(Q5) x (H(€p)/R) to the
variational equality can be obtained by the Lax—Milgram lemma, due to the
assumptions (H1), (H3) and (H6). Indeed, the uniqueness of p in H(Q,) follows
from the contradiction argument. Assuming that p; and ps = p1 +¢, ¢ € R, satisfy
, then subtracting the corresponding relations we obtain

c/v-nds:O, Vv e V(Qy),
r

which implies ¢ = 0.
To prove the coercivity, we observe that

HOIDUP + XOIY - UP > u(6) (IDUP = 117 - UP) > ) (1~ 1) IDUP
> " LUl > M pup, (60)

using (36)), the fact that (V- U)? < |DUJ?, and n > 2. Then, the coercivity
follows, by the one hand, from the Poincaré-type inequality for p in the quotient
space H(€,)/R, and, by the other hand, from the inequality (60), by taking the
Korn inequality into account (cf. Lemma[4.3), for U in V(Q).

The quantitative estimate follows from taking (v,v) = (U,p) as a test
function in , and next taking the Holder and Young inequalities into account,
applying the assumptions —, and , and using the inequality and
Lemma [4.3] O

The continuous dependence is established as follows.

Proposition 4.6 (Continuous dependence). Suppose that the assumptions of Propo-
sition [{.5 are fulfilled. Let {my,}, {@m} and {&n} be sequences such that m, —
in L2(Qyp), 0m — 0 in [L*(Q)), and &, — & in HY(Q), respectively. If (W, pm) =
(U 4+ o, p)(7m, Om,Em) are the unique solutions to (56)),,, then
U,, = U in V(Qy); (61)
pm = p in H(S), (62)

with (u,p) = (U + ug, p)(m, 0,§) being the solution to .
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Proof. Let {mm}, {om} and {&m} be sequences in the conditions of the proposition.
The uniform estimate allows us to find a subsequence of {(u,,,pm)}, still
denoted by {(u,,pm)}, such that the convergences (61))-(62) hold. It remains to
prove that (u, p) solves the variational equality (56)).

By appealing to the Rellich-Kondrashov compact embeddings H!(Q) <
LA(Q) and HY(Q) —— L%(T'), n = 2,3, we have

&n — €in L*(Q) and a.e. in Q; (63)
&n — €in L*(T) and a.e. on T. (64)

Applying the Krasnolselski to the Nemytskii operators K, and p, and the Lebesgue
dominated convergence theorem, we obtain
Ky (mm K
MV’U — o(m) Vo in L?(Q,).
11(&m) 1(€)
Analogously, for the coefficients p, A and 5.
Then, we pass to the limit the variational equality (56)).,,, concluding that (u, p)
solves the variational equality . O

4.2. Auxiliary partial density-temperature-potential triplet solution. In
this section, we seek for the triplet solution (p, 0, ¢). Let w € L4(£) be for

g>n>2orq>n=2. (65)
For o € [HY(Q))', ¢ € HY(Q), p € H'(Q},) and ® € L{(Q, UQ.), with
t>2n/(n+2)ifn>2 or t>1lifn=2 (66)

we define the coupled problem

/ piWondx-l-/Di(f)VprVvdx
Q Q

I
—i—Z/ﬂDij(gj,é)ij-Vvdx—i—/ﬂai,prl(gi,f)ve~Vvdx
oy

+ / aiar2(00, V6 - Vuda = 0; (67)

Qp

/ k(&)VE - V'z}dﬂc—i—/ he(€)6v ds
Q Ly

I

+3 [ @rsle 9 Vodo+ [ ariale.§Vo: Vods
Q

j=1 Qp

— [ h@bedss [ olepudn (69)
Iy

QaUQ
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P

I
/ 0(0,§)Ve - Vwdx + Z/ ary2,5(05,§)Vp; - Vwdz
) iV

+/ ar+2,1+1(0,§) VO - Vw dz

m

4 / Ja([@)w]) ds = / Jellg)w] ds, (69)

for every i =1,2,--- 1, and for all v € V() and w € V().
The existence of a unique weak solution (p, 0, ¢..) = (p,0,9)(w,0,&, ¢, P) to
the variational equalities @— can be stated as follows.

Proposition 4.7 (Auxiliary partial density-temperature-potential triplet). Let
w € LY(Q¢), g >n>2 orq>n=2, be such that

. D,
[Wllq.0r < min =2, (70)

o € [HYQ), ¢ € HY(Q), ¢ € HY(Qp) and ® € L' (Q UQ.), t > 2n/(n +2) if
n>2ort>1in=2 be given. Under the assumptions (H2), (H4) and (H5),
the variational problem @— admits a unique solution (p, 0, ¢..) € [V (Q)]1H! x
V(Qp). Moreover, the quantitative estimate
I I
D (aig = ST IWlon) IVoil3 o0 + D aislVoills o, + aexVol3 g,
i=1 i=1
+are, | VO3 o + he 93,

(S*a#)? o Ji 2
< —2||D - JL 4 p# 0. 1
< O 100 0,00, + prrrrisgy + P10l (D)
holds, for ¢ = ¢cc + Ecenxa., i-e. for a solution being such that ¢ =0 on T and
¢ = FEcenl on 1—‘cc,c'

Proof. Let w € LY(Q), g =n >2o0rq>n =2, 0 € [H(Q), ¢ € H(Q),
v € HY(Qp) and ® € L' (Q, UQ.), t = /(n+2) ifn>2o0rt>1ifn =2, be
fixed.

The existence of a unique weak solution (p, 0, ¢..) € [V ()" x V(Q,) to the
variational equalities @— can be obtained by the Browder— Minty Theorem.

Indeed, the operator L : [V (Q)]" x V(€,) = ([V(Q)]"! x V(,))’, defined by

@) = [

Q

+/F Jall8) w

a

A(g,f)VYond:c-l—/ he(€)Bvds

I'w

I
]ds—i—Z/ piw - Vudz,
i=1 %

where Y = (p,0,¢) and v = (v, - ,v,w), is hemicontinuous, strictly monotone
and coercive (see (72))), if provided by (70).

Hereafter, the symbol (-, -) denotes the duality pairing (-, ) x/xx, with X being
a Banach space and X’ denoting the dual space of X.
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Let us establish the quantitative estimate (71)). We take v = p;, v = 6 and
w = ¢ as test functions in @, and espectively. Next, applying the
limiting current bound ji(= j.,1), the assumptions —, 7 the Holder and
Young inequalities, also , and summing the obtained expressions, we get

I I
D;, D;, k h
> SEIVAilBo+ Y SR IVeilE 0, + S IVEIE 0 + IOl
i=1 =1
Om
+U#||V¢||%,Qauﬂc + 7||V¢||§,Qm
2

1 I
1
< Z Z afijf’jH?,Q + afl+1”va”2,ﬂ + a’?,kIJrZHV(ﬁ'
i=1

2,Q
2D 4 | = P
Jj#i
. 2
1 h#
oty | bl Vesllan + ol Volza, | + 6,
j=1

I
+5" | Wllg.0e Y IVpillzallpill 2, + 0% @]

=1

t.aa00. 1011t 0.0

2
1
1 .
9% >l i IVillaan + af a1 IVOll2 g, | +icll@llir.  (72)

Then, we consider the Sobolev embedding V(Q) «— L' (Q) for ¢’ = 2*, with the
corresponding optimal Sobolev constant S*. We emphasize that the fundamental
theorem of calculus may be applied to our special domain, and taking ¢’ = 4
into account, explicit constants may be derived. Instead using the trace-Poincaré
inequality (namely, S, and Cgq) on the last term in the right hand side, we apply
the fundamental theorem of calculus to the domain Q. with v = 0 a.e. on I'¢, i.e.
at r = x. + I, and next the Schwarz inequality,

Tetle 2 Tetle
/ Opvdt| < zc/ 10,v|% dt.
Te Te

/|v|2ds§lc/ Vo[ da. (73)
r. Q.

Recall that the notation dx refers to the 2D dz dy and the 3D dax dy dz. Analogous

inequality is valid for v = ¢|q,uq,,. Therefore, using Remark and —@,
the claimed quantitative estimate ([71]) arises. O

[o(ze)? =

Hence, we have

The continuous dependence is established as follows.

Proposition 4.8 (Continuous dependence). Suppose that the assumptions of Propo-

sition[{.7 are fulfilled. Let {wp.}, {@m}, {&m}, {¢m} and {®.,} be sequences such
that W — w in LU(Qe), @m — e in [H'(Q)], &m — & in HY(Q), om — ¢
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in HY(Qp), and ®,, — @ in L'(Qa U Q), respectively. If (Pm,Om, (bec)m) =
(P, 0,0) (Wi, Oms Emy Pm, Prm) are the unique solutions to @m-m, then

pm — p in [H' Q)] (74)
Oy — 0 in H(Q); (75)
Gm — ¢ in H'(Qy), (76)

with (p, 0, peec) = (p, 0, 0) (W, 0,&, 0, ®) being the solution to @-.

Proof. Let {wn,}, {om}, {&m}, {¥m} and {®,,} be sequences in the conditions
of the proposition, and let (pm,0m, (dec)m) solve the corresponding variational
system (67));-(69)m. Thanks to the estimate , we can extract a not relabeled)
subsequence {(pm,O0m, (dec)m)} such that the convergences ) hold.

Let us prove that (p, 6, ¢..) solves the corresponding Varlatlonal equahtles
(69). By appealing to the Rellich-Kondrashov compact embeddings H!(Q) <>
L3(Q), HY(Q) << L*(Ty,) and H'(Q},) << L*(Tcy) for n > 2, we have

(Om,&m) — (0,€) in [L2(Q)]" and a.e. in (77)
&m — € in L*(Ty); (78)
©m — ¢ in L*(T',) and a.e. on Tc; (79)
¢m — ¢ in L*(T',) and a.e. on T',. (80)

Thanks to the continuity of the Nemytskii operators a; ; for [,j = 1,2,--- , 142,
where a;; = D;, k = a141,1+1, and 0 = ar42 142, using altogether the Lebesgue
dominated convergence theorem, we obtain

a1j(0m,&m) Vv — arj(0,§) Vv in L?(Q); (81)
ar+2,5(0m, Em) Vo = ari2j(0, &) Vw in L (), (82)

forall l =1,2---,1+4+ 1. Analogously for the Nemytskii operators h., jq, and j.,
using — and the Lebesgue dominated convergence theorem, we obtain

he(&m)v = he(€)v in L2(Ty,);

Ja([m]) = Ja([¢]) in L*(Ta); (83)

je[om]) = Je([]) in L*(Te). (84)
Hence, we may pass to the limit the variational equalities . Therefore,
we conclude that (p, 0, ¢..) solves the variational equalities (67])-(69)

By the uniqueness of limit, the weak limit of the initial sequence is the claimed
solution. (]

Next, we establish the convergence of the gradient of the auxiliary potential
solutions a.e. in Q, U Q..

Proposition 4.9 (Compactness). If {(@m, &m, Pm) }men is a sequence in [H (Q,)]2
such that weakly converges to (0,&,¢) in [HY(Qp)]"F2, and (¢ec)m solves the cor-
responding variational equality m, then Vo, — V¢ in L*(Q, U Q.), where
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Gce = ¢ — EeetiXa. solves the corresponding variational equality . In particu-
lar, Vo, — Vo almost everywhere, up to a subsequence, in Q, U Q..

Proof. Let (¢pec)m and ¢e. solve m and , respectively.
Let us take w = (¢m — ¢)Xa.uq. as a test function in m and and
subtracting the expressions, we obtain

i /M Vn -0 de < [ olen &)V~ o) do

Q,UQ

A /Q (0009 = 0(@0 £)V6 - Tl — ) ds

+ / (7(6m) = 3(9)) (6m — 6) ds,
N3
with j being defined by

wo={ 450 an E

where vy denotes the trace of v|g, on I'y, ¢ = a, ¢, while v stands for the trace
of a function defined in €. Thus, considering — and , we conclude
that each integral, I; and Iy, converges to zero, and consequently the proof of
Proposition [£.9]is finished. O

Finally, some higher integrability can be obtained for the gradient of the auxil-
iary potential solution (cf. [9] and the references therein).

Proposition 4.10 (Regularity). Let ¢.. € V(£2,) be the solution of the variational
equality (69). Then, (¢ec)|a.ua. belongs to the Sobolev space W21 (Q, UQ.), for
some € > 0 depending exclusively on the boundary, and the following quantitative
estimate

O'#MT

IVollr0.u0. <
o# <0'# — M,\/(0#)? — 03,

)jL|FCL| = R3. (86)

holds. Moreover, in the conditions of Proposition [[.9, we have the strong conver-
gence 0(m, Em)|Vom|? = a(0,8)|Ve|? in L1/2(Q, U Q).

Proof. Let Y = (g,€) € [H'(Qp)]"and ¢ € H(Q,) be fixed and let ¢.. € V()
be the solution of the variational equality . Let us define the operator A :
V(Q,UQ) = (V(Q,UQ.)) by

(A(Y;9),w) = / o(Y)V¢ - Vwdz.

Q.U
By the uniqueness of solution, the solution ¢.. verifies

(ACY: ), w) = / J(@wds, Yw € V(Q,U0,),

TcL

where j is defined in .
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Denoting by A, the restriction of A to V,.(2,US,), and f = j(¢) € L>®(TcL) C
(Vi(Qa UQe)), for any r > 2, the regularity established in the celebrated paper
by Groger and Rehberg [19] guarantees that there exists a rg > 2 such that A, is
bijective from V,.(2,US.) onto (V,.(Q,UQ.))’, for every r € [2,r9]. The existence of
ro > 2 is determined by a class of the domain, which is formulated in [I8]. Indeed,
the domains €2, and 2. are regular in the sense formulated in [I§], for every ro > 2.

In particular, it is proved that M, < o#/,/(c#)2 — 0%, with
M, := sup{||v||1,r0,u0. : v € Vo (Q UQe), [Jv]|(v,(uu0.)y < 1},
where

(J(b,w)z/Q o V¢ - Vwdz.

We remind that the dual space X' is equipped with the usual induced norm || f|| x» =

sup{(f,w), we X : |w|x <1}.
Moreover, the following estimate

U#MT

o# (0# — M,\/(c#)% — ai)

A 2((v; (@) Vs (Quu00)) <

holds true, where [|A7!| £y, x) = sup{[|[A" 'y x : |ylly < 1}. Indeed, the following
estimate

U#MT
2
o# <0'# = M, /(0#)? =0},

[Vé1 — Voollra.ua. < ) 17(¢1) = 5(@2)ll (v, (2uu00))

holds true and plays an essential role. The quantitative estimate holds true,
due to the limiting current bound.
Considering the inequalities

1
la = 0%"/% < (a+0)"2la = b2 < S(a+b)" + Sla =", Va,b >0,

[N

we conclude that
o (Ym)|Voml* = o(Y) VL[l /2.0.00.

< oY) (190ml* = 1992 /20,00, + 10(Ym) = o(YDIVO ] .0,00.,
O'#Mr

2
o# (a# = M\ [(0#)? — 03,

<

> 17(dm) — F( D) (v, (2u000)) -

Therefore, the final claim is obtained, by taking the strong convergences
into account.

By considering Proposition 4.10, we may define t = 1 + £/2 that obeys .
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5. FIXED POINT ARGUMENT(PROOF OF THEOREM [3.5))

Our aim is to apply the Tychonoff fixed point theorem to the operator 7 defined
in .

The closed ball K C E = H(,) x [V(Q)]'! x V(Q,) x LY(Qa UQ), t > 1,
defined as

1/2
K ={(r,0.60.8): 7] < Ry, (el + €12+ Iel?) < Ra, @] < Ry}

is compact when the topological vector space is provided by the weak topology,
or simply weakly compact, because F is reflexive. The radius Ry, Ry and R3 are
the positive constants defined in (B8], in the below cases (1) and (2), and in (86)),
respectively.

The operator T is well defined for n = 2,3, due to Proposition considering
that V(Q) < L*(Q) for n = 2,3, and due to Propositions and taking
and w = u € H*(Q) — L%(Q¢) into account, observing that 2n/(n —2) > ¢ >
n = 3,4 or any ¢ > n = 2. Its continuity is due to Propositions [£.6] and [{-8[1.9] by
providing 6 > g >n =3 or any ¢ >n = 2.

It remains to prove that 7 maps K into itself. Let (7, g,&, ¢, ®) € K be given,
and (p, p, 0, ¢, |[Véla.ua.?) = T(r, 0,&, 0, ®). In particular there exists the auxil-
iary velocity field u = u(g|q,, §) being in accordance with Section

On the one hand, the estimate may be rewritten

1 O
\/min{,u#/(QC'K), By} >

# Rs ecific
Vpll2,0, < \/ % (pT#:R% + Co) ‘= Ry, (88)

1 Rspeciﬁc .

O min{ip [ 2CK), Byl AE

Na #
Co :==v/ p#||Dug |2,0, + \/T_#HV “ug 2,0 + | fmax{#, %}HUOHZF-

On the other hand, the estimate yields
IVel3a+ VO30 +Vol3q, < clay ifb—aR} >ay;  (89)

2 2 1/2 2
(IVulg, + lurl3r) < a3+ (87)

where

IVol3a+1IVO50 +IVel3a, <c/(b—aR3)if b—aR; < ay, (90)
where
“* ::j:Ln-l-l-I,lIJrz s
D; 1
b:= min ’*# - - Co;
=Ll 8 vmin{py /(2Ck), By}
(S*U#)Q 2 J% 2
= R h |6, .
Ty T minfog. oy T el
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The existence of Ry > 0 is guaranteed in both cases:

(1) The case b — aR3 > ay means
c/ay <= R3 < (b—ay)/a,
which is true if provided by
b>ay +ac/ay. (91)
(2) The case b — aR} < ax means
(b—ay)/a < x:=Rj < b/a;
b— VA< 2ax <b+VAif A=b—4ac >0,
which is true if provided by
2v/ac < b < 2a4 + VA. (92)
Therefore, Theorem is completely proved.
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