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GROUND STATE SOLUTIONS FOR SCHRODINGER
EQUATIONS IN THE PRESENCE OF A MAGNETIC FIELD

ZHENYU GUO AND YAN DENG

ABSTRACT. In this paper, we are dedicated to studying the Schrédinger equa-
tions in the presence of a magnetic field. Based on variational methods, espe-
cially the Mountain Pass Theorem, we obtain ground state solutions for the
system under certain assumptions.

1. INTRODUCTION

The linear Schrédinger equation is a basic tool of quantum mechanics, and it
provides a description of the dynamics of a particle in a non-relativistic setting.
The nonlinear Schréodinger equation arises in different physical theories, e.g., the
description of Bose-Einstein condensates and nonlinear optics, see [7] and the ref-
erences cited there. Both the linear and the nonlinear Schrodinger equations have
been widely considered in the literature, see [T, [15] 13| [16, I4]. The authors in [§]
considered the following problem

—Au =+ |u* 2 in €,
—Av = plo] 4 |uF " i Q,
u>0,v>0 in Q,
u=0v=0 on 012,
where  is a bounded domain of RY, N >4, 2* = 280 A € Rand p > 0 .

They obtained existence and nonexistence results, depending on the value of the
parameters A and pu.

In the nonlocal framework, only few and recent works deal with fractional mag-
netic Schrodinger equations like

(=A)5u+V(z)u = f(z,|[u*)u in RY.

Up to normalization constants, (—A)% can be defined on smooth complex valued
functions u € C°(RY,C) as

e @A)y () — u(y)
|z — y|N+2s

(=A)5u(x) = lim

L
=707 JBe(a)

dy in RV,
where B.(z) denotes a ball in RY with radius € > 0 centered at z € RY.
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2 ZHENYU GUO AND YAN DENG

To the best of our knowledge, the earliest existence result for the nonlinear mag-
netic Schrodinger equation is the paper by Esteban and Lions where the magnetic
field is assumed to be constant. Their approach was generalized to the periodic
magnetic fields by Arioli and Szulkin [3].

For instance, d’Avenia and Squassina in [9] studied the existence of ground state
solutions to the above equation, when € = 1, V is constant and f is a subcritical
or critical nonlinearity. Fiscella proved the multiplicity of nontrivial solutions for a
fractional magnetic problem with homogeneous boundary conditions in [10]. Then,
in [6] , Zhang obtained the existence of mountain pass solutions which tend to the
trivial solution as € — 0 for a fractional magnetic Schrédinger equation involving
critical frequency and critical growth.

Moreover, Vincenzo Ambrosio [2] studied the following fractional Schrédinger-
Poisson equation with magnetic field

(=) eu+ V(@)u+ e 2 (70w julPyu = f(lu?) + |ul* e in R,

where € > 0 is a small parameter, s € (2,1), ¢t € (0,1), 27 = 325 is the fractional
critical exponent, (—A)% is the fractional magnetic Laplacian, V : R® — R is a
positive continuous potential, A : R — R? is a smooth magnetic potential and
f : R — R is a subcritical nonlinearity. Under a local condition on the potential
V', they studied the multiplicity and concentration of nontrivial solutions as € — 0.
In particular, they related the number of nontrivial solutions with the topology of
the set where the potential V' attains its minimum.

On the other hand, for quite a long time, some interesting papers (see [4, [5] [1T]

and the references therein) dealt with Schrodinger equations like

) |U 2*(3)72,“ 2
(—iV 4+ A)?u = v € D'*(RYN),
and related systems thereof, viz.
, > @20 ay Jul*Pulul®
(—iV + A)?u = 1y ; )
Edi 2+(s) ol
, R o A 2
(—iV 4+ B)*v = gy " )
|z[® 2¢(s)  |zf°

u eDP(RY), ve DR*RY),

where u,v : RV — C, N >3, A= (Ay,--- ,Ay), B=(By,---,By) : RN = RY
are magnetic vector potentials, 0 < s < 2, A\, Ay, Ao, p1, po,y > 0, o, 8 > 1 with
a+ 8 = 2%(s) := 22{,\’:23), and Q is a smooth bounded domain containing the
origin as an interior point. Under proper conditions, the existence of ground state
solutions to the above equation and systems was established.

However, the conclusion about Schrédinger equations in the presence of a mag-

netic field needs further study. Thus, by the above works, we consider the problem
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GROUND ETATE EOLUTIONS FOR SCHRODINGER EQUATIONS 3
(—iV 4+ A)%u = du + |ul? ~2v, x €Q,
(—iV + A)2v = p|v> 20+ |u* 2u, zeQ, (1.1)
u=v=0, reRN\Q,

where Q is an open bounded domain of RY with Lipschitz boundary, N > 4,
2* := 28 is the Sobolev critical exponent, A > 0 and 1 > 0. A= (Ay,..., Ay):
RY — R¥ is a vector (or magnetic) potential. Let B :=curl A. For N = 3, this is
the usual curl operator and for general N, B = (Bji), 1 < j,k < N, where

Bjk = 6jAk - 8kAj.
A can also be thought of 1-form:

N
A=>"Ajda,
j=1

then B = dA, i.e.,
B= Z Bjrda? A dz*,
i<k

where By are as above. Here B represents an external magnetic field whose source
is A.

Below we specify our assumptions. Suppose A € L2 (RN RY), write Vu =
(V+iA)u, let

HL(Q) :={u € L*(Q) : Vau € L*(Q)}
and
DYA(RN) == {u e L¥ (RN) : Vau € L*(RV)}.

Both H(Q) and Di{Q(RN ) are Hilbert spaces with inner product

Re (/ Vau - VAvdm) and Re ( Vau - VAvdx)
Q RN

respectively, where the bar denotes the complex conjugation. The norm in LP(RY)

is denoted by
P = Pdzx.
|u|p /RN |ulPda

The norm in LP(2) is denoted by
lf0 = [ JulPds
' Q

I(u, 0)II%,

inf
(uw)E€D A (RN IN{(0,0)} (faw [ul2 + glo? + |u|2*_1vdx)z%

Define

Sa =

)

I(u, )13,

inf
(u,0)eHA(RN)\{(0,0)} (fﬂ |u|2” + plv]2” + |u|2*—1vd:v)2%

Sax =

b
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4 ZHENYU GUO AND YAN DENG

where D4 := DL’Q (RM) x DZ’Q (RY), endowed with norm
(w, 0) 1D, = [V aul3 + |V av[3
and H, = H4(Q) x H4(Q), endowed with norm
()77, = [Vauls o = Mul3 o + [Vavl3 o = Alvl3 o

We look for solutions to problem ([T.1]) as critical points of the C'-functional J:
HL(Q) x HL () — R given by

1 1 1
J(u,v) :—/ |VAu|2dx——)\/ \u|2dx+m/g|v,4v|2dx

1 .
“r@ oD 2* — / ]2 da: — o _1/Q|u|2 “ludx

We are concerned with ground state solutions to (1.1]), namely solutions (u,v) €
HL(Q) x HL(Q) together with both u # 0 and v # 0. It is standard that the
ground states are the solutions to ([L.1]) that minimize J on the Nehari manifold

N = {(u, v) € HY(Q) x Hy(2)\ {(0,0)} : F(u,v) = (0,0)}, (1.2)

= Vaul2dz — A ul?dx — ul? ~loda
(/1
Q Q Q
/ |V q0|2dz — u/ lv|?" da: —/ |u|2*71vdx).
Q Q Q

The main results of this paper are as follows.

where

Theorem 1.1. For N > 4, if one of the following conditions
(a1) Ae LY (RN RN), curl A=0, or

loc
(az) A€ LE (RN, RN), A is continuous at T, and o(—A s — \) C (0, +00),
and p > 0, X € (0,A\1(2)) are satisfied, then problem (1.1)) has a ground state
solution.

Theorem 1.2. If N >4, ;1 > 0 and (ay) or (az) are satisfied, then for every e > 0,
1 3—2*
(m{f -2 us,mg*”ug) is a ground state solution of (2.12) and

# 3*2* 1 l2
Jg(m “ue,mg ? 6>:M:M’:N<kg—i-2* )SN/2

where (ko,lo) is a solution to (3.2)), the definition of u. and problem (2.12) are

given in Section 8 and Section 2 respectively.

Theorem 1 3. If N =4, 1 >0 and (a1) or (az) are satisﬁed, then for every e > 0,

(,/ 0Ue, ue) is a ground state solution of (2.12)) and

1 _ _ / 2
JO <\/m0u€, \/T_OU€> =M=M = 4 <k 3 > SA?
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where k, 1 is the unique solution to (3.7).

2. PRELIMINARIES

Define
[Vaul3
ueDL2(RN)\{0} |u

S =

)

2
S
where
DY2RN) = {u e L¥ (RN) : |Vu| € L*(RV)}.
Then S is attained by functions of the form
xT N-—2 xT

(Uela), Vel@)) = (T U(E), V(D)) (2.1)

€

and

(ue(2),ve(z)) == ($(2)Ue(2), d(2) Ve(2))
where ¢ € C3(Ba,) is a cut-off function satisfying ¢ = 1 in B,. B, is the ball
centered at 0 with radius r > 0 and € > 0. We have

/|Vu€|2da::/ |V(¢UE)|2d:c§/ VUPRde +0(N2),  (2.2)
Q Q RN
/|Vv€|2da::/ |V(¢V;)|2dx§/ IVV[2dz + O(N-2), (2.3)
Q Q RN
/|u5|2*dm:/Uf*dx—/(l—qSQ*)Uf*de/ U2 dz + O(eV), (2.4)
Q Q Q RN
/|ve|2*dx:/KQ*dx—/(l—&*)vf*dxz/ V¥dz +0(N),  (2.5)
Q Q Q RN
/|u5|2**lvedx2/ |U1* ~Vda 4+ O(eN). (2.6)
Q RN

Define
. u, v)||?
(uyv)ED(%lg\f)\{(Oyo)} (Jan lul2 + /U|(v|2* )—!—Tu|2*—lvdx) 3
where D := DV2(RY) x DV2(RY), endowed with norm
1, ) = [Vul3 +[Vof3.

Sy =

‘m

#

Then Sy is attained by (U, V), where U, V are positive and satisfy the decay
conditions

Uz) +V(z) SCA+[e)* N, [VU@)|+|VV ()| <CO+|z)'"N. (2.7)
Lemma 2.1. If A€ LYY (RN RY), then S4 = Sp.

loc

This equality is generally known, but for the readers’ convenience, we will briefly
outline the proof.
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6 ZHENYU GUO AND YAN DENG

Proof. For any (u,v) € D4\ {(0,0)}, by the Sobolev and the diamagnetic inequal-
ities, we have

54> |V aul3 + |V av[3
- 2
(Ja 12+ pfo]2” + |ul?~Lodz)
|V ]ull; +[V]ol]

2
2% —I,de) 2%

> SO7

(f]RN lu
By (2.1)-(2.6)), we deduce that {u.} is bounded in L?" (RY) and u, — 0 a.e. in RY
as € = 0. Thus for any ¢ € L?*zi—l(]RN),

/RNueqi)dx < (/RNuf*dx>21* (/RN|¢

that is, uc — 0 weakly in L? (RY). Hence, u? — 0 weakly in L%(RN)7 where
the duality product is taken with respect to L= (RY) and L (RY). By the same
argument,

¥+l + Ju

2%—1
o* 2%
>-1dzx — 0,

/ | AucPdx = (JA]%, ucl?) = 0 as € — 0.
RN

Let 6 > 0. Choosing € small enough, we have
[Vauel3 +|Vavel3
(Jan [ul? + plo> + |u 2*—1vdx)2i*
_ |VUE|% + |VU6|% + |Aue|% + |Ave|%
(Jan > + plol? + |u|2*—1vdx)2l*
< VU3 + |[VV 3+ |Auc|3 + |Ave|3 + O(eN*2)2
(fRN |UZ + p|V]2* + U] ~Vdz 4+ O(eN)) =™
that is, S4 < Sp. Thus S4 = S. O

Sa <

ZSo+5,

Lemma 2.2. The embedding H4(Q) < LP(Q) is continuous for 1 < p < 2* and
it is compact for 1 < p < 2*. The embedding D}*(RN) < L2 (RN) is continuous.

Proof. Let {u,} be a bounded sequence in H(Q), then there exists a subsequence
of {u,}, still denoted by u,,. Thus u,, — u weakly in H}(£2), then u,, — u weakly in
L? (Q) and |u,, —ul| is bounded in H}(£2). Hence, up to a subsequence, |u,, —u| — 0
weakly in H}(Q) and u,, — u a.e. on Q.

By the Rellich-Kondrachov Theorem, we see that

up, — u strongly in L(€2), where 1 < ¢ < 2*.

Since H4(Q) < L* (Q), there exists a constant C' such that |u,, — u|§*9 < C. For
any € > 0, let

Q. :=QNB. and QF:=0Q\Q,,
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where B, is the ball centered at 0 with radius e. We have

P 2" —p
. 2% * 2%
/ [y, — ufPda < (/ |, — ul? da:) (/ 12*2pda:)
Qe Q. Qe

< C(GN)ZZIP

(N=2)(2* —p)
=0 (e 2 ) .

Moreover, it follows from the Rellich-Kondrachov Compactness Theorem that

/ |un, — ulPdz = o(1).
Q¢

Thus

Jim. |t —ul} o = 0.
So the embedding HY (2) — LP(Q) is continuous for 1 < p < 2* and compact for
1<p<2%.

O

Lemma 2.3. If A € LY (RN, RYN), then Sa is attained by a u € DY*(RN)\ {0}

loc

if and only if curl A = 0.
Proof. (Necessary condition) Assume that S4 is attained at (u,v), which satisfies
/ [l + plv]? + |uf tode = 1.
]RN
Using the diamagnetic inequality and Lemma [2.1] we obtain
2 2
Sa = |VAU|% + |VAU|§ > |V|u||2 + |V|”U||2 >S50 =54.

Therefore

|V au| = |V]ul| =

|u

>‘ ‘R (Vv+zAv)—’
|v] |
Then, we have Im (Vu‘ |) = 0 and Im (V”m) = 0, which are equivalent to

A= —Im (%) = Im(vv). Since curl ( - ) = 0 and curl (%) = 0, we infer
that curl A =0.

(Sufficient condition) Assume curl A = 0. By [12], there exists ¥ € VVl1 N(RN R)
such that Vi = A. Let

(ue(z),ve(x)) = (Ue(x)e_iﬁ(m), V’e(x)e—iﬁ(z)) 7

where € > 0 and (U, V;) is defined in (2.1)). It follows from Lemmal[2.1] that (u., ve)
is a minimizer for S4.

Re(Vu| |>‘ ‘ Re(Vu + idu) = |

V40| = |V|v]| = ‘Re <Vv

O
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Lemma 2.4. Assume that A € L?, (RVN,RN), N >4 and o(—A 4 — ) C (0, +00),

loc

where o(-) is the spectrum in L?(RN). If there exists T € RN such that A > 0 and
A is continuous at T, then Sa x is attained by some (u,v) € Hy such that u # 0,

v Z 0.

Proof. Without loss of generality, assume T = 0. Setting
N
0(x) == =y A;(0)a;,
j=1

we have

Vo(x) = (=A1(0),- -+, —An(0)) = —A(0),
which implies that (V8 + A)(0) = 0. Then by continuity, there exists 6 > 0
satisfying

(VO + A)(2)]* <
There exists p > 0 such that B, C Q. Let 2r := min{d, p} and
(u(), ve(@) = (B()U(@)e™ @, (2)Ve(@)e "))
Since , and , we deduce that
/Q (IV aue? = Auel? + | Vave|* — Ave|?) d

V)z| < 6. (2.8)

| >

= [ (V(UIP + #UZT0 + AP - 2U?) ds
Q

+ / (IV(@VO)]? + ¢* V2|V + A — X*V?) da
Q
A

< / (VU + [VV[R)de + OV 2) + 2 [ ¢202de
RN 2 BZT

A
- $*U2dx + = / H*V2dx — X #*V2dx
Ba, 2 Ba,. Bar

g/ (IVU]2 + |VV|?)dz + O(eV72) — %/ (U? + V2)da.
B

RN .
Moreover,
2
[ wpar= [ e a=e [ pwla-¢ [ wwl
Br lz|<r ¢ RN ly|>%
2062—062/ |y|4_2Ndy:Ce2—062/ / 3~ Ndr
lyl>% ly|>% /=,
=Ce* + 0(N7?),
and

/ Ve > Ce + O(eN-2),

r
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where X, is the area of a sphere with radius r. By ([2.4)-(2.6]), we have

([ (e, ve) I3,
(|uE %I,Q + /1’|ve %i’g + fQ |u€|2*—1y€d$)
_ JenIVUP 4+ [VV[)da — O + O(N ) (2.9)

(1013 + ulVE: + fou [UP~1Vdz) >
< S).

Sax <

o

£3

V]

Let {(un,v,)} be a minimizing sequence for S4 » normalized as

§Q—|—/ [un|? "topde = 1,
Q

|un|§i,ﬂ + plop

that is,
IV aunl3 0 = Aual3 o + [Vaval3 o = Alvals o = San +o(1). (2.10)
Observing that {u,}, {v,} are bounded in H(Q), by Lemma we have
Up —u, v, —vin H(Q),
Up — u, v, — v in L*(),
Uy —> U, Uy —> VU a.e.on S,

and

|un|§:,ﬂ + plvn, 31,9 +/ |un|2*_1vndm <1.
Q

Setting
Wy 1= Uy — U, Zp i= Uy — O,
then w,, — 0, z, — 0 weakly in H}(Q) and w,, — 0, z, — 0 a.e. on Q. By the
diamagnetic inequality and (2.10)), we have
2 2
IV aunl3 o+ Vaval3 o 2 |Viuall, o + [Vivall, o = Sa,

San+ A (Junl3 + vals0) +o(1) > Sy

From (2.9)), we see that
A (|un|§,ﬂ + |Un|§,9) > Sx—8ax>0,

which means (u,v) # (0,0). Since w, — 0, z, — 0 weakly in H} (), we obtain
IV aunl3 :/ |VAwn|2dac—|—/ |VAu|2dm—|—2/ V awy, - V gudz
Q Q Q

=|Vawnl3 o+ [Vaul3 o +o(1),
and
[Vavnl3o =Vazalso +|Vavl3q +o(1).
Then yields

Sax= |vAwn|§,Q + |VAU|§,Q - )\|U|§,Q + |VAZn|§,Q + |VAU|§,Q - )‘|'U|%,Q +o(1).
(2.11)
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From Brezis-Lieb Lemma, one has

1 =|u+ wn|§:ﬂ + plv + 2z, 39 +/ lu + wn|* "o + z,|d
Q

:|u|§:7Q + u|v|§:,ﬂ + /Q |u|2*71vdw + |w, 39 + u|zn|§:,g + /Q Iwn|2**1lzn|d$ +o(1).

Noting
[+ o+ [ P Tode <1
and ?
w0+ e+ [ fun M anldo < 1,
we have !

2
* * * 27*
< (a4 uloa+ [ 1 o)
Q

4 <|wn

< (|u Lo+ ulolfa+ [ |u|2*-1|vdx)

< (|u|%1,g+u|v|31,g+ /Q |u|2*1|vdx)

Using (2.9), (2.11) and the fact that S4 > 0, we obtain

|VAU|§,Q - )\|U|§,Q + |VA'U|§,Q - )‘|U|§,Q

ot [ P o)
Q

Sa,
+ (S—; - > (IVawal3.0 + [Vazal3q) +o(1)

2
* * *7 2*
Lo+ ulalor [ ol 1|zn|dx) o(1)
Q

o

E3

|

1 2 2
+ 5 <|V|wn|]279 + |V|zn||27ﬂ) +o(1)

2

2% ]_
+§IQVM%@@+JVA%gﬂy+qU.

2
*

|

<Sax (IU 5.0 + v

2
oF

<Sax <|u|§*9 + u|v|§*9 +/ |u|2*_1|vdx> + o(1).
Q
Combining with (u,v) # (0,0), we have

[Vauls g — Mulz o + [Vavl3 g = Alvf5 o
+ < Sa

* * *_ 2%
Qm{ﬂ+uwgﬂ+ﬂﬂm2lwm)

In summary, S4 » is attained by (u,v). O

In order to obtain Theorem we consider the limit case (2 = RY and A = 0)
(—iV + A)?u = |u? 2w, r € RV,

(—iV 4+ A)?v = o] 20 + [u> 2u, xRV, (2.12)

u,v € DY (RN).
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Thus, we search nontrivial solutions to (2.12)) as critical points of the functional
1 1
J =— VaulPdr + V av]2d
O N e AZE R

1 2* 1 2* -1
S do — d
9 (2" — 1)“/RN pl™de = 5= /RN ul™ " vde

defined in DY?(RN) x DY*(RY). In particular, we investigate ground state solu-
tions of (2.12)) of the form (ku.,lu.) with k,1 > 0. So we consider

No = {<u, v) € (DYARY) x DY*®Y)) \ {(0,0)} : Fou,v) = (070>}, (2.13)

where

Fo(u,v) = (/RN |V qu|?dz — /]RN lu* “todz,

/ |VAv|2dx—/¢/ |v|2*dx—/ |u|2*_1vdx)
RN RN RN

= {(u, v) € (DY*(RYN) x DF*(RM))\ {(0,0)} : Ho(u,v) = o}, (2.14)
and

1
Hoy(u,v) :/ |VAu|2dm+—/ |V 40|2dz
RN 2* - 1 RN

2" 2*—1 [ / 2%
- da — da.
2*—1/RN|“| vde = 5o L P de

For the limit case, define M := inf Jy(u,v) and M’ := inf Jo(u,v). Then
(u,v)ENY (u,v)eEN}

we obtain the following.

3. PROOF OF THE MAIN RESULTS
3.1. The limit problem for N > 4.
Lemma 3.1. Define a function fy : (0,+00) = R,
fn(m)=m —m? 73 4.

Then the function fy is strictly increasing and satisfies

2" —1

lim fn(m) = —o0 and lim fn(m) = 400,

namely, fn has at least one zero point. Let k,l > 0 satisfy

K+ 2*1_ C2 < 2*2_ KT (3.1)
Considering the system
k31 =1,
pl? Tl g2 = (3.2)
k,1>0,
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12 ZHENYU GUO AND YAN DENG

we have
R4+ — 2= min {kZ + ! 2} <k?+ L p (3.3)
0T o 1707 o pt T ox 174 = 2x—1 "’ ’

where (k;, 1;) are solutions of system (3.2), (ko,lo) is a particular solution of system
B2).

Proof. By a simple calculation of system (3.2)), we obtain

k 2*—1 k 2% -3
(1) -(1) +e=o

Clearly, fn has at most finite multiple solutions and system has some solutions
correspondingly.

(i) If fy has a unique zero point mq, then system has a unique solution
denoted as (k1,1;).

(ii) If fx has n zero points, which are denoted as m;(i = 1,2,...,n), we can
assume my < mg < - -+ < my, then system (3.2)) has n solutions correspondingly
1 3—2*

denoted as (k;,1;) = (Trzf*‘Q,Trzf*‘2 . Thus, there exists a minimum one , which

1 3—2*

is denoted as (ko,lo) := <m2*2,m§*2). Then

1, , ) 1
o — o= _min (k4o

where (ko,lo) is one of the solutions of system ({3.2)).

Fix k,1 > 0 satisfying (3.2) and let h := %, then

kg + 17},

ki =kh™=, I =1h73,
which implies that % = %, so (ki,1;) are solutions of system (3.2)). Since

0<k <k 0<I; <, (3.4)
we have L 1
2 2 g2, 1 2
R T
Thus 1 1 )
2 2 _ . 2 2\ 1.2 2
kot o —lo=min {ki+ o<k + ol

O
Proof of Theorem[I.3 Assume (aue,bu.) € No, then Fy(au,, buc) = (0,0) , that is,

Jan IV a(aue) Pde — [pw |aue* ~tbucdz =0,
Jan [V a(bue)2dz — p fon [bue|* da — fon Jaue* ~tbucdz = 0,

then the above can be rewritten as

Jon [Vaue|®dz _ a2 —3p
I]RN |u5\2*dz ?
1 fRN |VAUE‘2d37 a2*_1

:O’

p2r—2 fRN [ue 2™ dz — K= p2*—1
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then

() e

Since fy admits a minimum nontrivial zero point mg, we assume mg = 7. Then

we obtain

_17 7=
a = lmo/ |VAu6|2dx (/ |u6|2 da:) ] ,

RN RN
1
—17 2%==2

:[ 32 / |V aue|?dz (/ |uc|? dx) ]
RN RN

17773
([mo/ |VAu5|2dx (/ |u6|2*dx> ] Ue,
RN RN
) _17 7=
l 82/ |V auc|?da (/ |uc|? dac) ] ue) e N
RN RN

1 3-—2%

and system (3.2)) has a solution (ko,lo) = ( mg >,mg > ). Since Ny C N, then
M’ < M. Also by J} (koue, loue) = 0 and (koue, loue) € Ny C N, we have

I 1 1
M <M< Jy (mg Pue,mg 2u€) :N<k8+2* 1l%> Sg/z.

Thus

Let{(un,v,)} C N be a minimizing sequence, such that Jo(un,v,) — M’. By
Sobolev embedding and Hélder inequality, we have

1
A <|Un b+ ﬁh}n@*)

< |VAun|g +

o —7IVaval3

2" 2°—1 H 2*
2*—1/RN|U| onde + 577 [ Teel de

2* 2% -1 * /L
< > d 2
= 2*—1/RN fun| x/RN [on] 31 fo U

By direct computation, we obtain

(a7 |un|2*>2+2*1 (a7 |vn|2*>2

2+ Yol aw [ an 2’
e G B e e R A

Then it follows from Lemma [3.1] that

1
ko lO<SA 7 <|un

2 dz.

1
g* + ﬁwng*) .
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14 ZHENYU GUO AND YAN DENG
Thus
M’ + 0,(1) = Jo(tn,vy)
1 1 I x
= 2|V 2 I v4 2 —/ 2 d
2| Aun|2 + 2(2* . 1)| AUTL|2 2*(2* . 1) RN |vﬂ| €z

1 *_
T /N [un|? ~2upv,de
—LlJr

1 1
= N (|VAUn|§ + ﬁ|VAUn|%>
2

Sa o = 1 o 2%
> 24
_NK/RNWM dzz:) +2*—1</RN|U"| dz

1 12
S 0 N/2
_N(kﬁ?*_l)sA

2 1 3-2%
So M’ =+ (k% + 2*l31> Sgﬂ and we have (m§*2u6, mg ~* ue) is a ground state
solution of (2.12). d

3.2. The limit problem for N = 4. In this subsection, we consider the limit
problem for general N = 4. We notice that in the previous subsection the key
points consist in the existence of a zero point of the function fy and the solution

of the system (3.2]). Similarly as the proof of Theorem we have

f(m)=m> —m+pu, m>0, (3.6)
kl=1,
pl? + k3 =1, (3.7)
k1> 0.

To prove Theorem we give the following properties.

Proposition 3.2. Let p € [0, ).
()If uw =0, N} does not contain semitrivial couples.

(@)If p € (0,%), N§ does not contain semitrivial couples (u,0) and M' <

inf  Jy(0,v).
00 5, To(0:0)

Proof. (i) If p =0, then

1 4
Ho(u,) = [Vau + 5 Vol 5 [

lul2vdz.
R4

Assume (u,v) € Nf, if u =0, v # 0, then Hy(u,v) = Hy(0,v) = |V 4v|3, which is
in contradition with the definition of N{. Likewise, if v = 0, u # 0, we also get a
contradition.
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(ii)It is obvious that if 1 € (0, 1), N does not contain semitrivial couples (u,0).
Next we prove the second part of (ii). Let (0,v) € N, we have

1
Hy(0,v) = 3 (|VA’U|§ —,u/R‘l |v|4dx) =0

1 1 1 1 1
Jo(0,0) = Z[Vavls — =p [ |o]'de = Z|Vavl3 — <[Vavl = —|Vavl3.
6 127 Jpa 6 12 12

and

For every 7 > 0, (t(r)rv,t(r)v) € N with t(r) = (%) and then

(3r2 + 1)

T2 VA

M < (t(r)rv,t(r)v) =
So according to the definition of infimum, we obtain that

I < (31"2 + 1)2/1

Jo(0,v).
4r3 + (o,qur)le/\/(; 0(0,v)

Aspe(0,1) andr—4,u,wehave%<l Thus M’ < (iglef Jo(0,v). O
W) ENG

Proof of Theorem[I.3 Aswe said before, assume (aue, bu.) € Np, then Fy(au,, bu.) =
(0,0) , i.e.,

Jaa IV a(aue)Pda — [o, |aue|*bucdz = 0,
S IV a(aue)|Pde — g [ou [bue|*de — [5, Jaue*bucdz = 0,

similar to the proof of Theorem we have

—1
mO/ |V aue|?dz (/ |u€|4d:c> ,
R4 R4 ]

1 1]
b= l—/ |V ate|?da </ |ue|4d1:>
mo Jr4 R4

Then system (3.2)) has a minimum solution (INC,ZN) = (1 /my, \/}TJ Since Ny C

N

a =

N|=

4, we have
M' <M < Jy | /mote, —— e ip)y e o
0 €9 \/—0 Ue 4 3 A )
that is, <1/ 0le, u€> is a ground strate solution of ( -
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16 ZHENYU GUO AND YAN DENG

Ifu € [0, }1), let {(un,vn)} C N be a minimizing sequence such that Jo(uy,, v,) —
M'. By proposition [3.2] we assume u,, # 0 and v,, # 0. Then

1 1
M4 0,(1) = ol ) = (19l + 510003
1 1
> 154 (i + o)

1/- 1-

(k> + <17 S5

4( T3 > A

thus M’ = i (122 + %[2) S%. We have (\ /MoUe, \/meom) is a nontrivial ground
state solution of (2.12). O

3.3. Ground state solution for (1.1)). In this section, we study the existence of
ground state solutions of problem (1.1]) and we will give the proof of Theorem [1.1
Before proving the main result, we show some lemmas. Since

P (4, 0)[u, 0] = ((2—2*) (/ﬂ |VAu|2dx—/Q|u|2dm) ,(2—2*)/Q |v|2*dx> £ (0,0)

for all (u,v) € N, we have N is a C'-manifold, where N is defined in (2.12).
Lemma 3.3. If A € (0,\1(2)) and u > 0, then N # 0.

Y

: [Vaul3g 7 IVaul3 o=AVauls g
Proof. Taking u € HL (), and § = * = 22 :
f g A( )v |VAu|§19—>\|VAu|§,Q’ ‘“@*,Q

Then my is a strictly positive solution of

m2 =l em? 3 4 1w=0,

so we have

((mod) 7= u, (m§ 2 0) 7= u) € N,

Now, let

B := inf J(w(t
Inf, max, (w(t)),

where I' := {w € C([0,1], H}(Q) x H}(2)) : w(0) = (0,0), J(w(1)) < 0}.
Lemma 3.4. If A >0 and p > 0, then B< M.

Proof. In order to prove B < M, we may assume 0 € Q without loss of generality.
Then by the definition of S, we have

Uclze.0 = SN2+ O(e"),

Ucl30 = Con(e) + OV 2),

VU3 = SN2+ 0(N72).
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for some C' > 0, where

€2 if N >4,
¥n(e) = {e2|loge| if N=4.

Define (ue,v) := (kU lU.), where (k,1) € R? k,0 > 0 and (kU,IU,) is a
ground state solution of the limit problem (2.12). Then

lucl3,q >C(e) + O(N2),

vl o =% SN2+ O(eV),
Vuel3 o =k*SN/2 + O(eN72),
Vuels o =12SN2 + 0(V2),

/ u? “toodr =k THSN/2 £ O(eM).
Q

Noting
1 2 . [T
2 2 2" —1 2
k+2*_1l—2*_1k l—l——2*_1l ,
we have
Htuesto) = 5190 = 57 [ |tue|2dx+ ey NN
2% 2% —1
Ty o) 2* — / [tv,] ue|® T tveda
1
< 5152 [(k2 + 2*1_ 1)SN/2 AC(e) + 0(8”)}
N 2 | ? N/2
— 5 |(F 4 57) 5"+ O(e M)
1 1 o«
= 5752 (NA = XCi(e) + O(e?)) — 2—*t2 (NA+O(M)).
We consider
t2 2"
h(t) = 50/6 2—*b6,

where
ae = NA = XCP(e) + O(e?), be = NA+ O(M).
Obviously, for € > 0 and small enough

1 Qe
maxh(t) = 5 (m) <M,

vz

thus
B < I?EgcJ(tuE,tve) < M.
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18 ZHENYU GUO AND YAN DENG

Now we define some notions which will be useful in this paper.

N = {<u,v> € (HY(Q) x HY () \ {(0.0)} : H(u,v) = o},

where

1
H(u,v):/ |VAu|2dx—)\/ lul*dz + /|VA’U|2d.’E
Q Q 2r=1Jg

2=lydz

and
A= {(u,v) € (H4(Q) x Hy(Q)) :u/ |u|2*d:c+2*/ |ul? ~Lodz > 0}
Q Q

denotes the set of admissible pairs. Moreover, if A € (0, A\1(Q2)), for all (u,v) € N’
we have A is a C''-manifold being and
)7

H' (u,v)[u,v] = (2 —2%) (/Q |V qu|?dz —
H(u,v) 2 ||(u, 0)||* = C|(u, 0)||*", (3.8)

Noticing that N'C N’ C A and for some constant C > 0, we have

where

1
Il (u, v)]|? ::/ |VAu|2dx—)\/ lu|?dx + 2*_1/|VA”U|2d.’E.
Q Q Q

Proposition 3.5. If A € (0,A\1(2)) and p > 0, then

inf  J(u,v) = inf maxJ(tu,tv) =B >0.
(u,v)EN” (u,v)eA t=>0

Proof. Let (u,v) € A and

1
M7=
(|VAU|%,Q - >\|u|gg + |VAU|§,Q> <2* —|v |29 —|— / u|> _1vdm) 1 )

Then (tu,tv) € N” and J (tu,tv) > ( lI)lfN J(u,v). If (u,v) € A, then there exists
u,v) EN”
t > 0 such that J(tu,tv) <0,

inf maxJ(tu, tv) > B. (3.9)
(u,v)eA t20

Morever, if (u,v) € N7, then £ = 1 and we have

inf  J(u,v) > inf maxJ(tu,tv). (3.10)
(u,v)eEN” (u,v)eA t>0
Taking w = (w1, wz) € I, then for a small ¢, H(w(t)) > 0 and
H(w(l)) = 2J(w(1))— ( / lwe (1)) da + 2*/ lwy (1)]* ~ (l)d:v) <0,
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which implies that there exists ¢’ > 0 such that H(w(t')) = 0, i.e., w(¢') € N. Then
B> inf ,J(u,v). (3.11)

(u,v)EN
By (3.9), (3.10), (3.11), we have

inf  J(u,v) = inf maxJ(tu,tv) =B.
(u,v)EN" (u,)EA >0

Next, we prove B > 0. If J(uy,v,) — 0 and (up,v,) € N7, then ||(un,v,)|| — 0
which is in contradiction with the inequality (3.8)). So we have ( iI)lfN J(u,v) =
v)eN’

)

B> 0. O

Now we show a relative property before we prove the main result of this section.

Proposition 3.6. Let A € (0,\1(2)) and p > 0. If a ground state solution (u,v)

of (L.1) exists, then (u,v) is nontrivial.

Proof. Assume (u,v) € N such that J(u,v) = ( ir;fNJ. If v = 0, then (J'(u,0), (u,0)) =
u,v)E

0 implies u = 0. Now suppose that v = 0. If 4 =0, then v = 0. So let x> 0 and

v is a nontrivial solution to

(—iV 4+ A)?v = plv]* 2v, z€ Q,
v =0, r e RV\ Q.

Notice that
inf {J(aw) cw e Hy@Q)\ {0}, |Vawi, = u/ |w|2*dx}
Q

<J(0,v) = i/I\l[fJ = inf {J(O,w) tw € Hy(Q)\ {0}, |Vaw|3 g = u/ |w|2*dx}
Q

and
it {00,0) w0 € 5@\ (0], [wBo =1 [ o ac)
Q
_ 1 : 2 . 1 2 / 2"
g it { Vvl s w e HA@\ 0} VauBo = [ uf as
u?;N
“N@ -1 inf {|Vaw|yq : w € Hy(Q), |w|e 0 =1}.
1

Then 0 = (\V_AI;I%_Q> " v satisfies [0]2+ o =1 and

o = N2 = D)pN=2/2J(0,v) = inf{|Vaw[d : w € H4(Q), [w]z- 0 =1},

which is a contradiction. Thus, if (u,v) is a ground state solution of (1.1, then
(u,v) is nontrivial. O
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20 ZHENYU GUO AND YAN DENG
Theorem 3.7. If A € (0,A1(2)), i > 0, then there exists a ground state (u,v) of
J such that J(u,v) = ijr\l/fJ = 1Ar}/fJ =B.

Proof. The functional J satisfies the geometrical assumptions of the Mountain Pass
Theorem. By the Sobolev and Poincaré inequalities, we have

J(u,v) > C’(|VAU|§’Q + |VA?}|§’Q — |VA’U|§’*Q — |VAU|§};1|VAU|2,Q) >d

for some d > 0 and p = \/|VAU|%7Q + |V avl3 g sufficiently small.
If (u,v) € H(Q) x H}(Q) satisfies p [, [v]* dz + 2* [, [u[* ~tvdz > 0, then

12 1
J(tu,tv) :E <|VAu|§’Q — )\/ |u|2dx + TR |VA’U|%’Q)
o _

¥ . .
BT (2%/ |v|? dx+/ |u|? 1vd:c) — —o00, as t — +o0.
- Q Q

So there exists a (PS)g-sequence {(un,v,)} € H4(Q) x H4(2) for J at level B,
namely, a sequence such that J(u,,v,) = B and J'(u,,v,) — 0. Since

1
2*
<(B+1)+ \/IVAunlg,Q + | Vaval3 o

C(|vun|g,ﬂ + |VAUH|§,Q) <I(tny vn) = (I (ns vn), (Uns vn)

for some constant C' > 0, we have the sequence {(u,,vy)} is bounded. Thus, up

to a subsequence, according to Sobolev embedding theorem, there exists (u,v) €
HL(Q) x HL(Q) such that

U, — u in Hy(Q), u, — u in L*(Q), Up —> U a.e. on £,
v, — v in H(Q), Up — v a.e. on £,

|21 2 in L2/ =D (),

o271 [of27 in L2/ =D (),

(
2" -3 1, ]2° -3 S r2t/(27—1)
| Un Uy, — |u] wo in L (

|tn Q).
So for every (£,77) € HY(Q) x H (), we have
1ty ), (€,1)) — a1, ), (€ )
[ (.t = Vaula) e = [ (20, — o 0)da

1
+ o7 (Vavalag = [Vavl2g) [Vanlze

_)\/ T u—l A (|Un|2*_1_v2*_1> ndx

2% —1 2% —1
- d
51 /Q (I Y 1] )77 x
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Thus J'(u,v) = 0. We claim that (u,v) # (0,0). Otherwise,
u, — 0 in L*(Q). (3.12)

Since J is continuous and J(un,v,) — B > 0, then (u,,v,) cannot converge
to (0,0) in H4(Q) x H4(Q). Thus, up to a subsequence, we may assume that
(un,vn) # (0,0) and [|(un,v,)|| > C > 0, (up,v,) € A for all N € N. Taking a
subsequence {(un,,vn,)} of {(un,vn)} in (H4(Q) x H;()) NA°, then

(I (Uns Vg ) (g, Uny ) > ||<unk’vnk)||2 (3.13)
Since

(J" (g, Vg )y (U, Uy )) — 0 as k — +o0,
we get a contradiction . If we take

1
2% -2

b = ((2* )|V aunie + |vAvn|§,Q) (uwn

-1
§i79—|—2*/ |un|2*_1vndx>
Q

and we denote in the same way the functions in H(2) and their extensions in RY
putting the function equal to zero in R \ Q, we have (t,u,,t,v,) € N and so

(Jo(tntin, tavn), (Entn, tavy)) = 0. (3.14)
In addition, by (3.12),
(J§(tunyvn)y (U, vp)) = (J (Un,vn), (un,vn)) +o(1) = o(1). (3.15)

Then, using (3.14) and (3.15) we have ¢, — 1. Therefore by Lemma and
Theorem we have

B< A=A <limJ(tyun,ty,v,) =B

getting a contradiction. Thus (u,v) # (0,0) and (u,v) € NV C N’. Likewise, we
find ¢, — 1 such that (t,up, tyv,) € N’, according to Propositionwe get

inf J < J(u,v) < lim J(tpup,tyv,) =B =inf J <infJ,
N n—00 N7 N
so the proof is completed, that is, the problem (1.1]) has a ground state solution. [
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