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PRINCIPALITY BY REDUCED IDEALS IN PURE CUBIC
NUMBER FIELD

JAMAL BENAMARA AND MOHAMMED TALBI

ABSTRACT. This paper describes a method for determining the list of reduced
ideals of any pure cubic number field, which we can use for testing the prin-
cipality of these fields and give a generator for a principal ideal.

1. INTRODUCTION

The notion of a reduced ideal can be used to compute the regulator and the
class number of a number field, see [3], [I1]. Besides, it can be used in cryptography
as in [4] [5] where the authors sketched the first Diffie-Hellman protocol which does
not require a group structure, namely on the set of reduced principal ideals of a
real quadratic field. Most of the work on reduced ideals is realized on quadratic
fields, see for example [9]. In [§] (respectively [2]), the authors describe a method
for finding all reduced ideals of the ring of integers of a monogenic pure cubic
field (respectively of a special order of any pure cubic field). In this paper, we
give a complete overview on the reduced ideals in any pure cubic number field and
we provide a method which allows us to determine the set of reduced ideals. In
addition, we develop the notion of a minimum of an ideal and its relation with
the reduced ideal to study the principality of the ring of integers. Then, we give a
procedure to find a generator of a principal ideal. Finally we illustrate the results
by two examples to improve the readability and the flow paper.

Throughout this paper, we consider a pure cubic number field K = Q(\S/ﬁ),
where D > 1 is a cube-free integer. We may assume with no loss of generality that
D = rs? where r and s are square-free, and (r,s) = 1. It is well known (see for
example [IL [7]) that if D # £1 (mod 9), then the ring of integers O has a basis
[1,0,6 = 6?/s] where § = VD and the discriminant of K is Ax = —27r2s%. In
this case, K is called a pure cubic field of the first kind. If D = +1 (mod 9), then
Ok = [1,0,5 =(1+r0+ 6’2)/3], Ak = —3r?s? and K is called a pure cubic field
of the second kind. When there exists ¥ € Ok such that Ok = Z[1J], we say that
K is monogenic (for example, when D is square-free (s = 1) and D # £1 (mod 9),
Ok = Z[f]), in this case, we find the results as in [§].

We also recall that an order O of K is a sub-ring of K which as a Z-module is
finitely generated and of maximal rank [K : Q] = 3, see [I2]. This equivalent to
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say that O C Ok and [Ok : O] < oo (for example O = Z[f]), in this case, we find
the results as in [2].

In general, we denote by A’ and A’ the conjugate roots of any A € K. Therefore
the norm of X is N (A) = AN\’ and we know that 6/ = 6¢ and 0" = 0(? where

¢ = exp(2im/3). Note: in a field Q(¥/D),
N(z+yVD+2VD?) = 2® + y*D + 2°D* — 3yzD.

And by the Dirichlet theorem, we know that the units group Uk of K is of rank
one and we note by ¢ the fundamental unit of K.

2. ARITHMETIC OF IDEALS IN PURE CUBIC FIELDS

We will be treating ideals as special kinds of Z-modules. We recall that I is an
ideal of Ok if I C Ok and for all o, € I and A € O we have o+ 3 € I and
Aa e 1.

Proposition 2.1. Let K be a pure cubic number field and O = [1, ¢, 1] be an order
of K. Then every non-zero ideal I of O has a representation

I=la,b+ch,d+ep+ fi

where a,b,c,d,e, f € Z,0<b<a,0<d<a, 0<e<cand0 < f. This basis
will be called the HNF-basis (Hermite Normal Form) of I. In addition, the integer
a is the smallest positive element of I N7 and the norm of I is N(I) = acf. The
integer a is called the length of I and we denote it £(I).

Proof. Every ideal of O is a sub-Z-module of O, the rest follows by [6, theorem
4.7.3] and [0, proposition 4.7.4]. O

Theorem 2.2 (Uniqueness of the coefficients). Let O = [1,,v¢] be an order of
K. Let I and I3 be two ideals of O with HNF-basis [a1,b1 + c1¢,dy + €10 + f1)]
and [ag, b + ca¢, do + ead + foth] successively. Then I = J if and only if a1 = as,
by =ba, c1 = c2, d1 = da, €1 = ez and f1 = fo.

Proof. If Iy = I, then I C I, hence a1, by + c1¢ and dy + e1¢ + f1¢ € I, which
means that as|ai, caler, falfi, bica = bacy (mod ages), erfa = eafi (mod cafs)
and dycafa + bafiea = baey fo + cadafi (mod aseafa). On the other hand, we have
I, C I, then ag, b + co¢ and ds + e2¢ + f21) € I, which means that aq|az, c1|ca,
f1|f2, b261 = blcg (mod alc1), €2f1 = €1f2 (mod lel) and d261f1 + blfgel =
bieaf1 + c1di fo (mod ajcy fi). Directly, we get a1 = ag, ¢1 = co and f1 = fo,
therefore by = by (mod a1), and since 0 < by < a1 and 0 < by < a1, we get by = bs.
by the same way we get e; = e3 and d; = ds. O

Sometimes we write I = [a, o, f] with « = b+ ¢ and S =d + ep + f1h.

Definition 2.3. Let O = [1, ¢, 9] be an order of K. We will say that an ideal I of
O is primitive if there is no integer n > 1 such that I C nO.

The ideal I = [a,b+ co,d + ed + f1)] is primitive if ged(a,b,c,d, e, f) = 1.
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Theorem 2.4 (Criterion for ideal equality). If I = [a, «, 5] is a primitive ideal of
Ok, then
I = [a,ma + a,na + pa £ B] for any m,n,p € Z.

Proof. We have

a 1 0 0 a
ma + « =[m 1 0 «a
na + pa + 5 n p =1 15}
1 0 0
and M = [m =£1 0 | € GL3(Z), the group of all 3 x 3 matrices with coefficient
n p =1
integers and determinants equal +1. O

Note that the converse of the proposition is false. Indeed, if we consider
O = Z[0) = [1,0,0%], the sub-Z-module I = [6,5 + 36,4 + 260 + 56?] is not an
ideal of O because 66 ¢ I. For the reverse to be true, we need more conditions on
the coefficients a, b, ¢, d, e and f.

Theorem 2.5. Let K be a pure cubic field of the first kind. Then, a sub-Z-module
I of Ok with HNF-basis [a,b+ c0,d + ef + fd] is an ideal of Ok if and only if the
following conditions are satisfied.

(1) a=sb=cs=d=es=0 (mod f)

(2) a=b=0 (mod ¢)

(3) ea =eb=df —e%s = f?r —de =0 (mod cf)

(4) bees — b2f — c2ds = ?frs + b%e — bed = cf?rs — bdf + be’s — cdes =

cefrs —bf?r +bde — cd®> =0 (mod acf)

2
Proof. Let I = |a,b+ c0,d+ e + fe— be a sub-Z-module of Og. We know that

1 is an ideal of O if and only if for all a € I and g € Og we have aff € I. For thls
62

let @ € Ok and B € I, then a = x+yf+2— and 8 = 2'a+y (b+ch)+2’ (d—|—60+f )
s

with =, y, z, 2/, v/, 2 € Z, therefore

2
0B = 2B+ 08+ g

=28 +yx'ab + yy' (b0 + c?) + y2'(dO + b + D_f)
s
,ab? b9?> D d9> eD Df6
ter = (e ) H R (T ),
S s s s S

D 6% 62
hence a3 € I if and only if the elements af, b +c6?, d9+692+?f, a;, b? +¢D/s

62 0
and d— +eD/s + D f— belong to I.
s s
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92
But we have af € I <= af = 2"a+ y"(b+ cb) + 2"'(d + e + f—) with
1;//7y//’ Z// c Z §

az’ +by" +dz" =0 az” +by" =0 cx'" = —b |
cla
2N Cyll _"_ eZII =qa PEN Cy” =qa = cyll =a {
Z”fZO 2= =0 C|b.

It is easy to verify with the same way that we also have the following equivalences:

9 cf | be —de
a;e[@) cf | ea
fla

acf | beces — b2 f — cds
b0 +ch? €1 <= {cf|bf —ces
fles

acf | ®frs+ b*e — bed

> D
b;+;€]<:> cf | eb
f1o
Df acf | cf?rs — be?s + bdf — cdes
d0+602+TeI<:> of | df — e2s
fles
and
62 eD 02 acf | gefrs—bsz—bde—cd2
d—+—+Df— el qcf| f'r—de

fld.
O

Theorem 2.6. Let K be a pure cubic field of the second kind. Then, a sub-Z-
module I of Ox with HNF-basis [a,b+ c,d + el + f§] is an ideal of Ok if and
only if the following conditions are satisfied.

(1) ¢ divides a and b

(2) f divides a, 3¢, 3e, b+cr and d+er

1—1p2 2 _ .2
(3) cf divides ea, be—cd, eb+cer, f? ! +df —3e?—2efr and f2r8 !
3de — 3e’r — ef — 2efr?

2
(4) acf divides befr + 3bce — c* f — b2 f — 3dc?, CQfTS 3

2 _ 2 _
cd)(b+cr),cf27'8 3 l—i-ber 3 1—|—(be—cd)(3e—|—fr)+befr—bdf—cef and

1 21
Tbeft g+ (be—
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21 2r2 +1 242 2rD —7r? -1
(be—cd)(d+er)+cefr8 3 +bef T3+ —cdfr ;— +cf? ! 97“ +
r2_ g2
bf? .
Frr—y
1+760+ 62
Proof. The proof is similar to that of the first kind with § = %, ex-
2 1 2 1 2 2 1 2 2 2 .2
cept here we must also show that ! , i , At , At , N and
) 3 3 3 3 9
2rD —rs—1
TETT T e integers. Indeed, we have D = rs> = +1 (mod 9) which is

9
equivalent to say that r> = s (mod 9), and this means that r® = +1 (mod 9),

therefore 7 = 1 (mod 3), it follows that 7> = 1 (mod 3) (which also means that
2r2+1=0 (mod 3) and 72 +2 =0 (mod 3)) we get also s> =1 (mod 3). Finally,
we have (r +1)2 = 0 (mod 9), it follows that 72 +1 = +2r (mod 9), and since
2rD = +2r (mod 9), then we get 2rD —7? —1 =0 (mod 9). O

Corollary 2.7. The number of ideals of Ok with a given length is finite.

Proof. Let I = [a,b+ cf,d+ ef + f0] be an ideal of O. Given that ¢(I) = a, we
will only have a finite number of integers b, ¢, d, e, and f according to the conditions
of the two theorems BB and 2.6 O

Proposition 2.8. Let I be an ideal of Ox with HNF-basis [a,b+ c0,d + ef + f4].
Then, I is primitive if and only if gcd(c, e, f) = 1.

Proof. Let t = ged(c, e, f). If K is of the first kind, then by 1) theoremt divides
the integers a, b and d. If K is of the second kind, then by 1) theorem t]a
and t|b and by 2) theorem [2.6|¢ | d. In both cases we have t|ged(a, b, ¢,d, e, f) and
I C tOk, hence, if t > 1, then [ is not primitive.

Conversely, suppose that ged(c,e, f) = 1. Let m € N such that I € mOg, we
have d 4 ef + f0 € mOg, therefore m | f and m | e, and we have b + ¢ € mOk,
then m | ¢, it follows that m is a common divisor of ¢, e and f, hence m =1. O

An important case is when we consider the special order O = Z[6] = [1,6,6?]
of K which coincides with the ring of integers Ok in the case where K is of the
first kind with s = 1.

Corollary 2.9. Let O = Z 0] and let I be a sub-Z-module of O with HNF-basis
[a, b+ ch,d+ el + f@z] . Then I is a primitive ideal of O if and only if the following
conditions are satisfied.
(1) f=1
(2) a=b=d—e>=D—de=0 (mod c)
(3) bee—b*—c?d = 2 D+b*e—bed = cD—bd+be? —cde = ceD—bD+bde—cd? =
0 (mod ac)

Proof. We get these conditions by theorem 2.5 with s =1 and r = D. O
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3. REDUCED IDEALS

Let L be an algebraic number field of degree n, and Of its ring of integers and
0i,1 < i < n the real and complex Q-isomorphisms of K into C. We say that an
ideal I of Oy, is reduced if [ is primitive and if there is no element w # 0 in I such
that | o;(w) |< (1), Vi € {1,2,...,n} see [6]. In the case of pure cubic number
fields we have |w'| = |w”|, hence we can writ:

Definition 3.1. We say that an ideal I of O is reduced if it is primitive and if
there is no element w # 0 in I such that | w |< ¢(I) and | W’ |< £(1).

Lemma 3.2. Let K of the first kind and let w = . + y0 + 20 € Ok (x,y,z € Z).

A1 42X A1+ 2A
Iflw|< A\ and | W' |< A2 (A1, M1 € RT), then | z |< %, ly |< %
S()\1+2>\2)
d < —.
and | z | 35
62 62
Proof. We have w = = + yf + z—, therefore w’ = z + y0¢ + z—(? and " =
s s
92
x4+ y0¢% + z:g‘, hence w + w’' + w” = 3z, which means that | 3z |=| w + &' +
A1+ 2A
V<lw |+ W |+ ] W< A+ 2)g, hence | z |< % For y, we have
w+ W'+ w'¢ = 3yb, therefore | 3yd |[<| w | + | w'¢? | + | w'¢ |< A1 + 2X2, hence
A1 42X 62
ly |< % For z we use the fact that w + w'¢ + w”¢? = 3z—. O
s

This lemma shows that the number of elements w € Ok such that | w |< A1 and
| W' |< Ag, is finite.

Theorem 3.3. Let K of the first kind and let I be a primitive ideal of Ok given
2

0
in term of HNF-basis [a,b+ cO,d + ef + f—]. Then I is reduced if and only if the
s
only triple (x,y,z) of integers which satisfies the following conditions:
° flz
o cf | fy—ze,
o acf | cfx —bfy+ (be — cd)z,
02
o | x+y0+z? |< £(I),
4 202, 3, 0.2 2
— 20— =— —0%(y — 2— LI
is (0,0,0).
Proof. For any a € K, let o/ and o denote the conjugates of «, we have 6’ = (6
and 0”7 = (20, where ¢ = €*7/3 is a primitive cube root of unity and therefore
[ o’ |=[ o |.
92
Let I = [a,b+ cf,d + ef + f?} be a primitive ideal of Og. If o € I, then

92
a=Xa+Y(b+cb)+Z(d+ed+ f—) with XY, Z € Z and we can easily verify
s

Submitted: January 16, 2023
Accepted: September 7, 2023
Published (early view): August 24, 2024


https://doi.org/10.33044/revuma.3862

Revista de la Union Matemadtica Argentina Accepted article - Early view version

This peer-reviewed unedited article has been accepted for publication. The final copyedited version
may differ in some details. Volume, issue, and page numbers will be assigned at a later stage. Cite
using this DOI, which will not change in the final version: https://doi.org/10.33044/revuma.3862.

PRINCIPALITY BY REDUCED IDEALS IN PURE CUBIC NUMBER FIELD 7

Y +eZ Z0?
that | o' |*= (aX +bY +dZ — %9 - f—g—)2 + gGQ(CY—i—eZ — fZg)Q. The

s s
ideal I is reduced if and only if, for all a € I, we have | a |< ¢(I) and | &' |< £(1)
implies that @« = 0. Now we have

ael
| a|< (1)
| o |< €(1).
if and only if
XY ZeZ
92
| aX +bY +dZ + (cY—l—eZ)G—I—fZ? |< £(I)
0
| o/ = (aX +bY +dZ — ————0 — ——)2 + EGQ(CY +eZ — fZ-)? < 4(I)?,
S
We shall use the substitution x = aX +bY +dZ, y = cY +eZ, z = fZ, having the

inverse X = cfz = bfy+ (be = cd)z’ Y = M and Z = =. Therefore, we see
acf cf f
that the ideal T is reduced if and only if (0,0,0) is the only solution of
x? y7 z E Z
flz
cf | fy—ze

acf | efx —bfy + (be — cd)z
2

0
|x+y0+z? |< £(1)
y 2 62 9 39 0. 9
AR e T I
(x 29 25)+49(y zs) < L(I)
The theorem is proved. O

We have a similar result for a pure cubic field of the second kind.

Theorem 3.4. Let K of the second kind, and let I be a primitive ideal of Ok
given in term of HNF-basis [a,b+ c0,d + ef + f0]. Then, I is reduced if and only
if the only triple of integers (x,y, z) which satisfies the following conditions:

flz,

e 3cf | fy—(Be+ fr)z,

o 3acf | cfx —bfy+ (3be + dfr — 3ed — cf)z,

o |z +yb+20% |< 30(1),

o (z— g@ - 392)2 + %92(34 —20)% < 90(I)?,
is (0,0,0).

1470+ 62
3 I
) for some X, Y, Z € Z,

Proof. Let I be a primitive ideal of Og with HNF-base [a, b+c0, d+ef+ f

1 0 + 62
Let « € I, then o = Xa+Y(b+c€)+Z(d+et9+f%
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1
otherwise written, oo = 5(3((1X +bY +dZ)+ fZ + (3(cY +eZ) + frZ2)0+ fZ0?).

1
After the calculate of o’ we get | o’ |*= §(3(aX +0Y +dZ)+ fZ — (3(cY +eZ)+

0 62 3
frZ)§ — fZE)2 + 192(3(CY +eZ)+ frZ — fZ6)*). By the definition the
ideal I is reduced if and only if

aecl

la|<lI) = a=0

| o’ |[< (1)
considering the following substitution: z = 3(aX +bY +d2) + fZ, y = 3(cY +
eZ)+ frZ, z = fZ, then 3acfX = cfx — bfy+ (3be + bfr — 3ed — cf)z, 3cfY =
fy—Be+rf)zand fZ = z. Hence the ideal I is reduced if and only if (0,0, 0) is
the unique solution of the following system:

x,y, 2 € 7,

flz

3ef | fy— Be+ fr)z,

3acf | cfx —bfy + (3be + bfr — 3ed — ¢f)z,
|x+y0+292 |< 3¢(1),

e ia?( —260)2 < 90(I)2.

O

Theorem 3.5. Let K of the first kind, and let I be a primitive ideal of Ok . If
oI < g, then I is reduced.

92
Proof. Let [a,b+ c0,d + ef + f?] be the HNF-basis of I. Let (z,y,2) € Z* such
that f | z, cf | fy — ze, acf | cfx — bfy + (be — ed)z and

02
|x+y0+z? |<f( )

(= 56— 92) +3 92( §>2<€(1)2-

2
If we put w = x—i—y@—i—z%, we have | w |[< ¢(I) and | W’ |< ¢(I), hence by lemma
we have
|z |< ()
lyI< (9)
st(I)
| z |< 9z
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(I 0 1
1 80(2) <9i2§:§<1’ hence z = 0. For y, we have
|y |< < 1, hence y = 0. For z, we have acf | cfx —bfy + (be - cd)
therefore ¢(I) | =, and | = |< 4(I), hence z = 0, finally we have z = y =
hence by definition [31] I is reduced.

If ¢(I) < Q, then | z |<
s
un _
0

DO

0 r
Remark 3.6. We have — = {’/j , hence the last theorem is very important when
S S
we have r >> s, we gain more reduced ideals to less effort.
We have a similar result for K of the second kind.

Theorem 3.7. Let K be of second kind, and let I be a primitive ideal of Ok . If
0(I) < 8, then I is reduced.

1+ 76 + 6

Proof. let [a,b+ch,d+ef+ f 3

satisfy

] be the HNF-basis of I. Let (z,y,2) € Z*

flz

ef | fy—(Be+ fr)z

3acf | efx —bfy + (3be + bfr — 3ed — cf )z
|x—|—y0—|—292 |< 3¢(1)

(z— -9 92) 392( — 20)? < 94(I)?

If we put w =z +y6 + z92, then we have | w |< 3¢(I) et | W' |< 34(1), and by
lemma [3.2] (with s = 1) we have

|:z:\<3
ly <
| z <

I)
3¢(I)
3£ I)

6
Now, if £(I) < 3’ then

| z|< 3¢(I)

lyl<1

|z |< 1
therefore z = 0 and y = 0. For x, by hypothesis we have, 3acf | cfz —bfy+ (3be +
bfr — 3cd — cf)z, therefore 3¢(I) | x and | x |< 3¢(I), hence x = 0, finally we have

x =y =2z=0, so by theorem [3.4] I is reduced. O
6v3D
Theorem 3.8. Let I be an ideal of O. If I is reduced, then £(I) < V3 .
™

Proof. Let I be an ideal of Og with HNF-basis [¢((]),a, ] where @ = b + cf
and B = d + el + f6. By the definition there is no element w € I, w # 0
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satisfied | w |< ¢(I) and | ' |< ¢(I), and by [I0, Theorem 5.3, p. 32], we have
2

(P < 2 IARINGD).
™

e K of the first kind implies that £(1)3 < (I), therefore

6\/§TSN
™

2 < 6\/__3Di

TS

If we put g = ged(f,s), then f = gf’ and s = gs’ with ged(f’,s’) = 1. By 1.

theorem [2.5) we have f | cs and f | es, therefore gf’ | cgs’ and gf’ | egs’ which

implies that f' | cs’ and f’ | es’ hence f' | cand f’ | e, and since I is primitive, then

by proposition 2.8 we get f/ = 1, thus f = g and f | s. We have also ¢ | a = ((I),

then we get

o1) (3.1)

of <a (3.2)
5
From (3.1 and (3.2) we obtain the result.
2
e K of the second kind implies that £(1)3 < @N(I), thus
™
6v3D cf
(I)? < —2L 3.3
(np < 222 (33)
reasoning as for the first kind, we get f|3s, therefore
cf
- < 3.4
35 = ¢ (34)

the result is obtained by (3.3) et (3.4). O

Remark 3.9. We know that every ideals class contains a reduced ideal [2]. On the
other hand, by the last theorem and corollary 2.7} the number of reduced ideals of
Ok is finite (noted tg ), hence we have

hg <tk

4. PRINCIPALITY

In this section, we will develop the notion of a minimum of an ideal which will
help us to study the principality in the considered field.

Definition 4.1. Let I be a fractional ideal of Ok, we say that a non-zero element
u € I is a minimum of I if I does not contain any non-zero element « verifying
|af < |pl and || < [u'].

Corollary 4.2. Let I be a primitive ideal of Ok . Then, I is reduced if and only
if £(I) is a minimum of 1.

If I is an ideal of Ok, then any element in I of a minimal nonzero absolute norm
is a minimum of 7. In particular any unit € of K is a minimum of O.
If 4 is a minimum of I, then it is easy to show that au is a minimum of al,
Va € K*. In particular, pe is a minimum of [ for any € € Uy, hence the set of
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minimums of an ideal I is infinite, we denote it by M.
Now, we consider the following equivalence relation in My, for pu,v € M

i~ v <& = ve for a some unity e

We denote by CI(M) the set of all equivalence classes of M. The class of p € M
is denoted by [u], and we have the following result.

Theorem 4.3. If I is an ideal of Ok, then Cl(My) is finite. We denote by ny its
cardinal.

Proof. Let I be an ideal of Ok. If [u] is an element of CI(Mj), then there is no
non-zero element o € I verifying || < |ul, |&/| < |¢/| and || < ||, therefore

2
by [10, Theorem 5.3, p. 32], we have |u| || || < =+/|Ak|N(I), hence [N (p)] <
™
2
—/|Ag|N(I), and up to multiplication by units, there are only finitely many
™

2

elements in I whose absolute norm is majorized by the constant —/|Ag|N(I),
™

hence the result. g

Definition 4.4. A system representative of classes of M is called a cycle of
minimums of I, we denote it by C7.

In fact, we can choose a special system as follows.

Theorem 4.5. Let I be an ideal of Ok and let p be the smallest element of My
which is > £(I). Then, there is one and only one cycle of minimums of I in the
interval [, peo[. We call this cycle a fundamental cycle of minimums of I, and we
denote it by CF.

Proof. Let n € My (n > 0). If n > ueg, let k be the greatest positive integer for

which we still have 17 > el (it is clear that k > 1), therefore n < puei ™, so

pel <n < peptt
hence
1< neg® < peo
then we put v = nsak.
If n < p, let k be the least positive integer for which we have pey k <1, therefore

—(k—

n < ug, 1), then we have

—k —k+1
peg® <m < peg ™t

hence

1< neg < po
and we put v = nek. Consequently, every element n of M; is associated with a
minimum v of I belonging to [y, ueol, so, if C7 = {n1,...,mm } is any cycle of the

minimums of I, then Vi € {1,...,m} there is v; € [, ueg[ and a unity ¢; such that
v; = g;m;, therefore the cycle we want to find is C; = {v1, ..., U }
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Suppose that there is another cycle C} = {p1,..., p} of minimums of I in
(11, peo|, then p; = v;ef for some i, € {1,...,m} and k € Z. If p; < v;, then we
will have

n< l/islg <y < U€p.
So by viek < v we have k < 0, and by peg® < v; < peg, we have —1 < k,
contradiction. A similar reasoning if p; > v;. (|

Corollary 4.6. Let I be a reduced ideal of Ok . Then, the fundamental cycle of
the minimums of I is in [€(I),€(I)eo[. In particular, the fundamental cycle of the
minimums of O is in [1,e0[.

The notion of minimum also allow to determine the fundamental unit using any
reduced ideal, namely:

Corollary 4.7. Let I be a reduced ideal of Ok . If u is the smallest minimum of
I such that u > £(I), o € Ok and N(-1o) = 1, then

(1) (1)
-+
go = K(I) .
Proof. If £ Ok and /\/’(L) = 1, then —— = &k with (k € Z), precisely
(1) (1) ’ ury —° ’
k > 0 because £(I) < p,hence the smallest value for p is ¢(I)eo. O

The following result will help us to determine the elements of an ideal I qualified
to be an element of Cf".

Theorem 4.8. Let K be a pure cubic field of the first kind and let I be a reduced
ideal of Og. If p =z +y0 + 26 € CF such that p < X for some X € RT, then
—4(I A+20(1
() _, _A+2uD)

—an<< <A+£U)+amv§

Ve Y 30
I _ A+ 0(I) + 4I)V3
V36 36

Proof. If p=x +y + 26 is in CF, then £(I) < p < X and necessarily |u'| < ¢(1),
therefore
UI) <z +yd+20 <A

(Yo o2+ Z(y@ — 26)? < 0(I)2.
which implies that

D) <z+yd+ 20 <A (4.1)
—i(I) <z — ga - ga < o(I) (4.2)
—20(I) 20(I)
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by and we get
—L(I) 20(I)+2
3 <zr< 3
by and (4.3 we get
20(1) 20(1)
LI) — —= <z+2y0 < A+ —=- 44
() 7 Y 7 (4.4)
and 20(1) 20(1)
UI) = —= <o +226 <\ + —=~ 4.5
(1) 5 <ot 73 (4.5)
by and (4.3) we get
(1) (1)
—() - —=<z—yd <)+ —= 4.6
(- <a=yp <t + 2 (4.6)
. 0 ()
—()— —=<zxz—26 <Ll(I)+ —= 4.7
() Ve () Ve (4.7)
now by and we get
2¢(1) T)
UI) — S22 — (1) — == < 3yf < A+ (1) + ((1)V3,
(1) 3 () N (1) +€(I)
hence
—(I) A+ €I+ 0(I)V/3
—t<y< .
V30 30
Finally, by (4.5)) and @ we get
2¢(1) (1)
UI) — 2522 — (1) — =% < 328 < A+ (1) + L(1)V/3.
1) 7 (1) 7 (1) + (1)
consequently we have
—£
(D) _ A+ +UI)V3
V30 36
O
Let I be an ideal of Ox and CF = {uy,pa, ..., 1} its fundamental cycle of
minimums. By [2, Theorem 5.4], for all i € {1,...,¢} the ideal I; = @I is
Hi

reduced, hence we get a set

{h, I, ..., I;}
of reduced ideals in the class of I. This set is called a cycle of reduced ideals of I
and denoted by R;.

Theorem 4.9. (1) The ring Ok is principal if and only if every reduced ideal
of Ok 1is principal
(2) If I is a principal reduced ideal of O, then there exists u € C’(ISK such that

_Dy.
"
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(3) If I is a principal ideal of Ok, then there exists n € CE such that I = (n).

Proof. (1) Suppose that every reduced ideal of O is principal. Let J be an
ideal of Ok and let C¥ = {1, pi2, ..., it} its fundamental cycle of mini-

U)

Hi
also principal. the reverse is clear.
(2) If C5, = {p1 =1,p2,.... um} is the fundamental cycle of minimums of

mums, then J; = J is reduced, therefore it is principal, hence .J is

0(I;
Ok, then the principal reduced ideals are I; = ( )OK, 1 <4 < m, hence

Hi
oL

I= Ok for some i.

i
(3) Let CF = {1, p2, ..., um } be the fundamental cycle of I, since [ is principal,

L(1;
then all the reduced ideal I; = ( .)I given by CF" are principal, hence for
e K3
some ¢ we have O = (OK)I.
i

O

Remark 4.10. (1) Let I be an ideal of Ok and CF = {pu1, pz2, ..., i} its
fundamental cycle of minimums. If Vi € {1,2,...,m} we have N(I) #

N (u;), then T is not principal.
(2) The ring Ok is principal if and only if there is an ideal I of Ok such that

ny ="=~g.

5. NUMERICAL EXAMPLE
0?2 \3/40
Example 5.1. Let K = Q(3/20), 6 = /20, so § = 5 = v/50.

We have ten reduced ideals (tx = 10) represented with their norms in the following
table:

‘ reduced ideal with HNF-basis ‘ Norm ‘
IlzoK:[la\e/%a\B/%] 1
= [2, /20, ¥/50] 2
= [2, v/20, 24/50] 4
14—[33\/_2+\/_+\/_] 9
= [3,1+ /20,1 + /50| 3
= [6,3V/20,2 + V20 + V/50] 18
I7—[63\/_4+2\/_+2\/_] 36
Is = [7,7V20,1 + 5v/20 + V/50] 49
Iy = [7,73/20,4 + 320 + V/50] 49
Io = [14,7/20,2 + 33/20 + 2v/50] | 196

The fundamental cycle of minimums of I; = Ok is

oF = {ul =1, pp = 3+ V20 + /50, iz = 8+3€/2_0+2€/50}
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and we can easily verify that

7 6
IS = —Il and 16 = —Il
K2 K3

therefore the the cycle of principal reduced ideals is

= {00, ()]

hence by 2. remark Ok is not principal.
We can verify this otherwise. In deed, if we consider the ideal I = [2, v/20, v/50] =
(2,0, 0], we get:

CE = {m =2,m = 2+ Y20+ /50,03 = 4+ ¥/20 + /50, s = 8 + 33/20 + 23/50}
and we have
N(m) =8, N(nz) =18, N(ns) =14, N(m)=12.
Therefore
N(Iz) =2#N(n), Vie {1,2,3,4}
hence by 1. remark [£.10} I5 is not principal.

Example 5.2. Consider now the ideal I = [6,4 + 6,2 + 6] which is not reduced
because ¢(I) = 6 is not a minimum of I. The fundamental cycle of minimums of T
is

CF ={vy =44204+6% 1,=8+30+06% vs=4+6)}
and we have:

N(l/l) = 144, N(I/Q) = 12, N(Vg) = 84.

Thus
N(p)=12=N()
and since
8 + 30 + 62 -1 3 1 6
20+80+302 | =1-3 8 3 440
30 + 100 + 46 -3 10 4 2+ 62
with
-1 3 1
-3 8 3I=1.
-3 10 4

then I is principal generated by vo = 8 + 36 + 2.
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