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ON THE SECOND o0sp(1|2)-RELATIVE COHOMOLOGY OF THE
LIE SUPERALGEBRA OF CONTACT VECTOR FIELDS ON (C!l!

ABDERRAOUF GHALLABI, NIZAR BEN FRAJ, AND SALEM FAIDI

ABSTRACT. Let (1) be the Lie superalgebra of contact vector fields on the
(1,1)-dimensional complex superspace; it contains the Mobius superalgebra
05p(1|2). We classify osp(1]2)-invariant superanti-symmetric binary differential
operators from K(1) A IC(1) to Dy, vanishing on osp(1]2), where D ,, is
the superspace of linear differential operators acting on the superspaces of
weighted densities. This result allows us to compute the second differential
osp(1]2)-relative cohomology of IC(1) with coefficients in Dy .

1. INTRODUCTION

Let vect(1) be the Lie algebra of polynomial vector fields on C. Consider the
1-parameter deformation of the vect(1)-action on C[z]:

Ly o ()= X[ +2X'f,

where X, f € Clz] and X’ := %X Denote by F the vect(1)-module structure on
Clz] defined by L* for a fixed . Geometrically, Fx = {fdz* | f € C[z]} is the
space of polynomial weighted densities of weight [ € C. The space Fy coincides
with the space of vector fields, functions and differential 1-forms for A = —1, 0 and
1, respectively.

Denote by Dy, := Homgig(Fx, F,,) the vect(1)-module of linear differential op-
erators with the natural vect(1)-action denoted Li‘(’” (A). If we restrict ourselves
to the Lie subalgebra of vect(1) generated by {-L z-L 224} isomorphic to sl(2),
we get a family of infinite dimensional s1(2)-modules, still denoted Fy and Dy ,.
Bouarroudj [9] computed the space

Hiig (vect(1),81(2); Da,p0)

where Héiﬁ denotes the differential cohomology; that is, only cochains given by
differential operators are considered. These spaces appear naturally in the prob-
lem of describing the sl(2)-trivial deformations of the vect(l)-module S,_\ =
@Z‘;O Fu—x—k, the space of symbols of differential operators (for example, see

[3, 18]).
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The purpose of this paper is to study the simplest super analogue of the problem
solved in [9], namely, we consider the Lie superalgebra K(1) of contact vector fields
on the linear supermanifold, i.e., the ringed space C'' := (C,C[x,6]) associated
with the linear superspace C!l'| where z is a coordinate on C and @ is a generator
of the Grassmann algebra, x is supposed to be even and 6 odd. We also consider the
K(1)-module Fy of A-densities on C'I" and the K(1)-module of linear differential
operators D ,, := Homgig (§x, §,.), which are super analogues of the spaces F and
D, ., respectively. The Lie superalgebra osp(1]2), a super analogue of sl(2), can be
realized as a subalgebra of K(1), see Eq. below.

It was discovered in [I2] that ©, , has an important refinement to a KC(1)-
invariant N/2-filtration:

1 3 ;1 .
9,CD;,CD,,CD;,C---C :9;’; CDy, (1.1)

The quotient module ’)\ L / @f\’ ; is isomorphic to the module of weighted densities
% (Fu—r—:) (see, e.g., [12]), where II is the change of parity map. Thus, the graded

K(1)-module gr®, ,, associated with the filtration (1.1)) is a direct sum of density

modules:
o0 .
5, = DI (5,0 )-
i=0

Note that this module depends only on the shift, u— A, of the weights and not on g
and A independently. We call this C(1)-module the space of symbols of differential
operators and denote it &,_», a super analogue of S,_». For generic values of A
and i, S,_» and D) , are isomorphic as 0sp(1|2)-modules (cf. [12]).

In this paper we classify all 0sp(1]2)-invariant superanti-symmetric binary differ-
ential operators from (1) A K(1) to ©,,. We use the result to compute
Hgﬁﬁ (K(1),08p(1]2); D p)- We show that nonzero cohomolf)gy
Hiig (K(1),08p(1]2); D ) only appear for resonant values of weights that satisfy
nw—Ae€ %N + 3. These spaces allow us to study the generic formal osp(1|2)-trivial
deformations of the natural action of /C(1) on the superspace of symbols &,,_»
and classify the nontrivial projectively invariant extensions of the Lie superalgebra
K(1) by the module D ,,.

Recall that the same problem was considered in [4] for the case of (1, 2)-dimensional
real superspace and solved for values of weights that satisfy y — A <6 or p— A is
semi-integer, and conjecturally for 4 — A € N+ 7. In the case of (1, n)-dimensional
complex superspace, n > 3, this problem is related to the classification of osp(n|2)-
invariant bilinear differential operators acting on the superspaces of weighted densi-
ties, where o0sp(n|2) is the orthosymlectic Lie superalgebra—superization of Cohen-
Rankin operators related with n-extended superstrings (see [14, [15]), and still out
of reach.

2. DEFINITIONS AND NOTATIONS
Let C!' := (C,C[x, 6]) be the ringed space associated with the linear superspace

C'I', where z is a coordinate on C and 6 is a generator of the Grassmann algebra,
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x is supposed to be even and @ odd. Here 62 = 0, so C[z, 6] has a basis {1,0} over
C[z]. On the space C[z, 8], we consider the contact bracket

{F.G) = FG' ~ F'G — (~1)"7(F) -7(G).

where the subscript ’ stands for %, |F| is the parity of F and 7j = % - 9%. Note
that the derivation 7 is the generator of 1-extended supersymmetry and generates
the kernel of the contact 1-form

a = dx + 0do

as a module over the ring of polynomial functions. Let vect(1|1) be the superspace
of polynomial vector fields on C!I':

bect(1|1) = {Foam + F10y | Fy, Fy € (C[x,@]},

where 0y = % and J, = %, and consider the superspace K(1) of contact polyno-

mial vector fields on CH'. That is, (1) is the superspace of vector fields on C!I*
preserving the distribution singled out by the 1-form «:

K(1) = {X € vect(1]1) | there exists F' € C[z, 6] such that Lx(«) = Fa},
where Lx is the Lie derivative along the vector field X. The Lie superalgebra (1)
is spanned by the fields of the form:

Xp=F0, — %(—1)|F|ﬁ(F)ﬁ, where F € Clz,0).
Of course, (1) is a subalgebra of vect(1]1), and /(1) acts on C[z, 6] through:
£x,(€) = FG' — S (~1)"7(F) - 7(G).

The bracket in (1) can be written as: [Xr, Xa] = X(p ¢y

The orthosymplectic Lie superalgebra osp(1]2) can be realized as a subalgebra
of KC(1):

05p(1|2) = Span(Xl, X, Xg2, Xao, Xg). (2.2)
The space of even elements is isomorphic to s1(2), while the space of odd elements
is two dimensional:
(0sp(1[1))7 = Span(Xy, Xup).
We define the space of A-densities as
$r = {F(z,0)a* | F(z,0) € Clz,0]}
As a vector space, § is isomorphic to C[z, 6], but the Lie derivative of the density
Ga* along the vector field X in k(1) is now:
Lx,p(Gat) = %, (G)a?, with £, (G) = £x,(G) + A\F'G.

A differential operator on C'!' is an operator on C[z, §] of the form:

M
A= ZZak@(a:,G)af@g; e=0,1; M eN.

k=0 €
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Of course any differential operator defines a linear mapping Fa + (AF)a* from
S to §y for any A, p € C, thus the space of differential operators becomes a family
of K(1)-modules ), for the natural action:

LY (A) =, 0 A— (—1)IAIFI 40 e}

2.1. Lie superalgebra cohomology. Let us first recall some fundamental con-
cepts from cohomology theory (see, e.g., [10, I1]). Let g = gg @ g7 be a Lie super-
algebra acting on a superspace V = V5 & V1 and let h be a subalgebra of g. (If  is
omitted it assumed to be {0}.) The space of h-relative n-cochains of g with values
in V is the g-module

C"(g,b; V) := Homy (A" (g/h); V).
The coboundary operator 6, : C™(g,h; V) — C"*1(g,h;V) is an even map
satisfying d,, 0 6,,—1 = 0 (see for instance, [I6]): for ¢ € C"(g,b; V),

n

(608)(g0, -, gn) = S (—1) (~ 1) #1000 tlaimaDg g G ga)+

1=0

+ Z H-J \gz\(lgo\+-~+lgi—1\)(_1)I9jI(\gol+<-<+i+~~+\gj—1\)¢([gi, gj]’go’...’27...737“.%}”).
0<i<j<n

The kernel of §,,, denoted Z™(g, h; V), is the space of h-relative n-cocycles, among
them, the elements in the range of §,,_; are called h-relative n-coboundaries. We
denote B™(g,h; V') the space of n-coboundaries.

By definition, the n!* h-relative cohomolgy space is the quotient space

Hn(gv b; V) = Zn(ﬂ? b; V)/Bn(g’ b; V)

We can also define an g-action m on C™(g, V) by setting, for any g € g,

n

(Tr(g)(b)(gla7gn> :g¢ 917"'7971 Z ‘g‘(‘¢|+‘g1|+ Hlgi- ll)(b( 7[gagi]7"'agn)u

i=1

and a contraction operator ¢(g) from C™ to C"~! by

(L(g)¢)(gl» s agn—l) = (_1)|g||¢l¢(gagla cee 7gn—l)'

A direct computation gives the classical formula

m(9)¢ = (On-10(g) + t(g) 0 0n)9,

and thus 0, (w(g)¢) = 7(g)(6,¢); that is J,, is a g-map. Note that C™(g, h; V') may
be viewed as the subspace of C"(g, V') annihilated by both «(h) and 7 (h). We will
only need the formula of ,, (which will be simply denoted §) in degrees 0, 1 and
2: for v € C%g, b; V) = VY, du(g) := (—1)19I"lg . v, where

Vi={veV | h-v=0 forall h€h}
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3. THE 0sp(1]|2)-RELATIVE COHOMOLOGY OF k(1) ACTING ON D) ,

3.1. osp(1]2)-invariant binary differential operators. The following steps to
compute the relative cohomology has intensively been used in [4] [5] [6] [7], 8, @] [17].
First, we classify osp(1|2)-invariant differential operators, then we isolate among
them those that are 2-cocycles. To do that, we need the following Lemma.

Lemma 3.1. Any 2-cocycle vanishing on the subalgebra osp(1]2) of K(1) is osp(1|2)-
mvariant.

Proof. The 2-cocycle condition reads as follows
(_1)|X||c|g§éﬂc(y’ Z) — (_1)\YI(IXI+\cI)gyc(X7 Z) + (_1)IZ\(\X|+|Y|+|CI)Q?HC(X’ Y)
—e([X,Y), Z2) + (-1)"WZe([X, 2, Y) + e(X, [V, Z]) = 0
for every XY, Z € K(1). Now, if X € osp(1|2), then the equation above becomes
«([X.Y1,2) - (~)"Wle(x, 2], Y) = (~1) Xl eyre(y, 2).

This relation is nothing but the osp(1|2)-invariance property of the bilinear map
c. g

As our 2-cocycles vanish on 0sp(1|2), we will investigate osp(1]|2)-invariant superanti-
symmetric binary differential operators that vanish on osp(1|2). The following
Proposition is known and it is a corollary of the results by Gieres and Theisen,

see [14].

Proposition 3.2. The space of superanti-symmetric bilinear differential operators
K1) AK(1) = Dy, which are osp(1]2)-invariant and vanish on osp(1|2),is purely
even if p— A is integer and it is purely odd if p — X\ is semi-integer; moreover it is
as follows:

(i) It is (2p — b)-dimensional if (u— ) =2p—2 andp >3 .

(ii) It is (2p—3)-dimensional if (u—\) = 2p—1 or (u—\) =2p— % and p > 2.

(iii) It is (2p — 4)-dimensional if (u —X) =2p— 3 and p > 3.

(iv) It is 0-dimensional, otherwise.

Proof. The general form of any such a differential operator is:

o(Xp, Xe)= Y cvR(e, g, |F| |G 7T (FE)E (G0 ok,

e=(e1,82,£3)
0<ky kg, kg<M

where ¢; =0or 1, M € N,e; + k1 > 3 and €3 + ko > 3. The invariance property of
¢ with respect to X7 and X, implies that

3

d _
%c’;l,kz,ks — 0’ n(clghkz,ka) =0 and ;(51 4+ 2k1> — 2(# — )\) +4.

Therefore, the coefficients c1:#2:*3 are functions of |F'| and |G| and the parameters
A and p must satisfy 2(u — A) + 4 = n, where n € N. The corresponding operator
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can be expressed as:

o(Xp, Xg) = Z kbR 1G) 7 (F(kl))ﬁiz(G(k?))ﬁé‘sax%(n_Zg;l €i)—k1—k2
€ k‘l,kz
(3.3)
The superanti-symmetric condidion: ¢(Xp, X¢) = —(=1)FlI¢le(Xg, Xr) leads to
the following relation

BB (FLIG) = —(-)= PG de b (Gl IF). (3.4)

Now, for the sake of completeness, we consider the invariance property with respect
to X,9. According to the parity of n, we distinguish two cases.

The case where n is even.
In this case, the invariance property of ¢ with respect to X,y leads to the fol-
lowing relations

Bk (11 IG]) = (~)P ket (F|+ 1, |G = (~1) ek b (11, G + 1),

Cellesies 1ieaEs 1iea,Es ir
and (35
ke Colg " = (k1 — 2)ef gk — ()P (k2 — 2)egy 2" =0, ki+ k2 < 252 and ki > ko,
T ke O 4 (K + 1)eg R — (= 1)l (ks + 1)«:’;10*’“2“ T =0, ki+k2 <% and k1 > ke
ARy —2xC 2™ + (k4 1)eglfy 2" + (=) (ke — 2) 2" =0, ki + ke < 252,

where A ;= (- DIFIFICH2 — k) — ky). According to formulae and ,

we deduce that clglo’kol’ = 0. Now, we can see, with the help of the maple7 that

the system (3.6] is linearly independent. Further, by (3.4]), we can see that all the
coeflicients ¢f1**2" can be expressed in terms of

gt withky > 2and ks > 3, cfighe™ with ki > ky > 3and ¢/ " with ky > ks > 2.
(3.7
So, we deduce that the dimension of the space of solution is equal to

number ( of coefficients ckl’k27 given by li — number (of equations given by (3.6)) .

A straightforward computation shows that that the space of o0sp(1]|2)-invariant
operators has the following structure:
(i) For n = 4p, it is (§ — 5)-dimensional and can be spanned by

2,3n  24n 2,5 -3,n
€1,0,15 €1,0,1 » €101
I n —-3,3,n
(ii) For n = 4p + 2, it is (§ — 4)-dimensional and can be spanned by Co 0.0 s
2,2,n
110 and
2,4mn  2,5n 2,5 -3,n
€1,0,1> €1,0,1> y €1,01

The case where n is odd.
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In this case, the invariance property of ¢ with respect to X,y leads to the fol-
lowing relations
2L (IFLIG)) = (~)7= =2tz f (|F| + 1,|G) = (-1 iz (|F, |Gl + 1),
(3.8)
and

S 4 (k1 — 2) G + (D) (k2 — 2)eg '™ =0, ki + ke < 251 and by > ko,

kl,k2+ 1_23%0,0,1

PP = (Bt Degklo ™" 4 (D) (ke + Detge ™ =0, kit ke < 252 and ki 2 ko,

Akl,k2+3 11,1

AT e €T = (b D" — (—1)/F (ke — 25" = 0, o hy < 252

According to formulae 1} and 1} we deduce that c’é}o’ﬁl’" = 0. Now, the
same arguments as in the previous case, show that the space of 0sp(1]2)-invariant
operators has the following structure:

9. n=5 .
(i) For n =4p + 1, it is (“5?)-dimensional and can be spanned by c1 00 and

n—9

2,2,n  3.2n 5 ,2;n
C11,15 C11,15-005 €111
R Ap+3, it is (252)-di I and can b d by e3> and
(ii) For n = 4p + 3, it is ("5~ )-dimensional and can be spanned by Coo . an
2,2,n  3,2,n T"gm
C11,15 C11,15+005 €111
Proposition is proved. O

3.2. The osp(1]|2)-relative cohomology of K(1). In this subsection, we will com-

pute the second differential osp(1|2)-relative cohomology spaces H;5 (K (1), 0sp(1(2); D ,.)-

Our main result is the following:

Theorem 3.3. The space H3;5 (K (1), 05p(1]2); D) has the following structure:

(0 3)( 2?2)( %a2)7(_273)
(A p) €
(—7-9—\/@ 9+\/§) (—7—\/§ 9—\/§)
4 ’ 4 ’ 4 ) 4 )
R ify w—A=05 forall \,

Hiigr (K (1), 05p(1]2); D) =~ p—A="1 and X # —
u—)\:p—%andk—l—f peN+8,
p—A=p—2and A = — 2= 5iv8p 15 peN+8,

R? ifp— Land x=-32
0 otherwise,

We can easily check that all the results of Theorem [3.3] are invariant under passage to
adjoint values. We refer to [2] for adjoint differential operator modules.

4. COMPUTING THE COHOMOLOGY

The proof of Theorem [3.3] will be the subject of subsection [£.2] In fact, we need first
the description of osp(1|2)-invariant bilinear operators, from F_1 ® Fx to Fatr—1, called
supertransvectants.
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4.1. Supertransvectants: an explicit formula. Gieres and Theisen [14] listed the
supertransvectants and they expressed them in terms of supercovariant derivatives then
Gargoubi and Ovsienko [I3] gave an interpretation of these operators, later Ben Fraj
et al. [1] gave another description of the space of osp(1|2)-invariant bilinear differential
operators

I iF-1®Fn — Ttk
(Foz_17Go¢>‘) Hﬁﬁ(F,G)o/"H“_l

vanishing on o0sp(1]2), where k € éN . They showed that these spaces are one dimensional
for k > 2. The operators J;, where k € N, are even and they are given by:

~ 2 N (i j N () \ =~
WEG) = 3 0 s (@4 k1= FCEY — () k- aE G ).
i+g§l;—1 2
(4.9)
The operators Jj labeled by semi-integer k are odd; set 33 (F, G) = 7(F")G and
2
A _ |FIp3 A (i) 3 POy
REG) = > (DI A FORGY) = Y T (PG,
itj=k—3 itj=k—%
i>3 i>2

(4.10)
with (f) = 1(1_1)7,(1_24'1) and [k] denotes the integer part of k, k > 0, and

7 oy (27; [k]> (2/\42 [k]> .

Remark 4.1. The supertransvectants appear in many contexts, especially in the compu-
tation of cohomology (cf. [1,[12]). We refer to [14] for their history.

In order to prove Theorem [3.3] we will study properties of the coboundaries.

Lemma 4.2. If §(B) belongs to B*(KC(1), 0sp(1|2); D), where B : K(1) — Dy, is an
operator vanishing on osp(1]2), then B is a supertransvectant.

Proof. For all X, Y € K(1) we have
§(B)(X,Y) := (=) X1PLeX B(v) — (—1)MIXHED ¢34 B(X) — B((X, Y1)
Since B(X) = 0 for all X € osp(1|2) we deduce that
()X  B(Y) = B([X,Y]) = 0.

Thus, the operator B is osp(1|2)-invariant; therefore it coincides with the supertransvec-
tants.
Now, clearly the coboundary §(J3) has the following form:

BN (Xr, Xa) = S0 B2 (R |Gl (RO i (G o™ e R R
e,k1,k2
(4.11)
where the coefficients 851:%2:2%+2 are well-determined values of the coefficients ¢F1-%2:2++2

given by (3.3)). The following Lemma will be useful in the proof of Theorem [3.3
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Lemma 4.3. i) We have
nin’ == (=030 +2),

Boet = ZACA+3)(A +2)(A + 4),

Bralt = (—1)FHIG130 () 4 /L) (34 0=/
Baai® = (=1)FFICIE(2) + 1) (2X + 5) (21 + 9),
BEELT = (—1)/€145(2 + 5).

1) For A € R and p € N+ 8, we have

CHOARE I CS VA gié (6X +3p —6),
_IFI+IGI+ -5
Brotr = -GS p<p2 ><p 5> (4N+2p— 5+ Sp—15) x
X (4X+2p—5—+/8p—15).

Proof. 1) @ To compute the coefficient 51 1 1 , we must compute the coboundary 6 (J 2 )(Xr, Xa),
2

where
I (Xe) = (-1 L (rZ’ G(3>ﬁaﬁ n p%ifzg(4)ﬁaz i Fzg,bA,zG(s)ﬂ B
- (vdum@maz + T )0+ rd G 0. + T3 HGE) ).
Collecting the terms in 7(F")7(G" )0z, we get

3 3
g3 = 3pyel (T8, ¢ rf,'ﬁg) = 30(-1)/%(x + 2).

e To compute the coefficient B 6{%4, we must compute the coboundary §(33)(Xr, Xc),
where
3
W(Xe) = Tins (@A +3)GD02 - 3(-1)\C5(G")702 ) +
EI9N _ _
I75a (@1 +26W02 - 4(-1)\R(G®)702) +
EI9N _ _
130 (@1 +DEP0, —5(-1) G @70, ) +
3
P (@NG® = 6(-1)“7(G 7).

Collecting the terms in 7(F")G™W7, we get
gt = e (Gsrfl - eae k)

(-1

(—1)FIHICH 1520 + 3) (A + 1) + 20(3X + 2))
(—1)IFIHICI5(2)02 + 9\ + 5)
(—1)IFHHIGIZ0(A 4+ &AL () 4 0=YAT),

We point out that, under the coboundary operator d, only the terms —3(—1 )|G|I‘ 2. 37](G”)n8£’,

3
ry ’2A3(2)\+2)G(4)82 and ©(Xg) = —6(— )|G|1"3 0, 377(G(5))ﬁ in the expression of3'6 allow us
to compute the coefficient Bf 1%, Note that the coefficient of 7(F”)G™®7 in §(0)(Xr, X&)
vanishes.
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: 4,3,14 4,3,15 2,2,15
o For the coefficients 8,750, Byor and 5777717,

case.
ii) To compute the coefficient Bi’ffz’ *1 we must compute the coboundary §(3J 2

where 32_1 is as 1i Collecting the terms in 7(F")7(G")702™°, we get
2

2, p—3\ 3. p—4\ 2.
= (=l (< 2 )F&Pfs,rﬁ_%( 2 )Ff»z’fw*“)

= —(-1)lchr (z B é) (6 +3p—6).

the proof is the same as in the previous

)(XF7XG)7

1
2

3

We point out that, under the coboundary operator §, only the terms —ng’p)\_3,p_4ﬁ(G")8£_3
3

and (—1)I9T°? »

1,p—5,p—4
cient 5%:%:%”“.

Finally, to compute the coefficient Bf:gfp , we must compute the coboundary § (3;,1)()( rXa),
where J,_; is as . Collecting the terms in 7(F")GW7027, we get

24,2 Gl [ 2a4p—5 (P—D 2 2 p—4 p—4
Brort = (=) ‘(—*;’ ( ) )Pf,p,&m;—31‘;@7472,,;7(( g )T

p—>5 55, EIN _
= (_l)lF‘HG‘ ( ) 2>\+2p T2 2p—7 (p—4)rz 2p2—7 (pT7 + ()\"‘ %))

G™ar=3 in the expression of 3;‘_ 1 allow us to compute the coeffi-
2

1,p—5,22; 0,p—4,
—  _(—1)FIHIGr (P 5 5) (Z - é) (@28t gy 4 p—5)

(I FI+IGI+ -5 -1
- %(ZZ )(g_5>(4/\2+2/\(2p—5)+(p—5)(p—2))
_pIFI+IGHr (p—5\ (p—1
= _%( ) )(;;—5) (4AA+2p— 54 /Bp—15) x
X (4N +2p—5—/Bp—15)

We point out that, under the coboundary operator §, only the terms

3 3
2/\""2&1"12’)‘_5 21777611(4)6513757 3(_1)‘G|+11—\§V\_4 2p,7ﬁ(G,,)ﬁ8£74; and
,p—5, 2L ,p—4, 2L

2 _ —op—
O(Xg) = 6(=1)\HIT2 "o, o 7(G)70r T

in the expression of J)_; allow us to compute the coefficient ,Bi’gfp . Note that the

coefficient of 7(F”)GW708~" in 5((9V)(XF, X¢) vanishes.
O

4.2. Proof of Theorem According to Lemma any 2—cocycle of KC(1) with
coefficients in D5, vanishing on osp(1]2) is osp(1|2)-invariant. So, by Theorem [3.2] it is
identically zero if p — A < 3 and expressed as in 1i for py— X e %N + 3.

For y— M\ € %N + 3, the proof of Theorem consists in two steps. First, we investi-
gate operators that belong to Z2(K(1), 0sp(1]2); D). The 2-cocycle condition imposes
conditions on the coefficients ¢f1°¥2™ : we get a linear system for ¢f1:*2™ . Second, tak-
ing into account these conditions, we eliminate all coefficients underlying coboundaries.
Gluing these bits of information together we deduce that dimH? is equal to the number
of independent coefficients ¢®1*2"® remaining in the expression of the 2-cocycle .
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4.2.1. The case where pn — XA = 3. In this case, according to Theorem the 2-cocycle
(13.3) can be expressed as follows:

o(Xp,Xg) =, O’Y(XFyXG)

where
V(Xr, Xa) = 7(F")(G").

By , we deduce that, up to a scalar factor, c?ﬁ:éo = (—1)‘F‘. Therefore, by a direct
computation, we can see that the 2-cocycle condition is always satisfied. Let us study the
triviality of this 2-cocycle. According to subsection I} we can see that, any coboundary
§(B) € B%(K(1), 05p(1]2); D) can be expressed as follows:

§(B) =16(31), T€C, (4.12)
where
W (Xe) = =220 + 1) (2=1)C7GD7 - 2672 — 26D — 12(-1) (G
The expression reads
5(B)(Xr, Xa) = 7 (£X)31(Xe) - (-1 e 3 (Xr) - 31 ([Xr, Xe)))

Using the graded Leibniz formula:

WoF = Z() DIFIG=D5 (P~ where (Z):

we can check the following equation

J
<%]) if 7 is even or j is odd,
2

0 otherwise,

§(B)(Xr, Xa) = (=DIFI6A@2A + 5)v( X, Xa).

So, for A # 0,—3, we can see that the coefficient e fj(l)o can be eliminated by adding

a coboundary: indeed, the constant 7 can be chosen such that T = §(B). Hence, the

; . . . . 2,2,1
cohomology is zero-dimensional. While for A = 0 or —32, the coefficient ¢y cannot be

eliminated by adding a coboundary. Hence, the cohomology space is one-dimensional.

4.2.2. The case where p — \ = % In this case, according to Theorem the 2-cocycle
(3.3) can be expressed as follows:

o(Xr, Xa) = 71" (X, Xa),
where
WX, Xe) = (F" V(G )i+ (~1)\93 (~)IF FOR(G") ~7(F")GD) .
By (3 7 we deduce that, up to a scalar factor, c] f 1 = (=1)!°l. Therefore, by a direct
computatlon we can see that the 2-cocycle condition is always satisfied. Let us study the

triviality of this 2-cocycle. According to subsection we can see that any coboundary
§(B) € B*(K(1),05p(1]2);D,,,) can be expressed as follows:

§(B) = 75(32), T€C, (4.13)
where
3 (Xa) = (=D (4697 + 22+ 1)EW7) - 67(G )T — @A+ 1) (W(ED7 + A(GD) .
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The expression (4.13)) reads

5(B)(Xr. Xa) = 7 (( 1IFIgA

T 7
23 2

T} (Xa) = ()TN () - 3} (1Xr X))

Using the graded Leibniz formula, we can check the following expressions for nonzero
k1,k2,11,
A :

BTt =T(=1)93@A+3), BNt = -TARA+3), B
Thus, we deduce the following equation

§(B)(Xr, Xa) = 7(—=1)!913(2) + 3)y(XF, Xa).

2ot =7(=1)F A2 + 3).

So, for A # —32, we can see that the coefficient c%?}l can be eliminated by adding a

coboundary. Hence7 the cohomology is zero-dimensional. Now, for A = — , clearly the

coefficient cf:f:}l cannot be eliminated by adding a coboundary. Hence the cohomology is
one-dimensional.

4.2.3. The case where  — A = 4. In this case, according to Theorem [3.2} the 2-cocycle
(3.3) can be expressed as follows:

o(Xrp,Xa) =g v(Xr, Xa),
where
V(Xr, Xa) = ﬁ(F")G(?’)* (—D)FIFE®(G" ) + 6(=1)“In(F"7(G")d.
|G\2)\( FOYHG") +7(F")7 (G(?’)))
By l) we deduce that, up to a scalar factor, cfg? = (—1)‘F|+|G|. Therefore, by a
direct computation, we can see that the 2-cocycle condition is always satisfied. Let us

study the triviality of this 2-cocycle. According to subsection [{.I] we can see that, any
coboundary §(B) € B2(K(1),0sp(1|2); D) can be expressed as follows:

§(B) = 76(33), T €C,
where
R(Xe)= 2000+ 1) g—Q(-l)'G‘ﬁ(G@)ﬁ:a + GO =500+ D22+ 1) (<176 W7 - 2697°)
—30(—=D)ICIHG" T 4+ 22N+ 1)(2X + 1)GP).
Using the same arguments as before, we obtain the expressions for nonzero Bl k212
LIS = (C)IFH T = g2 = r(-1)lFHG (202 4 a4 2),
Thel = Brte’ = 10m(=D)IFIN@N + TA + 2).
Thus, we deduce the following equation

§(B)(Xr, Xg) = —r(—1)IF1F1%N0 (A + ”T‘/ﬁ) <>\ + 7_47‘/@) Y(Xr, Xa)

So, for X\ # %\/ﬁ’ we can see that the coefficient crfgiz can be eliminated by adding
a coboundary. Hence, the cohomology is zero-dimensional. While for A = %‘/ﬁ or

== F , the coefficient c:l 0 >1% cannot be eliminated by adding a coboundary. Hence, the
cohomology space is one-dimensional.
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4.2.4. The case where p — \ > %. Here, a straightforward computation shows that the

2-cocycle condition is equivalent to formulas (3.4)—(3.6) and (3.8)—(3.1) corresponding to
0sp(1]2)-invariant operators together with the following systems:

For n =2(u— XA+ 2) even:
(=) + (et + el +

G VT + G b

where a +a+pB+v=%—1, «> >~ >2and a € {0,1}, which is obtained from the
coefficient of 7j(F“)7(G))7(H™)782,

202+ NI+ DI (5 2 G+ (2 20 TR ) +
2= TSI 2= (T ST = (DT (TR =0,

1,1,0 ~DAWN 1,1,0

(4.15)

where a+a+pB+v=%, a>>v>2, a>3anda € {0,1}, which is obtained from
the coefficient of F(¥7(G#))7(H")o2.

(4.14)

For n =2(p — A+ 2) odd:
a+o¢ 1 .n a+B N\ a, a-+ 1\ «a,B,n
(E4+20(" )1?1 + (5 +2)\) ey +(2 +2)‘)( ﬂ{ )011ﬁ1

sy

(4.16)
a+pB\ a+8,v, a+ a+v,8,n B+ ,o,m
S (g GG () =
where a+a+ B+~ =257, o> >~y >2anda € {0,1}, which is obtained from the
coefficient of 7j(F“)7(GP)7(H™)ae,
a a+a 1 R ll+5 1\ a,y,n at+y—1 ,B,n
(DG N G e = (5 + NG g + @+ 00T )t

s

+8-1 —1,7, +v-1 -1,8, B+v—1 —1,a,
G DEE T (- DT N (1 G =G =
(4.17)

where a + o+ +v = "T“, a>2, f>~2>3anda € {0,1}, which is obtained from
the coefficient of 7(F(*)G® H™ a2,

Of course, these systems have at least one solutlon in which the solutions ¢f+¥2:m

just the coefficients 81%2:™ of the coboundary (# .

are

4.2.5. The case where . — X\ = g In this case, according to Theorem the space of
solutions is spanned by c?f}g’ and c1’4’13 Moreover, by (4 , we readily obtain:

Attt = 3=  =o.

According to formula (3.4)), we deduce that the coefficients of every 2-cocycle is expressed
in terms of cf 21, But thlS general formula may contain coboundaries. We exlpain how
the coboundarles can be removed. Consider any coboundary given as in (4.11)). We discuss
the following cases:

1) A # —2. Then, by Lemma part (i), the coefficient c??? can be eliminated
by adding the coboundary because i’i’lw is nonzero. Hence, the cohomology is
zero-dimensional.

2) A = —2. Then the constant 5??%3 vanishes. Hence the coefficient c?fig can-
not be eliminated by adding the coboundary (4.11). Therefore the cohomology is one-

dimensional.
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4.2.6. The case where i — A = 5. In this case, according to Theorem together with
formula , we check that the coefficients of every 2-cocycle are expressed in terms
of cé:gffl and c?iéﬁ‘l. On the other hand, by Lemma part (i), one of the coefficients
cé:g:é‘l , c?:éﬁ‘l can be eliminated by adding the coboundary because 3)’3”34 or
6?:3,’%4 is nonzero. Hence, the cohomology is one-dimensional.

4.2.7. The case where p — \ = 12—1 In this case, by Theorem together with formula
, we check that the coefficients of every 2-cocycle are expressed in terms of cf?}S
and cé:gﬁs. We discuss the following cases:

1) A # —3. Then, by Lemmapart (i), one of the coefficients cfﬁj‘% , 6313215 can be
eliminated by adding the coboundary because Bi’i’lw or 37’33115 is nonzero. Hence,
the cohomology is one-dimensional.

2) A = —2. Then, by Lemma part (i), the coefficients ﬂffif’ and /3’37‘3”%5 vanish
simultaneously. Hence the coefficients c?f}s and cé:gzis cannot be eliminated by adding
the coboundary . Therefore the cohomology is two-dimensional.

4.2.8. The case where p — X\ = p — 2 with p € N+ 8. According to Theorem [3.2] together
with formulas —(|4.15)), we check that the coefficients of every 2-cocycle are expressed
in terms of c?:é:lp. On the other hand, by Lemma part (i), we can see that

2,4,2p . p V op
15 =0if A=— .
1,0,1 1 1

So, in the same way as before, we deduce that the cohomology space is one-dimensional
for \ = —% V8215 and zero-dimensional otherwise.

4.2.9. The case where p — A\ = p — % with p € N+ 8. According to Theorem to-
gether with formulas 7, we check that the coefficients of every 2-cocycle are
expressed in terms of 01:1:1p+1. On the other hand, by Lemmapart (ii), we can see that

i’i’fpﬂ =0if A =1—%. So, in the same way as before, we deduce that the cohomology
space is one-dimensional for A = 1 — £ and zero-dimensional otherwise. This completes

the proof of Theorem [3.3]

5. EXTENSIONS OF (1) BY D,

Let g be a Lie algebra and V a g-module. The second space H2(g, V) classifies the
nontrivial extensions of the Lie algebra g by the module V:

00—V —gv —9—0,
the Lie structure on gy = g & V being given by

[(g1,a), (92,b)] = ([91,92], g1.b— g2.a+ c(g1,92)),

where c is a 2-cocycle with values in V.

Here we consider a natural class of "non-central” extensions of (1), namely extensions
by the module ®5, of linear differential operators acting on weighted densities. We will be
interested in the projectively invariant extensions which are given by projectively invariant
2—cocycles c. The cocycle ¢ in this case represents a non-trivial cohomology class of the
second cohomology space H3;(K(1), 05p(1]2); D ). We mention that the same problem
was considered in [18] [19] in the classical setting.
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Corollary 5.1. 1) For \p) € Jorp—A=5o0rpu—A=2%3 and X # -2 or
p—A=p—2andA=1—2 withpe N+8 or

2 2
—2p_5i4vsp_15 with p € N+ 8,

p—A=p—2and A =
there exists a unique non-trivial extension of K(1) by Dx, ., where

J:{ (053)7(_37%)7(_%72)7(_27§)5(_7Z\/§79+<\1/§)7(_7_4\/§59_4\1/§)' }

2

2) Forpu—M\= 71 and A = —%, there exists two non-isomorphic non-trivial exten-

sions of K(1) by Dx .
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