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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION
WITH DYNAMICAL BOUNDARY CONDITIONS

EYLEM OZTURK

ABSTRACT. In this paper we deal with the limit as p — oo for the nonlocal
analogous to the p-Laplacian evolution with dynamic boundary conditions.
Our main result states that in both the elliptic and the parabolic case. We
are interested in smooth and singular kernels and show the existence and
uniqueness of a limit solution. We obtain that the limit solution of the elliptic
problem turns out to be also a viscosity solution of a corresponding problem.
We prove that the natural energy functionals associated with this problem
converge in the sense of Mosco convergence to a limit functional and therefore
we obtain convergence of the solutions to the evolution problems for the par-
abolic case. For the limit problem, we provide examples of explicit solutions
for some particular data.

1. INTRODUCTION

Our main purpose in this paper is to study a nonlocal diffusion equation obtained
as the limit as p — oo to the p-Laplacian with dynamical boundary conditions, that
is, we look for the limit as p — oo of the solutions to the following problem (P1);

0= / (@ — y)[u(y, ) — ulz, )P~ (uly, £) — ulz, 1)dy, 2 EQ 150,
Q,.Ul,.
% 1) = / (@ — y)u(y, 1) — u(z, O)P~2(uly,t) — u(e, )dy + f(z,1), = €Ty t>0,
Q,
u(x,0) = ug(x), zel,

where () is a smooth bounded domain and inside this domain a narrow strip I, =
{z € QO : dist(z,8Q) < r}, with r < R, Q, = Q\T,. We consider 1 < p < oo
and the limit p — oo. We assume that non-singular kernel J : R" — R is a
nonnegative, continuous, radially symmetric, decreasing, compactly supported (let
supp(J) = Bg(0)) with [ J(w)dw = 1. We also analyze the case in which the
kernel J can be singular.

First of all, we introduce the linear form of nonlocal equations,

ou

@t = /J(w = y)luly, t) — u(z, )| (uly,t) — ulz,t))dy.
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2 EYLEM OZTURK

These types of equations have been widely used in the modeling of diffusion pro-
cesses. More precisely, as stated in [23], if u(x,t) is thought of as a density at
the point z at time ¢t and J(z — y) is thought of as the probability distribution of
jumping from location y to location z, then [ J(y—z)u(y,t)dy is the rate at which
individuals are arriving at position z from all other places and — [ J(y—z)u(z, t)dy
is the rate at which they are leaving location x to travel to all other sites. Then
these nonlocal equations give that the change in time of the density of individuals
at x at time ¢ is just the balance between arriving to/leaving from x at time ¢ (see
[1 20, 211, 23]). As it was pointed out that in [30] according to this probabilistic
interpretation of the nonlocal terms, we can regard as a model for the following
situation: particles leave or arrive from =z € Q, to y € Q, UT, in very fast time
scales given rise to an “elliptic” equation inside €2, (notice that t is only a param-
eter in the first equation that appears in (P1)). On the other hand, individuals
arrive to or leave from x € I',. from other sites y € €2, in the slow time scale. This
gives the second equation in (P1) in which a time derivative appears. In [32] 26];
the existence and uniqueness of mild and strong solutions of nonlocal nonlinear
diffusion problems of p-Laplacian type with nonlinear boundary conditions posed
in metric random walk spaces were studied. For recent works on nonlocal diffusion,
see [6) [T, (12} 117, (19} 21, 23, 24 133, [34].

Concerning limits as p — oo one of the first papers that studies this kind of
problems is [I3], let u, denote the solution to following problem

—Apup = fin Q ()
up = 0 on S
where  is a bounded smooth domain in RV, f € C(2) and f > 0. Then, from [13],
we have that u, converges uniformly as p — oo to the distance to the boundary,
that is, im0 Uy (7) = Us(x) = d(x, Q) for z € Q.
In [9] and [22], it was studied the limiting behavior as p — oo of solutions to the
quasilinear parabolic problem

& 1)~ Ao t) = 1), (0.7) xR,

v(z,0) = up(z), in RV,

(2)

In [9], assuming that ug is a Lipschitz function with compact support, satisfying
|[Vug| <1, it is proved that v, — v and the limit function v, satisfies

Flz,t) — ‘%—“’(x,t) € OF (oo (@, 1)),

ot
with
0, if [Vo| <1,
Foo(v) =
400, in other case.

The limit problem explains the movement of a sandpile (ve(t,2) describes the
amount of the sand at the point z and time t), the main assumption being that
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 3

the sandpile is stable when the slope is less than one or equal to one and unstable
if not.

In [29], we looked for the nonlinear diffusion equation obtained as the limit as
p — oo to the p-Laplacian with dynamical boundary conditions, that is, we looked
for the limit as p — oo of the solutions to the following problem:;

0=A,u(z,t), zeQ, t>0,

@(x t) + |VU|P—2@(:U t) = f(z,t), 2€dQ,t>0 3)
at ) 8']7 ) ) ) ) )

w(z,0) = uo(x), x € 0L

We proved that the natural energy functionals associated with this problem con-
verge in the sense of Mosco convergence to a limit functional and therefore we
obtain convergence of the solutions to the evolution problems.

In [30], the authors deal both with smooth and singular kernels and show the
existence and uniqueness of solutions and study their asymptotic behavior as t goes
to infinity for (P1) with homogeneous dynamic boundary conditions.

In [2], the authors study on the nonlocal co-Laplacian type diffusion equation
obtained as the limit as p — oo to the nonlocal analogous to the p-Laplacian
evolution,

witr) = [ = plut.y) = uta)P2(u(t. )~ u(t.0)dy + Fo.0)
u(x,0) = up(x), x € RN, t>0.

(4)

They prove existence and uniqueness of a limit solution that verifies an equation
governed by the subdifferential of a convex energy functional associated to the
indicator function of the set

K ={uc L*RY) : |u(z) —u(y)| <1, when z —y € supp(J)}.

In [8], the authors study on the nonlocal p-Laplacian Dirichlet problem

ui(t, ) = /Q J(@ = y)lu(t,y) — ut, )P (u(t,y) — u(t,2))dy + f(z,1),
u(@,t) = p(z), € Q\Q, t>0, (5)
u(z,0) = uo(z), z € Q.

where Q; = Q + supp(J) and ¢ is given function ¢ : Q; \ Q@ — R. In this paper,
the authors prove the existence and uniqueness of strong solutions for the nonlocal
p-Laplacian problem with Dirichlet boundary conditions for p > 1 and they showed
that this model approaches the local p-Laplacian evolution equation with Dirichlet
boundary condition. They study the Dirichlet problem for the nonlocal total vari-
ation flow, proving convergence to the local model when the problem is rescaled
appropriately as well. Lastly they study the case p = oo, obtaining a model for
sandpiles with Dirichlet boundary conditions.
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We have been inspired by the works [2, [§], closely related to the present work,
where the Neumann and Dirichlet boundary value problems and their limits as p
goes to infinity are considered. The difference here is that we are now considering
dynamic boundary conditions with the nonhomogeneous case.

The rest of the paper is organized as follows: in Section 2, we recall some useful
results that will be used in the proofs of theorems, among them some technical tools
from convex analysis; in Section 3, we consider the limit p — oo in elliptic case
with smooth and with singular kernels. And also, in the case of singular kernel, we
obtain that the limit solution of the elliptic problem turns out to be also a viscosity
solution of a corresponding problem; in Section 4, we prove that the natural energy
functionals associated with (P1) converge in the sense of Mosco convergence to a
limit functional and therefore we obtain convergence of the solutions to the evolu-
tion problems; in Section 5, for the limit problem we provide examples of explicit
solutions for some particular data.

2. PRELIMINARIES

In this section, we collect some preliminaries and notations that will be used in
the paper. We refer the reader to [1L [10, 14, 27, 28].
First, we recall the definition of Mosco-convergence. If X is a metric space, and
{4, } is a sequence of subsets of X, we define
liminf A4,, := {:1: eX : Jx, €A, T, — x},

n— 00
and
limsup A4,, := {x € X : dx,, €A, Tn, — :c}

n—oo
If X is a normed space, we denote by s—1lim and w—lim the above limits associated,
respectively, to the strong and to the weak topology of X.

Definition 2.1. Let H be a Hilbert space. Given ¥,,, ¥ : H — (—00, +00] convex,
lower-semicontinuous functionals, we say that ¥, converges to ¥ in the sense of
Mosco if

w — limsup Epi(¥,,) C Epi(¥) C s — linn_1>ior;f Epi(¥,,), (6)

n—oo
where Epi(¥,,) and Epi(¥) denote the epigraphs of the functionals ¥,, and ¥,
defined by

Epi(V,,) = {(u,)\) cL2RV)x R : A> \I/n(u)},

and
Epi(¥) := {(u, AN eL2RY)x R : A> \Il(u)}.

Remark 2.2. We note that @ is equivalent to the requirement that the following
two conditions are simultaneously satisfied:
Yue D(W) Ju, € D(V,) : u, > u and ¥(u) > limsup ¥, (uy,); (7)

n—oo

for every subsequence {ny}, ¥(u) < limkinf U, (ug) whenever up, — u.  (8)
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 5

Here D(¥) :={u € H : V¥(u) < oo} and D(V,,) :={u € H : ¥,(u) < oo}
denote the domains of ¥ and ¥,,, respectively.

If H is a real Hilbert space with inner product (-,-) and ¥ : H — (—o0, +0]
is convex, then the subdifferential of ¥ is defined as the multivalued operator oW
given by

veEIV(u) <= TY(w)—T(u) > (wv,w—u) YwéeH.
Recall that the epigraph of ¥ is defined by

Epi(¥) = {(u, NeHxR : A> \Il(u)}.

Given K a closed convex subset of H, we define the indicator function of K by

() 0 if vwekK,
IKUZ
+00 if ueK.

Then the subdifferential is characterized by
vE€Ik(u) <— uekK and (v,w—u)<0 VwéeK.

When the convex functional ¥ : H — (—o0, +00] is proper, lower-semicontinuous,
and such that min ¥ = 0, it is well known (see [I5]) that the abstract Cauchy prob-
lem

ur + 0P (u) 3 f, aete (0,T),
u(0) = uo,
has a unique solution for any f € L'(0,T; H) and ug € D(0W).

The Mosco convergence is a very useful tool to study the convergence of solutions
of parabolic problems. The following theorem is a consequence of results in [10],
[16].
Theorem 2.3. Let ¥,,, ¥ : H — (—00,+00] be convex and lower semicontinuous
functionals. Then the following statements are equivalent:
(i) W, converges to W in the sense of Mosco.
(i) (I+X0¥,) tu— (I +20¥) "ty VA>0, ue H.
Moreover, either one of the above conditions, (i) or (i), imply that
(iii) for every up € D(OV) and up,, € D(OV,,) such that ug, — ug, and for
every fn, f € LY(0,T; H) with f, — f, if un(t), u(t) are solutions of the
abstract Cauchy problems
{ (un)t + 09, (un) 2 fn a.e. t€(0,T)

un(0) = ug p,
and
ug + 0¥ (u) > f a.e. t€(0,7)
{ u(0) = uo,
respectively, then
Up —> U in C([0,T]: H).
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3. ELLIPTIC CASE

The first step we consider the (P1) in elliptic case, that is, drop the time depen-
dence and take the limit as p — oo in the following problem (P1s);

0= / J(@ — pluly) — u(@)P 2 (uy) - u(@)dy, =€ Q.
Q.U

f(z) = / J(& — y)luly) — u(@)P > (uy) — u(@)dy, =T,

r

Theorem 3.1. Assume that fFT f(z)dx = 0. For p fized there exists a unique
solution uy, (that depends on p) of (Pls) such that

/Fr wy () = 0,

For the proof of this theorem, we use variational arguments. Let us define the
functional J,(u) as the following;

Jp(u) = }p / /H J (& — y)luly) — u(@)Pdydz — / u (9)

with
H=(QUT,) % (QUT,)\T, x ).
We will prove some properties of J,(u) in the following lemmas.

Lemma 3.2. There is a unique solution u,, to the problem

nin Jp(u)
in the set
B, = {u e LP() : / u(z) = o}.
r,

Proof. To find the existence of such a minimum we need a Poincare type inequality:
there is a constant ¢ such that

/ / J(& — pluly) — u@)Pdyde > e [ |uf (10)
H I,

for every u € B,. This inequality is proved in [30], Theorem 2.5. By using the
above inequality, Holder and Young inequality, we obtain the following;

1 C ’
I = 5 [[ Ie—plum-u@Pdyda— [ guz [ pp—e@I1, o=l
Taking € < 2—‘; we get,

) = @I 5.
It means that we can obtain the existence of the infimum of J,(u) in B,. Then
I{un,} € By such that

Ip(tn) — iélpr(u) > —o00.
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 7

Hence we have that {J,(u,)} is bounded. Then
1
2 [ 76 = luals) — wn)Pavds— [ fu < c
P JJH T,

Taking into account and using Holder inequality we have the following,

c

2—/ lun [P < C +/ fundz < C+ (| fllr,, opllunllz, .-

P Jr, r,

Using Young inequality we get

i a2
Z ]l < C (o) T )
2p T, p

1 1
5—€\" @)y gy’ :
( " ) unllz, @,y < [C-F o ||f||Lp,(Fr)

Hence we obtain that w,, is bounded in L,(T';) independently of p. Hence for some
subsequence u,; C u, and u, € L,(I';) we have

/

Then

Up, = up in Ly(T).

On the other hand, by weak convergence,

1 \/\/ 1 . . //

— J(x—y)|u —u,(2)|Pdydr < — lim inf J(@—y) |t (y)—uy. (2)|Pdydx
35 ] Tl - @)Pyde < oot int [ [ I, @)=, (@)Pdy
and

—/Frunjf—>—/rrupf.

Combining the previous two limits we obtain;

%//H‘J(l'_y”up(y)_Up(l')|pdydm—/rrupf

1
im inf — _ _ P _
< njhin inf o //H J(x = y)|un, (y) — tn, (x)|Pdydx /T Un, f.

Hence we can write
Jp(up) < njhinoo inf Jp(un,) = lgf Ip(u)
which implies u, is a minimizer of J,(u) in B,. The uniqueness follows by the

strict convexity of the functional J,. Let us assume that we have two minimizers
ul#uQEBp,w:WEBpand

To(w) < 5 (Tp(ur) + Ty(uz)) = igf Jy(u).

This implies that .J,(w) < infp, J,(u) which contradicts that u, is the minimizer
of J,(u) in By. O

Now we are ready to prove our existence and uniqueness result.
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8 EYLEM OZTURK

Proof. (Proof of Theorem 3.1) As an immediate consequence of our previous results,
unique minimizer u, € B, is the unique solution of (P1ls). O

Now we want to obtain an estimate on wu,.

Lemma 3.3. Let u, be the minimizer of J,(u) in B,. Then there exists a constant
C independent of p such that

||Up||L,,(n) <C

for large p enough.

Proof. Let us take ug € Loo() such that |ug(z) — ug(y)| < 1 for almost every
xz,y € H,

st = 5 [ = luo(s) = wota) Py = [ fu

1
< 2_17//1{ J(x — y)dydx — s fuo = C(ug).

Since u,, is the minimizer of J,(u), we have

o [ = )~ w i < O + | fup

Taking into account and using Holder inequality we have the following,

C
2_p/r |up|” < C(uo) +/F fupdze < Cluo) + 1 £z, ) lupllL,w,)-

Using Young inequality we get

1 1
C _e\7 c(e) , v
(25) Iwlayien < o)+ st
Hence we obtain that w, is bounded in L, (T',) independently of p;

lupllz,@,) <C

for large p enough.

We obtain the following trivial consequence of Lemma 3.3.

Remark 3.4. We have that for the unique minimizer u,, there exist some constant
C independent of p such that

1 P
3 [ 7@ =l = vy Py <

As a consequence of Lemma 3.3 we can extract a subsequence {u,, } C u, and
Up, — Use Weakly in L,(I'y).
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Lemma 3.5. Let uy, be a limit of u, (along a subsequence if necessary), then there
exists a constant C(q) such that

lim C(q) =

q— o0

(/ /H (@ = y)lueoly) = “oo(ﬂf)lqudy) " <.

Proof. We have

(/ o 7@ Wl () (w)lqdmdy> "

_ ( / /H (T =) 7 [T = ) fup, () — up, <x>|‘1])

Now, for 1 < g < oo, we observe that for p; > ¢, from Holder’s inequality with
Bi and , we obtain

: (//H I y)dydx) o (//H J(w = y)lup; (y) — up, (1‘)|pj) g

< (//H J(x— y)dydw> " (2ij)”%'

let p; — oo to obtain,

(/ /H T = 9)luse (1) —uOo<f>'qudy>l/q <(/1, J<ac—y>dydac>é

by taking as C'(¢q y)dydzx) ° and q — oo we obtain desired result. [
4

and

Q=

And also we have

<//H @ = y)lup, (y) = up, (x)|qudy> " < C(p,q),

(/ - J(x — y)|uoo(y) — um($)|qdmdy> 1/q

1/q
< Jim ot ([] 5= g, ) = vy, sy ) < tim nf Clo.g) <1,
H pj—00

pj—>oo

Now letting ¢ — oo, we get

[tioo (¥) — uoo(x)] <1 for ae. x,y€ H, x—y € supp(J).
Hence we conclude that

Up, — Uso Weakly in Lg(I'y) and e € Boo
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Bo = {u: Ju(@) —u(y)l < 1, for ae. 2,y € H,z —y € supp(J) }.

Lemma 3.6. Let uo be a limit of u, (along a subsequence if necessary), then uoo
s a solution to

sup / fu (11)
u€Boo JT,
with

By = {u Cu(x) —u(y)| <1, forae x,y€ Hx—ye€ supp(J)}.

Proof. Since uy, is the minimizer of J, and B., C B, then we have the following
for all v € By;

3 [ I =)~ vy (a)Pdsdy— [ fu,
_2p// (z —y)|v(y) —v(z)|Pdedy — /fv<—// (x —y)dzdy — /f'u

then
_/Frfupg%p//HJ(x—y)dmdy—/Fva.

The idea now is to pass to the limit as p goes to infinity in the previous inequality.
On the left hand side, we can neglect the first integral while

/ fup(a:)dx—>/ fuco(x)dz, as p— oo.
r, r,

For the right hand side, we know that the first integral goes to zero and then (|11))
holds. O

3.1. Singular case. We also include here the case in which the kernel J can be
singular. For 0 < s < 1,

0| Ty ) — @) () — u(@)dy, @ €

Q,.ur, [T y|
(P2) 1 B
f(:l?) = \/Srl,. |.’E — y|n+ps |u(y) - U(Zl?)| (u(y) - U(IIZ))dy, S

To deal with this problem, we consider the space

Xep={u e L,(QUT,) : |ulls,p < +o0}

where

1
lallp = (el e+ [ o ) — @) Py’

In the next lemma as in Lemma 3.2, we will find a unique minimizer of J,(u) with
singular kernel.
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Lemma 3.7. There is a unique solution u,, to the problem

5251 Jp(u)
in the set
By = {u €Xsp: / u(z) = 0},
where '

. 1 1
Jp(u) = » //H W|U(y) —u(x)|Pdyde — /FT Sfudx.

Proof. For the proof of this lemma if we replace J(z — y) by the singular kernel
and use similar techniques as in the proof of Lemma 3.2 then we can obtain the
desired result easily. O

Corollary 3.8. Let u, be the minimizer of J;(u) in By, as a consequence of
Lemma 3.7 there exists a constant K > 0 independent of p such that ||uplsp, < K,
then by compact embedding (see [25]) we can extract a subsequence {u,,} C u, such
that up,, — Uso in Lg(T'y) for p > q.

Lemma 3.9. Let u, be the minimizer of J;(u) in By. There exists a constant

C(p) such that
( J] ot |up<|y>_—:|zj<3x>|pdxdy>1/p e

lim C(p) = Cws
p—00

and

where Coo = max{1, (diam(Q))°} for small § > 0.

Proof. Let us take fixed v(z) € C*°(2) such that fFr v =0 and %2 <1 for

sufficiently small ¢ and for a.e. z,y € H. Since u, is the minimizer of J; in B,
and v € By then we have:

1 1 ;
2p//}1m|“p(y) — uy(w)|Pdady
1 1 ;
S/nf“ﬁ%//Hmlv(y)—v(mn dacdy—/rrfv
= - —1 1 [v(y) — v(z)|1p
_/r‘rf’u’p /r‘rfv+2p//1:{ |x_y|n75p|: |$—y|5+6 ] dl‘dy

For sufficiently large p, we have,

1 . _
</ - / ot g Hl diam(2)

/ 1 . _
< C(E)”sz[),p/(F,) +€||up||1£p(rr) - /r fv+ 2—p|H|(d1am(Q))6p n

Submitted: February 1, 202/
Accepted: June 1, 202/
Published (early view): September 3, 202/


https://doi.org/10.33044/revuma.4631

Revista de la Union Matemadtica Argentina Accepted article - Early view version

This peer-reviewed unedited article has been accepted for publication. The final copyedited version
may differ in some details. Volume, issue, and page numbers will be assigned at a later stage. Cite
using this DOI, which will not change in the final version: https://doi.org/10.33044/revuma.4631.

12 EYLEM OZTURK

4 € 1 _ P 1 : Sp—n
<c(5)||f||Lp,(Fr)+c//H |I_y|n+splw,(y) up(z)] dxdy+/rr|fv|+2p|H|(d1am(Q)) .

This gives us;
(// 1 Jup(y) — up(z)? ddy>1/p
lz —y[* |z -yl

< (@I e, + /F ol %}|H|(diam(g))6p—n);

1

'cs\»—‘

6
C

Here

' 1 : o\ 7 1
(M e+ [ 10l 5 (@) 5 o and (5 -

)%—>1asp—>oo.

Q1M

Hence we obtain that

(// |x L luply) = (@) dxdy)l/p < O(p) and lim C(p) = Cx

—yF eyl por

where )

(C(E)IIfllilp, )+, 1fol+ 2%|H|(diam(§2))5p—"> ’

I
(35— £)7

Clp) =

O

Lemma 3.10. Let u, be the minimizer of J;(u) in By. There exists a constant
C(p,q) such that
lim C(p,q) =Cx

P,qg—0

<//H (dmni(g))n (|up(|yx)__;|1;(x)|)qudy> ' < C(p,q). (12)

Proof. We have

and

(//H (diaml(Q))n (|Up(|:(/m)_—:|z;($)|)qudy)
) e L ()~ wy @y
= ( / /H(dlam(m) ’ (diam(m)%( ﬁc—yls ) dmdy)

Now, for 1 < g < 0o, we observe that for p > ¢, from Holder’s inequality, we obtain

<// (fam(@)¥) ™ qdwdy> : <//H T dedy) ;
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 13

<// dlam dwdy) N ( / / dlam (Iup(f/x)_—;z(x)lydmdy)é
. Up up(x)|P /p
(// d1am dxdy) <// |x—1y|n| |x)_y|5£ )l dl‘dy)l

pP—g

(// dlam dacdy) C(p).
Hence we obtain that

(//H (diaml(Q))" <|up(|:i)__;|z(x)|)qudy> <C(p,q)

Q=

where

pP—gq

(// dlam dmdy) C(p) and p}zlgloo C(p,q) = Cx

Therefore, as a consequence of Lemma (3.10)),
L () —us(@lye, N
(//H @y ey )
. L (@) —up @y, N
<1 f 2 !
= piroo (//H (diam(Q))”( [z — y* ) dedy

< hrn inf C(p;, ¢ (// da:dy) Coo
pi— dlam

Now letting ¢ — oo, we get

[too () — oo ()| < max{1, (diam(Q))°}|z — y|* a.e. z,y € H such that = # y.

Then we have,

Up, = Uso 0 Lg(T) and ue € BE,

B, = {u : M < max{1, (diam())°} a.e. z,y € H such that = # y }
r—y

Now our aim is to obtain an equation satisfied by the limit u., in the usual
viscosity sense.
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Theorem 3.11. Assume that f € C’(Q) Then uso s the solution of the followings:

sup =0, €

wty |y —a® ety |y —z® i

sup Uso(y) — Uso(x) max{sup —Uoo (¥) +Uoo(w)7 1} =0, f(x) >0, z €T,
oty |z —yl? spy eyl

1) — s 220+ i)
T#y |z —yl* ' Ty |z —y|*

=0, f(z) <0, zeT,.

(13)
in the usual viscosity sense.

Proof. Let us start by showing that u., is a viscosity subsolution of . Let
zo € Q- and let ¢ be a C?({2) function such that ¢ — s, has a minimum at zo and
u(zg) = p(xg). We want to prove that

sup o(y) — (x0) 4 inf o(y) — ¢(x0) >0
w0ty 1Y — Tol* w02y |y — zol*

Thanks to the uniform convergence of u, to us (see Proposition 6.1, [18]), there
exists a sequence of point z, — z¢ such that ¢ — u, has a minimum at z, € €,
then for all y € ©, UT,. we have the followings,

oY) —up(y) = (xp) — up(xp) = @(y) — w(xp) = up(y) — up(wy)
then
o(y) — () P2(2(y) — plap)) > lup(y) — up(xp) [P~ (up(y) — up(ay))

and

1

|mp_w|</>(y)—90(9cp)I”’z(so(‘l/)—cp(fvp)) 2 [ () = () |72 (1 (y) 0 ()

|p — y|"FPe
Integrating on Q. UT,.,

/Q m'@@ = (@) (p(y) — plp))dy

= /Qrupr mmp(y) - up(xp)|p72(up(y) — up(zp))dy .

=0
Then, we have
1
———(y) — () [P dy
/szrum{wy)w(zp)} |, — y|nFPe ) P
< ————o(y) — o(z,) P~ dy,
QUL o (W)>o(ep)} [Tp — Y[ HP? :
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 15

therefore we get

1 1/(p=1)
- _ p—1
</QTUFTI’1{LP(.U)<¢>(%)} jap — y[mree o= ol dy)

1 1/(p—1)
<(/ o) — )Py )
( QUL N {(y)>p(zp)} |zp — y|"tPs ?

and taking p — oo we conclude that

sup e(y) — @(i:o) > sup —p(y) + wExo).
o) > pla) VT T o) < o(mg) Wl
Hence,
sup ely) — so(zzo) b i ely) — Sﬁ(fo) > 0.
v Ay 1Y ol zo £y Y=ol

Now, for the second equation, let us consider g € I, and let ¢ be a CQ(Q)
function such that ¢ — us has a minimum at g and us (o) = ©(20).

Thanks to the uniform convergence of u,, to us, there exists a sequence of point
Zp — o such that ¢ — u, has a minimum at z, € I',. then for all y € 2, we have
the following:

/Q mlw(y) —o(@p)IP (oY) — ¢(zp))dy

> / () — )P () — () = F(zy)
a, |

2= 4
Then, we have

1 —
/Q N{o(y)>e(z,)} W|‘P(Z/) —o(zp)? Ldy

1
> () — (x,) P dy + f(zp),
QN {e)<p(a,)} [To — Y[ TP ? g

therefore we get

) 1/(p-1)
e lp(y) — (@) [Py
</ﬂm{w<y>>¢<mp>} |p —y[" P :

1 1/(p—1)
- </9 N{e(y)<e(zp)} WW(Z/) — () [P dy + f(%)) .

Recall that given two sequences of nonnegative real numbers a,, b, C R where

1 1
aj — a and by — b we have (a, + bp)z’lfl — max{a, b}.
In the case f(zp) > 0, if we take p — oo and use the above property we conclude
that
e(y) — (o)

sup
|zo — yl®

—p(y) + @(wo)7 1}_
To £ Y

> max{ sup |x0 — y|5

T0 £ Y
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Observe also that, in the case f(z,) <0,

! o(y) — -1
 oly) — ()P Ny — f(=
</ﬂm{¢(y)><p(xp)} |z, —y|"+ps| ) ()] (zp)

) /(1)
> / e lo(y) — plap) Py
( Qn{p() <ola,)) [Tp = YI" e '

and taking p — co, we obtain

max{ sup <p(|y) - 90('560)7 1} > sup —s0|(y) + S0|(3?0)_
To — S To — S

zo#y 0T zo#y 0
We conclude that u is a viscosity subsolution to

sup Uoo(y) = oo (7) uzo(a:) — max { sup “Uoo(y) + 'Lioo(m)7 1} =0, f(z)>0

Ty |SC - y| TH#Y |:TJ - y|

z#y |z =yl Ty |z =yl

for z € T',.

In order to prove that u is also a supersolution, let oy € 2, and let 1 be a C? (Q)
such that 1) — us has a maximum at zo and us(zo) = ¥(20).

As in the previous case, we can infer from the uniform convergence of u, — o
that there exists a sequence of point x,, — x¢ such that ¢ — u, has a maximum at
Zp, with u,(zp) = ¥(xp). By using similar arguments, we have

wp YW - w(f()) N 1) ZZJ(ZUO) <0.
Dy) > viwe) VT w(y) <w(we) 1Y ol
In the case, 2o € I, and let ¢ be a C2(Q) function such that 1) — us has a max-
imum at zp and v (z9) = ¥ (o). Thanks to the uniform convergence of u, to

Uso, there exists a sequence of point 2, — xo such that ¢ — u, has a maximum at
zp € Iy then for all y € €2, we have the followings,

zo#y 07V zo#y 0TV
max{ sup —Q/](y) —_1/)(;50)’ 1} < sup ——1/1|(y)j¢|£1"0), f(zo) < 0.
zo#y 07V zo#y 0TV
We conclude that u, is a viscosity solution to ((13)). O
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THE LIMIT CASE IN A NONLOCAL p-LAPLACIAN EQUATION 17

4. PARABOLIC CASE

Recall from the Introduction that the nonlocal p-Laplacian evolution problem

(P1):
0= / J(x —y)|u(y, t) — u(x, )P (u(y, t) — u(z,t))dy, z€ ., t>0,
o Q,Ur,
o @t = /Q J(@ = y)luly, t) — u(e, )P (u(y, t) — u(z,t))dy + f(z,t), z el t>0,
U(LE, O) = U0($), zel,.

Our aim in this section concerns the limit as p — oo in (P1). Firstly, let us show
that the existence and uniqueness of solutions to the problem (P1) by using abstract
semigroup theory. Let us define functional E,(u) associated with (P1):

1// .

— J(x —y)|u(y,t) — u(x,t)|Pdydx if ue A,

35 ] 7= i) — ) v
+o0, if u¢ A,

Ep(u) ==

where
A, ={ueLy(H): // J(z —y)|lu(y,t) — u(z, t)|Pdyde < +oo}.
H
Then the nonlocal problem can be written as the abstract Cauchy problem associ-
ated to the subdifferential of E,, that is:

ou
(P1—s) FG1) = 5, (58) = 0Ep(u(:, 1)), ae. t € (0,7),

u(z,0) = up(x), x € Ty.
With a formal computation, taking limits, we arrive at the functional:
Boolu) = {E)l-olj, ?feuA;voo
where
A i ={u: Ju(z) —u(y)| <1, forae z,ye€ H, |z—y|€ supp(J)}.

Then the nonlocal limit problem can be written as

(P.) f,t) — a(-,t) € 0E(u(,t)), ae. t € (0,7),
u(z,0) = up(x), x €T,

We have the following existence result.

Theorem 4.1. Suppose p > 1 and let ug € L,(T';) then, for any T > 0 and
f(t,z) € C([0,T) x T';), there exists a unique solution uy,(z,t) € C([0,00); Ly(T'y))
to (P1).
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For the proof of this theorem as we have mentioned we will use from the point
of view of nonlinear semigroup theory. To go on with this task, we first need
the following lemma in which we prove that operator 0F,(u) satisfies adequate
conditions to apply the nonlinear semigroup theory to solve (P1).

Lemma 4.2. The operator OE,(u) = By(u) is an m-accretive in Ly(T).

Proof. For the proof of m-accretive we should have the following two conditions:
(i) Given uq1,us € Dom(B,) and ¢ € P,

/F (Bp(u1) () — Bp(uz)(x))q(ui () — uz(z))dz = 0

where Py = {g € C®(R) : 0<¢ <1, supp(¢) iscompact and 0 ¢

supp(q)}
(ii) B, should satisfies the range condition,

L,(T,) C R(Bp+1).
By [30], Theorem 3.4; (i), (ii) are proved. O
Proof of Theorem By [30], Corollary A.3, Theorem 4.1 is proved.

Theorem 4.3. Let T > 0, f(t,z) € C([0,T] xT';), uy(x,t) be the solution to (P1)
with a fized initial condition
——L*(T,)
ug € Aoo .
Then if uso is the unique solution of Pu,
Up — Uoo (15)
as p — oo in C([0,T] : L*(T,.)), that is,

lim sup |jup(-,t) — oo ()| L2(r,) = 0.
Jm sy 0) = s )

Proof. Let us show that the functional

1
By(w) = oo [ Ja = plutyet) - e 0)Pdyds
P JJH
converge to

0, if ue€ A,
Eoo(u) = ' .u
+oo, if u ¢ Ax.
as p — o0 in the sense of Mosco. For the Mosco convergence of F, to E, first let

us prove that
Epi(Ew) C s — lim inf Epi(E,).
p—00

Let us take (u,k) € Epi(Es) then our claim is there exists (up,kp) such that
up — uw in Ly(H) and k, — k. Now take

up =u, and k, =c¢,+k, where ¢, = Ep(u).
If u e Ay then Ex(u) =0 and k& > 0.
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Also
¢p — O then k, =c, +k — k and k, > E,(u).

This gives us (up,kp) € Epi(E,) and since (up,kp) — (u,k) we obtain that
(u, k) €s— li)m inf Epi(Ep).
p—00

On the other hand if u ¢ A, then Ey(u) = oo and (u,+00) € Epi(E). By
taking u, = u, k, = 400, we get that k, = +00 — 400, u, = u in Lo(H) and
(up, +00) € Epi(E,) so we obtain that (u,k) € s — hm inf Epi(E,). Secondly, let

us prove that
w — lim sup Epi(E,) C Epi(Fw).
p*)OO

Given (u, k) € w— lim sup Epi(E,) there exists a sequence (up, kp) € Epi(E,).
pP—o0

up = uwin Ly(H), k, — k in R.

We can assume that there exists a constant ¢ such that k, < ¢. Otherwise k, — oo
and since k = 400 > Eo(u) then we get (u, +00) € Epi(Ew).
On the other hand, we have that

// Y |up(y,t) — up(x, t)|Pdyde < é

(J] 96 = luntot) = e )Pdye) ™ < 2p0) .

(//H J(@ = y)|up(y) — up(fv)quxdy> "
} </ [ =) (e = 90) o) - up<x>q]>

Now, for 1 < g < 0o, we observe that for p > ¢, from Holder’s inequality with p%q

We have also

Q=

and %, we obtain

< ( / HJ(x—y)dydw>pp_qq ( J[ =l —%(m)f’)’l’

< <// J(x—y)dydﬂf) " (e
H
let p — oo to obtain,

J— o) —uiddy) < ([[ - vyiyar)’
" H

Now letting ¢ — oo, we get
lu(y) —u(z)] <1 forae. x,y€ H, x—ye€supp(J).

Hence we obtain that v € A it means that Foo(u) = 0 and k£ > 0, we get that
(u, k) € Epi(Ex). O
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5. EXPLICIT SOLUTIONS

In this section, we give some explicit examples of limit solutions for the problems.
Firstly we will give an explicit example in elliptic case,

0= / J(& — pluly) — u(@)P 2 (uly) - u(@)dy, =€ Q.
(P1s) 2-Ur,
f(z) = /Q J(& — p)luly) — u(@)P>(u(y) — u(@)dy, = eT,.

In order to verify that a function ue () is a limit solution to (P1s) we need to
check that us () is the solution of

sup fu
u€EBs JT,.

where
Bo = {u u(z) —u(y)| <1, for ae. z,y € H, x —y € supp(J) = BR(O)}.
Example 5.1. Let us assume that one dimension space, 2, = (0,1) and T, =
(=6,00u (1,1+9),
I, we(lL1+0),

flx) =
-1, xz€(-4,0).
c, z € (1,1+49),
c—1, € (1-4,1),

c—2, x € (1—-20,1-19),

c—(k—=1), ze(1—(k—1)51—(k—2)J),

c—k, x € (=4,0).

Indeed, if we take k = % + 1 then we obtain interval (—4,0). On the other hand
Jr, too(x)dz = 0, then we have

/ uoo(x)dx:05+(c—k)5:05+(c—(%+1))5:O
T,

hence
1 1

5 + 2%
From our choice of ue clearly oo () — uoo(y)| < 1 for |z — y| < § and also ue is
the solution of sup,cp_ [i. fu.

Now we will give some explicit examples for parabolic case,

) ft) — %(J) € 0F o (u(+,t)), ae. t € (0,T),

u(z,0) = up(x).

CcC =

(Poo
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where

B (1) = 0, if ue A,
N oo, if u ¢ A

In order to verify that a function w(z,t) is a solution to (Ps) we need to check

that P
Af _3%@—uhngveD@@) (16)

Example 5.2. Let us assume that one dimension space, Q, = (0,1) and T, =
(=6,0)U(1,1446),t>0

1, z€(1,146), t>0
flz,t) :=
0, z€(=50), t>0

and as initial data
up(z) = 0.

Now, let us find the solution by looking at its evolution between some critical
times. Let us take us(x,t) as the following,

t, xz€[l,1+9), t€[0,t1)
uoo(xa t) =
0, otherwise.

Clearly from our choice of Usg(y), if 21 < 1 and |z — y| < § then |us(w,t) —
Uoo (Y, t)| < 1, we get that us(x,t) € Ay and holds. Hence, for small times
t; < 1, the solution to (Ps) is given by uq(z,t).

For times greater than t1, let us take u(2,t) as the following,

t, HAS [1,1+5), te [tl,tz)
uoo(mvt): t_la T e [1_671)5 te[tlatQ)
0, otherwise.

If to < 2,6 < 1 then |us(z,t) — uso(y,t)] < 1 as |z —y| < J, we get that
Uso(2,t) € Ao and holds.

Now, it is easy to generalize and verify the following general formula that describes
the solution for time ¢; < j, for any given integer j. We have

t, 1‘6936[1,1—}—5), t e [tj_l,tj)
t—]., x € [1—5,1), te [tj—latj)

t—2, {13‘6[1—25,1—5)7 te[tj,l,tj)
uoo(xat) = . .

t—(j—1), ze[l-(j—1),1—(j—2)I), t€[tj—1,t;)
0, otherwise.

where § < %1, for j > 2.
J
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Example 5.3. Let us assume that one dimension space, Q, = (0,1) and T, =
(=6,00U(1,149),t>0
1, =ze€(1,1446),t>0
fz,t) =
-1, z€(=6,0), t>0.

and as initial data
ug(x) = 0.

As in the previous example, the evolution follows the same scheme differently from
(—0,0). Let us take uso(x,t) as the following,

t, x€[l,1+90), te€0,t1)

Uoo(xat) = —t, € (—5, O), te [0,t1)
0, otherwise.

Clearly, if t; < 1 and |z — y| < § then |uco(z,t) — uco(y,t)| < 1, we get that
Uoo (2, 1) € Aso and holds. Hence, for small times ¢; < 1, the solution to (Px)
is given by wueo(z, t).

For times greater than ¢1, let us take ux(z,t) as the following,

t, x €[1,1490), t € [t1,t2)
o () = t—1, x€[l—=20,1), t € [t1,t2)
’ —(t—1), x€(=60), t€[t,t2)
0, otherwise.

If t < 2,0 <6 <1 then |uc(x,t) — uoo(y,t)] < 1 as |z —y| <, we get that
Uoo(7,1) € Ay and holds.

Now, let us generalize and verify the following general formula that describes the
solution for time ¢; < j, for any given integer j. We have

t, z€[l,1+90), t € [tj_1,t;)
t—1, (S [].—(5,].)7 te [tjfl,tj)
t—2, IE[l—Z(S,l—(S), tE[tj_l,tj>
Uoo (T, ) = : ‘
t—(j—1), zel—(j—1)5,1—(j—2)0), t €[tj_1,t;)
0, x € (O,l—(j—l)é), te [tj_l,tj)
—(t=(—1)), ze(=6,0), teltj1t;)
0, otherwise.

1
where § < =1

Example 5.4. For two or more dimensions we can obtain similar examples. Given
a bounded domain Q, := B1(0) C RY and I, := By,5(0) \ B1(0) in the following
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forallt > 0:
B1(0) = {z e RN : ||z|| < 1}, Bi45(0) = {z € RN : ||z|| < 145}, f(x,t) = 1for allz € T,

and as initial data
ug(z) = 0.

Now, we can generalize and verify the following general formula that describes the
solution for time ¢; < j, for any given integer j. We have

t, z € Bi145(0) \ B1(0), t € [tj_1,t))
t— ]., T € Bl(O) \31_5(0), te [tj_l,tj)
t—2, x € 31,5(0) \31,25(0), te [tjfl,tj)

Uoo (T, 1) =

t—(G—1), € B1_(j_2)5(0)\ Bi_(;—1)6(0), t € [tj-1,1;)
0, otherwise.

where § < ]%1 It is clear that ue(x,t) € As and holds.
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