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THE NATURAL OPERATORS LIFTING ¢-FORMS TO p-FORMS
ON WEIL BUNDLES

WLODZIMIERZ M. MIKULSKI

ABSTRACT. Let g, p, k, m be positive integers with m > k+ p+ 1 and let A
be a Weil algebra with k generators. The (not necessarily regular) natural
operators lifting g-forms on m-dimensional manifolds M into p-forms on the
Weil bundle T4 M are completely described be means of the so called excellent
maps. As a consequence, we derive that any natural operator lifting g-forms
on m-dimensional manifolds M into p-forms on T4 M is regular, i.e. it sends
smoothly parametrized families into smoothly ones. We apply our general
results in the case when T4 is the r-order tangent bundle T"M = J5(R, M)
(in particular the tangent bundle).

1. INTRODUCTION

All manifolds and maps considered in the paper are assumed to be smooth (of
class C*).

The theory of Weil functors and the concept of natural operators can be found
in [5].

Let M f be the category of manifolds and maps, M f,, be the category of m-
dimensional manifolds and their submersions and let F M be the category of fibred
manifolds and their fibred maps. Let A be a Weil algebra and T4 : Mf — FM
be its Weil functor.

First, in Section we study all (not necessarily regular) M f,,,-natural operators
C : NIT* ~» AT transforming g-forms w on m-manifolds M into maps C(w) :
TAM — R. Namely, using A we define the finite dimensional real vector bundle
Q% and prove that any C in question is of the form C(w) = w<hc> for some
map he @ Q% — R. Consequently, we obtain that any such C' is regular, i.e. it
transforms smoothly parametrized families of g-forms into smoothly parametrized
families of maps.

Next, in Section [3| we study all (not necessarily regular) M f,,-natural operators
D : NT™* ~» APT*T4 transforming g-forms w on m-manifolds M into p-forms D(w)
on T4M. Using the well-known fact that TTAM Xpap -+ Xpap TTAM = TBEM
for some new Weil algebra depending on A we can treat such operators D in
question as M f,,-natural operators AIT* ~» AOT*TE. By Section [2, they are
regular and of the form D(w) = w<"P> for some h : Q% — R. But for some h such
obtained D(w) = w<"> cannot be fiber skew p-linear, i.e. cannot be p-form on
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TAM. That is why, we define the concept of so called excellent maps h : Q%L — R.
We deduce that D(w) = w<"> is a p-form on T4 M if and only if h is excellent.

Next, in Section [4] we try to estimate the space of the excellent maps Q% —
R. We introduce the bigger space of the so called semi-excellent maps Q% —
R and reduce the description of semi-excellent maps Q% — R to solutions of
systems of linear equations with coefficients from {0, 1} with unknown from {0, 1}.
Consequently, we essentially reduce the problem of the description of all M f,,-
natural operators AYT* ~» APT*T4 to a rather combinatoric problem.

In the last section we apply practically our general results when T4 is the r-th
order tangent bundle T"M = JJ (R, M).

We inform that the linear M f,,-natural operators AIT* ~» APT*T4 are de-
scribed by J. Debecki [2, [3]. In the present paper, we describe all (not necessarily
linear) such natural operators.

The present paper is also a generalization of [6], where regular M f,,,-natural
operators T* ~» T*T4 are described.

From now on, let £ and m and ¢ and p and r be positive integers.

Let z',...,2™ be the usual coordinates on R™.

Let y',....,4* be the usual coordinates on R¥ and let y',...,y*, u',...,uP be
the usual coordinates on RF*? = R* x RP.

2. LIFTING Q-FORMS ON MANIFOLDS TO MAPS ON WEIL BUNDLES

Let C§°(R¥) be the local algebra of germs at 0 of smooth maps R¥ — R and let
m be its maximal ideal. For the simplicity of notations for any map f : R* = R,
we will denote the germ at 0 € R* of f by the same letter f.

Let Qf(R¥) be the C§°(R”)-module of germs at 0 of g-forms on R*. Similarly,
for any g-form w on R*, we will denote the germ at 0 € R¥ of w by the same letter
w

Let A be a ideal in C§°(R¥) such that m? D A D m"*! and let
A= C5(RF)/A (the factor algebra).
This factor algebra A is a Weil algebra (of order r).
Given a manifold M, two maps 7,v; : R¥ — M have the same A-jet

Ay = j4, if goy—govy € A for any map g: M — R.

Let
TAM = {j*y | v:RF - M}
be the space of all A-jets of maps R¥ — M. Then TAM is a fibred manifold
with the base M and the projection j4v + ~(0). Any map f : M — M of two
manifolds induces a fibred map
TAf:TAM — TAMy , TAf(v) :=j*(for), v=j".

So, we have the bundle functor T4 : Mf — FM, the Weil functor of A-jets, see

4,15, 8]

We have the sub-modules
A-QYRF) and dA A QL (RF)
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in the C§°(R¥)-module Qf(R¥), the one spanned (over C§°(RF)) by all no for
n € Aand o € Qf(R¥) and the one spanned (over C§°(R¥)) by all dyAo forn € A
and o € Q7' (RF), respectively, where d is the exterior derivative. (Q°(R¥) :=
C5e(R*).)

Let
QY = Q(R¥)/Q% (the factor module) , Q% = A-QI(RF) +dAA QI (R*),

where Q% is the sub-module in the C§°(R*)-module Qf(R"), the one consisting of

all elements oy + o for o1 € A- QL(RF) and 0y € dAA QL (RF).
One can easily see that the real vector space Q% is finite dimensional. Any
element of w € QY is of the form w = [0]qq fora o€ QI(RF).

Example 2.1. Let h : Q% — R be a map. Given a g-form w € Q4(M) on an
m-dimensional manifold M we define a map w<"> : TAM — R by
W (v) = h(ly*wlgs) , v € TAM ,

where v : R¥ — M is a map such that v = j4v and where y*w € Qf (RF) is the
pull-back of w with respect to 7.

Lemma 2.2. The value w<"> (v) is well defined.
Proof. Suppose v = j4y = j4~;, where v,7; : R¥ — M. We have to prove that
Bl wlgn) = h(riwlgr):
We may assume M = R™ and (0) = 71(0) = 0 and w = > w;, .5, dz’* A- - - Ada',
where Y is over all integers with 1 <4y < --- <i, < m.
Let v=(v",...,7™) and y1 = (+1,...,77"). Since jy = j*71, then
Wiy oonsig O — Wiy,ig 01 € Aand v — 71 € A

for all integers i1,...,44,% with 1 <43 <--- <4y, <mandi=1,...,m. On the
other hand we have

V= yiw = th,m,iq o - dyt A Arle — Zwil,m,iq oy -dyt A AdAy

=D Wity ©F = Wirosiy ©M1) - Ay A Al
q
AN (D) Wiy i om - d(Y = A ) Ady A Ndys A Ny
s=1

where d/vz means that dy' is dropped. Then v*w — yiw € Qi. So, [W*W]Qg =
[viwlqa . Consequently, h([y*wlqq) = h([yiwlqa ). O

Lemma 2.3. The map w<"> : TAM — R is smooth.

Proof. Let v; € TAM be a smooth curve. Then there exist a smoothly param-
eter family of maps v, : R¥ — M such that v, = j%y, for t € R. Then
[vfw]mrﬂ,gg(Rk) is a smooth curve in the finite dimensional real vector space

QI(RF)/mr+1 . QI (RF), the factor space of the C5°(RF)-module Qf(RF) by its
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sub-module m"*! - Qf(R¥). Then [v; w]gs is a smooth curve in Q% because
[ﬁw]@i is the image of [v;w|mr+1.01(rx) With respect to the obvious projection
QIRF)/m"+ - Q(R*) — Q% (R¥). Then w<">(v;) depends smoothly on t. So,
w<h>: TAM — R is smooth because of the Boman theorem ([1]). O

Lemma 2.4. If w, is a smoothly parametrized family of q-forms on M then
(wr)<P> is a smoothly parametrized family of maps TAM — R.

Proof. The proof of the lemma is a simple modification of the proof of the previous
one. U

Proposition 2.5. The correspondence (—)<"> : ANIT* ~ AOTA given by w
w<h>"is a regular M f,,-natural operator in the sense of [5.

Remark 2.6. The concept of (not necessarily regular) natural operators can be
found in [5]. In our situation, the M f,,-naturality (invariance) of (—)<"> means
that for any M f,,-map f : M — M; and g-forms w € QY(M) and w; € Q4(M;)
on M and M, respectively if w and w; are f-related, then so are w<"> and wfh>.
The regularity of (—)<"> means that (—)<"> transforms smoothly parametrized
families of g-forms into smoothly parametrized families of maps.

Proof. The proposition is clear. In particular, because of the canonical character of
the construction of w<"> it follows the M f,,-invariance of (—)<">. The regularity
of (=)< is exactly Lemma [2.4] O

The main result of this section is

Theorem 2.7. If m > k + 1, then any (not necessarily reqular) M fp,-natural
operator C' : NIT* ~s AOTA sending q-forms w on m-manifolds M into maps
C(w) : TAM — R is of the form C = (=)<"> for a uniquely determined (by C)
map h = he : Q% — R. In particular, any such C' is regqular.

The proof of Theorem will occupy the rest of this section. We need several
lemmas.
Let C : AIT* ~» AT be a (not necessarily regular) M f,,-natural operator.
Of course, the M f,,-naturality and the regularity of C' are explained in Remark
with C instead of (—)<h>.)
Assume m > k + 1. Define ®¢ : Qf(R™) — R by

Do (w) = Cw)(k") , we QfR™),
where k4 1= jA(1) € TAR™, 1 - R¥ — R™, t(y1,...,uk) = (W1, Yk, 0,...,0),
yl,...,ykER.

Lemma 2.8. The operator C is determined by ®¢, i.e. if Cy is an another operator
in question such that ®c, = ®¢c then Cy = C.

Proof. By the rank theorem, x4 has dense M f,,-orbit in T4R™. So, the lemma
is clear. O

Lemma 2.9. If ¢ is an M f,,-map preserving k4, then ®c(p*w) = ®c(w) for any
w e QR™).
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Proof. It is a immediate consequence of the invariance of C' with respect to ¢. O
Lemma 2.10. For any w € Q4(R™), we have

Oo(w) = Pe((zh,...,2%,0,...,0)*w).
(We remember that 2, ..., x™ denote the usual coordinates on R™ and (—)* denote

the pullback.)

Proof. Let t,, €, be two sentences of real number such that 0 < ¢, < exp(—n)
and 0 < €, < exp(—n) for any n. Let y, = (0,...,0, %) € R™. By the Whitney
extension theorem ([9]), there exists a smooth map ¢ : R™ — R™ such that

©|D(Yont1, €ong1) = (zb,...,2%,0,...,0)

and
©|D(yan, €2n) = (ml, xk  ton T tgnmm)

for sufficiently large n, where D(y,€) is the disk {x € R™ : ||z — y|| < €}. Then
0(90 w)( (L+y2n+1)) C((m ) 07"'70)*w)<jA(L+y2n+1))

k+1

and
C(@*w)(jA(L + y2’ﬂ)> = C((mlv s 7$k7 thxIH_lv s 7t2nmm)*w)(jA(l‘ + y2n))

= C(w) (i (¢ + tany2n))

for sufficiently large n. The last equality follows from the invariance of C' with
respect to the M fo,-map (21, ..., 2% to, 21 ... to,2™). If n — oo, we derive

Clw)(i™) = C((ml,...,w ,0,...,0)"w)(5)
ie. ®o(w) = dc((zt,...,2%,0,...,0)*w), as well. O

Lemma 2.11. If o, € QI(RF), t € R is a smoothly parametrized family, i.e. the
resulting map o : R*¥ x R — ANT*RF is smooth, then the map

Rot— ®c((zh,...,2")%0) €R

s smooth.
Proof. Define w € Q2(R™) by

W1, am) = (2.2 0, ) (@1, .. 2m) € NT ey R™
where (z1,...,2Zmn) € R™. Then

(xl, o ,:zrk, o,..., O)*(T(()’,__,O’t))*w = (1:1, . ,xk)*at ,
where 7o, o 0 : R™ — R™ is the translation by (0,...,0,t) € R™, ¢ € R. Then
using the prev1ous lemma and the invariance of C' with respect to 7(g,... 0,+), We get
<I>C((ac1, e ,ack)*at) = <I>C((ac1, LN ,0)*(7(0,....0,4)) W)
= ®c((7,....0,4)) W) = C((T(o,..i,o,t))*w)(’fA)
=C(w)o TAT(O,...,O,t)("@A)
Since C(w) o TAT(OV___’()’,&)(KJA) depends smoothly on ¢, the proof is complete. O
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Lemma 2.12. For any w € Q¢(R™) of the form w = w(z!,... 2% dat,. .. da¥)
and any o € ngl(Rm) of the form o = o(a*,... 2% dx',... dz*) and anyn € A,
we have

Po(w) = Pe(w+dnAo),
where no (zt,...,2%) is (for simplicity) denoted by 1.

Proof. Using Lemma and next using Lemmal[2.9| with ¢ = (2!,..., 2™ 1, 2™+
n(zt,...,2%)) and next using again Lemma [2.10, we get

Co(w) =@c(w+dz™ No) =Po(w+dz™ Ao +dnho) =Pc(w+dnpAo).
The proof of the lemma is complete. O
Lemma 2.13. For any w € Q¢(R™) of the form w = w(z!,... 2k dat,. .. daF)

and any wy € QF(R™) of the formwy = wi (zt, ..., 2% dzt, ... dz*) and anyn € A,
we have

<I>C(w) = (I)C(w +n- wl) ,

where n denotes no (z!,..., 2%).

Proof. By the same arguments as in the proof of Lemma [2.12] we have
Po(w) =Po(w+z™ wy) =Po(w+az™ w +1-w) =Dc(w+n-w).

The proof of the lemma is complete. O
We are now in position to prove Theorem

Proof. We (must) define he : Q%4 — R by
he(w) :==®c(o) , w=[o]gs , 0 € QYR C QR™)

(the inclusion is given by the pull-back with respect to the projection (z?,...,z%):
R™ — RF). By Lemmas and he is well defined. Clearly, h¢ is smooth
because of Lemma[2.1T]and the Boman theorem. Further, by Lemmas[2.§ and [2.10]
C is determined by hc. On the other hand, if C; := C(—)<"*> then h¢, = hc.
Consequently, C' = Cy = (—)<"¢>. The proof of Theorem is complete. O

Corollary 2.14. Assume additionally ¢ > k. If m > k + 1, then any Mf,-
natural operator C' : NIT* ~» N°TA sending q-forms w on m-manifolds M into
maps C(w) : TAM — R is a real constant one.

Proof. 1f ¢ > k, then Qf (R*) = (0), and then Q% = (0). Then any map h : Q% —
R is constant. Now, the corollary is clear. O
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3. LIFTING Q-FORMS ON MANIFOLDS TO P-FORMS ON WEIL BUNDLES

Let k,m, q,p,r be the positive integers y*, ..., y* u',... , u? be the usual coor-
dinates on R**? = R* x RP.

Let A = C5°(RF)/A be the Weil algebra as in the previous section.

Using A we can produce new Weil algebra B (depending on A) by

B:=CRFP)/B, B=<Ao(y',...,9"), '’ |i,j=1,...,p>,

where B is the ideal in C§°(R**P) spanned by the collection consisting of 7 o
(y',...,y") for all n € A and all '’ fori,j=1,...,p.

Clearly, B= A® D‘,}), where Dzl, =D g - Pr D (p-times of D), where D is
the algebra of dual numbers. Then (by the theory of Weil functors) given manifold
M we have

TEM = TTAM Xy -+ xpapy TTAM (p-times of TTAM) |

where TP is the Weil functor corresponding to the Weil algebra B.

We are going to describe all (not necessarily regular) M f,,-natural operators
D : NIT* ~ APT*T4 sending g-forms w on m-manifolds M into p-forms D(w) on
TAM.

Clearly, any such M f,,-natural operator D : AYT* ~» APT*TA M can be treated
(in obvious way) as an excellent M f,,-natural operator D : AYT* ~» AOT*TB in
the sense of Definition [3.1] and vice-versa. So, in particular, any such D is regular
because of the previous section.

Definition 3.1. A M f,,-natural operator D : NIT* ~ AOT*T8 is excellent if
for any m-manifold M and any point v € TAM and any g-form w on M the map
D(W)| 1, TAMx - x Ty TAM * T,TAM x ---xT,TA*M — R is skew-symmetric p-linear.

So, we are going to describe all excellent M f,,-natural operators D : AIT* ~
AT*TB, where B is as above.

For, we consider an excellent M f,,-natural operator D : AYT* ~» AOT*TE,

Similarly as in the previous section, let

Q= QYRTI/QY L Q= B-QYR) + dBAQYRHY)
By Theorem for B instead of A and D instead of C, if m > k + p+ 1, then

D = (=)<"p> for a uniquely determined (by D) smooth map hp : Q%4 — R. By
the proof of Theorem

hp(w) = D(0)(5”) , w = [olqy , 0 € QR"?) C QY(R™)

(the inclusion is given by the pull-back with respect to the obvious projection
R™ = RF+P x R (F+P) — RFHP) where vP := jB(1) € TPR™, 1 : RFP — R™,
L(yl)"'ayk-i-p) = (yla"')yk—i-p?())"'?o)a Yis- -y Yktp € R.

Let Ry = (R, ) be the multiplicative group of positive real numbers. We have
the action of (R4)? on Q% given by

tow = [(a)"olqq ,
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where t = (t1,....1) € (Ry)?, w = [o]gs € Q%L, o € QR and a; =
(yh, ..k tut, L tuP)  RFTP — REFP where o, ..o yR ul, L uP s REFP —
R are the usual coordinates on R*¥*P. The action is well defined because QQB is
(at)*-invariant.

Let S, be the group of permutations of p-elements {1,...,p}. We have the
action of S, on Q% given by

sOw := [(as-1)"0lqe , s €8, w=o]gs € QL , o € QYR P)

where a, == (y',...,y*,u*MD ... u*®). The action is well defined because Q1 is
(ag—1)*-invariant.

Definition 3.2. A map h: Q% — R is excellent if
h(tow) =ty ----- t, - h(w) and h(sOw) = sign(s) - h(w)
for any w € Q%, any t = (t1,...,t,) € (Ry)P and any s € S),.

Lemma 3.3. Assume m > k+p+ 1. Let D be as above. Then the map hp :
Q% — R is excellent.

Proof. The first formula from Definition [.2] (for hp instead of h) is a consequence
of the invariance of D with respect to

S 1 ko k+1 ktp . k+p+l m
ap = (x, ..., 2%t Lt TP TP ™)

for t = (t1,...,ty) € (R4)P and the p-linearity of D(w)1_,7aRmx...xT_yraRm fOr
any g-form w on R™. More detailed, we can proceed as follows. Consider w € Q%
and t = (t1,...,t,) € (R4)P. We can write k2 = (v1,...,vp) € TeaTAR™ x - -+ x
T, ATAR™ and w = [0]qa . where o € QIRFP) c QI(R™). Then TBa,(kP) =
(t1’01, ce ,tpvp). Then

hp(tow) = hp([(ar)olgy) = D((a)*0)(x”) = D(o)(Ta(x"))

= D(0)(t1v1,...,tpvp) =11 -+ tp - D(o)(v1,...,vp) =t1-----tp - hp(w) ,

ie. hp(tow)=ty----- tp - hp(w) , as well.
Similarly, the second formula from Definition (for hp instead of h) follows
from the invariance of D with respect to

~ 1 k _k+s(1 k+s k+p+1 m
as:=(z,...,2%x W) gkts) phte yesx™)

for s € S, and the skew-symmetry of D(W)‘TKATARmX,,,XTKATARm for any g-form
w on R™. More detailed, we can proceed as follows. Consider w € Q% and s € S,,.
We can write k% = (v1,...,vp) € TeaTAR™ x -+ x T, aTAR™ and w = [U]Q%,
where o € Q(R*7) C Qd(R™). Then TPay(k?) = (vg1),---,Vs(p)). Then

hp(s0w) = hp([(as-1)*0lqy ) = D((a5-1)*0)(57) = D(0)(TPds-1(5"))
= D(0)(vs-1(1), -+ Vs—1(p)) = sign(s) - D(o)(v1,...,vp) = sign(s) - hp(w) ,
i.e. hp(sOw) = sign(s) - hp(w), as well. O
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Lemma 3.4. Assume m > k+p+ 1. Let h : Q% — R be excellent. Then
(=)<h> 2 AIT* s NOTB can be treated as a natural operator NIT* ~ NPT*TA.

Proof. By the first formula from Definition [3.2 we get that w<"> (w1, ..., w,) is
p-linear in wy,...,w, € T, TAM for any g-form w on M and any v € TAM.
More detailed, we can proceed as follows. Since the M f,,-orbit of k4 in TAM is
dense (as m > k) and (—)<"> is M f,,-invariant, we can assume M = R™ and
u=rA € TAR™. Let k& = (v1,...,vp). Let t = (t1,...,t,) € (R})P and let a;
and a; be as in the proof of the previous lemma and let w be a g-form on R™.

Then
wh> (tr, . tpup) = 0 (TBay(vry - vp)) = (@) w) ") (vr, -y vp)
= (1 @) wlgrs) = h((a) " wlgy) = At [Fwlgy )
=ty ety h([b*w]g%) =ty tp'w<h>(v1,...,vp) ,
Le. wh>(tyur, .. tpvp) = t1 - oty - w<">(v1,...,v,). Then by the Mf,,-

invariance of (—)<"> and the fact that the M f,,-orbit of x” is dense in (TP M),
(as m > k + p), we get that

WP (twy, o tpwy) =ty ety w S (w1, wy)
for any g-form w on R™ and any wy,...,w, € T,.ATAR™ and any t; >0, ... Jlp >
0. Now, the homogeneous function theorem implies that w<">(w1,...,w,) is p-
linear in wy,...,w, € T, ATAR™ for any g-form w on R™, as well.
The second equality implies w<">(wy, . .., w,) is skew-symmetric in w1, .. ., w, €
T, T4 M for any ¢-form w on M and any v € T M. More detailed, we can proceed
as follows. We can assume M = R™ and u = x4 € TAR™. Let x® = (vy,... ,Up)-

Let s € S, and let @, be as in the proof of the previous lemma and let w be a
g-form on R™. Then

W (0g(1)s -5 Vs(p)) = W (TPas (01,0, 0p)) = (@) W) <" (01,0, 0p)
= h([L*(ds)*w]QqB) = h([(as)*L*w]g}g) = h(s_lﬂ[b*w]gé)
= sign(s) - h(["w]qq ) = sign(s) w0
i.e. W< (vg(1), ..., vg(p)) = sign(s)w<">(vy,...,v,). Then by the M f,,-invariance
of (—=)<"> and the fact that the M f,,-orbit of kP is dense in (TPM),a, we get
that
w<h>(ws(1), cy We(p)) = sign(s) - W< (wy, .. , Wp)
for any ¢-form w on R™ and any w,...,w, € T,.ATAR™ and any s € Sp, as well.
Then w<"> is a p-form on T4 M for any ¢-form w on an m-manifold M. O

Summing up, we have proved

Theorem 3.5. Assumem > k+p+1. The described above correspondence D — hp
between the (not necessarily regular) M fo,-natural operators D : NIT* ~s NPT*T4A
and the excellent maps hp : Q% — R is one to one. The inverse correspondence
is h +— (=)<">. In particular, any (not necessarily regular) M f,,-natural operator
D : NIT* ~s NPT*TA is regular.
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Corollary 3.6. Assume additionally ¢ > k+p. If m > k+p+1, then any M fp,-
natural operator D : NIT* ~» NPT*TA sending q-forms w on m-manifolds M into
p-forms D(w) : TAM — R is the 0 one.

Proof. If ¢ > k + p, then QF(R*P) = (0), and then Q% = (0). Then any excellent
map Q% — R is 0. Now, the corollary is clear. O

Definition 3.7. A map H : Q% — R is semi-excellent if H (tow) = t1--+--t,-H(w)
for any w € Q%, any t = (t1,...,t,) € (Ry)P.

Quite similarly one can prove (in fact we have proved) the following

Theorem 3.8. Assume m > k+ p+ 1. There exists one-to-one correspondence
between the M fn,-natural operators NAT* ~» @PT*T4 and the semi-excellent maps
QL — R.

Corollary 3.9. Assume additionally ¢ > k+p. If m > k+p+ 1, then any
M fr-natural operator NIT* ~ QPT*T4 is the 0 one.

Remark 3.10. Theorems and show that to describe all M f,,-natural
operators AIT* ~» @PT*T4 (resp. NIT* ~ ANIT*T4) it is sufficient to describe all
semi-excellent (resp.excellent) maps Q% — R. Such description in question will be
presented in the next section.

4. ON SEMI-EXCELLENT MAPS

We will use the notations as in the previous sections. In particular, let B and
Q% be as in the previous section.

We are going to present the full description of all semi-excellent maps Q% — R.

Let N be the set of non-negative integers.

Given o = (aq,...,0p) € NP and ¢t = (t1,...,tp) € (R4)P, we denote ¢t* :=
(tl)al S (tp)a’].
Definition 4.1. An element w € Q% is homogeneous of weight & = (a1, ..., ;) €
N7 if

tow=1t% w

for any t = (t1,...,t,) € (R4)P, where ¢ and Q% are as in the previous section.
Definition 4.2. An element w € Q% is adapted if it is homogeneous of the weight
a(w) satisfying a(w) € {0,1}P.
Definition 4.3. A basis B = {w1,...,wk} of the real vector space Q% is called
adapted if wq, ..., wk are adapted.

The description of all semi-excellent maps Q% — R is presented in the following

Theorem 4.4. (i) We can choose the basis B = {w1,...,wk} in the real vector
space Q% and K, < K such that wy, ..., wi are adapted and w1, ..., wk, are all
elements from B of weight equal to (0, ...,0).
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(i) Given w € B, let a(w) be the weight of w, where B is the adapted basis as
above (in the part (i)). Let \,..., Ak be the dual basis to B. Then any semi-
excellent map H : QF — R is the linear combination of monomials

()\K0+1)7Ko+1 ,,,,, (/\K)VK
for all vk 41, ..,k € {0,1} with ZJK:KOH vio(w;) = (1,...,1) with (uniquely
determined) coefficients being smooth maps depending on A1, ..., Ak, . And vice-

versa, any such linear combination (in question) is semi-excellent.

Proof. Clearly, because of the definition of Q% we can choose elements vy, ..., vy, €
Q% such that Q% = spang{v1,...,vr} and any of v, for j = 1,..., L is of the form

[y uldyts Ao A dyE A dut A A duT] gy

for some o € N¥ andﬂ:(ﬂl,...,ﬁp)ENpandsomel;:,ﬁ,ul,...,u;c,1/1 e Vp €
N satisfying 1 < py <-~-<,u,~cSkandlgl/l<~~<1/1~,§pandl;:+;5:qand
B =1+ -+ Pp <1land (if B =1 then s € {1,...,p} \ {v1,...,v3}). From
these generators we can choose the basis

B={w,...,wk}

of the real vector space Q%. Then B is adapted. Of course, we may assume that
wy, ..., Wk, are all elements from B with weight equal to (0,...,0).

The proof of part (i) of the theorem is complete.

Let H : Q% — R be a semi-excellent map.

Given w € B, let a(w) be the weight of w.

Any element w € Q% is of the form

K
w = Z Aj(w)w; where \; : Q% — R are the functionals dual to wy, ..., wk.
j=1

Then for any w = 2%

i Aj(w)w; € Q% and t = (t1,...,tp) € (Ry)P we have

K K X
t1 ety H(Z )\j(w)wj) = H(tOZ)\j(W)wj> = H(Z )\j('LU)ta(wJ')’wj).

Then because of the homogeneous function theorem ([5]), H is the linear combina-
tion of monomials

K
(M) 7ot (W) for all yge, 41, - .., v € N with Z vio(wj) =(1,...,1)
Jj=Ko+1
with coefficients being smooth maps depending on Aq,... ,Ak,. Then yx 4+1,...,7x €
{0,1} because a(w;) # (0,...,0) for j = K, +1,..., K.
The proof of part (ii) of the theorem is complete. O

Remark 4.5. The condition Zf:KOJrl vio(w;) = (1,...,1) from the part (ii)
of the theorem is a system of p linear equations with coefficients from {0,1} with
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(K — K,) unknown +; from {0,1}. So, we have reduced the description of regular
M f,-natural operators AYT* ~» QPT*T4 to a rather combinatoric problem.

5. APPLICATIONS

For start, applying our obtained (in the previous sections) general results, if
m > q+ 2 > 4, we find explicitly all M f,,,-natural operators D : AIT* ~» NIT*T
lifting ¢g-forms w on a m-manifold M into g-forms D(w) on the tangent bundle T M.
We prove

Proposition 5.1. If m > q+ 2 > 4 then any M f,,-natural operator D : N9T* ~~
NIT*T s of the form

w = aw® + bwY + cdiLwC
for (uniquely determined by D) real numbers a,b, c, where w® is the complete lift
of w from M to TM and w" is the vertical lift of w from M to TM and iy, is the
inner derivative with respect to the Liouville vector field L on TM and d is the
exterior deriwative.

Proof. We prove this proposition for m > ¢+ 2 > 5. We are going to apply the
obtained previous general results in the case k = 1, p = ¢, A = C°(R)/((u°)?)
and B =< (u®)?,u'w’ | i, =1,...,q >, where u° := y'. The collection consisting
of K = q+ 3 classes

1)51) = [du® Adut A A dui A+ A duflqq 03 = [utdu® Adu? A - A du?]qq

oM = [dut Ao A duq]QqB ;0@ = [uldul A A duq]gg3

for i =1,..., ¢ generate (over R) the real vector space Q. This will be proved in
a more general situation in Lemma [5.4] So, we have the basis w1, ..., wg,,...,wg
of Q% such that wr,y1,...,wr € {v® vM v} and wy,...,wy, € {vgl) | i =

1,...,q}. We can see that this basis is adapted. Namely, vgl) is homogeneous of

weight (1,...,1,0,1,...,1) € {0,1}7 (0 in 4-th position) for ¢ = 1,...,q and the
other elements are of weight (1,...,1,...,1) € {0,1}9. Let Ay,..., Az be the dual
basis. Using Theorem [4.4] we can immediately see that any semi-excellent map
H: Q% — R is of the form

H=ar, 1AL, 41+ - +arrp,

where the coefficients are real numbers. Thus the vector space of all excellent maps
H : Q% — R is of dimension < L — Ly < 3. Thus the vector space of all M f,,-
natural operators AYT* ~» AT*T is of dimension < 3 because of Theorem [3.5] On
the other hand we have three linearly independent natural operators in question.
Namely, w® and w" and di;w®. So, using the dimension argument we end the
proof of the proposition in this case. That the operators w® and w" and diyw® are
linearly independent it will be proved later in Lemma [5.6| (in some more general

situation).
So, using the dimension argument we end the proof of the proposition.
In the case m > ¢ 4+ 2 = 4, the proof is quite similar. O
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Remark 5.2. In the presented in Proposition [5.1] description of M f,,-natural
operators AYT* ~» AYT*T we cannot see

Wi dec.
Why? Because of w® = L;w® = idw® + dipwC.
In the rest of this section, we generalize Proposition 5.1} Namely, if m > ¢+2 >
4, we find explicitly all M f,,-natural operators D : AYT* ~» AIT*T" lifting g-forms

w on a m-manifold M into ¢g-forms D(w) on the r-tangent bundle T"M = JJ (R, M).
At first, we consider the case m > ¢+ 2 > 5. We prove

Theorem 5.3. If m > g+ 2 > 5 then any M f,,-natural operator D : NIT* ~~
ANIT*T" 4s of the form

T T
w Z asw® + Z bodipw'®
s=0 o=1

for (uniquely determined by D) real numbers as,b,, where the w® fors=0,...,r
are the classical (s)-lifts of w to T"M in the sense of A. Morimoto ([7]) and L is
the canonical vector field on T M with the flow given by Exp(TL)(v) := j5(yoar),
TeR,v=4y€T"M, where a; : R = R, a,(t) = exp(7)t.

To prove Theorem [5.3] we need a preparation. Now, k = 1, p = ¢, A =
C*®R)/((u®)™1) and B =< ()™ viud | i,5 = 1,...,q >, where u® = y’.
We prove some lemmas.

Lemma 5.4. The collection consisting of K = qr + 1+ 1+ r classes
vgl’s) = [d(uo)s/\dul/\- AU - -/\duq]QqB , p(3) = [uld(uo)s/\dlﬂ/\- . -/\duq]QqB ,
1 . 1AL .. q (2:8) . [(u®Vsdul A - q
o i=dut A Adu ]Q% , U = [(u®)’du’ A+ Adu ]Qqs
fori=1,...,q and s = 1,...,7 generate (over R) the vector space Q%. All

elements of this collection are adapted. Namely vgl’s) is homogeneous of weight

(1,...,1,0,1,...,1) € {0,1}¢ (0 in i-th position) for i = 1,...,q and the other
elements are of weight (1,...,1,...,1) € {0,1}9.

Proof. Clearly, the classes [ufdu® A --- A dui A A duq]QqB for all 3 € N9t and

j =0,...,q generate the vector space Q%. Because of the construction of Q%, all
these classes are 0 except (eventually) of [(u®)*du A--- A duq]QqB and

[(u®)1 du® Ao A du /\-~~/\duq]QqB and [(u®)*1u!du® Ao A du /\~~/\duq]QqB
fork=0,...,rand by =0,...,r—1land i =1,...,q. Moreover,

[(u®)*rdu® A d(uru®) Adu® A--- A dui A+ A duq]QqB =0,

so [(u®)*rutdu® Adu? A- - -/\duq]QqB = —[(u)* uldu® Adu' A-- AN - /\duq]gc}a.
Consequently, the classes vEl’s), v@®9) oM w(28) fori=1,...,qand s=1,...,r

generate (over R) the vector space Q%.
The rest of this lemma is a simple observation. O
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Lemma 5.5. Let wy,...,wy be the adapted basis in Q% such that we,...,wr, €
{vgl’s) |s=1,...,7, i=1,...,q} and wp,41,...,wy € {3 2 )| 5=

1,...,r}. Let M\1,.... A1 be the dual basis. Then any semi-excellent map QF, — R
18
ar,+1A1 + - +arAg

for any ap,41,...,ar € R. Thus the space of excellent maps QF — R is of
dimension < L — L1 < 2r + 1.

Proof. Tt follows immediately from Theorem O

Lemma 5.6. If m > q+ 2 > 4, the collection of M f,,-natural operators w'®) and
digw'® for s =0,1,...,r and 0 = 1,...,r is linearly independent.

Proof. Suppose we have

n= i asw'® + i bpdipw =0
s=0 o=1

for any w € Q9(M). Then
Zas(dw)(s) = Zasd(w(s)) =dn=0
s=0 s=0

for any w € Q9(R™) because of d(w®)) = (dw)®). Putting w = (z') z2dz? A --- A
dzt? we get

0= ay(dw)@(3:",...,000) =3 ay(dw(@s,...,0542))*) = 3" as((@H)M©®
s=0 s=0 s=0

for A =0,1,...,r, where 0; = % for i = 1,...,m. Evaluating at ji(¢,0...,0) €
T'R™ we get

1 dsth
0= a-"— =
Za sl dts |t=0 “

s=0

for A\=0,1,...,7. Then a9 = a1 = --- = a, *and then
> bedipw™ =0
o=1

for any w € QI(R™). Since the flow of L is a natural transformation 7" — T"
and the flow of X(") is {T"(p,)} if {¢,} is the flow of X, then the Lie derivative
L£1,X) =0 for any vector field X on R™. Then

(Lrw@)(X XDy = L@ (X7, X D) = Lw(Xy .., X))
and then

(dirw ) (X7, X)) = Lo(X ..., X))@
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for any closed g-form w on R™ and any vector fields Xi,..., X, on R™ (because
ipdw(®) =0 if dw = 0) for ¢ = 1,..., 7. Then putting w = (z") dx A --- Ada? (it
is closed) and X; = 0; for j =1,...,gand A =0,...,r we get

b L) =0

for A=1,...,r. Evaluating at j§(¢,0,...,0) € T"M we get

T o A
0= Zb 1d d? exp(TA)t

o — —— =D
= o! dT|T:0 dte |[t=0 A
for any A =1,...,7. Then by = --- = b, = 0. That is why the operators w(*) and
dipw'® for s =0,...,r and ¢ = 1,...,r are linearly independent, as well.
The proof of the lemma is complete. O

We are now in position to prove Theorem [5.3

Proof. By Lemma the vector space of excellent maps Q% — R is of dimension
< 2r 4+ 1. Then (by Theorem) the vector space of all M f,,-natural operators
NIT* ~ ANUT*TT is of dimension < 2r + 1, too. Then using Lemma and the
dimension argument we complete the proof of the theorem. O

Now, we pass to the case m > ¢ + 2 = 4. We prove

Lemma 5.7. If m > q+ 2 = 4 then the vector space of M f,,-natural operators
r(r—1)

N2T* ~ N*T*T" is of dimension < (2r +1+ Z5=2).

Proof. Clearly, Lemma for m > g+ 2 = 4 is true, too. Then we have the
following version of Lemma Let wy,...,wr be the adapted basis in Q% such
that wy,...,wg, € {v§1’5) |s=1,...,r}and wry1,...,wr, € {vél’s) |s=1,...,r}
and wr,11,...,wry € {v® 0@ v | s =1,... r}. Let \j,....\z be the dual
basis. Then (because of Theorem any semi-excellent map Q% — R is of the

form
Ly Lo

H = Z Z a/klk}z)\kl)\kz + aL2+1)\L2+1 + e + aL)\L
ki=1ko=L1+1

for a (uniquely determined by H) real coefficients. Then there is a linear monomor-

phism sending any H (in question) into the collection of the sequence (ar,41,...,ar5)
(corresponding to H) and the r x r-matrix [bs,s,] such that bg,s, = H(vg,sl) +
vél,&)) for s1,80 =1,...,7r. If H is excellent, then
“bgysy = —H (" 4 0)) = H(sO("* + 0§*))
_ H(’U%LSQ) + Uél,m)) = byys,
for any s1,s9 = 1,...,r, where s = (1,2) € S5 is the cycle. Now, the lemma is
clear. O
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Theorem 5.8. If m > q + 2 = 4, then any M f,,-natural operator D : N2T* ~
N2T*T" is of the form

W Z o0y ipw T Nipw(@2) 4+ Z asw® + Z bydipw'®

1<o1<o2<r s=0 o=1

for (uniquely determined by D) real numbers g, yy, Gs, by -

Proof. Suppose we have

Y oo™ N il + 3 aw® + 3 bydige =0

1<o1<o2<r s=0 o=1

for any ¢-form w on R™. Putting tw instead of w we get

t2 Z aglgziLw(‘”) ANipw(?) + t(z asw'® + Z bgdiLw(")) =0

1<o1<o2<r s=0 o=1
for any t € R. Then

Y temirw ™ Nigw @ =0 and Y aw® + Y bydigw? =0

1<o1<o2<r s=0 o=1
for any g-form w on R™. Then ag =---=a, =0 and by = --- = b, = 0 (because

of Lemma and
Z a’aloziLw(gl) A iLw(U2) =0
1<o1<0o2<r
for any g-form w on R™. Put w =dz' Adz?. Itis L= ", Zu L () ”)8§T_“)
(1
lg

(because of (L ((xi)(”)))ugw = i%h:m%n:o( z'(y(exp(7)t)) = p(z") )7)- Then

(,LLW(O') 8(7") ZZH‘ (u) (a) 6(7“ ) 8(7’))

=1 p=1
- Z Z“ w(8;,0) M = —g(2?)().
i=1 p=1
Similarly,
(i20)(357) = o ().
Then

(iLw(01) A ,L'Lw(crz))(ay)’aér)) _ 0'10'2(—(1‘2)(01)(3;1)(02) + (Z‘l)(al)($2)(02)).

Then
Y ammoroa(— (@) @) + (@) @) ) = 0
1<o1<02<r
Evaluating at j§(¢°',t°2,0,...,0) € T"R™, we get as,5, = 0 for 1 < 51 < s9 < 7.
Then the dimension argument ends the proof of our theorem.
O
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Remark 5.9. If m > ¢+2 = 3, one can see that any semi-excellent (then excellent)
map H : Q5 — R is of the form

T
ar AV ABTAD 13 (YA

s=1

+ Z 0,378(Agl,1)’ o )\5175))A(3’s)’
s=1

where )\gl’l), ... is the dual basis to the adapted basis vgl’l), ... (the collection of

Lemma , where aj,a25,a3s : R” — R are smooth maps. So, we reobtained
the result of [6] saying that if m > 3, then the space of all M f,,-natural operators
T* ~» T*T" is the free (2r 4+ 1)-dimensional C*°(R")-module. In [6], we presented
the (rather complicated) basis of this module. It seems that any M f,,-natural
operator D : T ~» T*T" is of the form

I i
w Z h,,(iLw(l), A iLw(r))w(”) + Z gg(iLw(l), . ,iLw(’"))diLw(”)
v=0 o=1

for (uniquely determined by D) smooth maps h,,g, : R” — R, where L is the
(mentioned above) canonical vector field on T". We leave this problem to be open.
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