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A CONNECTION BETWEEN HYPERREALS
AND TOPOLOGICAL FILTERS

MOHAMED BENSLIMANE

ABSTRACT. The aim of this paper is to show that the ultrapower *R of the real
line R with respect to a selective ultrafilter on the natural numbers (Choquet’s
absolute ultrafilter) may be naturally embedded in the prime spectrum of the
usual topology on R viewed as a distributive lattice. Moreover, the topology
induced in *R \ R through this embedding is separated (Hausdorff).

1. INTRODUCTION

Following the research papers which have been devoted to the study of “hyper-
reals” or “topological filters”, it seems that these two notions are independent. The
present paper aims to establish a bridge between these two concepts.

Let 7 denote the usual topology on R. Recall that a nonempty collection 6
of elements of 7 is said to be a prime filter of 7 if 0 satisfies the following four
conditions:

(i) 0 6.

(ii)) If A, B €6, then ANB € 6.

(iii) If Ac  and AC B € 7, then B € 6.

(iv)If A,BeT with AUB €0, then A€ for Beb.

We will use the symbol R to denote the set of all prime filters in the bounded
distributive lattice (7,U,N, 0, R). Note that the space R is homeomorphic to the
space of prime ideals of T, usually called the prime spectrum of the lattice T (see
[6]). This clearly implies that R is endowed with the well known topology generated
by the basis consisting precisely of all subsets & = {6 € R|we 0} of R, where w
is an open set of R. Some authors called this topology the Zariski topology.

In this paper, we discover an important connection between hyperreals and
topological filters (Theorem [2.6). We refer the interested reader to [5] for definitions
and basic facts about hyperreals. We conclude the paper by proving that *R \ R
endowed with the induced topology by the space Risa separated topological space

(Theorem [2.7)).
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Notations

In this paper we will use the following notations. The letters N and R are used
for the set of non-negative integers and the field of real numbers, respectively. For
given subsets A and B of a set X, A\ B = {a € A | a ¢ B}, and we write
A® =X\ A. We use | X| to denote the cardinality of a set X. Given a nontrivial
ultrafilter U on N, we let *R denote the set of hyperreals modulo U. We refer to
[4, 5] [6] for all the undefined terminologies in this paper.

2. HYPERREALS VERSUS TOPOLOGICAL FILTERS

Let a € R. For simplicity of notation, we write

w(a) = {W | W is an open subset of R with a € W}, and
w(oo) ={K°=R\ K | K is a compact subset of R}.

Lemma 2.1. For each 0 € ]ﬁ, there exists a unique element a € RU{oo} such that
w(a) C 6.

Proof. Let 0 € R.

Case 1: Suppose that NycgA = . Let K be a compact subset of R. Then
Naco(AN K) = (). Therefore there exist finitely many elements A, ..., A, of 0
such that (NP, 4;,)NK =0. Put A=n?,A;. Then A € § and AN K = (. This
implies that A C K¢ and hence K¢ € . It follows that w(co) C 6.

Case 2: Assume that NacgA # ) and take a € NycpA. Let V € w(a). So there
exists W € w(a) such that W C W C V. Since W N (W)¢ = ), we deduce that
(W)° & 6. Note that R =V U (W)°. Then V € 6. Consequently, w(a) C 6. O

For any a € R, we consider the following sets:

wt(a) = {W open subset of R | |a,a + ¢[C W for some € > 0},
w™(a) = {W open subset of R | Ja — &,a[C W for some & > 0},
wt(c0) = {W open subset of R | |M,+oc[C W for some M > 0}, and
w (00) = {W open subset of R | | — 0o, —M[C W for some M > 0}.

Proposition 2.2. For each 0 € R\R, there ezists a unique a € RU{oco} such that
either w*(a) C 0 or w™(a) C 6.

Proof. By Lemmal[2.1] there exists a unique a € RU{oo} such that w(a) C 6. Since
0 is not principal, there exists A € 6\ w(a).
Case 1: a is a real number. Since a € A, we have

ANja —1,a + 1[= (ANja — 1,a[) U (AN]a,a + 1[) € 6.

But 0 is a prime filter, so ANja — 1,a[€ 6 or AN]a,a + 1[€ 0. Without loss of
generality we can assume that ANja — 1,a[€ §. This implies that Ja — 1,a[€ 6. To
show that w™(a) C 60, take W € w™(a). Then Ja — €,a[C W for some £ > 0. If
e > 1, then Ja — 1,a[Cla — €,a[ and hence |a —€,a[€ 6. If € < 1, then Ja — ¢, a[=
la—1,a[N]a —€,a + €€ 6. It follows that W € 6 and so w™(a) C 6.
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Case 2: a = 0o. The proof of this case runs as before by using the fact that
AN[-1,1]° = (AN] — o0, —1[) U (AN]1, +o0[) € 6.
O

Choquet introduced the notion of absolute ultrafilters in 1968 [3]. A nontrivial
ultrafilter U on N is said to be absolute if for every application f : N — N such
that f(U) is not trivial, we have f(U) = U. Ultrafilters of this type are usually
called selective or Ramsey ultrafilters (see [I]). Choquet showed that the Contin-
uum Hypothesis guarantees the existence of such an ultrafilter and established the

following result (see [3]).

Theorem 2.3. Let U be a nontrivial ultrafilter. Then the following conditions are
equivalent:
(i) U is an absolute ultrafilter;
(ii) For every partition (Qn)n>0 of N with Q,, € U for all n > 0, there exists
A €U such that |Q, NA| <1 for alln > 0.

The next result which is taken from [2].

Theorem 2.4. Let U be an ultrafilter on a set E and let f : E — E be an
application. Then there exists A € U such that exactly one of the following two
conditions is satisfied:

(i) f(z) = for every x € A, or

(ii) An f(A) =0.

As a consequence of the preceding theorem, we obtain the following useful corol-
lary.

Corollary 2.5. Let U be an ultrafilter on a set E and let P € U. Assume that
there exists an application f : P — E such that

vSeUSCP= f(S)eU.
Then there exists A € U such that A C P and f(x) = x for every x € A.

Proof. Let g : E — E be the extension of f defined by g(z) = z for every x € E\ P.
From Theorem it follows that there exists @ € U such that Q N g(Q) = 0 or
g(z) = x for every x € Q. Hence the proof is done by setting A = Q N P and using
the fact that AN f(A) # 0. O

In the remainder of this section we assume U to be an absolute ultrafilter on N.
Given a real sequence = = (Zp)nen, We set

U(z) ={W CR | W is an open subset of R with {n e N|z, € W} € U}.
It is easily seen that U(z) € R.

Now we are ready to prove the main results of this paper. The first one which
is maybe unexpected connects hyperreals to topological filters.

Theorem 2.6. Let U be an absolute ultrafilter on N and let x and y be two real
sequences. Then U(x) =Ul(y) if and only if T =7.
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Proof. The sufficiency is clear. Conversely, suppose that U(z) = U(y).

Case 1: Assume that U(z) € R. Then U(z) = w(a) for some real number a. We
claim that Z = @. Suppose the contrary and let P = {n > 0| z,, # a}. It is clear
that P € U. Let W be an open subset of R such that z,, € W for every n € P but
a ¢ W. Then W € U(x) \ w(a), a contradiction. It follows that T =7 = a.

Case 2: Now assume that U(z) ¢ R. By Proposition there exists a unique
a € RU {oo} such that either w*(a) C U(z) or w™(a) C U(x). For simplicity of
notation, if a € R set

I, =la+ kLH’ a+ 1] and Q = {n >0 |z, € I;} for any positive integer k,
Q={n>0]|xz, €la,a+1]} and Qp = Q°.
If a = oo, set
I =)k, k+ 1] and Qr = {n > 0| z,, € I};} for any positive integer k,
Q={n>0]|z, €]l,4+00[} and Qy = Q°.

Note that @ € U and Q,, € U for every n > 0. Moreover, (Qn)n>0 is a partition
of N satisfying the conditions of Theorem The sequence y can be handled
in much the same way and then there exists A € U such that the following two
conditions hold:
(1) Vk € A,Ja(k) > 1,38(k) > 1,24 € Ia(k) and yi € Iﬁ(k)-
(2) For every n > 1, I, contains at most one element of z and at most one
element of y.

For ease of notation set B(z,r) =]z —r, z+r[ for any z € R and any positive real
r.Let P={ic A|3j=9(i) €Az, =y}, E={z; | 1€ A}, F ={y; | j € A}
and G = E U F. Taking into account the distribution of the points of G on the
intervals I, (n > 1), we see that the mapping ¢ : P — N is well defined. Let
R = ¢(P) and consider the following neighbourhoods of the points of G.

Ifie Pand j = QD(Z) €R,Je; = Wi > 0, B(l’i,Ei) NG = {ZIZZ}

Ifq ¢ P, de; > 0, B(l’i,Si) NG = {LL’Z}
Similarly,

if j ¢ R, 3u; >0, Bly;, u;) NG = {y;}.

For M C A, set Viy = Ujem B(w;,¢;) and Wiy = Ujen B(y;, pj). Note that

MeUs&sVyeU(x) e Wy eU(y).

Since U(z) = U(y), we must have P € U and for every S C P, S € U implies
»(S) € U. In fact,

PgU=T=PNAcU=VreU(z)\U(y) and Wr € U(y) \ U(x), and
SelU=Vs=Wys €U(x) =U(y) = ¢(S) € U.

Now using Corollary it follows that there exists H € U such that (i) = i for
every i € H. This clearly forces T = 7. O
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Recall that the set of hyperreals (modulo U) is denoted by *R. Then the appli-
cation i : "R — R defined by h(Z) = U(x) is injective. Hence the set *R can be
identified to a subset of R and then it can be endowed with the induced topology.

Theorem 2.7. The set *R\ R endowed with the induced topology by the space R
s a separated topological space.

Proof. Let Z,7 € *R\ R with T # §. Then by Proposition there exist a,b €
RU {oc} and «, 8 € {+, —} such that w*(a) C U(x) and w?(b) C U(y). The proof
falls naturally into three parts: (i) a # b, (ii) a = b and a # 8 and (iii) a = b and
a=p.

For (i) and (ii), it is clear that there exist two disjoint open sets V and W such
that V € U(z) and W € U(y). Now assume that a = b and oo = 8 = +. We will
use the same notation of the proof of Theorem Note that U is an absolute
ultrafilter. Applying Theorem [2.3] we conclude that there exists A € U satisfying
the following two conditions:

(1) every interval I,, contains at most an element z; and at most an element
y; with ¢,j € A, and
(2) for each k,l € A, Im,n >0, z € I, and y; € I,,,.

Let P={i€ A, Fj=¢p(i) e A,x; =y} andset R=p(P)={j€ A, Fic Az =
y;}. It is easily seen that ¢ : P — R is a bijection.

Case 1: Assume that P,Q € U. Since T # 7, it follows from Corollary that
there exists T € U with T C P and ¢(T') ¢ U. This implies that S = RN (¢(T))¢ €
U. In this case Vr and Wy are two disjoint open sets such that Vr € U(x) and
Ws € U(y)

Case 2: Assume now that P ¢ U. Then T'= AN P¢ € U. Therefore Vr and Wy
are two disjoint open sets such that Vp € U(x) and W4 € U(y). This completes
the proof. O

Remark 2.8. Note that *R endowed with the induced topology by the space R
need not be a separated topological space. To see this, consider the real sequence
x defined by x,, = 1/n for every n > 1. Let U be a free ultrafilter on N. We have
w(0) CU(z) and w(0) # U(x). It is clear that 0 and T are not separated.
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