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A PROPERTY OF HOMOGENEOUS ISOPARAMETRIC
SUBMANIFOLDS

CRISTIAN U. SANCHEZ

ABSTRACT. The present paper contains a new result concerning the second
fundamental form of a compact, connected, homogeneous, isoparametric sub-
manifold M of codimension h > 2 in a Euclidean space.

1. INTRODUCTION

The objective of the present paper is to indicate a property of every compact,
connected, homogeneous, irreducible, isoparametric submanifold M of R**" (n =
dim (M)) which, to the best of our knowledge, has not been previously noticed in
the literature on the subject.

Let us consider such an isoparametric submanifold M C R™*". It is a Riemann-
ian submanifold with the induced Riemannian metric from R"*" so we have the
associated Levi-Civita connection V and the corresponding second fundamental
form o : T, (M) x T, (M) — T;- (M).

The definition of isoparametric submanifold of a Euclidean space M c R"*"
has a rich and very interesting history going far back to Levi-Civita, Cartan (and
beyond) and has a notorious highlight in the celebrated paper by G. Thorbergsson
[I:Gﬂﬂ A detailed account of the development of the different definitions of these
submanifolds can be find in chapter 10 (by G. Thorbergsson) of the Handbook of
Differential Geometry Vol. I [4]. For a recent addition to this account, the reader
may consult also (by the same author) the paper [17].

The definition used in the present paper is the following. Let S be a compact (or
non compact) @rreducible symmetric space and let (n + h) be its dimension. Fix a
point p in S and let K be the isotropy subgroup of the point p. The homogeneous
isoparametric submanifolds associated to S are the principal orbits of the tangential
representation of K on T, (S). They are considered submanifolds of the Euclidean
space T}, (5) = R+ and are, of course, associated to the symmetric space S El

In the papers [13] and [14] it is shown that in the tangent bundle T (M) of the
isoparametric submanifold M there is a canonical, smooth, completely non-
integrable, step 2 distribution © () C T (M).
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11t is a well known and celebrated result of G. Thorbergsson that for codimension h > 3, all
isoparametric submanifolds are homogeneous.

Ttisa frequent phenomenon in mathematics that an important theorem becomes a definition.
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2 CRISTIAN U. SANCHEZ

Recall that a distribution ®© of r-planes (n > r > 2) in a connected manifold M
is smooth [15] p. 41] if for any p € M there is an open set A = A (p) containing
p and r smooth vector fields {Xj, ..., X,.} defined on A such that, V¢ € A and
1<j<r X;(q €D(q) CTy(M) and D (q) = spanr {X; (¢) : 1 < j <r}. The
distribution ® is said to be completely non-integrable of step 2 if, for each
p € M, the vector fields defined in A (p) satisfy:

Spane {X; (q), [Xr, X;](q) :1<k,j<r}=T,(M), YVge A (1)
i.e. for D (q) = spang {X; (q)} we have D? (¢) = (D+[D,D]) (¢) = T, (M), Vq €
ACM.
We consider, on each D (p), the restriction of the inner product (x, x), on T, (M).
The triple (M, D, (x, *)) is called a sub-Riemannian manifold. The mentioned prop-
erty of the isoparametric submanifold M is the content of the following:

Theorem 1.1. Let M be a compact, connected, homogeneous, irreducible, isopara-
metric submanifold M of R"" with codimension h > 2 and let o (X,Y) be its sec-
ond fundamental form in R"*". Then for any point p € M and any X € D (p) C
T, (M) we have
(Vxa)(X,X)=0

where (Vxa) (Y,Z) = Vi (a(Y,2)) —a(VxY,Z) — a(Y,VxZ) is the usual co-
variant derivative of a.

Then, since (an) (Y, Z) is symmetric by Codazzi’s equation, as a consequence
we have
Corollary 1.2. The restriction of the second fundamental form o from T, (M)
T, (M) to © () x D (Q) is parallel i.e. (Vxa)(Y,Z)=0 for X,Y,Z € D (p)
T,(M), ¥p e M.

This corollary may be rephrased by saying:

N x

The sub-Riemannian manifold (M, D, (x,*)) is parallel.
Furthermore we also have:

Theorem 1.3. Under the hypothesis of Theorem given any pair of points p
and q in M, there exists a C*° horizontal curve 7 : [0,b] — M such that:

(i) v(0) = p, v(b) = g and ' (t) # 0 Vt € [0, 0] (i.e. y is regular).

(ii) the curve v is a geodesic of the sub-Riemannian metric defined on M.

(iii) o is parallel along the curve v that is: (V.. pha) (v (1), (t) = 0,
vt € [0, b]. O

The organization of the paper is the following. In the next section we mention
the essential facts concerning the isoparametric submanifolds under consideration
while in Section [3| we recall the definition of the distribution © (). That section
also contains Lemma which is a consequence of the existence of D (2) and an
essential property of the distribution. Lemmais indicated in [I3] as well known
however, because of its importance for Theorem[1.3] we include a proof in Section 5}
The proof of Theorem [I.1]is contained in Section[4] In the proof we make essential
use of formula which, for completeness, is proven in the Appendix.
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2. THE SUBMANIFOLDS CONSIDERED

The mentioned homogeneous isoparametric submanifolds M of codimension h >
2 in Euclidean spaces are the principal orbits of the tangential representation, at a
basic point, of a compact (or non compact dual) symmetric space. To obtain one
of these submanifolds, we consider a real simple noncompact Lie algebra gy with
Cartan decomposition go = £y @ po and Cartan involution 6. Then €; is a maximal
compactly embedded subalgebra of go [7, Pr.7.4 p.184]. Let K be the analytic
subgroup of Int (go) corresponding to the subalgebra adg, (€)) of adgy, (go) which is
compact and let By be the positive definite, symmetric bilinear form on gy defined
by

BG (.’E,y) = <x)y>6 =-B (w,&y) . (2)
where B is the Killing form of gg.

The principal orbits of the representation of K on py are the isoparametric
submanifolds M of R"M = (po, (x,%),).

This is a consequence of our definition of isoparametric submanifold and the
connection between irreducible symmetric spaces and the Cartan decomposition of
simple Lie algebras. This fact seems to have been indicated for the first time in
21 f]

Let ap be a maximal abelian subspace of py and consider the set ® (go, ag) of
roots restricted to ag (see [13] for details and notation). Let A (go, ag) be a system
of simple roots in ® (go,ap). For A € ®(go, ap), it is usual to define the subspaces
associated to the Cartan decomposition:

fon = {x € to: (ad (b)) x = N2 (h)x, Vh e ao}
Po = {x € po: (ad (h)2x = N2 (h)z, Vh e ao}

for which obviously € x = €y (—x), Po,x = Po,(—r)- With them, respect to By ,
we have orthogonal decompositions,

E=my® Z €0, po=1ao D Z Po,A (4)

AEPT(go,a0) AEPF(go,a0)

3)

where ®* (g, ag) is the set of roots written with non-negative coefficients in terms
of A (go,ap) and mq is the centralizer of ag in €.
Recall that , for any pair A\, u € ® (go, ag), we have the formulae:

[£0,x, Po,u] C Po,(x+u) + Po,(A—p)
(0,2, P0,x] C Po,c2) + ao, (5)
[Eo,x, a0] = Po,x
where po s = {0} and € 5 = {0} if J is not a root.
Let us fix a regular element F € ag C pg, call M = Ad (K) E C py its orbit and
let K be the isotropy subgroup of K at E. The regularity of F implies that the

3We thank the anonymous referee for this observation.
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isotropy subalgebra (corresponding to) K is €y g = my. Furthermore the tangent
and normal spaces of M at E are:

Tp(M)= > [oxEl= > poxand Ty (M) =ag (6)
APt (go,a0) Aedt(go,a0)

2.1. The manifolds of complete flags M = K/T™. An important special case
of the above isoparametric submanifolds are the submanifolds of the form M =
K/T"™ where T"™ is a maximal torus of the compact, connected, simple, adjoint (i.e.
centerless) Lie group K. Let ug be the compact simple Lie algebra corresponding
to K and let ug = ug P iug be the complexification ug of ug considered as a real

Lie algebra. Then gy = (ug)R =uy Piug ~ £y @ po is a Cartan decomposition of gg
[7, p. 185, (7.5)] and we may consider, as in the previous case, the principal orbits
of the adjoint action of K which are isoparametric submanifolds of pg = iug. They
are manifolds of complete flags of the form M = K/T™ for a maximal torus of the
group K.

Let us take a Cartan subalgebra tg C ug so ity C dug is a mazximal abelian
subspace of iug and h = (tg & ity) C ug Biug = go is a Cartan subalgebra of gg. We
have the roots in ® (go, ) and the restricted roots are those in ® (go,ity). They
are just the roots of ug with respect to tg. Also in this case we shall use the general
notation indicated above.

3. DISTRIBUTION

The roots of @ (go,ag) are written in terms of A (go,ap) as a Z linear combi-
nation with non-negative coefficients. It is usual to define the height of a root as
the sum of these coefficients and we may consider in ®* (go, ag) the subsets Q and
T of roots of odd and even height respectively. Then ®* (gg,a0) = QUT and we
may consider, associated to the set , a subspace Dg (Q) C T (M) (6) defined
by D (2) = > \cqPox. This subspace is invariant by the action of the isotropy
subgroup at E. Hence D g () defines a distribution D () on the manifold M by
translation with the action of the group K. Then at each point ¢ = Ad(g) F € M
we have: D, = D,(Q) = Ad(9) D () C T, (M). It is clear that the distribu-
tion © () is well defined. As we indicated above in [I3] it is shown that © () is
smooth and completely non-integrable of step 2 distribution in M.

The presence in M of the completely non-integrable step 2 distribution D, (£2)
has the following consequence. Recall that, given the distribution ©, a curve
v : [0,b] — M is said to be horizontal for ® if ' (t) € D (y(¢)) Vt € [0,b] and
regularif v’ (t) # 0 Vt.

Lemma 3.1. Let M be a compact, connected, homogeneous isoparametric sub-
manifold of R"™" = (po, (*,%),) and consider in M the smooth distribution D (),
defined above, which is completely non-integrable of step 2. Then for any two
points p, q in M there exists a horizontal, C>, regular curve v : [0,b] — M
such that v (0) = p, v (b) = gq.

A proof of Lemma [3.1] is included in Section [5}
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4. PROOF OF THEOREM [ 1]

Let us consider our isoparametric submanifold M = Ad(K)E C po and take
two points a and ¢ in M. Let us take the C* regular curve v : [0,0)] — M
(i.e. 7/ (t) # 0, Vt) such that v (0) = a, v (b) = ¢ given by Lemma [3.1] As usual,
to say that the curve v is C* in [0,b] means that it is defined and is C*° in an
open interval containing [0,b]. Let ¢ € [0,b] we need to show that the second
fundamental form « of M in p, satisfies:

(Vaywa) (7 (#),7 () =0 (7)
Since 7 (t) € M there exists w € K such that
V() = Ad(w) E=w(E), () €Dy = Ad(w) D (2) C Ty (M)

Since K acts on the ambient space (po, (x,y),) by isometries then, for each
Y € Tg (M), the derivative: wy|g : Tg (po) — Ty (o) satisfies:

(vw*IEYO‘) (Wil g Y, wil pY) = wil p (Vya) (YY), Y €Tk (M)

and since
Wyl Z = Ad (w) Z, VZ € Tk (po)
in order to prove we just need to show that

(Vya) (V(0),7'(0) =0,  +'(0) €Dp () C Tp (M) (8)
and so, in turn, to prove , it is enough to show that:
(Vya) (Y,Y)=0 VY €Dg(Q) CTr (M) (9)

To initiate the proof of @D, we need to introduce some general notation. Recall
that @1 (go, a9) = QUT and let us set:

U0 =D \eot(goao) 04 Fo=mo D up, (10)
0 = 2 xcd+ (gosa0) PO Po = do @ do,
up () = Z,\EQ tox 0 () = Z)\QQ Po,x
U (T') =D serfor o =1 () Sup () (11)
go (I') = XserPox g0 =0 () ©qo (T)

00 (I') = ap ®qo (T) (12)

To compute the covariant derivative of the second fundamental form (Vy a) YY)
we use the formula (which is proven in the Appendix). That is:

(Vix.me) (X, E], [X, E]) = —2 ({X (X, [X, E]])%LO) . for X eupCly

Let us take any non-zero Y € qo () = Dg (Q) C Tr (M) C po. Since, by
and (TI), qo () = [uo (Q),a9] we may take X € uo () such that Y = [X, E].
Then,for that X, we have to evaluate: ([X ]])qOD . Let us start by
noticing that:

[Xv [X7 E]] € [uO (Q) > 4o (Q)]
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Then we have to study the product [ug (), qo (2)] and to that end compute:

[uo (2),90 (V] = Y [tox,po,]

AYEQ

so we need to compute the brackets [t x,po~] (for A,y € ). By , for any pair
A,y € Q, we have :

p07(2)\) + ao, if Y= A
tox,Pos] © i
[t0,x, Po,~] { Po, () T Po,(0—p) 1Y # A

Clearly, if (A + ) is a root,(or 2 is a root) it is positive and belongs to I'. On the
other hand if (y — A) is a root then |y — A| is a root and and since pg (y—») =
Po,|v—»| it also belongs to I'. Therefore, for any pair A, v € 2, we have:

[o,x: Po,y] C ag @ Z po,u =00 (1)
pel

Then we have the inclusion:
[uo (22) g0 ()] C 00 (I')
and in turn
[X, [X, E]] € 09 (F) =ap D qo (F)
This clearly yields:
(X, [X, E]]) g, = (X, [X, E]D (50 (r)ngo) € 0 (1)
Now, multiplying again by X, we have:

X, (16 X BT, | € o (92), 00 (1) (13)

then we need to compute the product [ug (€2),9¢ (I')]. Recalling we observe
that, by the definitions of ug (€2) and 9 ('), we have:

(Z EO,A) [ a0 ® Z Do,

[uo (€2),00 ()]

AEQ pner
= Z [Eo,x, a0] + Z Z [Eo,x, Po,ul
AeQ XEQ pET

so we study each of the last two terms separately. By , for the first term it holds:

Z [to,x, ao] = Z Po.x C do

AEQ AeQ
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while, again by , for the second one we similarly have:

Z Z [Eo,7, Po,p]

AEQ pel
C YD (P, + o) = DD Poaim + D D Posaul
AEQ pnel AEQ pel AEQ pel’

- Z Po,s = o

3€®@+(go,a0)

Then we obtained

[d0 (£2),00 (T')] C g0
and in turn, by , we have:
(X, (1, [X, B, | € a0
Then we clearly get:
([x.x.xe,]) =0
because o and ay are orthogonal to each other. So our Y = [X, E] € ¢ (Q)
satisfies:
(Vix.me) (X, E]L[X, E]) = (Vya) (Y,Y) =0
Then we have proven @D and Theorem

5. PROOF oF LEMMA B.1]

Let <>|<,>|<)p (p € M) be an inner product defined on © (p) varying smoothly
with p € M. The triple (M, D, (x,%)) is called a sub-Riemannian manifold. A
particular case is when (as it is the situation here) we start with a Riemannian
manifold M and take the restriction, of the inner product in each tangent space,
to . A Lipschitz curve v : [0,b] — M is called horizontal if ' (t) € D (v (1))
for almost every t € [0,b]. The length of v is defined in the usual way as: L (y) =

fob (v (), (£)),4) dt and for two points z,y € M it is usual to define
d(z,y) = inf {L (v) : v is horizontal, v (0) = = and ~ (b) = y} (14)

If the set of horizontal Lipschitz curves joining x with y is not empty for any
(z,y) then d is a distance on M called the Carnot-Carathéodory distance [0]. Since
M is connected,and the distribution satisfies (the Hormander condition) the
Chow-Rashevski Theorem [9, 2.1.2 p.44] [5], p.95] indicates that the set of Lipschitz
curves joining x and y is not empty for every pair (z,y). Furthermore, by the
topological theorem 9], 2.13 p.44] the topology of the Carnot-Carathéodory distance
coincides with the manifold topology. Since M is compact every sequence in M
has a convergent subsequence hence every Cauchy sequence converges. Therefore
M with the Carnot-Carathéodory distance d is complete. If (M,d) is complete,
the closed balls are compact and the argument in [I, Cor 3.49, p. 91] shows that
the infimum in is attained. That is, there is at least one horizontal curve ~
joining x with y such that L (vy) = d(x,y) (in general v is not unique). This ~
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is called a length minimizing curve (or length minimizer). This curve is Lipschitz
(differentiable almost everywhere on [0, b]).

In our situation, we have on the manifold M a distribution ® which is a bracket
generating of step 2 which means that for every point p € M and some local set
of fields {X3,..., X, } (defined in an open set A containing p) generating © (p),
Vp € A C M we have: D% (p) = (D+[D,D]) (p) = T, (M). That is is satisfied.

The point to be mentioned here is that length-minimizers can be of two types
which are respectively called normal and abnormal (see [8, p.329]). But it is well
known that distributions of step 2 have not abnormal length-minimizers
(see for instance [10, p. 318, Th.4] also [6, Section 1.4 p.6] and [2, Th. 3.7, 3.8
p-390]) so we are left with the normal ones. The normal length-minimizers are
those which satisfy the geodesic equation [I, p. 121, Th.4.25]. Then given two
points x, y in M there is a normal minimizer joining them. This curve in M is C*°
and parametrized by constant non-zero speed, hence, it is regular in M [II, p. 122,
Cor. 4.27]. Then, it can be parametrized by arc length. Compare also [10, p. 318,
Th.4].

This yields the proof of Lemma [3.1]

6. APPENDIX

Computation of Va.

In the present Appendix we give a proof of formula used, in an essential
way, in the proof of theorem (contained in Section [d]).It is important to make
here the following;:

Remark 6.1. The isoparametric submanifolds under consideration are R-spaces
(orbits of s-representations) since, in fact, they are all principal orbits of the tan-
gential representations of symmetric spaces.

We have the Euclidean covariant derivative V¥ in (p, (x, *)) and the Levi-Civita
connection V associated to the induced metric on M. Also on M we are going to
consider the canonical connection determined by the decomposition £y = my ® uy,
which we shall denote by V¢ [3, p. 200]. We have the second fundamental
form of M on p and Gauss formula:

VEW = VW +a (U,W).

We need to compute VEW. Let us take, for some X € ug, the curve in M of the

form

7 (t) = (Ad (exp (1X)) E) . (15)
Its tangent vector at F is 7/ (0) = [X, E] and if we take ¢; > 0 then we may
compute the derivative v/ (¢1) by

¥ (0) = ] (Ad (exp (1 ) X)) )
= o (Ad (exp (1) X)) Ad (exp (1) X)) E) )
= Ad{exp (1) X) %tzj)Aaexp((wX))E

)

= Ad (exp ((t1) X)) [X
and so this gives the tangent field along ~
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It is well known that curves like v in are V¢-geodesics and that the V-
parallel translation along these geodesics is precisely given by [3, p. 200].
Let us take a tangent vector at F

[Y, E] € Tg (M) = [to, E] = [uo, E]
and extend it to a field along v by

¥, BJ* = Ad (exp (1) Y, ). (1)
Let us compute now, for X,Y € ug, in
d
Ve VBT = S (Ad(exp (1) Y. E]) = [X, [V, E] € po
t=0

and writing the Gauss formula for [X, E] and [Y, E]*, we have:
V[XE Y, E]" = Vix,p [V, EI" + a([X, E],[Y, E])

then, since py = agPqp, we may take the component in each one of these subspaces.
That is:
Vixg Y E' = (X,[Y,E]]),,
a([X,E]L Y E]) = ([X,[Y, E]])q,
Now, we need to compute the covariant derivative of «, which, by definition is:
(Vix.ma) ([Y. E], (2, E)) (19)
= V[JE(,E]O‘ ([Y7 E] ’ [Z7 E]) -« (V[X,E] [Yv E] ’ [Zv E]) -« ([Y, E] av[X7E] [Za E])

(18)

Now in [IT] (see also [3, p. 212]) it was introduced the canonical covariant
derivative of the second fundamental form « as follows:

(V&.ma) (V. EL 12, E]) (20)
= Vixpo (VB [2.E) - a (VG g [V Bl [2.E]) - a (IY. E], VE g 2. E])
Recall now that a central result of the paper [I1] is that the condition

(V&.me) (V. EL[Z.E) =0

characterizes R-spaces and, since M, as indicated in Remark[6.1}, is an R-space
, we have:

0= Vixpa (V. Bl [2.E) - a (Vg Y. Bl [2.E]) — o (IY. B, Vi g [2.E])

Subtracting now from we get:
(Vix.ga) (Y, B, [Z, E) (22)
= —uo (D ([XvE] ) [Y, E]) ) [Z7 E]) - a([KE] 7D ([XvE] ) [Z)E]))

where
D=V-V°
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is the difference tensor of the two connections V and V€. Now, if we take X =
Y = Z we obtain, for X € ug C £:

(v[X,E]a) ([Xv E} ’ [Xv E]) =—2a (D ([Xv E} ) [Xv E]) ) [Xa E]) (23)

Now, to complete our computation of Ve, we need to study the difference tensor
D ([X, E],[Y, E]). To that end we use the fact that the tangent field [Y, E]" in ,
is parallel respect to the canonical connection V€ along . Then we have:

D ([X, E],[Y, E]) = Vix.p [V, E]" = Vi g [V, E]" = Vix.g [V, BT
and going back to we obtain

D (X, E],[Y,E]) = Vix,p V. E]" = Ta ([X,[Y, E]]) = ([X,[Y, E]]),,
Therefore the equality becomes
(Toeee) (% 2L E) = 2 ([x.0xixD,] ) e

and we have the sought formula [24]
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