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CORE PARTIAL ORDER FOR FINITE POTENT
ENDOMORPHISMS

DIEGO ALBA ALONSO

ABSTRACT. The aim of this paper is to generalize the core inverse to arbitrary
vector spaces using finite potent endomorphisms. As an application, the core
partial order is studied in the set of finite potent endomorphisms (of index
lesser than or equal to one), thus generalizing the theory of this order to
infinite dimensional vector spaces. Moreover, a pre-order is presented using the
CN-decomposition of a finite potent endomorphism. Finally, some questions
concerning this pre-order are posed. Throughout the paper, some remarks are
also made in the framework of arbitrary Hilbert spaces using bounded finite
potent endomorphisms.

1. INTRODUCTION

In this paper, the set of all m X n matrices over a field k is represented by
Mat,xn (k). Let A € Mat,,xn(k), the symbols A= A* R(A),N(A),rk(A) and
Pgr(ay will stand for the usual inverse (when it exists), the conjugate transpose,
column space, null space, the rank of matrix A and the orthogonal projection onto
the column space of A respectively. Moreover, Id € Mat, x, (k) will denote the
identity matrix.

For an arbitrary (n x n)—matrix A with entries in a field k, the index of A,
i(A) > 0, is the smallest non-negative integer such that rk(AI(A)) = rk(AIA)+1),
The Drazin inverse of A is the unique solution that satisfies:

A x = A & X A X=X & A-X=X-A,

and it is represented by AP. If i(A) < 1, then AP is called the group inverse of A
and it is denoted by A¥.
For A € Mat,xn(C), if X € Mat, «m(C) satisfies

AX A=A & X A X=X & (A-X) =X-4 & (X-A=X A,

then X is called Moore—Penrose inverse of A. This matrix is unique and it is
represented by Af. For details see [4].

In 2010, Baksalary and Trenkler introduced in [3] the notion of the core inverse
of a matrix A € Mat,x,(C) with i(A) < 1 as the only matrix X € Mat,,x,(C)
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satisfying the following conditions:

A- X = Pgay and R(X) C R(A).

It is denoted as A@. Initially, it was presented as an alternative to the group
inverse. Firstly, they noted that this generalized inverse could be used to solve
certain linear systems and gained interest as it coincides with Bott-Duffin inverse
Pr(ay - [(A —1d) - Preay +1d]7'. Bott-Duffin inverse occurs in the solutions of
some constrained systems of equations arising in electrical network theory, see [4,
Chapter 2, Section 10], [6]. Ever since its appearance, the core inverse and its
applications have interested a lot of researchers in the area. See for instance: [7],
“8“» Ma “:D:Ha Ma M

John Tate, in [25], introduced the notion of finite potent endomorphism. Let k
be an arbitrary field and let V' be an arbitrary k—vector space. Let us now consider
an endomorphism ¢ of V. The ring of endomorphisms over the k vector space V'
will be denoted by Endg (V). We say that ¢ is finite potent if ™ (V) is a finite
dimensional vector subspace for some n. Tate used this operators in order to give
an intrinsic definition of Abstract Residue.

In [3], the authors studied some properties of the core inverse using singular
value decomposition and they used this inverse to define a partial order in the class
of square complex matrices of index one. In this paper, the core inverse and the
core order are extended to arbitrary vector spaces, in general, infinite dimensional
ones, endowed with an inner product over a field k¥ = R or k = C, using finite
potent endomorphisms.

The article is organized as follows. Firstly, Section [2|is a gathering of results
that will be used later. Section [3] contains some new results related to the Moore—
Penrose inverse of a bounded finite potent endomorphism. Section [ includes the
generalization of the theory related to the core inverse to arbitrary vector spaces,
following [3] as a guideline. However, the study here presented about the core
inverse is done with a different approach to the case of matrices. In particular,
we do not start by requiring our finite potent endomorphism to be of index lesser
or equal than one. We start by deducing that when the core inverse of our finite
potent endomorphism exists, then the endomorphism shall be of index lesser or
equal than one (Proposition . From this previous fact and the definition of
the core inverse we deduce that the core inverse is also a unique finite potent
endomorphism of index lesser or equal than one (Corollary . Further, the well
known algebraic characterization of the core inverse, involving the group inverse
and the Moore—Penrose inverse is presented, as well as a geometric characterization.
Using the obtained geometric characterization, we further calculate the Moore—
Penrose inverse and the core inverse of the core inverse.

As an application of the previous theory, the core partial order is also generalized
to arbitrary vector spaces, namely; infinite dimensional ones, using finite potent
endomorphisms and this is included in Section [f] In the same paper as the core
inverse was introduced, [3], the core partial order for complex matrices was exten-
sively investigated. After relating the core order for finite potent endomorphisms
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with the space pre-order, a characterization is derived in Theorem [5.4] This is the
key element to prove that the core order is indeed a partial order in the set of finite
potent endomorphisms of index lesser or equal than one. Finally, in Section [6] we
introduce the so-called “general core order”, which is a pre-order in the set of finite
potent endomorphisms of arbitrary index. Moreover, some conjectures are posed
concerning this pre-order, possibly relating it with the core-EP pre-order and, in
general, relating the theory exposed here with the core-EP inverse. It is worth
noticing two last things. Every proof and result presented can be specialized to
finite square matrices over arbitrary ground fields. Finite potent endomorphisms
do not form an ideal of the endomorphisms. Namely, the sum and the composition
of two finite potent endomorphisms is not, in general, a finite potent endomor-
phism. Therefore, the generalization here presented is not merely a generalization
from finite dimensional vector spaces (finite square matrices) to infinite dimen-
sional vector spaces, but it also carries the additional problems derived from the
impossibility to use the usual ring structure endomorphisms have to generalize the
theory.

2. PRELIMINARIES

This section is included for the sake of completeness.

2.1. Finite potent endomorphisms. Let k£ be an arbitrary field and let V' be a
k-vector space. Let us now consider an endomorphism ¢ of V. We say that ¢ is
“finite potent” if ¢™ (V) is finite dimensional for some n.

In 2007, M. Argerami, F. Szechtman and R. Tifenbach showed in [I] that an
endomorphism ¢ is finite potent if and only if V' admits a -invariant decompo-
sition V' = U, & W, such that Plu, is nilpotent, W,, is finite dimensional and

Plw, W, — W,, is an isomorphism. Hence, this decomposition is unique. We
shall call this decomposition the p-invariant AST-decomposition of V.

Moreover, we shall call “index of ¢”, i(¢), to the nilpotency order of Py, - One
has that i(¢) = 0 if and only if V' is a finite-dimensional vector space and ¢ is an
automorphism.

We shall remark that the sum and the composition of finite potent endomor-
phism is not necessarily a finite potent endomorphism.

Basic examples of finite potent endomorphisms are all endomorphisms of a finite-
dimensional vector space and finite rank or nilpotent endomorphisms of infinite-
dimensional vector spaces.

For more details on the theory of finite potent endomorphisms, the reader is

referred to [19] and [20].

2.1.1. CN decomposition of a finite potent endomorphism. Let V be again an ar-
bitrary k-vector space. Given a finite potent endomorphism ¢ € Endg(V), there
exists a unique decomposition ¢ = ¢, + ¢,, where ¢,,p, € Endy(V) are finite
potent endomorphisms satisfying that:

o i(p,) <L

Submitted: April 18, 2025
Accepted: September 8, 2025
Published (early view): September 9, 2025


https://doi.org/10.33044/revuma.5219

Revista de la Unién Matematica Argentina Accepted article - Early view version

This peer-reviewed unedited article has been accepted for publication. The final copyedited version
may differ in some details. Volume, issue, and page numbers will be assigned at a later stage. Cite
using this DOI, which will not change in the final version: https://doi.org/10.33044/revuma.5219.

4 DIEGO ALBA ALONSO

e ¢, is nilpotent;
® p,op,=p, 00 =0.
Also, the following hold:

(2.1) p=p1 <= U, =Kerp <= W, = Im g < i(p) < 1.

Moreover, if V.=W_ @& U, is the AST-decomposition of V' induced by ¢, then ¢,
and ¢, are the unique linear maps such that

59 pv) if veW, d 0 ifveW,
(2:2) oY) = 0 ifveU, and ¢, (v) = ) ifvel, -

2.2. Bounded finite potent endomorphisms on Hilbert spaces. In 2021, the
author of [23] studied the set of bounded finite potent endomorphisms on arbitrary
Hilbert spaces. Henceforth, this set will be denoted as By, (H).

Theorem 2.1 ([23] Theorem 3.7], Characterization of bounded finite potent endo-
morphisms). Given a Hilbert space H and an endomorphism ¢ € Endc(H), then
the following conditions are equivalent:

® v €Byp(H):

o H admits a decomposition H = W, ® U, where W, and U, are closed
p—1invariant subspaces of H, W, is finite- dimensional, ppw,, is an home-
omorphism of Wy, and ¢y, is a bounded nilpotent operator.

e ¢ has a decomposition ¢ = 1+¢, where 1y is a bounded finite rank operator,
@ s a bounded nilpotent operator and Y o¢p =0= ¢ o 1.

2.2.1. The adjoint operator of a bounded finite potent endomorphism. Let us now
consider two inner product vector spaces (V, g) and (H, g). If ¢: V — H is a linear
map, a linear operator ¢*: H — V is called the adjoint of ¢ when

g(@*(h),v) = g(h, p(v))

forallv € Vand h € H. If ¢ € Endg(V'), we say that ¢ is self-adjoint when ¢ = ¢*.
The existence and uniqueness of the adjoint ¢* of a bounded (or equivalently a
continous) operator on arbitrary Hilbert spaces is immediately deduced form the
Riesz Representation Theorem. Moreover, the adjoint of a bounded linear map is
also bounded. In [23] Section 4] the author studied the structure of the adjoint of
a bounded finite potent endomorphism. Let us recall some of the results presented
in there. If ¢ € By, (H), with H = W, @ U,, is the AST-decomposition induced by
@ and ¢ = 1 + @2 is the CN-decomposition, then the adjoint operator ¢* has the
following properties:
0 o € Byp(H):
1) (™) = i(p);
III) ©* = (¢1)* + (p2)* is the CN-decomposition of ¢*;
V) If H = Wy @ Ug- is the AST-decomposition induced by ¢* (notice this
has sense due to I) then one has that Wy« = [U,]* and U,+ = [W,]*.
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2.3. Generalized inverses. If A € Mat,«, (k) is a matrix with entries in an
arbitrary field k, a matrix A~ € Mat, xn (k) is a {1}—inverse of A when AA"A=A
and it is a {2} —inverse of A when A~ AA~ = A~. Moreover, we say that a matrix
AT € Mat,, xn(k) is a reflexive generalized inverse of A when AT is a {1}—inverse of
Aand A is a {1}—inverse of AT, thisis, AATA = A and ATAA"T = A", Similarly,
given two k—vector spaces V and W and a linear map ¢: V' — W, we will say thay
a morphism ¢~ : W — V is a {1}—inverse of ¢ when p o ¢~ 0o p = p and it is a
{2}—inverse of ¢ when ¢~ 0o p o™ = ¢~ . Similarly, a linear map ¢ a linear map
eT: W — V is a reflexive generalized inverse of ¢ when ¢* is a {1}—inverse of
¢ and ¢ is a {1}—inverse of ¢ ™. Given any lineal operator ¢ then we will denote
as: X,(1),X,(2),X,(1,2) the sets of {1}—inverses, {2} —inverses and the set of
reflexive generalized inverses of ¢ respectively.

2.4. Group inverse of finite potent endomorphisms. Let V be an arbitrary
k-vector space and let ¢ € Endg (V) be a finite potent endomorphism of V. We
say that a linear map ¢ € Endg(V) is a group inverse of ¢ when it satisfies the
following properties:
* poyPop=y;
o pFopoy¥ =¥
o pFop=ypoy¥
According to [22] Lemma 3.4] we know that if there exists a group inverse
0" € Endg(V), then i(p) < 1. Moreover [22, Theorem 3.5] shows that P = ¢#
is the unique group inverse of ¢, where ” is its Drazin inverse.
The group inverse ¢ satisfies the following properties:
o (W) =
e ¢ = ¢ if and only if (30|W¢ )2 = Idy,, ;
o if n € Z*, then (¢™)# = ()"

2.5. Moore—Penrose inverse of a bounded linear map. Let (V, g) and (H, )
be inner product spaces over k, with k = C or kK = R.

Definition 2.2. Given a linear map ¢: V — H, we say that ¢ is admissible for the
Moore-Penrose inverse when V = Ker(¢) @ [Ker(p)]* and H = Im(p) @ [Im(¢)]*.

According to [5l Theorem 3.12], if (V,g) and (H,g) are inner product spaces
over k, then ¢: V — H is a linear map admissible for the Moore-Penrose inverse
if and only if there exists a unique linear map ¢': H — V such that:

I) goT is a reflexive generalized inverse of ;
IT) goT owand o goT are self-adjoint, that is:
a) g([¢" o @l(v),v") = g(v, [T 0 Y] (v));
b) g([p o ¢'](h), 1') = g(h, [p 0 $T](I));
for all v,v’ € V and h,h' € H. The operator o' is named the Moore-
Penrose inverse of ¢ and it is the unique linear map satisfying that:

(PlKer(py+) " H(h) i h € Im(yp)
‘pT(h):{ ol “0 if he[Im(ia)]L
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The Moore-Penrose inverse ¢! : H — V also satisfies the following properties:

e ! is also admissible for the Moore-Penrose and (o) = ¢;

o If p € Endi (V) and ¢ is an isomorphism, then ¢f = p~1;

o 01 09 = Per(p)+i

hd (pO(pT = PIm(Lp);
where Plger(p))+ and Pry(p) are the projections induced by the decompositions
V = Ker(p) @ [Ker(p)]* and H = Im(yp) @ [Im(p)]* respectively.

2.5.1. Moore—Penrose inverse of a bounded linear map. Finally, let us recall some
properties of the Moore—Penrose inverse of a bounded linear map between two
Hilbert spaces. Let H; and Hs two Hilbert spaces. Given a linear map ¢: Hi — Ha
that is admissible for Moore-Penrose inverse, this is, H; = Ker(¢) @ [Ker(¢)]*+ and
Ho = Im(p) @ [Im(p)]*, it is well known that:

Lemma 2.3. If ¢ € B(H1,Hz), then ¢ is admissible for the Moore—Penrose in-
verse if and only if Im(p) is a closed subspace of H.

Also, it is well known that:
o If ¢ € B(Hy,Hz) is admissible for the Moore-Penrose inverse, then (! €
B(Ha, H1).
o If ¢ € B(H1,Hz2) is admissible for the Moore-Penrose inverse, then ¢* is
also admissible for the Moore-Penrose inverse and (¢*)f = (p7)*.
From the properties of the Moore—Penrose inverse of a linear map, if ¢ € B(H1, Hz)
with Im(¢p) being a closed subspace of Hs, one has that:

b 90* o ((p*)T = P[Ker(go)]J-;
d (SO*)TOSD* :PIm(c,a)~
where Plger(p))t and Pry(,) are the projections induced by the decompositions

Hi = Ker(¢) @ [Ker(p)]*+ and Ha = Im(p) @ [Im(p)]* respectively. Moreover, the
following usual relations between the adjoint and the Moore-Penrose hold:

Lemma 2.4. If p € B(H1,H2) is such that Im(p) is a closed subspace of Ha, then
one has that:
D) propoypl =g
IT) ¢l opop* =%
1) (p*)Top*op=;
IV) pog*o(p)l =o.
2.6. Space pre-order. The space pre-order was introduced in [I6] Section 3.2] as
a tool to study most of the matrix partial orders that include {1}—inverses on their
definitions. In [I7] the definition of space pre-order was extended to the class of
bounded linear operators on Banach spaces.

Definition 2.5. Let ¢,9 € Endy(B) be two bounded linear operators over a
Banach space B. Then ¢ is said to be below ¢ under the space pre-order if Im(p) C
Im(y)) and Ker(¢) C Ker(p) (or equivalently Im(¢*) C Im(1p*)). We will denote
the space pre-order by <° and we will write ¢ <® 1, whenever ¢ is below ¢ under
the space pre-order.
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3. ON THE MOORE-PENROSE INVERSE OF A BOUNDED FINITE POTENT
OPERATOR

The aim of this section is to include some new results related to the Moore—
Penrose inverse of a bounded finite potent endomorphism that are not present in
literature and that will be used in the rest of the paper.

3.1. On the closedness of the image of a bounded finite potent operator.
Given a Hilbert space H it is well known that the closedness of the image of an
operator ¢ is related to the solvability of the operator equation px = y. More-
over, the closedness of Im(y) is equivalent to ¢ being relatively regular, this is, for
» € B(H) admitting a bounded {1}—inverse ¢~ € B(H) i.e. oy~ op = ¢, so that
if px = y can be solved then z = ¢~y is a solution. For details, reader is directed
to [12] and [I8]. There are a lot of important applications of the closedness of the
image in perturbation theory and in the context of the spectral study of differential
equations, see for instance [9]. For an interested reader let just point out that the
study of closedness of the image is dealt within Banach spaces too, with several
applications, for example, [2]. Now notice that in [5], the authors pose the study
of the Moore-Penrose inverse of a bounded finite potent operator ¢ € By, (H) by
adding the so-called admissible (for the Moore—Penrose) condition on ¢ (Defini-
tion , and proving Lemma for bounded finite potent operators. However,
being a bounded finite potent operator could somehow imply any condition on the
closedness of the image. This question has not being studied in the framework of
bounded finite potent endomorphisms and the author considers that it is important
to determine whether the admissibility condition is redundant or necessary.

We then devote this short section to solve this question. Precisely, a counter
example is given, showing that bounded finite potent operators do not have closed
image in general, this is, they are not relatively regular operators and therefore, if
¢ € Byp(H) then ¢ is not necessarily admissible for a Moore—Penrose inverse.

Counterexample 3.1. If for every n € N we denote by e, to the sequence:

(n)
en=1(0,...,1,0,...),
then the family (of sequences) {en}nen is a (Schauder) basis of P, 1 < p < oo.
Now, let us consider the following operator:
o 02— 02

0 if n is odd,
enst
n+1
that is, @ 1is the composition of the operator consisting on multiplying by the se-
quence (0, %, 0, %, 0, %, 0...) and then the operator of right traslation (or unilateral
shift operator), which are both continuous. In fact, ¢ is continuous and compact,
and it is clearly a bounded (continuous) finite potent operator (it is nilpotent).

Notice that ¢* = 0 so Im(p)? is closed. However, Im(¢) is not closed: the vectors

with a finite number of non-null components (0,0, %, 0, %, 0,..., ﬁ7 0,0,0,...) for

€n > o
if n is even,
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n > 1, are in the image but its limit, in €2, is not. Indeed recall, compact operators
do not have closed image unless they have finite rank.

Further in this article, we will be interested in finite potent endomorphisms with
index lesser or equal than one. So let us make some remarks on them.

Despite the previous counterexample, we shall point out that in the case of a
finite potent endomorphism of index lesser or equal than one over any inner product
vector space, we shall not add any hypothesis in order to obtain the admissibility
for the Moore-Penrose inverse. Notice that if (V,g) is any inner product vector
space over k = R or k = C, and ¢ € Endi(V) with i(¢) < 1 then, the AST-
decomposition it induces is V' = W, & U, = Im(p) & Ker(y) and by definition
W, = Im(yp) is a finite dimensional k-vector subspace. Therefore, Im(y) it is a
closed subspace and V also admits the decomposition: V = Im(p) @ [Im(y)]*. In
short:

Lemma 3.2. Let (V,g) be any inner product vector space over k =R or k = C
and let ¢ € Endy, (V') be any finite potent endomorphism with i(p) < 1, then Im(p)
s a closed subspace of V.

Let # be a Hilbert space and let ¢ € B(H) be a bounded finite potent endomor-
phism with i(¢) < 1. Tt is already known that ¢ is bounded (if ¢ is so) and that
in general, it needs not to be finite potent. However, it is natural to ask if this is
changed by ¢ being of index lesser or equal than one.

Proposition 3.3. Given a bounded finite potent endomorphism ¢ € B(H) with
i(p) < 1 then @' is also a bounded finite potent endomorphism with i(t) < 1.

Proof. This result is a consequence of the relationship between the Moore—Penrose
inverse and the adjoint operator. Recall that if ¢ is a bounded finite potent en-
domorphism, so is ¢* and moreover i(p) = i(¢*) (see Section 2.2.I]). Therefore
i(p*) < 1,50V = Wy @ Uy = Im(¢*) @ Ker(¢*). The claim is proved as
Ker(p) = Ker(¢*) and Im(¢') = Im(¢*), both being closed ¢! —invariant sub-
spaces of H with V = Im(¢') @ Ker(y'). In fact, (@T)‘Im(w) is an homeomorphism

with Im(p") being finite dimensional and ((pT)|Ker(w ;, a bounded nilpotent opera-
tor. g

4. CORE INVERSE OF FINITE POTENT ENDOMORPHISMS

The study of the core inverse could be approached in two different ways, either
as a restriction of the left-Drazin—-Moore—Penrose inverse, “IDMP”; to index 1 en-
domorphisms or using Baksalary and Trenkler’s original definition (see [3]). Notice
that F. Pablos, in [24] , studied the “IDMP” inverse of finite potent endomorphisms
and therefore we shall use the other approach to provide a new vision of the theory
with new results. This is, we will start by proving the equivalence of Baksalary and
Trenkler’s definition with the restriction of “IDMP” inverses to index 1 endomor-
phisms and later we shall study the properties that are not shared between core
inverses and “IDMP” inverses in general and thus, they are not present already in
[24]. We must emphasize that this new properties are a consequence of the well
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known equality ¢” = ¢# when i(¢) = 1 (recall the obvious fact that p” € X, (2) in
general and P = ¢# € X, (1,2) when i(¢) = 1). All this shall be done within the
framework of bounded finite potent endomorphisms (over arbitrary inner product
space over a field) that are admissible for the Moore—Penrose inverse.

Let (V,g) be an inner product vector space over k, with k = C or k = R. In
particular, V' can be an infinite-dimensional vector space.

Definition 4.1. Given a finite potent endomorphism ¢ € Endg (V) admissible for

the Moore-Penrose inverse, we say that a linear map ga@ € Endy(V) is a “core
inverse” of ¢ when:

o 80°<P@ = Pim(e);
° Imgo@ C Im g;

where P (,) is the orthogonal projection induced by the decomposition
V =Im(p) ® [Im(p)]*

Using the above mentioned properties of the Moore—Penrose inverse, the two
conditions referred to in Definition [4.I] can be replaced by the following:
o poo® =poof;
o Py ,o0pW = 90@, or equivalently ¢ o LpT o 90@ = @@_

Moreover, by substituting the first condition of the definition in the second one
gets:

(4.1) (ongo@)ogp@ :@0(@@)2 :90@
and by iteration, one reaches that:
(4.2) gp@ =" lo (go@)" for every n > 1.

Proposition 4.2. Given a finite potent endomorphism ¢ € Endg (V) admissible
for the Moore—Penrose inverse, if go@ exists, then i(¢) < 1.

Proof. Firstly notice that from ¢ o (p@ = gpopland poplo gp@ = @@ one
deduces that
po ‘P@ oY=,

this is, 4,0@ € X, (1). Moreover, using (4.2)) and substituting it on @ow@ op =,
one gets:

p=¢p"o ((p®)" o, for every n > 1.

Therefore, Im(¢) C Im(p™) for every n > 1, and as the other inclusion is true for
every linear operator we conclude that:

Im()!”) = W, = Tm(y)
and therefore i(p) <1 (recall (2.1)) as we wanted to prove. O
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Corollary 4.3. Given a finite potent endomorphism ¢ € Endg(V), if cp@ exists,
then cp@ is a finite potent endomorphism with Z(go@) < 1. Moreover, w@ 18
unique.

Proof. The first statement is a direct consequence of Proposition and Defini-
tion as W, = Im(y) is finite dimensional by definition of AST-decomposition
and Im(o@) C Im(p). Now, the second statement is a consequence of the first
statement and the equation showed in . To wit, as 90@ is finite potent, let us
consider u € U gp. Then, if i(0®) = m, it is:

#Bw) = ¢ (¢®)"(w) =0,
(recall, by definition of AST-decomposition, (4p@)"?] = 0). Hence,

B
Ker(ga@) = Uw@

(as the other inclusion is always true for any finite potent endomorphism) and by
(2.1) we conclude that z(go@) <1
@ B

In order to see the uniqueness, let us suppose that there exist some ¢, g
satisfying Definition [I.1] Then:

@

900s0§@=90030*=300s02

with
1m(¢®) € () and m(P) € tm(y).
Hence,
Im(w@ - @@) C Ker(p);
(e — o) ¢ m(e)
so it is
(o — o®) € Ker(e) nmie) = (0);
as i(p) < 1 so we conclude that cp@ = @@. O

Let us now check the equivalence between Definition and the restriction to
index 1 of the definition of the left-Drazin—-Moore—Penrose inverse ([24], Theorem
3.2]). In fact, this result is the generalization to arbitrary vector spaces of ) of
[3, Theorem 1]. This will give a purely algebraic definition of the core inverse of a
finite potent endomorphism.

Theorem 4.4 (Algebraic characterization of the core inverse). Given a finite po-
tent endomorphism ¢ € Endg (V) with i(p) < 1, then:

o = *opoyl.
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Proof. Firstly, let us proof that Deﬁnitionimplies the above expression of go@.
Considering the decomposition induced in V' = Im(y) @ [Im(¢)]*, one has that:

-1
(QO# © SD © QOT)hm((p) = (SD#)llm(¢) = (¢|Im(¢)) N
From the equality, ¢ o @@ = @ o pl, one deduces that:

(po ‘p@)llmw = (po S0T>|Im<cf:> = Ld)
and therefore, as i(¢) < 1:

(ﬁp@)hm(w = (Plmy) "

Hence,

(so@)hmw = (p* 000 0N -
On the other hand, by the expression of the Moore—Penrose inverse:

(900%)@)\[

S0 (w@)hlm(w]i € Ker(p). Therefore,

_ t _
(L (poy )|[Im(w>1L =0,

ED s =0
because Im(go@) C Im(yp) and Im(p) N Ker(p) = {0} as i(p) < 1. Directly,
(p%opo 90T)|[Im<zp>1¢ =0

Conversely, if go@ = % ool it is straightforward that

pop® = o (ptopoy) =poyl

and it is clear that Im(w@) = Im(¢# o p o ') C Im(p#) = W, = Im(p) as
i(p) <1, so the statement is proven. O

Theorem 4.5 (Geometric characterization of the core inverse). Given a finite

potent endomorphism ¢ € Endg (V') with i(¢) < 1, then w@ is characterized by:

@0 [ ) 0) i veln()
o) { 0 ¥ ve [Im(e)*

Proof. As in this hypothesis Im(¢) is closed (Lemma [3.2), V = Im(p) @ [Im(p)]*.
If v € Im(yp), then:

PB ) = P00 (1) = * (V) = (Bl10) ()
which makes sense because ¢, = Plw, is an automorphism as i(¢) < 1. On the
other hand, if o € [Im(y)]* then:

B @) = o*ppl (@) =0.
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Now let us suppose that there exists ¢ € Endy (V') such that:

o @) M) i v e Tm(y)
‘P(”)_{ “0 if v e [Im(y)]*

Notice that if v € Im(¢p) then:

If o € [Im(p)]* it is:

Therefore,

pog=ypoq
Directly from the expression of ¢ one deduces that Im(p) = Im(yp) and therefore
Definition 1] is satisfied. O

Theorem 4.6. Let us consider a finite potent endomorphism ¢ € Endy (V). The
core inverse of ¢ exists if and only if i(p) < 1.

Proof. Let us suppose that the core inverse of ¢ exists. Then, it was already proven
in Proposition that i(p) < 1. Conversely, if i(p) < 1 then V = W, & U, =
Im(¢p) @ Ker(p) and the Im(yp) is a finite dimensional vector subspace and hence
it is a closed subspace of V. In this conditions V = Im(¢p) @ [Im()]*. Therefore,
we can now copy the reasoning presented in proving the converse of Theorem [4.5]

for proving that np@ exists. O

Corollary 4.7. Given a finite potent endomorphism ¢ € Endy (V) with i(¢) < 1,
then go@ 1s also admissible for the Moore—Penrose inverse. Moreover,
e(v) if velm(p)
(B (v) = . .
0 if  ve[Im(p)]
Proof. As ¢ is admissible for the Moore—Penrose inverse, then V = Im(p) @
[Im(p)]+. Clearly, as Im(ga@) = Im(¢p# o po ') =Im(p), one deduces that

V =TIm(e®) @ (o) B1* = Im() @ [Im()]

For the second statement, bearing in mind that Ker(go@) = Ker(¢# o poof) =
[Im()]*, by the characterization of the Moore-Penrose inverse:

@ —L(v if velm )
W®ro={ @, T e
0 if ve [Im(cp@)]i—

where by the mentioned relations, can be rewritten into:

@ v if velm
(B () = ((¢ >|[““‘6@”) (v) € Im(y) ;

if v e [Im(p)]*
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and finally, as (gp@
reaches that:

)ity = (Pyumesy) " as it was stated in Theorem , one

o(v) if velIm(p)
(w@)T(U)Z{ 0 if wve[Im(p)]*t

O

Corollary 4.8. Given a finite potent endomorphism ¢ € Endy (V) with i(¢) < 1,

then
&8 = (,B)1.

Proof. Firstly we shall point out that this statement has sense in virtue of Corollary

this is, i(¢@) < 1.
For any v € V, by Theorem
@ “1(y if velm @
(@@)@(U) _ ((50 )Ilm(w@)) ( ) € (90 ) ’
0 if ve [Im(go@)]l

as Im(cp@) = Im(y) and bearing in mind that

—1.
(w@)lrmm = (Plim))

we can rewrite the above expression as:
C1y-1 .
&8 ) - { (Bhoy) )00 EEE&H
Hence, we conclude by Corollary [A.7] a
Remark 4.9. Notice that the previous propositions can be abbreviated into:
(4.3) BB = (B =0 Py

which is coherent with #i7) in [3, Theorem 1]. Moreover, we shall highlight that

(<,0@)Jr is a finite potent endomorphism, in general, the Moore—Penrose inverse of a
finite potent endomorphism is not a finite potent endomorphism. This is deduced
directly from the fact that:

(@B))" = (¢ 0 Pine))" =" © Prney.
Corollary 4.10. Given a finite potent endomorphism ¢ € Endy (V) with i(p) <1,
then QO@ 1s EP. Moreover, (cp@)T s also EP.

®)»

Proof. By the expression obtained in Corollary [£.7} it is straightforward to check

that:
6@ o (pB) = (,B)f 0 B

The last statement is deduced from the fact that for any finite potent endomorphism
admissible for the Moore-Penrose inverse: ((¢)")T = (). O
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Corollary 4.11. Given a finite potent endomorphism ¢ € Endg (V) with i(p) < 1,
then:

(D)t = (p®)* = (,®)P.

Proof. This is a direct consequence of [22] Proposition 3.13], which states that a
finite potent endomorphism admissible for Moore—Penrose inverse is EP if and only
if ¢# = o!. The other equality holds due to the well known fact that o = ¢#
when i(¢) < 1. O

Corollary 4.12. Given a finite potent endomorphism ¢ € Endg (V) with i(p) < 1,
then

o o® e x,1,2 ;

o (pByop=0o#

« @& =(em®;
. gp@ 0@ =" op.

Proof. The first statement is straightforward from the algebraic expression ob-

tained for the core inverse in Theorem [£.4] The second one can be proven by
definitions using the commutativity from the group inverse,

@B op=pBoptopopiop=p@optop=gBopopt=

=¢Fopoplopoph =pFopopt =
= 90#.
For the third claim, let V = W, @ U, = Im(¢) ®Ker(y) be the AST decomposition

of V induced by ¢ in our conditions. For all m € Z*, one has that: Wym = W,
and Uym = U,. Therefore, the claim is deduced from the fact that:

(™ Nimo) ™ = (Pl 7™
The last equality is straightforward: @@ op=p*opopop=y#orp. O

Lemma 4.13. Given a finite potent endomorphism ¢ € Endi (V) with i(p) < 1,
then:

4,0@ = " if and only if ¢ is EP.

Proof. 1f @@ = 7 then, in particular: Ker((p@) = Ker(p#), so: [Im(p)]* =
Ker(p) and as Im(¢p) is closed in our hypothesis, taking orthogonal yields as desired:
Im(p) = [Ker(p)] " = Tm(¢").

Conversely, if Im () = Im(p*) then Im(¢) = [Ker(¢)]* and therefore: [Im(¢p)]
Ker(¢) so the claim is deduced by the expressions of both the core inverse and the
group inverse, recall:

(golnw)’1 if  velm(p)
‘P@(”):{ "6 i ve (o)

J_:
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and

—1 .
#0y (cphm(w) if  velm(p)
w7 () { 0 if veKer(p)

as i(p) < 1. O

On a similar way to [3, Theorem 2] let us highlight some properties of the core
inverse.

Proposition 4.14. Given a finite potent endomorphism ¢ € End (V) with i(p) <
1, then:
I) 90@20 if and only if ¢ =0 ;
1) 80@ = Pim(p) if and only if ¢* =¢ ;
1) o® = ot if and only if o is EP ;
V) 90@ = if and only if ©> = and ¢ is EP ;

Proof. For I), notice that @@ = 0 if and only if ¢ o Pryy(p) = 0. Pre-composing
and post-composing with ¢ one deduces that 0 = ¢ o # o ¢ = . Conversely, if
o = 0 then it follows directly from Definition that w@ =0.

Statement II) follows from the fact that ¢? = ¢ if and only if Climte) = Lt -

The proof of I1I) is analogous to the one showed in Lemma

Claim number IV) is the restriction to index 1 of [24] Proposition 3.14]. O

4.1. Some remarks on the core inverse for bounded finite potent endo-
morphisms over Hilbert spaces. Let us now include the theorem corresponding
to |27, Theorem 2.1] in the framework of our theory. Namely, we will settle H a
Hilbert space in such a way that the adjoint operator of a bounded finite potent
endomorphism is well defined.

Firstly, let us point out that from the algebraic characterization of the core

inverse deduced in Theorem [4.4] one obtains immediately that w@ is a continuous
(bounded) finite potent operator, as it is composition of three continuous operators.

Theorem 4.15. If ¢ € By, (H) with i(p) < 1, then the core inverse cp@ of ¢ is
the unique linear operator verifying that:
D pop®op=0:

) o (p@)? = o®;

II) (po (p@)* =po @@.
Proof. Let us check that the operator from Definition [4.1] satisfies this three con-
ditions. Clearly:

poe®op=poplop=0.

The second condition is proven in the same way that the reasoning above ,
substituting in go@ =poplo go@ the equality: o go@ = @ o, one gets:

po(p®)2 =@,
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Finally, the third condition is a direct consequence of the definition of the Moore—
Penrose inverse, to wit:
(poe®) = (pop) = popl = po®.

Finally, if there is any endomorphism ¢ satisfying the three conditions on the
statement, let us check that Definition holds for him. From condition IT) we
directly deduce that:

Im(@) = Im(p 0 ($)*) C Im(p);
From I) we deduce that
(00 Py = 1}y, = (PO @T)llm(w
From III), it is clear that:

~

(po@)" = () op" =¢o0.
Therefore,
(D) s = (P00 Plgerery = (B 09 e, = 0= (00 0")
Adding all up:

pop=ypoyl,
and both conditions of Definition hold. Once proven the equivalence with
Definition [.1] uniqueness is proven in the same way as in Corollary O

Let us calculate the core inverse of the Moore—Penrose inverse of a bounded
finite potent endomorphism of index lesser of equal than one.

Proposition 4.16. If ¢ € By,(H) with i(p) < 1, then:
(NE = () © Pinor)

Proof. Firstly notice that this statement makes sense due to Proposition [3.3] By
direct computation:

& _ (1)) 7M@) if v e Im(ph)
(") @D (v) { o if v e [Im(ph)t

)

and bearing in mind the characterization of the Moore—Penrose inverse and that
[Im(p")]*+ = [Im(¢*)]* = Ker(¢p), this can be expressed as:

NB () — ()| eury )V i v € Tm(eT)
(P ) { | (())] if wveKer(p)

from where the claim is deduced. O
Proposition 4.17. Given ¢ € By,(H) with i(p) < 1, then:
ga@:go* if and only if oo™ o = and ¢ is EP .
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Proof. If (p@ = ¢* then as ¢ o w@ o ¢ = ¢ the first claim is clear. Moreover,
Im(cp@) = Im(p) = Im(¢*). Conversely, as p o * o p = ¢ and i(¢) < 1, one has
that:

(I (‘plrmw;))_l = (‘p@)llmm’

by Theorem As Ker(¢*) = [Im(p)]* we conclude that:
* —0= (P
o = 0= O oy
Therefore, we obtain that p* = @@ as desired. O

To conclude this section, let us generalize [3, Theorem 3] to our case.

Theorem 4.18. If p € B,(H) with i(¢) < 1, then the following are equivalent:
I) ¢ is EP ;
) (&) =;
1) o@op=poe®,
V) 8=y ;
V) (p®)t = (o).

Proof. Firstly, let us check that I) implies II). As ¢ is EP, then ¢ o o = ¢f o0 ¢.
Therefore,

90 Pin(ey = 9o (popl)=po(plop) =0

and we conclude by Corollary [£.8]

Conversely, let us see that IT) implies I). By the expression obtained in Corollary
it is clear that (go@)@ = ¢ if and only if [Im(p)]* = Ker(yp), this is, if
Ker(¢*) = Ker(ip), which is equivalent to ¢ being EP.

That I) occurs if and only if IIT) occurs was proved in Lemma

To see that I) happens if and only if IV) recall that Im(p') = Im(¢*). By the
expression obtained in Proposition [£.16] one deduces the equivalence occurs if and
only if Im(¢*) = Im(yp).

Finally, on a similar fashion to previous equivalences, IV) if and only if V)
is deduced bearing in mind the expressions obtained both in Corollary [£.7] and
Proposition The equivalence happens if and only if [Im(y)]*+ = Ker(¢*), this
is Ker(y) = Ker(¢*). O

5. CORE-PARTIAL ORDER FOR FINITE POTENT ENDOMORPHISMS

Let (V,g) be an inner product arbitrary vector space over k = R or k = C.
Henceforth, we will denote by Endf:p (V)=! the set of finite potent endomorphisms
on V of index lesser or equal than 1.
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Definition 5.1. Let ¢, € Endip(V)Sl. We will say that ¢ is under 1 for the
core order, and it will be denoted by ¢ g@ 1, when:

pod® =y oD
Bop=pBDoy.

Lemma 5.2. Let p,1) € End{;p(V)Sl. If cpg@z/) then:
e Im(yp) C Im(v);
e Ker(v)) C Ker(yp).

Proof. Recall that for any ¢~ € X,(1), one has that Im(¢) = Im(¢ o ™) and
Ker(p) = Ker(¢~ o ). Then, the claims are deduced from Corollary and
Definition [5.1] as:

() = Im(p 0 ¢®) = m(1 0 ®) € ()
Ker(y) C Ker(cp@ o)) = Ker(cp@ o) = Ker(p).
]

Corollary 5.3. Let p,¢ € Endip(V)Sl. If cpg@d), then ¢ <® 1, where <°
denotes the space pre-order (Section @

Theorem 5.4 (Characterization of the core order). Let ¢, € Endﬁp(V)Sl. If
V=W,®U, =Im(p) ® Ker(p) is the AST-decomposition of V, then:

© S@ Y if and only if Plimter = Phimiey M Vlyersy [Im(@)]J‘.
Proof. Notice that if

po ‘P@ =1o ‘P@ then Plime) = d}‘lm(tp)'

On the other hand, as (cp@ o) =0= (cp@ o) then

|Ker(p) |Ker ()

Vi, © Ker(p®) = [m(p)] .

Conversely, let us suppose that both conditions on the statement hold and let us
prove that the definition of the core order is satisfied. On one side,

(poe®) =0=(oe®) |

|[1m(<p)]L

as Ker(go@) = [Im(¢)]*. Now, as Plimeey € Auty(Im(e)), then

/lp © (¢|1m(¢))71 = 90 © (@‘Im(q;))il'

Therefore,

(po so@hlw) =0=(¢po w@)hm@,)

poo® =y oo®.

and it is
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Moreover, now, (p@og)y, = (¢@ov), . Asty, ) C ()" = Ker(¢®)
then
B 0¥y =0= P o0,
and therefore, @@ op= @@ o1 as we wanted to prove. (]

Corollary 5.5. Let p,9 € Endip(V)Sl such that ¢ S@ . If p is EP, then
leaves the AST-decomposition of ¢ invariant.

Proof. 1t follows from Theorem and the fact that [Im(p)]* = Ker(p) if ¢ is
EP. O

Lemma 5.6. Let p,1) € Endip(V)Sl. If S@ 1 then:
Ker(p) = Ker(¢) & (Im(¢)) N Ker(¢)).

Proof. 1t is an immediate consequence of ¢ and 1 being of index lesser or equal
than 1 and that Ker(¢)) C Ker(p) (recall Lemma [5.2). O

Lemma 5.7. Let ¢,9,¢ € End{p(V)Sl, If o g@ Y and P g@ ¢, then
SD‘Irﬂ(ﬂo) = ¢|Im(w)'

Proof. By Lemmamwe know that Im(¢) C Im(¢)). By Theorem as S@ P,

Pliancsy = Pltmcsy- Therefore, as p <@ 1,

Plinter = Pl = Plim(e)
and we conclude. O

Theorem 5.8. The core order is a partial order in the set Endip(V)Sl.

Proof. Reflexivity holds directly. In order to prove anti—symmetriet us consider

w1 € Endip(V)Sl such that ¢ S@ 1 and ¢ g@ . By Lemmall5.2| we know that
Im(p) = Im(v) and Ker(p) = Ker(¢)). As both are finite potent endomorphisms
of index lesser or equal than 1 we conclude that ¢ = 1.

For transitivity, let us consider ¢, ), ¢ € Endip (V)=! such that ¢ S@ ¢ and

P §@ ¢. Then, the same reasoning showed in the proof of the converse of Theorem
enables to extend the equality of Lemma [5.7] to the equality:

pop® =go,®.
Moreover, again by Lemma

(90@ © ‘p)hm(v) = (30@ © ¢)|1m(¢)'

Further, by Lemma [5.6
(w@ © D) lker(e) = (50@ © D) Iker(retmw)nKerte)
If v € (Im(y)) NKer(p)) with v = ¥ (v'),
P(v) = o((v) = Y(¥(v") = ¥(v),
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=) (p@qﬁ(v) = (p@’(/}(’l)) with v € Ker(y), so by Theorem

= 0 we deduce that: (w@ o ¢) =0= (@@ o)

Bop=pBoy

and we conclude. O

and as (ap@(b)
Finally, it is

|Ker(1j;) |Ker(«p) |Ker(¢) :

Following the discussion presented in [3 Section 3], we can prove another char-
acterization of the core partial order.

Theorem 5.9. Let ¢, € End/?(V)<!. Then:
o poo® =yoo® if and only if o> = o p;
o 0B o=@ oy if and only if ot o p =t oy

Proof. Let us begin with the first equivalence. Let us suppose that ¢ o (p@ =
Yo ap@. Then, o @t =)0 p# oo e by Theorem Post-composing with ¢?
yields: ¢? = 1o p# ow?, and by the commuting property of the group inverse it is:
¢’ =popopFop=1op.
Conversely, let us suppose that ¢? = 1) o . Post composing with ¢# o pT we get:
0?0 ol =1 opop” opl. Again, by the commuting property of the group
inverse:
poptopopl =yop¥opoyl,

and we conclude by Theorem

Let us prove the second statement. Let us suppose that w@ op = w@ 01,
which can be written as: ¢# o p = p# o0 o ! 04 in virtue of Theorem Pre-
composing with o' o ¢ yields: pTop = ¢ opop# owop! o, using the definition
of the group inverse, one gets:

plop=¢plopoploy =yploy.

Conversely, if pf o ¢ = of 01, pre-composing with ¢# o ¢ we arrive at w@ op=
w@ o1 by Theorem O

6. A PRE-ORDER INDUCED BY THE CORE INVERSE FOR FINITE POTENT
ENDOMORPHISMS

Finally, in this short section, let us include an order which makes sense in the
case of finite potent endomorphisms as it uses strongly the notion of index and the
CN-decomposition of a finite potent endomorphism (Section . Moreover, we
settle some problems for future research.
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Definition 6.1. Given ¢, € Endip(V) with ¢ = @1 + @92 and ) = Y1 + 1 their
respective CN-decompositions. We will say that ¢ is below 1 for the “general core
order”, and it will be denoted as ¢ <® 1, when

1 S@ (1
for the core partial order (Definition [5.T)).

Let us point out that this definition makes sense as by definition of the CN-
decomposition the core part of any endomorphism is of index lesser or equal than
one.

Remark 6.2. Let us consider any finite potent endomorphism ¢ € Endg (V') with
© = 1 + @2 being its CN-decomposition. Let us denote, again, by Endip(V)Sl
the set of finite potent endomorphisms of index lesser or equal than one. There
always exists a surjective morphism:
I: End/’(V) — End["(V)s!
P = ¥ '

It is clear that this morphism is an isomorphism when restricting to the set of finite
potent endomorphisms of index lesser or equal than one, this is, Fl End!?(v)<1-

Notice that we can formulate and answer questions in the theory of matrix
partial orders using this morphism. This morphism being an isomorphism when
i(¢) < 1 means that the general core order and the core partial order coincide in
the set of finite potent endomorphisms of index lesser or equal than one.

On the other hand, the lack of injectivity of this morphism, when applied to
the general core order (Definition , is the same as saying that this relation
is not anti-symmetric. Thus, bearing in mind the well known relationship be-
tween finite matrices and endomorphisms over finite dimensional vector spaces,
any counterexample for the injectivity of this morphism is a counterexample to the
anti-symmetric property of the general core order. For instance, let us consider the
following matrices:

29 0 0 0 O 29 0 0 0 O
0 33 0 0 O 0 33 0 0 O
A=]10 0 0 0 Ol andB=]0 0 0 0 0] €Matsxs(R).
0 0 0 0 O 0 0 1 00
0 0 01 0 0 0 010
. . . . . 29 0
Notice that i(A) = 2 and i(B) = 3. It is evident that 4 = By = (0 33>,
0 00 0 0
A= (0 0 O0)and Bo= |1 0 0], hence A <@ B and B <@ A, but
010 010

however A # B.

Theorem 6.3. The general core order is a pre-order in the set of Endip(V),

Proof. Reflexivity holds directly and transitivity is guaranteed by Theorem|[5.8] [
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Remark 6.4. As it has been shown in Section [d] the core inverse makes sense in
the framework of finite potent endomorphisms of index lesser or equal than one.
This limitation, when working in the framework of finite matrices, led Manjunatha
Prasad and Mohana to present the “core-EP” inverse in 2014 as an extension of
the core inverse for the case of matrices of arbitrary index. This work was done
in [I5]. Moreover, in 2016, H. Wang introduced a new decomposition for square
matrices called the core-EP decomposition and showed some of its applications in
[26]. Among them, he defined some new orders such as the core-EP order and
the core-minus order. The author of the present work thinks that it shall be of
mathematical interest to generalize the theory of the core-EP inverse (with the core-
EP decomposition) to finite potent endomorphisms. Once this is done, it shall be
applied to studying the core-EP order in the set of finite potent endomorphisms of
arbitrary index. Finally, the author thinks that the relation between the “general
core order” and the core-EP order shall be clarified in the framework of finite potent
endomorphisms and thus, by specialization, in the case of finite square matrices.
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