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VARIABLE CALDERON-HARDY SPACES
ON THE HEISENBERG GROUP

PABLO ROCHA

ABSTRACT. Let H" be the Heisenberg group and Q = 2n + 2. For 1 < g <
00, v > 0 and an exponent function p(-) on H", which satisfy log-Holder
conditions, with 0 < p_ < pi < oo, we introduce the variable Calderén—
Hardy spaces H%;,(J (H™), and show for every f € HP()(H") that the equation
LF = f has a unique solution F' in Hf;g) (H™), where L is the sublaplacian on
H", 1< q< ™2 and Q2+ €)1 < min{p_,1}.

n

1. INTRODUCTION

The Heisenberg group H" can be identified with R?® x R whose group law
(noncommutative) is given by
(z,t) - (y,8) = (z +y, t +5+a"Ty), (1)

where J is the 2n x 2n skew-symmetric matrix given by

0 -I,
-a(f )

with I,, denoting the n x n identity matrix.
The dilation group on H" is defined by

r-(x,t) = (re,r?t), r>0.
With this structure we have that e = (0,0) is the neutral element, (z,t)~! =
(—x,—t) is the inverse of (z,t), and r - ((x,t) - (y,9)) = (r- (z,y)) - (r- (v, 9)).
The Koranyi norm on H™ is the function p : H" — [0, 00) defined by
plat) = (o' + )%, (@0 e ", @)

where | - | is the usual Euclidean norm on R?". Moreover, p is continuous on H"
and is smooth on H™ \ {e}.
The p-ball centered at zy € H® with radius § > 0 is defined by

B(20,0) :={w € H" : p(z5 " - w) < 6}.

The topology in H" induced by the p-balls coincides with the Euclidean topology
of R x R = R?"*! (see [5, Proposition 3.1.37]). So, the borelian sets of H" are
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2 PABLO ROCHA

identified with those of R?"*+1. The Haar measure in H" is the Lebesgue measure of
R+ thus LP(H") = LP(R?"+1), for every 0 < p < oo. Moreover, for f € L' (H")
and for r > 0 fixed, we have

- f(r-2)dz=1r"9 - f(z)dz, (3)

where @ = 2n + 2. The number 2n + 2 is known as the homogeneous dimension of
H" (we observe that the topological dimension of H" is 2n + 1).
If f and g are measurable functions on H", their convolution f * g is defined by

(f*9)(z) = | flw)glw™" - 2)dw,
Hn

when the integral is finite.
A measurable function p(-) : H™ — (0, 00) is called an exponent on H", we adopt
the standard notation in variable exponents. Given a measurable set E C H", let

p—(F) =essinf p(z), and p;(E) = esssupp(z).
z€E 2€E

When E = H", we will simply write p_ := p_(H") and p; := p4 (H). Throughout
this paper, we will assume that 0 < p_ < p, < co. We also define p = min {p_, 1}.

Given an exponent p(-) : H" — (0,00), on the set of the all measurable func-
tion f, we define the modular function s,y by

o (1) = [ 5P dz. (W

By LPC)(H") we denote the space of all measurable functions f on H" such that
for some A\ > 0,

ip( (f/A) < o0
We set
[ £llpey = inf {A >0 kp0) (f/A) <1}

We see that (LPC)(H™),||.|l,()) is a quasi normed space. These spaces are referred
as the Lebesgue spaces with variable exponents or variable Lebesgue spaces (see
m).

In [4], for 0 < p < oo, G. Folland and E. M. Stein defined the Hardy Spaces
HP(H™) on the Heisenberg group with the norm given by

[ f | zzegamy = [|sup sup [f |

t>0 ¢€Fn

’
p

where ¢;(2) = t79¢(t™! - 2) with t > 0 and Fy is a suitable family of smooth
functions. In the paper [2], J. Fang and J. Zhao defined the variable Hardy spaces
on the Heisenberg group HP()(H"), replacing L? by LP() in the above norm and
they investigate their several properties.

Let L] (H"), 1 < q < oo, be the space of all measurable functions g on H"

loc
that belong locally to L4 for compact sets of H". We endowed L} (H") with the

loc
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topology generated by the seminorms

1/q
|g|q7B=(|B|-1 / |g<w>|qdw) ,

where B is a p-ball in H" and |B| denotes its Haar measure.
For g € L} (H"), we define a maximal function 7, ,(g; z) as

loc

Na,~ (95 2) = sup 7~ 7[glq, B(z,r)s (5)
r>0

where v is a positive real number and B(z,r) is the p-ball centered at z with
radius 7.

Let k a non negative integer and Py, the subspace of Lj (H") formed by all
the polynomials of homogeneous degree at most k. We denote by E} the quo-
tient space of L (H") by Pr. If G € El, we define the seminorm ||G||q, 5 =
inf {|g|q, B : ¢ € G}. The family of all these seminorms induces on E{ the quotient
topology.

Given a positive real number v, we can write v = k+t, where £ is a non negative
integer and 0 < ¢t < 1. This decomposition is unique.

For G € E}, we define a maximal function N, ~(G;z) as

N, 5(G;2) = inf {1,4(g;2) : g € G}, (6)
such maximal function is lower semicontinuous, see [I2, Lemma 9].

Definition 1.1. Let p(:) : H* — (0, 00) be an exponent such that 0 < p_ < p; <
oo, we say that an element G € E} belongs to the variable Calderén-Hardy space

on the Heisenberg group HZFLY)(H”) if the maximal function N, ., (G;-) € LPC) (H").
The "norm” of G in M4 (H") s defined as |G, gy = | Ng, (G5 ) o)
a7

The Calderén—Hardy spaces were defined in the setting of the classical Lebesgue
spaces by A. B. Gatto, J. G. Jiménez and C. Segovia in [6], they characterize the
solution of the equation A™F = f, m € N, for f € HP(R™). Moreover, they
proved that the iterated Laplace operator A™ is a bijective mapping from the
Calderén—Hardy spaces onto HP(R™).

The equation A™F = f, m € N, for f € HPC)(R") and f € HP(R",w), was
studied by the author in [9] and [II] respectively, obtaining analogous results to
those of Gatto, Jiménez and Segovia.

Lately, Z. Liu, Z. He and H. Mo in [7] extended the definition of Calderén—
Hardy spaces to Orlicz setting. These new Orlicz Calderéon-Hardy spaces can
cover classical Calder6n-Hardy spaces in [6]. As an application, they solved the
equation A™F = f when f € H®(R"), where H®(R") are the Orlicz—Hardy spaces
defined in [§].

Recently, the author in [I2] studied an analogous problem on the Heisenberg
group. More precisely, we proved that the equation LF = f for f € HP(H") has
a unique solution F' in ’}—[572(H”), where £ is the sublaplacian on H", 1 < g < "TH

and Q(2 + %)_1 <p<l
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The purpose of this work is to extend the results obtained by the author in [12] to
the variable setting. For them, we must take into account certain aspects inherent
to the variable spaces.

We say that an exponent function p(-) : H" — (0, 00) such that 0 < p_ < p; <
oo belongs to P'°8(H™), if there exist positive constants C', Cs, and ps, such that
p(+) satisfies the local log-Holder continuity condition, i.e.:

C
Ip(2) = p(w)| < —log(p(z~1 - w))

and is log-Ho6lder continuous at infinity, i.e.:
Cxo
log(e + p(2))

Here p is the Koranyt norm given by .

Let G € HZ’(Q)(H"), then Ny 2(G;20) < o0 a.e. zp € H". By Lemma (1)
below, there exists g € G such that Ny 2(G;20) = 14,2(9; 20). Now, from Propo-
sition [2.6] below it follows that g € S’(H"). So the sublaplacian of g, Lg, is well
defined in sense of distributions. On the other hand, since any two representatives
of G differ in a polynomial of homogeneous degree at most 1, we have that Lg is
independent of the representative g € G chosen. Therefore, for G € Ef, we shall

define LG as the distribution Lg, where g is any representative of G.
Our main results are the following.

1
for p(z71 - w) < 3

[p(2) — Poo| < for all z € H".

Theorem Let p(-) be an exponent that belongs to P'°(H™) and 1 < q < "L
Ifp> Q(2+Q/q)~ ", then the sublaplacian L is a bijective mapping from Hg’(é) (H™)
onto HPC)(H™). Moreover, there exist two positive constants ¢, and co such that

c1llGllaro) @ny < IEGare amy < 2llGllyro gy
hold for all G € HEG) (H™).
The case p; < Q(2+ Q/q)~! is trivial.

Theorem If p(+) is an exponent function on H™ such that p, < Q(2+Q/q)™ 1,
then 7—[57('2)(]1{") = {0}.

In Section 2 we state the basics of the Heisenberg group and variable Lebesgue
spaces together with some auxiliary lemmas and propositions related to variable
Calderon-Hardy and variable Hardy spaces on the Heisenberg group. We also
recall the definition and atomic decomposition of variable Hardy spaces on H™
given in [2]. Finally, in Section 3 we prove our main results.

Notation. The symbol A < B stands for the inequality A < ¢B for some con-
stant ¢, and A ~ B stands for B < A < B. We denote by B(zp,d) the p-ball
centered at zp € H™ with radius §. Given 8 > 0 and a p-ball B = B(z,J), we set
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BB = B(zg, 86). For a measurable subset £ C H" we denote by |E| and xg the
Haar measure of E and the characteristic function of E respectively.

Throughout this paper, C' will denote a positive constant, not necessarily the
same at each occurrence.

2. PRELIMINARIES

2.1. Basics on Heisenberg group. Let H" be the Heisenberg group with group
law given by (I). If B(zo,0) is a p-ball of H", then its Haar measure is

|B(z0,0)| = céQ,

where ¢ = |B(e,1)] and Q = 2n + 2. Given A > 0, we put AB = AB(zp,9) =
B(z,\d). So |AB| = \9|B|.

The Hardy-Littlewood maximal operator M on the Heisenberg group is defined
by

M) = s B [ ()] du,

where f is a locally integrable function on H™ and the supremum is taken over all
the p-balls B containing z.
For every ¢ = 1,2,...,2n + 1, X; denotes the left invariant vector field on H"™

given by
0 0
Xi= 2Wiyno, 1=1,2,..,n;
TR "
0 o
Xl_,_n:m—%:z&, 22172,...,’/7,;
and
0
X = —.
2n+1 8t

The sublaplacian on H", denoted by L, is the counterpart of the Laplacain A on
R™. The sublaplacian £ is defined by

2n
L=-) X},
i=1

where X;, i = 1, ..., 2n, are the left invariant vector fields defined above.
Given a multi-index I = (i, 42, ..., ion, fons1) € (NU{0})?" 1 we set

[I| =iy +ig + - +ion +i2ng1, d(I) =1 +i2+ - +ign + 20241

The amount |I| is called the length of I and d(I) the homogeneous degree of I.
We adopt the following multi-index notation for higher order derivatives and for
monomials on H”. If I = (i1,42,...,92,41) iS a multi-index, X = {Xi}?gfl, and
z = (x,t) = (21, ..., Tan, t) € H", we put

XTi= XPXE . Xy, and 2l = ol gl gl
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Every polynomial p on H” can be written as a unique finite linear combination of
the monomials 2/, that is

p(z) =Y e, (7
IeNg

where all but finitely many of the coefficients ¢; € C vanish. The homogeneous
degree of a polynomial p written as (7)) is max{d(I) : I € Njj with ¢; # 0}. Let k €
NU{0}, we remember that P). denotes the subspace formed by all the polynomials
of homogeneous degree at most k. So, every p € Py can be written as p(z) =
Zd([)gk cr 21, with ¢; € C.

The Schwartz space S(H™) is defined by

S(E") = {6 € CXE") ¢ sup (14 p()V(X6))] < o0 ¥ N € No. 1€ (80"}
z€H"”
We topologize the space S(H") with the following family of seminorms
lAlls@ny, v = Z sup (1+ p(2))V[(X'¢)(2)] (N € Ny),
d(I)<N zcH"

with S'(H™) we denote the dual space of S(H").

2.2. Basics on variable Lebesgue spaces. Given an exponent p(-) : H* —
(0, 00), we consider the variable Lebesgue space LP()(H") defined above. It not so
hard to see the following,

L[| fllp¢y = 0, and || f|l) = 0 if and only if f = 0.
2. |le fllpey = lel | fllpcy for ¢ € C.

307 + gl < I + gl
4NNy = NLFPlpcy s for every s > 0.

A direct consequence of p-triangle inequality is the quasi-triangle inequality

1f =+ gllpy < 2727 (I Fllpey + lallpe))

for all f, g € LPC)(H™).
The following Fefferman-Stein vector-valued maximal inequality on LP()(H")
was proved in [2].

Theorem 2.1 ([2, Theorem 4.2]). Let p(-) € P8(H") with 1 < p_ < py < oc.
Then for every 0 € (1,00), we have

(o) o oo o
0 0
> (Mfy) S 1]
j=1 j=1
LrC) (Hr) Lr() (H™)
for all sequences of bounded measurable functions with compact support {f]};il

The following two results refer to the modular function k. given by .
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Lemma 2.2. Let p(-) be an exponent on H™ such that 0 < p_ < py < co. Then
f € LPO(H™) if and only if Kip() () < 00.

Proof. Clearly, if k,.)(f) < oo, then f € LPO)(H™). Conversely, if f € LPC)(H"),
then we have that r,.)(f/)\) < co for some A > 1. Then

5 p(z)
k() (f) :/n A (z)

> dz < MHrp)(f/A) < oo. O
Lemma 2.3. Let p(-) be an exponent on H™ such that 0 < p_ < py < oco. If
{fj} is a sequence of measurable functions on H"™ such that ky.y(f;) — 0, then
1£5llp¢y = 0-

Proof. Suppose that ) (f;) — 0. Given 0 < € < 1 for sufficiently large j we have
Kip()(fj) < € and so

o) (Fp ()77 ) < ke ()™M (£) = 1,

from this it follows that || f;|,) < ,%p(,,g)(fj)l/”+ < €/P+. Thus, I fillpcy = 0. O

2.3. Variable Calderén—Hardy spaces on H". Let 1 < ¢ < oo and v > 0. In
this section we establish some results concerning to the maximal functions 7g, ,(g; )
and N, (G;-) defined in and (6) respectively. We recall that the maximal
function N, ,(G;-) is used to define the variable Calderén-Hardy spaces on H”

(see Definition [L.1]).

Lemma 2.4. Let G € E] with Ny ,(G;z) < 00, for some zy € H". Then:
(1) There exists a unique g € G such that ng (g9;20) < oo and, therefore,

Nq,~(9: 20) = Ng, (G 20).
(i) For any p-ball B, there is a constant ¢ depending on zg and B such that if
g is the unique representative of G given in (i), then

1Gllg, B < glg, B < €ng,5(93 20) = ¢ N, (G 20)-
The constant ¢ can be chosen independently of zy provided that zg varies in a
compact set.
Proof. The proof is similar to the one given in [0, Lemma 3]. O
Lemma 2.5. Let {G;} be a sequence in E]l such that for a given point zy € H",
the series »; Ng,+(Gjs 20) is finite. Then
(i) The series 3 ; G converges in Ej to an element G and
Ny, (G5 20) < ZN(L’Y(GJ; 20)-
J
(13) If g; is the unique representative of G; satisfying ng, ~(9;; 20) = Ng,~(Gj; 20),
then Zj gj converges in L} (H™) to a function g that is the unique representative
of G satisfying nq,~(9; 20) = Ng,+(G; 20)
Proof. The proof is similar to the one given in [6, Lemma 4]. O
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Proposition 2.6 ([12] Proposition 15]). If g € L} (H"), 1 < q < oo, and there is

loc

a point zg € H"™ such that 14,(g; z0) < 00, then g € S'(H").

Given an exponent p(-) : H* — (0,00), 1 < ¢ < oo and v > 0, we consider the
variable Calderén-Hardy space ’H:ZQ(H”). The following result states the com-
pleteness of variable Calderén—Hardy spaces.

Proposition 2.7. The space HZ,(QY) (H™), 0 < p— < py < o0, is complete.

Proof. The proof is similar to the one given in [, Proposition 9]. O
2.4. Variable Hardy spaces on H". In the paper [2], J. Fang and J. Zhao give
a variety of distinct approaches, based on differing definitions, all lead to the same
notion of variable Hardy space HP()(H").

We recall some terminologies and notations from the study of maximal functions
used in [2]. Given N € N, define

Fy = {¢ eSEY: Y sup (14 p(2) [(XT6)(2)] < 1}.
d(I)gNZEHn

For any f € §'(H"), the grand maximal function of f is given by
Mz, f(z) =sup sup ’(f * t_Q¢(t_1-)) (2)
t>0 ¢ Fn

)

where N is a large and fix integer.

Definition 2.8. Given an exponent function p(-) : H* — (0,00) with 0 < p_ <
p+ < oo, we define the integer D).y by

D,y :=min{k € NU{0} : (2n+ k + 3)p_ > 2n + 2}.
For N > D,y + 1, define the variable Hardy space H p(')(]HI") to be the collection

of f € §'(H") such that [ Mz fllr¢)@ny < 00. Then, the "norm” on the space
HPO)(H™) is taken to be ||f||goc) = |Mzy flloc-

Remark 2.9. For N > Dpy + 1, the HP()_norm defined above does not depend
on N (see e.g. [M], therein it considers the case when p(-) is a constant, the variable
case is similar).
Definition 2.10. Let p(:) : H* — (0,00), 0 < p_ < p; < o0, and py > 1. Fix
an integer D > D). A measurable function a(-) on H" is called a (p(-), po, D) -
atom centered at a p-ball B = B(zg, ) if it satisfies the following conditions:
ay) supp(a) C B,
1

B[
”XB”LP(')(H")’
as) / a(z) 2! dz = 0 for all multiindex I such that d(I) < D.

az) |lal|Lro ny <

Indeed, every (p(-),po, D) - atom a(-) belongs to H?()(H™). Moreover, there
exists an universal constant C > 0 such that ||a||g») < C for all (p(-),po, D) -
atom a(-).
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The following results talk about the size of the p-balls in the LPC) (H")-norm.

Lemma 2.11 (]2, Lemma 4.1]). Suppose that p(-) is an exponent function such
that p(-) € P°8(H") and 0 < p_ < p; < oo.
1) For all p-balls B = B(z,d) with z € H™ and |B| < 1, we have

1 1
|B|p_<3) ~ |B|p+(B) ~ |B|p(z) ~ ||XB||LP(.)(H7‘L)'

2) For all p-balls B = B(z,0) with z € H" and |B| > 1 we have

_1
| B|ree ~ ||XB||LP(‘>(]HI")‘
Here the implicit constants in ~ do not depend on z and r > 0.
Definition 2.12. Let p(-) : H* — (0,00) be an exponent such that 0 < p_ <

p+ < 00. Given a sequence of nonnegative numbers {);}52; and a family of p-balls
{B;}32,, we define
1/B
> )‘jXB' P
A (BiY0) = |13 (5 o ®

= \xz; e
Lp()

The space H 5,52,;{’0’[’ (H™) is the set of all distributions f € S’(H") such that it can
be written as

F=> Xa; 9)
j=1

. /(TN oo . . K
in S'(H"), where {);};Z, is a sequence of non negative numbers, the a;’s are

(p(+), po, D) - atoms supported on the p-ball B; and A ({/\j};il , {Bj}(;il ,p(-)) <
00. One defines

10 go0.0 = inf A ({132, {85152, p()
where the infimum is taken over all admissible expressions as in @D

Definition 2.13. Given a collection of sets {E;};cn, we say that the family
{E;}jen has the bounded intersection property if there exists L € N such that
no point of UgenE} lies in more than L of the sets Ej;.

Next, we establish the following version of [2, Theorem 4.5].

Theorem 2.14. If p(-) € P8(H") and po > max{p., 1} is sufficiently large, then
the quantities || f|| ;o).00.0 and || f[l goc) are comparable. Moreover, f admits an
atom

o0
atomic decomposition f =Y \ja; such that

Jj=1

A2 B, p0) < C Ul

where C does not depend on f and the family of p-balls {B; };’il has the bounded
intersection property.
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The following two results were proved in Lemma 5.7 and Proposition 3.3 of [10],
respectively.

Lemma 2.15. Let p(-) : H* — (0,00) be an exponent function with 0 < p_ <
p+ < oo and let {B;} be a family of p-balls which satisfies the bounded intersection
property. If 0 < p. < p, then

1/?*

> (e ) ~ A B 0)

x5, lLee)

Lr()
for any sequence of nonnegative numbers {\;}32.
Proposition 2.16. Let p(-) : H* — (0,00) such that p(-) € P°e(H") and 0 <
p- <py <oo. Let s> 1 and 0 < p. < p such that sp. > py and let {b;}32, be

a sequence of nonnegative functions in L°(H"™) such that each b; is supported in a
p-ball B; C H" and

1611 ey < Ayl By, (10)
where A; > 0 for allj > 1. Then, for any sequence of nonnegative numbers {\; };”;1
we have

o) (o)

> b <O AjNxs, :

j=t LP()/px (Hn) 7=t LP()/px (Hn)
where C is a positive constant which does not depend on {b;}32,, {A;}52,, and
{Aj};il'

For our next result, we first introduce two maximal operators on H". The first
is a discrete maximal and the second one is a non-tangential maximal. Given
¢ € S(H™), we define

(Mg™ f)(2) = sup {|(f * ¢2:)(2)| : j € L},
where ¢y, (2) = 2779¢(2772), and put
(Myf)(2) = sup {|(f * o) (w)| : p(w™" - 2) <t,0 <t < o0}
The following pointwise inequality is obvious:
(Mg f)(2) < (Myf)(=)
for all z € H". Now, this inequality and [I2, Proposition 16] lead to the next result.
Proposition 2.17. Let g € L} NS'(H") and f = Lg in S'(H"). If ¢ € S(H")
and N > Q + 2, then
(Mg™ f)(2) < Clldllsm),n 14.2(95 2)
holds for all z € H™.

A fundamental solution for the sublaplacian on H"™ was obtained by G. Folland
in [3]. More precisely, he proved the following result.
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Theorem 2.18. ¢, p~2" is a fundamental solution for L with source at 0, where
pla,t) = (o] + %)%,

and
—1

«= ["<n+2> / 2 (p(,t)* + 1) 2t

In others words, for any u € S(H"), (Lu, c,p™2") = u(0).

If @ is a bounded function with compact support on H", its potential b, defined
as

b(z) = (axc,p ") (2) =cn /Hn plw™t - 2)"a(w)dw,

is a locally bounded function and, by Theorem [2.18] £b = a in the sense of distri-
butions. For these potentials, we have the following result.

In the sequel, S is the constant in [4, Corollary 1.44], we observe that 5 > 1 (see

[4 p. 29]).

Lemma 2.19. Let a(-) be an (p(-), po, D)-atom centered at the p-ball B = B(zp,9).
If b(2) = (a* cop™2)(2), then for p(zy'2) > 26%6 and every multi-index I there
exists a positive constant Cy such that

[(XT0)(2)] < Cra® @ Ixally plzg - 2) 7940

-1
p()
holds.

Proof. The proof is similar to the one given in [I2] Lemma 19], but considering
now the Definition [2.10] above. O

Proposition 2.20. Let a(-) be an (p(-),po, D)-atom centered at the p-ball B =
B(20,9). If b(2) = (a * cp,p=2")(2), then for all z € H"

2+Q/q

Nz (Bi2) S Il (Mxs)E)) 9 +xams()(Ma)(z) (1)
+  XapzB(2) Z (T7a)(2),

d(1)=2

where b is the class of b in E], M is the Hardy—Littlewood mazimal operator and
(Tfa)(z) = sup.sg ‘fp(w_l-z)>€ (XTp=27)(w=" - 2)a(w) dw‘,

Proof. We point out that the argument used in the proof of Proposition 20 in
[12], to obtain the pointwise inequality (16) there, works in this setting as well,
but considering now the conditions al), a2) and a3) given in Definition of
(p(+),po, D)-atom. These conditions are similar to those of the atoms in classical
context (see p. 71-72 in [4]). Then, this observation and Lemma allow us to

get (L1). 0
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3. MAIN RESULTS
In this section we will prove our main results.
Theorem 3.1. Let p(-) be an exponent that belongs to P°¢(H") and 1 < ¢ < 2L

Ifp > Q(2+Q/q)~t, then the sublaplacian L is a bijective mapping from ’Hf;g) (H™)
onto HPC)(H™). Moreover, there exist two positive constants ¢, and ¢y such that

Gl ey < IEG rcs sty < €2lG p oy
hold for all G € H) (H™).

Proof. Let G € H('Q)(H"). Since Ny 2(G; z) is finite a.e. z € H", by (7) in Lemma|2.4
and Proposition the unique representative g of G (which depends on z), satis-
fying 14,2(9; 2) = Ng2(G; 2), is a function in L} (H") NS’(H"). In particular, for
a radial function ¢ € S(H") with [ ¢ = 1, by Proposition we get

MJ¥(LG)(z) < Cy Ny 2(G; 2).
Thus, this inequality and Theorem 3.2 in [2] give £G € HP)(H") and

126 rrcr oy < O NG p3 my- (12)
This proves the continuity of sublaplacian £ from ’HZQ(H”) into HPC)(H™).

Now we shall see that the operator £ is onto. By Theorem [2.14] given f €
HPC)(H"™) there exists a sequence of nonnegative numbers {); }32;1 and a sequence
of p-balls { B;}32, (with the bounded intersection property) and (p(-), po, D)-atoms
a; centered at Bj, such that f = Z;’il Ajaj; and

A2 B p0) S Il awco -
For each j € N we put b;(z) = (a; * c,p~2")(z), from Proposition we have

24Q/q

Ny (Zj;?f) S s G [(Mxs) ()] @ + xapzp(2)(May)(2)
+  Xap2B;(2) Z (T7a;)(2)

d(I)=2

Thus

24Q/q

SokiNaz (biz) S D Ml (M) 2
+ D N, (2)(May)(2)

+ ) Nxager; (2) Y (Tiay)(2)
j=1

d(I)=2
= I+II+1I1.
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To study I, by hypothesis, we have that (2 + Q/q)p > Q. Then

i 24Q/q
ey = |52 Ml U [(Mxs,)()] @
j=1
p(-)
2+Q/q
o o] ©
_1 2+Q/q
=14 Do Ml [(Mxs,) ()]
= 2l
24Q/q
- o7 @
! H8lap()
o0
= 11> Nl I xs, )
=t (")
o0 l/g
_ p
SIS (b It xs, ()
j=1

p(*)
= A (Y2 ABYZ 20) S Il

where the first inequality follows from Theorem since (2 4+ Q/q)p > Q and
(2+Q/q)/Q > 1. The embedding (2 = ¢™ir{P—1} < ¢ gives the second inequality.

To study I1, let 0 < p. < p be fixed and py > max{p,,1}. Since the Hardy—
Littlewood maximal operator M is bounded on LPo(H") (see [I3, Theorem 1,
p. 13]), we have

|Bj|p*/po - |4BBj|”*/p°

s oot sy SVl S T T2 Toaam, oo
7 1Up(- J . *

where the third inequality holds since the quantities |[xaps;lp() and [|xB, llpc)
are comparable (see Lemma [2.11). Now, since 0 < p, < 1, we apply the p,.-
inequality and Proposition th b = (xapB, (Ma;)P*), Aj = ||xaps, H;M/p*
and s = po/p«, to obtain

1/ps
T oy S (1D (N xaps, May)™
J Lp() /s
. 1/p«
< Z(A—Jy X453
~ J :
P ||X45B7HLP(') Lo()/oe
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It is easy to check that x4sp, < (Mx Bj)Q. From this inequality, Theorem and
Lemma [2.11] we have

P 2y 1/2 2/px
AP
(PR IRIC IS ]—p*/Q(MXBj)
J HXBJ'|LP<')
1,290/
» 1/p«
< Z( AjX B, )
~ — \lxs,llze0
Lr()

Finally, Lemma [2.15] gives
o) < AN 520,{B5}520,20)) S 1 fllzvc -

Now we study II1. By [3, Theorem 3] and [I3], Corollary 2, p. 36] (see also [I3]
2.5, p. 11]), we have, for every multi-index I with d(I) = 2, that the operator T}
is bounded on LPo(H") for every 1 < pg < oco. Proceeding as in the estimate of 7,
we get

T ooy S A (N 3520, 4B 520, 0()) S If s -

Thus, we have
PIRVIRICED] I i ey
= »()
By Lemma [2.2) we obtain ., (Zjoil )\qu,Q(Ej; )) < oo. Hence

Z AjNya(bj; 2) < oo ae.zeH" (13)
j=1
and
Kp(.) Z )\qu’g(gj; )] —0, as M — oo. (14)
J=M+1

From 1} and Lemma there exists a function G such that Z;‘;l Ajgj =G in
Ef and

M o)
Nea [ [ G=D Nbj |52 | <e Y. AiNgalbji2).
j=1 j=M+1
This estimate together with and Lemma implies

M
G—Z/\ﬂ;j — 0, as M — oc.
j=1 H:Z’(é)
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By Proposition we have that G € 7—[];’(2') (H") and G = >°72, A;b; in ’HSQ (H™).

Since L is a continuous operator from HZ’(Q') (H™) into HPO)(H™), we get
LG = Z)\Jﬁgj = Z )\jaj = f,
J J

in HP()(H™). This shows that £ is onto H?()(H™). Moreover,

o0 o0
Gl = > A SID o ANe20 )| S Il = 1£G] o -

Jj=1 p() Jj=1 )
M2 p(-)

For to conclude the proof, we will show that the operator L is injective on ’Hf;fg.
Let O = {2z : Ng2(G;z) > 1}. The set O is open because of that N, (G;-) is
lower semicontinuous. We take a constant r > 0 such that » > max{q, p;}. Since
N,2(G;-) € LPO(H™) it follows that |O] is finite and N, »(G;-) € L"(H" \ O)
thus following the proof of Theorem 18 in [12] we have that if G € "Hgg) (H") and
LG =0, then G = 0. This proves the injectivity of L. O

Therefore, Theorem allows us to conclude, for Q(2+ Q/q)~! < p, that the
equation
LF=f, feHOH")
has a unique solution in HZ,(Q') (H"), namely: F := L~1f.
We shall now see that the case 0 < py < Q (2 + %)71 is trivial.

Theorem 3.2. Ifp(-) is an exponent function on H"™ such that py < Q(2+Q/q) 1,
then ”Hf;fé)(H”) = {0}.

Proof. Let G € ’HZQ(H") and assume G # 0. Then there exists g € G that is not
a polynomial of homogeneous degree less or equal to 1. It is easy to check that
there exist a positive constant ¢ and a p-ball B = B(e,r) with r > 1 such that

/ lg(w) — P(w)|!dw > ¢ >0
B

for every P € P;.
Let z be a point such that p(z) > r and let § = 2p(z). Then B(e,r) C B(z,9).
If h € G, then h = g — P for some P € P; and

07 hlg.5(=5) > cp(2) 271,

So N, o(G; 2) > cp(2)7279/4, for p(z) > r. Since py < Q(2+ Q/q)~", we have
that

oty Naa(@) 2 e [ pla) B2/ g — o,
p(z)>r
which gives a contradiction. Thus 7-[;2 (H™) = {0}, if p; <Q(2+Q/q)~". 0
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