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REMARKS ON SOME MAXIMAL SUBGROUPS OF THE
THOMPSON GROUP F AND THE F-INDEX OF KNOTS

VALERIANO AIELLO

ABSTRACT. We demonstrate that three maximal subgroups of infinite index
in the rectangular subgroup K3 2y of the Thompson group F', each containing
Jones’s 3-colorable subgroup F, can be characterized as stabilizer subgroups.
Additionally, we show that the ﬁ-index, an elementary knot invariant intro-
duced thanks to Jones’s construction of knots from Thompson groups, may
increase at most by 3 after changing the orientation of a knot.

1. INTRODUCTION

Thompson’s group F was introduced by R. Thompson in the 1960s, alongside
its two sibling groups, 7" and V. The group F' consists of piecewise linear home-
omorphisms of [0, 1] with derivatives that are powers of 2 and a finite number of
points of non-differentiability at dyadic rationals. The group 7" extends this action
to the circle S*, while V acts on the Cantor set. Thompson’s group F is one of
the most intriguing countable discrete groups, yet it remains enigmatic, as its an-
alytical properties have posed challenges to experts for decades. In particular, the
question of its amenability is a notorious open problem.

In the 1980s, Brown introduced in [I5] a family of generalizations of F', known
as the Brown-Thompson groups F), for p > 2 (see also [34] for a nice presentation
of these groups). Elements of F}, can still be viewed as piecewise linear homeo-
morphisms of [0, 1], but their derivatives are now powers of p, and the points of
non-differentiability take the form a/p*, where a,k € Z. In particular, for p = 2,
one recovers Thompson’s group, i.e., F» = F.

Thompson groups have been widely studied across various mathematical fields.
In recent years, they have attracted interest in cryptography [33, 29], quantum
probability [24] 25| 26] 3], and knot theory [21] [1, 22] 23] 27]. In the latter context,
Jones introduced a method to construct knots and links from elements of F' [20].
The oriented knots and links arise from a subgroup of F' known as the oriented
subgroup F. Originally Jones had proved that all oriented links arise from elements
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of F up to disjoint union with unlinks. Later in [I] it was proved that links could
be exactly reproduced. Consequently, F' and F' can be viewed as alternatives to
the braid groups. Notably, F' contains a monoid of positive elements, denoted Fly,
while F contains a corresponding monoid ﬁ+, playing a role analogous to that of
positive braids in the unoriented and oriented constructions. In the framework of
Jones’s construction of knots, these monoids were investigated in [5] [].

The oriented subgroup F has led to significant discoveries in subgroup structure
of F', notably providing the first explicit example of a maximal subgroup of infinite
index in F' that is not a stabilizer of a point [31,[32]. Further developments based on
Jones’s technology have produced a variety of interesting subgroups [6, [7], [8, 14}, 28],
many of which are relevant to the study of maximal subgroups — a topic that has
received growing attention in recent years (see, e.g., [111, [, [19]).

Since Jones’s seminal work on this topic [20], a number of articles have expanded
upon his ideas. For a more comprehensive overview, we refer the reader to the
survey articles [13 [2].

We end this introduction by presenting the main results of this article. We refer
to Sections [2] and [3] for the notation.

Among the aforementioned maximal subgroups, three subgroups My, M7, and
Ms of F were defined in [7] by using Jones’s 3-colorable subgroup F. All three sit
inside Bleak and Wassink’s rectangular subgroup K3 2). The latter was introduced,
along with a family of subgroups of F', and studied in [12]. K5 ) consists of the
homeomorphisms g of F such that log, ¢’(0) and log, ¢’(1) are even integers.

The subgroups My, M7, and My were originally defined by means of a finite set
of generators. The goal of this paper is to characterize them in terms of stabilizers
of subsets of dyadic integers under the aforementioned natural action on [0, 1],
namely the theorem below (see Section [3| for the definitions of My, M7, Ms, and
of the subsets Sy, S1, Sa).

Theorem 1.1. The subgroups My, My, and Ms can be characterized as
My = Stab(SQ), M, = Stab(SO) N K(272)7 My = Stab(Sl) N K(272)7
where Sy, S1, Sa are subsets of the dyadic rationals in [0, 1].

The second main result has to do with the knot-theoretical applications obtained
thanks to yet another maximal subgroup, the oriented subgroup F. As with the
braid groups, infinitely many elements produce the same link. One may consider
the F-index of an oriented knot K , namely the smallest number of leaves required
by each binary tree in a binary tree diagram (75,7-) of F such that K is realized
as E(T+,T_). To any oriented knot K we can associate its reversed knot K",
namely the knot which is the same topologically but with opposite orientation.

Theorem 1.2. Let K be an oriented knot and K" be the corresponding reversed
knot. Then the F-indices of K and K" differ by at most 3.
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FIGURE 1. Top row: the two generators xg and x; of F' = F; are
shown. The dashed gray line is the z-axis; its intersection with the
tree diagrams gives the leaves. Second row: the top and bottom
trees of x1 are displayed. The leaves of T’y and T_ are the degree-
one vertices (circled in red). The root of Ty and T are circled in
green. There two other degree one vertices, one in 7 and one in
T_, they are circled in black.

2. PRELIMINARIES

This section is devoted to revisiting the definitions of Thompson’s group F', the
Brown-Thompson groups Fj,, the oriented subgroup F and Jones’s construction of
knots from elements of Thompson groups, and the 3-colorable subgroup F. Readers
interested in further details can refer to [16] 10} [15] [34] for F' and F),, [31] for ﬁ,
[21}, 2] for the construction of knots, and [30, [7, [§] for F.

Thompson’s group F' consists of all piecewise linear homeomorphisms of the
unit interval [0, 1] that are differentiable everywhere except at a finite set of dyadic
rational numbers (i.e., numbers of the form a/2¥, where a,k € Z). Moreover,
where the derivative is well-defined, it is a power of 2. We adopt the conventional
notation: for f,¢g € F', the composition is given by f - g(t) = g(f(t)).

Thompson’s group F' admits the following infinite presentation:

F = {xg,21,29,...| TnTr = TpTn41 VEk < n).

Notably, zg and z; are sufficient to generate F.

The elements xg, x1, T2, ... generate a monoid, denoted by F;, whose elements
are referred to as positive. It is worth mentioning that Thompson’s monoid F
and Thompson-like monoids have been of interest in non-commutative probability;
see, for example, [25], 17, [18].

An alternative description of the elements of F' relevant to this paper is as
follows: they can be visualized as pairs (T%,7-) of planar binary rooted trees,
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FIGURE 2. A pair of cancelling carets and two equivalent tree diagrams.

each with the same number of leaves. We call such pairs binary tree diagrams, or
just tree diagrams. Usually one tree is positioned upside down on top of the other,
with T, as the top tree and T_ as the bottom tree (see Figure |1, where T and
T_ for the generator z; are indicated), and the leaves of T’ are identified with
those of T_. Recall that the degree of a vertex is the number of edges incident to
it: the leaves have degree 1 when we consider the top and bottom trees separately
(as in the bottom row of Figure[l) and degree 2 when seen in a tree diagram (see
the top row of the same figure). In the representation of the elements of F' as tree
diagrams, there are only two vertices of degree 1: the highest one and the lowest
one (see Figure[1)).

Convention 2.1. We think of the tree diagrams being drawn on the zy-plane. The
leaves sit on the z-axis, precisely they are located at the points of Ny := {0, 1,2,...}.
The only two vertices of degree one are positioned respectively on the lines y = 1
and y = —1.

Two pairs of tree diagrams are regarded as equivalent if they differ only by
pairs of opposing carets. In other words, two tree diagrams are equivalent if one
can be transformed into the other by cancelling or inserting pairs of carets that are
positioned opposite to each other. See Figure[2]to see an example of two equivalent
tree diagrams differing by the cancellation/insertion of a pair of opposing carets.

The correspondence between homeomorphisms and tree diagrams is described
in [I6, Section 2], which we recall briefly. First, a standard dyadic interval is one
of the form [a/2¥, (a4 1)/2*], where a,k € Z. A standard dyadic partition of [0, 1]
is a finite collection of standard dyadic intervals whose union is [0, 1], and where
the intervals may overlap at most on a single point. These intervals and hence
the partitions are in a one-to-one correspondence with the leaves of finite subtrees
of the infinite binary planar tree T (its root represents [0, 1], its children [0,1/2]
and [1/2,1], etc). It can be proved that for each g € F there exists a standard
dyadic partition of [0, 1] such that g is differentiable on the interior of each interval
of the partition, and the images of the intervals form a standard dyadic partition
of [0,1] (see [I6, Lemma 2.2]). This allows one to translate the description of the
homeomorphisms in F' into the language of pairs of trees. This correspondence
is not injective because the partition we started with can be refined, i.e., one can
divide any of the intervals into two halves. This correspondence is not injective

Submitted: December 8, 2025
Accepted: April 9, 2026
Published (early view): April 14, 2026


https://doi.org/10.33044/revuma.5585

Revista de la Unién Matematica Argentina Accepted article - Early view version

This peer-reviewed unedited article has been accepted for publication. The final copyedited version
may differ in some details. Volume, issue, and page numbers will be assigned at a later stage. Cite
using this DOI, which will not change in the final version: https://doi.org/10.33044/revuma.5585.

MAXIMAL SUBGROUPS OF THE THOMPSON GROUP F 5

FIGURE 3. The generators of the Brown-Thompson group Fj.

because the partition we started with can be refined, i.e., one can divide any of the
intervals into two halves.

Moving forward, we consider a family of groups that generalizes Thompson’s
group F: the Brown—Thompson groups. For any integer p > 2, the Brown-—
Thompson group F), is defined by the following presentation:

(%0, T1,y ... | TnTk = TxTpyp—1 YKk <n).

The elements xg, x1, ..., Tp—1 generate I}, and the neutral element is denoted by 1.
Likewise to F', the elements of F}, can be described using pairs of p-ary trees.
An illustration of the generators of Fj is presented in Figure [3]

Convention 2.2. As for F', we establish a convention for the visualization of trees
in the plane in case of elements of F,,. The tree diagrams are thought as being
drawn on the xy-plane, with the leaves being on the z-axis, more precisely they are
located at the points of Ny := {0,1,2,...}. The only two other vertices of degree
one are positioned respectively on the lines y =1 and y = —1.

A natural embedding ¢ : F' = F» — Fj3 is obtained by replacing each 3-valent
vertex in a tree diagram of Fy with a 4-valent vertex and connecting the middle
edges in the only possible planar way. Denote temporarily by {y; };>0 the generators
of F and by {z;};>0 the generators of F5. Under this embedding, we observe that
(y;) = x9;. For simplicity, we will often omit the symbol ¢ in our notation.

Let (T, T-) represent an element of F3. We now provide a brief recapitulation,
following [20} 2], of how to construct I'(T%,T-), referred to as the planar graph
of (T4, T-), [20, Section 4.1]. An example of the whole construction is given in

Figure
Each tree diagram (T, T_) should be thought of in the xy-plane, as explained
in Convention [2.2] with the two lines y = 1 and y = —1 enclosing it. These two

lines yield a strip containing the tree diagram. We color the strip alternately in
black and white, with the leftmost region conventionally black. The vertices of the
planar graph I'(T}.,T_) are positioned along the z-axis at

—1/242Ng = {-1/2,14+1/2,3+1/2,...},

with one vertex corresponding to each black region. An edge is drawn between two
black regions whenever they meet at a 4-valent vertex.
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FIGURE 4. Top row: the strip for 23 = (T4, T-) € F3 and the
corresponding shading. Bottom row: the vertices for the corre-
sponding planar graph sitting in the shaded regions of the strip,
and the planar graph I'(T,, 7).

For an element (T, T_) in Fy, we define the planar graph of (T, T-) to be that
of o(Ty,T_) € F3.

We anticipate that the planar graph I'(T,T_) is closely related to the Tait
graph of the link £(T',T-), except that we do not specify the signs of its edges.
As for the graphs corresponding to elements of F', the signs of the edges are actually
+ if they are in the upper-half plane, — if they are in the lower-half plane. We will
come back to this topic in Section [i] See also [20) Section 5.3.1].

Jones introduced the oriented subgroups in two works: the first in [20], and the
second in [2I]. We are now in a position to define them

F:={(Ty,T_) € F|T(Ty,T-) is 2-colourable}

={(T4,T-) € F' | Chrp(r, 7_)(2) = 2},

Fy:={(Ty,T_) € F3 | (T}, T-) is 2-colourable}
= {(T+,T-) € F5 | Chrr(r, 7(2) = 2},

where Chrr(t) denotes the chromatic polynomial. A graph is said to be 2-colourable
if its vertices can be labeled with two colors such that adjacent vertices have dif-
ferent colors. We designate these colors as + and —.

Importantly, since I'(T, T_) is connected, if it is 2-colourable, there exist pre-
cisely two valid colorings. By convention, we choose the one in which the leftmost
vertex is assigned the color +. Notably, for I'(7, T_), being 2-colourable is equiv-
alent to being bipartite.

We now briefly recall Jones’ construction of knots from F. First we turn all
the 3-valent vertices into 4-valent by means of the map ¢. Then we draw an edge
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FIGURE 5. The rules needed for obtaining £(g).
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FIGURE 6. From left to right: the element xgx;; its image in Fj
under the embedding map ¢; its closure; and the corresponding

& & &

FIGURE 7. From left to right: an element of F' (which also lies
in F); the corresponding strip on the zy-plane; and the unique
admissible coloring according to rule (2.1).

between the two roots of the trees. The third step consists of replacing all 4-
valent vertices by the forks in Figure [5| We exemplify this procedure with xgx; in
Figure [0}

The Tait graph of the resulting knot is exactly the graph I'(g) and, by using
the coloring fixed by convention for F, we obtain an oriented knot/link: if a vertex
with color + sits inside a region, then its boundary is oriented counter-clockwise,
if the color is — the orientation is clock-wise. Given a tree diagram (Ty,7_) € F,
we denote by £(T,T_) the corresponding knot /link.

We now pass to the 3-colorable subgroup F. As any tree diagram of F' is drawn
on the xy-plane according to Convention [21] it sits on the strip bounded by the
the lines y = 1 and y = —1. If we consider the complement of the tree diagram in
this strip, we have a (finite) number of connected components, which call partition
of the strip. See Figure [7] to see an element of F' and its strip.
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This strip may or may not be 3-colorable, meaning it may or may not be possible
to assign colors from Zz = {0, 1,2} to its regions such that any two regions sharing
an edge are assigned different colors. By convention, we fix specific colors for the

regions near the roots.
2
0AL 0 I 1
2 (2.1)

Once this convention is applied, if the strip is 3-colorable, the coloring is uniquely
determined. The 3-colorable subgroup F consists of all elements of F' for which
the corresponding strip admits such a 3-coloring. This subgroup is contained in
the rectangular subgroup K3 2, which belongs to the family of groups

K(a,b) = {g EF | lOgQ gl(o) € GZ, 10g2 gl(l) € bZ}7 (22)

a,b € N=1{1,2,3,...}. This family was introduced in [I2]. All these groups have
finite index in F and are isomorphic to it. Note that log, ¢’(0) can be read from the
tree diagram as the difference between the path from the root of the top tree to the
left-most leaf and the path from the root of the bottom tree to the left-most leaf.
Similarly, log, ¢’(1) can be read from the tree diagram as the difference between
the path from the root of the top tree to the right-most leaf and the path from
the root of the bottom tree to the right-most leaf. Interestingly, all knots arising
from F are 3-colorable, [22].

3. THE SUBGROUPS My, My, AND M,

Denote by o : FF — F the order-2 automorphism defined on the level of tree
diagrams by a reflection about any vertical line. In [T, Section 4], three maximal
subgroups of infinite index in K3 2y were identified

MO = <]:7 x%)a Ml = <]:7 .’L‘%>, M2 = <]:,O'($%)>

Recall that since K32 is isomorphic to F', these subgroups yield maximal sub-
groups of infinite index in F. For any ¢ € [0,1], denote by .a; ...a, its dyadic
expansion. Now consider the subsets

S; = {te(0,1)NZ[1/2] | w(t) =5 i},

where i € Zs, =3 denotes equivalence modulo 3, and the weight function w is
defined by

n
w(.a1...an) = Z(—l)jaj (mod 3).
j=1
These subsets S; form a partition of the dyadic rationals in the interval (0, 1). The
3-colorable subgroup F stabilizes these subsetsﬂ, more precisely F =), €Zs Stab(S;)
[8, Lemma 2.7]. The following theorem shows that the subgroups My, My, My can
be described as stabilizers of these subsets.

IFor this discussion we refer to the ArXiv version of the article [§].
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Theorem 3.1. The following equalities hold
My = Stab(S3), M; = Stab(Sp) N K(272), My = Stab(S1) N K(272).

Before undertaking the proof, we make a couple of general observations that we
will use repeatedly in this proof.

Remark 3.2. In general, we may color all the regions of the strip contained in
the upper-half plane and in the lower-half plane separately, always following Con-
vention If the colors of the two halves of the strip match, the element is in F.
Otherwise, fix ¢ € {0,1,2}. If the regions with color ¢ match, then the element is
in Stab(S;).

Remark 3.3. The color of the region to the left of the rightmost leaf in the
top/bottom tree is determined separately by each tree: the color is 2 if the length
of the path from the root to the leaf is odd, and 0 otherwise.

Similarly, the color for the region to the right of the leftmost leaf is determined
separately by the top tree and the bottom tree: the color is 2 if the path from the
root to the first leaf has odd length, and 1 otherwise.

Proof of Theorem[3.1] We start by proving the inclusion My C Stab(S2). As the
3-colorable subgroup F is contained in Stab(Ss), we only need to prove that x2
belongs to Stab(S3). Let us draw the strip corresponding to this element.

N 0 x |
(3.1)

The regions in the top and bottom trees labeled with color 2 match. Therefore,
we have My C Stab(Ss2). Additionally, we note that there exists a region of color 1
in the upper half-plane connected to a region of color 0 in the lower half-plane, so
this element does not preserve Sj.

It was proven in [7, Theorem 4.6] that My is maximal in K5 7). This means that
in order to prove that My = Stab(Ss), it suffices to show that Stab(S3) is a proper
subgroup of K(;2y. Let g be an element of Stab(Ss). Consider the color of the
region to the left of the rightmost leaf in the top/bottom tree. This is determined
separately by each tree according to Remark [3:3]and can be either 0 or 2 depending
on the parity of the length of the path from the root to the leaf. Since g belongs
to Stab(Ss3), these must be the same, which implies that log, ¢'(1) € 2Z.

Similarly, by Remark the color for the region to the right of the leftmost leaf
is can be either 1 or 2. As the element g € Stab(S2), the paths from the first leaf
to the roots of the top and bottom tree must have the same parity, leading to the
conclusion that log, ¢'(0) € 2Z.

Finally, it remains to show that Stab(Sz) is a proper subgroup of K(33). The
element hy in , belongs to K(32) \ Stab(S2). Indeed it is K32y because the
paths from the leftmost leaf to the root have the same parity in both the top and
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bottom trees, and likewise for the rightmost leaf. It does not belong to Stab(Ss)
because there is a region colored 2 on the top tree matching one colored 1 on the
bottom tree.

1

We now turn to M; and we adopt the same strategy as for M;. Here, we show
that x? belongs to Stab(Sp).

(3.2)

The subgroup M; is generated by x? and F. The latter is contained in Stab(Sp)
and, thus, M; is a subgroup of Stab(Sp). It was proven in [7, Theorem 4.6] that
M; is maximal in K(32). As observed in Remark the region to the left of the
rightmost leaf in the top/bottom tree is colored 2 if the path from the root to the
leaf has odd length, and 0 otherwise. Since g belongs to Stab(.Sp), these paths must
have the same parity, which implies that log, ¢’'(1) € 2Z. Consequently, we obtain
Stab(Sp) € K(1,2). Unlike the first case, Stab(Sp) is not a proper subgroup of
K(2,2). In fact, the subgroup Stab(Sp) is strictly larger than K, 5y as the element
below belongs to the former but not the latter.

Tor1 € Stab(So) N (K(L?) \K(Q’z)).

0 1
Tor] = s _
01 0 % 1

We are thus lead to consider the subgroup Stab(Sg) N Kz ). This subgroup con-
tains M;. We need to show that Stab(Sgp) N K(2,2) is a proper subgroup of K ),
because then the claim follows from the maximality of M; in K (5 2. To this end,
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we may resort to the element kq, displayed in (3.3)). This element is not in Stab(Sp)
by Remark [3.2]

X3

2

As for My, it is generated by F and o(x1)®. The strip depicted below shows
that o(x1)? € Stab(Sh).

o(x1)? = zoz1xomy > - L
1 0T1T2 1

By Remark the region to the right of the leftmost leaf the color is 2 when
the length of the path from the root of the top/bottom tree to the leaf has odd
length, 1 otherwise. For any g is in Stab(S;), these paths must have the same
parity and thus log, ¢’(0 ) E 2Z The subgroup Stab(S1) is bigger than K3 2y. In
fact, o(wox1) € Stab(S1) N (K21 \ K(2,2))

& &

So far we have proved that M, < Stab(S1) N K(29) < K(2,2). Thanks to the
maximality of My in K3 2y [7, Theorem 4. 6] we only need to show that Stab(S1) N
K (,2) is a proper subgroup K 1). We have already seen in that x2 is in
K (2,2) but not in Stab(.S1). O

)

oo

4. THE F-INDEX

Recall that every oriented knot can be realized as £(g) for some g € F, [I].
Therefore, one may consider the the F-index of a knot K, namely the smallest
number of leaves required by each binary tree in a binary tree diagram (7%,7-)
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a O
>X = > <

F

F1GURE 8. The Reidemeister moves of type 1 and 2 in the lan-
guage of Tait graphs. In the second and third rows, + and F
should be interpreted as meaning that if one edge has a positive
sign, the other has a negative one. All unspecified signs are arbi-
trary.

of F such that K is realised as 5(T+,T ) (with the same orientation). For any
oriented knot K, we denote by K" the knot with opposite orientation.

Planar graphs T'(Ty,7-) arising from elements of F are rather special Tait
graphs of links (see [20], Proposition 4.1.3] or the discussion below the sole Theorem
of [1]). We briefly recall from [20] that, given a link diagram D, its Tait graph is
obtained as follow. First color the regions of the plane in black and white, with the
unbounded region being black. The vertices of T'(D) sit in the interior of the black
regions. Then we draw an edge between two vertices if and only the two region
belong to the black regions of the same crossing. Each edge has a sign according
to the following convention:

=X - X

Tait graphs completely determine a link and Reidemeister moves can be trans-
lated into this formalism. The moves relevant to this paper read as shown in
Figure

More precisely, a Tait graph is the planar graph of a certain element of F if and
only if it satisfies the following properties (possibly after applying a planar isotopy)
[20, Proposition 4.1.3):

(1) it is bipartite;
(2) the vertices are (0,0), ..., (N,0);

(3) each vertex is connected to exactly one vertex to its left;

(4) each edge e can be parametrized by a function (z.(t), ye(t)) with 2. (t) > 0,
for all ¢ € [0,1], and either y.(t) > 0, for all ¢ € ]0,1[ or y.(¢) < 0, for all
t€10,1[;

We conclude this paper with a result concerning the relation between the F-
index of a knot and its orientation.
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Theorem 4.2. For any pair (K, K") consisting of a knot and its reversed, the
F-indices of K and K" differ by at most 3.

Proof. Let g € F be an element such that £(g) = K, attaining the F-index. We
aim to construct an element ¢ such that £(g') = K". There are two cases to
consider: either the first and last vertices of the planar graph I'(g) associated with
g have the same color, or they have different colors.

In the first case, we insert the planar graph I'(g) as a subgraph of another graph
which still satisfies the properties characterising these type of graphs

+ @

(]
+

In this move, the first and last vertices in the initial graph (here depicted in red)
change color to — and become the second and third to the last vertices of the new
graph on the right. All the other vertices and edges present in the initial graph
are left unchanged (these are not drawn in the figure). Overall, we added three
vertices and six edges (all depicted in black), which can all be removed by means of
Reideister moves of type I and II. This means that topologically the knots are the
same, however, the colors of the regions are the opposite and so is the orientation
of the knot.

When the first and last vertices have opposite colors, it suffices to apply the
following move. As in the other move, the first and the last vertices in the initial
graph (appearing in red) both change color and become the second and second to
the last vertices of the new graph on the right. All the other vertices and edges
present in the initial graph are left unchanged. In total, we added two vertices and
four edges (all depicted in black), which can all be removed by means of Reideister
moves of type I and II. This means that topologically the knots are the same,
however, the colors of the regions are the opposite and so is the orientation of the
knot.

. e I
+ - +

These moves do not affect the knot topologically (they are in fact type I and type II
Reidemeister moves), they only change its orientation. O

We end the paper with a natural question.

Question 1. Does there exist a pair consisting of an oriented knot and its reversed
(K, K") that are equivalent as unoriented knots but have different F-indices?
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Question 2. In the proof of Theorem [£.2] we have seen that the difference between
the F-indices of K and K" can be at most 2 when the minimal planar graph has a
coloring where the first and last vertices have different colors, while the difference
is at most 3 when the first and last vertices have the same color. Does every knot
have minimal diagrams (with the same number of vertices) of both types? If not,
do the knots of the two types differ among themselves?
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