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ON BANACH SPACES WITH ANGELIC MACKEY DUALS

DOUGLAS MUPASIRI

Abstract. We show that if X is a sequentially reflexive Banach space, then
its Mackey dual (X∗, τ(X∗, X)) is an angelic space. This builds on a result

of J. Howard which says that in the Mackey dual (X∗, τ(X∗, X)) of a Banach

space X, relative sequential compactness is, in general, strictly stronger than
relative compactness and that the two notions of compactness are equivalent

if X is reflexive or separable. Our main result gives a characterization of the

sequentially reflexive spaces as precisely the Banach spaces X for which the
finest locally convex topology on X∗ with the same precompact sets as the

Mackey topology τ(X∗, X) is the bound extension of τ(X∗, X).

1. Introduction

A result of Joe Howard’s [7] says that in the Mackey dual (X∗, τ(X∗, X)) of a
Banach space X, relative sequential compactness is strictly stronger than relative
compactness and the two notions of compactness are equivalent if X is either reflex-
ive or separable. More recently P. Orno [14] and M. Valdivia [20] independently
characterized the sequentially reflexive Banach spaces as precisely those Banach
spaces which do not contain a subspace isomorphic to ℓ1. When combined with
Emmanuele’s characterization of Banach spaces which do not contain ℓ1 [4] and
Grothendieck’s characterization of Mackey compact subsets of X∗ [8], Orno’s and
Valdivia’s result suggests that in the Mackey duals of sequentially reflexive Banach
spaces the notions of (relative) sequential compactness and (relative) compactness
are equivalent. Below we give a direct elementary proof of a result along similar
lines. Actually, we show more. Specifically, we show that the sequentially reflexive
Banach spaces are exactly the Banach spacesX for which an Eberlein-Šmulian type
theorem holds for the Mackey dual (X∗, τ(X∗, X)) and for which the finest locally
convex topology on X∗ with the same precompact sets as τ(X∗, X) is a bound
topology. Our main result adds a new perspective to the list of characterizations
of Banach spaces not containing ℓ1. As might be expected the proof of our main
result leans heavily on Rosenthal’s ℓ1 theorem [16].
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2 DOUGLAS MUPASIRI

2. Preliminaries

We use the monographs by G. Köthe [12] and H. Schaefer [17] as basic references
for the theory of locally convex spaces. Throughout, X denotes a Banach space
over the field of real numbers, BX denotes the closed unit ball of X. The dual
of X, X∗, is the space of continuous linear forms on X and BX∗ is the closed
unit ball of X∗. The second dual of X, X∗∗, is the dual of X∗. We then have
two dual pairs ⟨X,X∗⟩ and ⟨X∗, X∗∗⟩ and the four topologies: the weak topology
on X, σ(X,X∗), the weak∗ topology on X∗ σ(X∗, X), the weak topology on X∗,
σ(X∗, X∗∗), and the weak∗ topology σ(X∗∗, X∗) on X∗∗.

If (X, ∥ · ∥) is a Banach space, then the dual norm on X∗ will be denoted by
∥ · ∥∗ or just ∥ · ∥ if there is no risk of misunderstanding. The topology defined by
a norm ∥ · ∥ will also be denoted by ∥ · ∥. If T1 and T2 are topologies on X, then
T1 ⪯ T2 means that the topology T1 is weaker than the topology T2. For example,
T ⪯ ∥ · ∥ means that the topology T is coarser than the topology defined by the
norm ∥ · ∥.

If (X, T ) is a locally convex space and Y is a closeed subspace of X, then
q : X → X/Y will denote the canonical quotient mapping. Objects and concepts

inX/Y will be labeled with a hat. For example, T̂ will denote the quotient topology
of T , and elements of X/Y will be written as x̂.

We shall use the notations (BX , weak) for the closed unit ball of X with the
relative weak topology. The Mackey topology, τ(X∗, X) on X∗ is the topology of
uniform convergence on all the weakly compact absolutely convex subsets of X.
Since the closed absolutely convex hull of a weakly compact set is again weakly
compact (by a result of Krein, see [17, Ch. IV, 11.4, page]), the “absolutely convex”
qualification is omitted in some references. By the Mackey–Arens theorem [17,
Ch. IV, 3.2, p. 131], τ(X∗, X) is the finest locally convex topology on X∗ whose
topological dual is X.

Recent work on the Mackey dual can be found in Dowling and Mupasiri [3]
Schlüchtermann and Wheeler [18, 19] and in earlier works by A. Grothendieck [9],
Joe Howard [7], N. Kalton [10], and J. Webb [21].

The following dual characterization of reflexive Banach spaces is a direct con-
sequence of the definitions: A Banach space is reflexive if and only if the Mackey
topology τ(X∗, X) and the norm topology agree on X∗. This fact led Jonathan
Borwein to make the following definition [1].

Definition 2.1. A Banach space is sequentially reflexive if every τ(X∗, X) con-
vergent sequence in X∗ is norm convergent.

Borwein then asked for a characterization of sequentially reflexive spaces. Shortly
thereafter, P. Orno and M. Valdivia characterized sequentially reflexive spaces as
the Banach spaces not containing ℓ1. On reflection, Orno’s and Valdivia’s re-
sult suggests that in the Mackey duals of sequentially reflexive Banach spaces the
notions of (relative) sequential compactness and (relative) compactness are equiv-
alent. Below we give a proof of a result along similar lines. Actually, we show
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ON BANACH SPACES WITH ANGELIC MACKEY DUALS 3

more. Specifically, we show that the sequentially reflexive Banach spaces are ex-
actly the Banach spaces X for which an Eberlein-Šmulian type theorem holds for
the Mackey dual (X∗, τ(X∗, X)) and for which the finest locally convex topology
on X∗ with the same precompact sets as τ(X∗, X) is a bound topology. Our main
goal in this note is to prove this equivalence. Our secondary objective is to put the
aforementioned result in the larger context of some new, some not so well-known,
and some well-known characterizations of Banach spaces not containing ℓ1 that we
believe fit naturally together.

D. H. Fremlin’s notion of angelic spaces will figure prominently in the sequel.
We now define the notion.

Definition 2.2 (See, e.g., K. Floret [6] or J. D. Pryce [15]). A Hausdorff topological
space T is said to have countably determined compactness for subsets of X, or to
be an angelic space, if every countably compact subset A of T has the following
two properties: (i) A is relatively compact and (ii) every a ∈ A is the limit of a
sequence in A.

The arguments we use to prove the results in this note depend on considerations
of different locally convex topologies on the dual X∗ of a Banach space X that are
related to the Mackey topology. For a locally convex space (E, τ), always assumed
Hausdorff, we follow Webb [21] and make the following definitions.

(1) E# is the algebraic dual of E;
(2) E′ is the topological dual of E;
(3) Eb = (E, τ)b is the space of all bounded linear functionals on E

= {f ∈ E# : supx∈B |f(x)| < ∞ for all τ − bounded B ⊂ E};
(4) τ b is the finest topology on E with the same bounded sets as τ ;
(5) τ+ is the finest locally convex topology with the same convergence se-

quences as τ ;
(6) τp is the finest locally convex topology with the same precompact sets as

τ ;
(7) τg is the topology on Eb of uniform convergence on all subsets A of E such

that every sequence of points in A has a Cauchy subsequence;
(8) τn is the topology on Eb of uniform convergence on the family of sets

formed by the ranges of all τ -null sequences in E;
(9) τ0 is the topology on Eb of uniform convergence on all τ - precompact

subsets of E.

We shall also use the following notation, following Schaefer.

(10) τf is the finest topology on E′ which agrees with σ(E′, E) on each equicon-
tinuous subset of E′; and

(11) τc is the topology on E′ of uniform convergence on all τ -compact subsets
of E.

Remark 2.3. In general, T + and T p are incomparable, that is neither T + ⪯ T p

nor T p ⪯ T + holds.

Proposition 2.4. If (E, T ) is locally convex, then (E, T p)′ = Eb and T ⪯ T p ⪯
T b. Also (E, T +)′ = E+ and T ⪯ T + ⪯ T b.
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4 DOUGLAS MUPASIRI

Proof. To prove the first assertion, let A ⊂ E be T -bounded. If A is not T p-
bounded, then there exists a T p-neighborhood U of 0 and a sequence {an} in A
such that an /∈ nU for all n ∈ N. But then {(1/

√
n)an} is T -null, hence T -compact

and thus T p-precompact, contradicting the fact that the sequence {(1/
√
n)an} is

not T p-bounded. This proves that T ⪯ T p ⪯ T b by the definition of T b.
To prove the second assertion, let A ⊂ E be T -bounded. If A is not T +-

bounded, then there exists a T +-neighborhood U of 0 and a sequence {an} in A
such that an /∈ nU for all n ∈ N. But then {(1/

√
n)an} is T -null, hence T +-null,

a contradiction. This proves that T ⪯ T + ⪯ T b by the definition of T b. (See also
Proposition 2.5 and comment after Corollary 1.7 in [21]). □

The following two propositions, due to J. H. Webb, characterize the conditions
under which T + and T p are comparable.

Proposition 2.5 ([21, Proposition 2.8, p. 350]). The following statements are
equivalent:

(a) T p ⪯ T +.
(b) E+ = Eb.
(c) T + = (T p)+.
(d) T + = (T g)0.
(e) T + = (T n)0.
(f) T nn ⪯ T +.

Proposition 2.6 ([21, Proposition 2.10, p. 351]). Let (E, T ) be a locally convex
space. Then the following conditions are equivalent:

(a) T + ⪯ T p.
(b) Every T -precompact subset of E is T +-precompact.
(c) Every T -limited subset of Eb is T 0-compact.
(d) The topologies T + and σ(E,E+) coincide on the T -precompact subsets of

E.
(e) The topologies T 0 and σ(Eb, E) coincide on the T -limited subsets of Eb.

Theorem 2.7 (The Grothendieck Completeness Theorem [17, p. 148]). Let (E, T )
be a l.c.s. and let S be a saturated family of bounded sets covering E. Then E′

is complete under the S-topology iff every f ∈ E# which is T -continuous on each
S ∈ S, is continuous on (E, T ).

Corollary 2.8 ([17, p. 149]). A l.c.s. (E, T ) is complete iff every g ∈ (E′)# which
is σ(E′, E)-continuous on every equicontinuous subset of E′ is σ(E′, E)-continuous
on all of E′.

Lemma 2.9. Let E = X∗ and τ = τ(X∗, X) in the preceding definitions. Then
both (X∗, τ+) and (X∗, τp) are complete locally convex spaces.

Proof. We first note that (X∗, τ+)′ = (X∗)+ [21, p. 344] and (X∗, τp)′ = (X∗)b =
X∗∗ [21, p. 349]. We apply Grothendieck’s Completeness Theorem to establish
the lemma. To that end, let f ∈ ((X∗)+)# be σ((X∗)+, X∗)-continuous on ev-
ery equicontinuos subset of (X∗)+ (i.e., on the τ -limited subsets of (X∗)+ by
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ON BANACH SPACES WITH ANGELIC MACKEY DUALS 5

[21, Proposition 1.3, p. 343]). By the definition of the Mackey topology τ , ev-
ery σ(X,X∗)-compact subset X is τ -limited. Hence f is σ((X∗)+, X∗)-continuous
on each σ(X,X∗)-compact subset of X. Since σ(X,X∗) is the subspace topol-
ogy induced on X by the topology σ((X∗)+, X∗), we deduce that f is σ(X,X∗)-
continuous on each σ(X,X∗)-compact subset of X. Now the range of a norm-null
sequence in X is σ(X,X∗)-compact and so limn→∞ f(xn) = 0 for every norm-null
sequence {xn}∞n=1 in X. Hence f ∈ X∗. This completes the proof that ((X∗)+, τ+)
is a complete locally convex space.

To prove that (X∗, τp) is complete, we also apply Grothendieck’s Completeness
Theorem. To that end, let g ∈ ((X∗)b)# be σ((X∗)b, X∗)-continuous on every
equicontinuos subset of (X∗)b (i.e., on the τ0-precompact subsets of (X∗)b by [21,
Proposition 2.4, page 349]). Since X ⊂ (X∗)b = X∗∗ and X is σ(X∗∗, X∗) dense
in X∗∗, it follows that the canonical bilinear form of the duality ⟨X∗, (X∗)b⟩ places
X∗ and X in duality (see [17, Ch. IV, 1.3, p. 125]). The Grothendieck Interchange
Lemma [9, Corollary 4, p. 93], says that every σ(X,X∗)-compact subset of X is τ0-
precompact. Hence every σ(X,X∗)-compact subset of X is an equicontinuous sub-
set of (X∗)b. So g is σ((X∗)b, X∗)-continuous on every σ(X,X∗)-compact subset
of X. By the same argument used in the preceding paragraph, limn→∞ g(xn) = 0
for every norm-null sequence {xn}∞n=1 in X. So g ∈ X∗. This completes the proof
that (X∗, τp) is a complete locally convex space. □

3. The main result

Our main result builds on some well known results, which we now state. We
first define some concepts we will need.

Definition 3.1. A continuous linear operator T : X → Y is said to be a Dunford–
Pettis operator (or completely continuous operator) iff it maps weakly compact
sets to norm compact sets. A Banach space X has the Dunford–Pettis Property
(DP) if every weakly compact operator T : X → Y is a Dunford–Pettis operator.
Similarly, X has the reciprocal Dunford–Pettis property (RDP) iff every Dunford–
Pettis operator is weakly compact. If K is a compact Hausdorff space, then C(K)
has both DP and RDP.

The following characterization of sequentially reflexive Banach spaces was proved
independently by P. Orno [14] and M. Valdivia [20].

Theorem 3.2. A Banach space X is sequentially reflexive iff it does not contain
an isomorphic copy of ℓ1.

Our main result will lean heavily on G. Emmanuele’s characterization of Banach
spaces which do not contain an isomorphic copy ℓ1 [4].

Theorem 3.3 (G. Emmanuele, 1986). Let X be a Banach space. The following
conditions on X are equivalent:

(a) Every Dunford–Pettis operator is T : X → Y is compact.
(b) Every τ(X∗, X)-compact subset of X∗ is norm-compact.
(c) X contains no isormophic copy of ℓ1.
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6 DOUGLAS MUPASIRI

We first prove a lemma.

Lemma 3.4. Let X be a sequentially reflexive space and let (X∗, τ(X∗, X)) be its
Mackey dual. If A ⊂ X∗ is τ(X∗, X)-relatively compact, then no sequence in A is
equivalent to the ℓ1-basis.

Proof. Assume X is sequentially reflexive and that a τ(X∗, X)-relatively compact
set A ⊂ X∗ contains a sequence {x∗

n} equivalent to the canonical basis of ℓ1. Then

the set A
τ(X∗,X)

is τ(X∗, X)-compact. The space X contains no isomorphic copy

of ℓ1, so by Theorem 3.3, A
τ(X∗,X)

is norm-compact. So {x∗
n : n ∈ N} is norm-

relatively compact. This is impossible. □

Corollary 3.5. If X does not contain an isomorphic copy of ℓ1 (equivalently, if
X is a sequentially reflexive Banach space), then the Mackey dual (X∗, τ(X∗, X))
is an angelic space.

Proof. Let A ⊂ X∗ be τ(X∗, X)-relatively countably compact. Then, since (X∗,
τ(X∗, X)) is complete, Eberlein’s theorem gives that A is τ(X∗, X)-relatively com-
pact, hence norm-relatively compact by Theorem 3.3. The result now follows triv-
ially. □

Remark 3.6. It is easy to see that ifX is reflexive or separable, then (X∗, τ(X∗, X))
is angelic (in the former case, τ(X∗, X) = ∥·∥∗; in the latter case, the (BX∗ , weak∗)
topology is submetrizable).

We now consider a condition on the dual pair ⟨X∗, (X∗)b⟩ which implies sequen-
tial reflexivity of the Banach space X. Following Webb [21, p. 353], we make the
following definition.

Definition 3.7. A locally convex Hausdorff space (E, T ) is said to be sequentially
barrelled if every σ(E′, E)-null sequence in E′ is a T -equicontinuous set.

Since the translate of an equicontinuous set is equicontinuous we obtain an
equivalent definition if we replace the phrase ”σ(E′, E)-null sequence in E′” with
the phrase ”σ(E′, E)-convergent sequence in E′” in the preceding definition. Also,
since the class of T -equicontinuous sets in E′ is at least as large as the class of
σ(E′, E)-convergent sequences, [σ(E′, E)]n ⊂ T .

Proposition 3.8. If (E, T ) is a sequentially barrelled space, then every T -precompact
subset of E is σ(E′, E)-limited. Equivalently, the topologies σ(E′, E) and T 0 (the
topology on Eb of uniform convergence on the T -precompact subsets of E) have
the same convergent sequences in E′. If, in addition, the dual pair ⟨E′, E⟩ sat-
isfies Smúlian’s condition (i.e., every σ(E′, E)-compact subset of E′ is σ(E′, E)-
sequentially compact), then every σ(E′, E)-limited subset of E is T -precompact.

Proof. See [21, Proposition 4.1 (3), p. 353 and Proposition 4.7, p. 355] □

Since τ = τ(X∗, X) is sequentially barrelled, the preceding result implies that
the topologies τ0 and σ(X,X∗) have the same convergent sequences in E. Indeed,
τ0|X is the finest locally convex topology on X with the same convergent sequences
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as σ(X,X∗), i.e., τ0|X = σ(X,X∗)+ [10, Proposition 2, p. 74] or [21, Proposi-
tion 1.1 and Proposition 1.3]. This naturally leads one to ask what implications,
if any, imposing the stronger condition that the topologies τ0 and σ((X∗)b, X∗)
agree on bounded subsets of (X∗)b would have for X. We address this in the next
theorem. While this result is known, we believe the locally convex space theory
perspective it offers is new.

Theorem 3.9. Suppose τ = τ(X∗, X) and τ0 is the topology on X∗∗ of uniform
convergence on the τ -precompact subsets of X∗. If τ0 agrees with σ(X∗∗, X∗) on
the bounded subsets of X∗∗, then X does not contain a subspace isomorphic to ℓ1.

Proof. Let P be a precompact subset of (X∗, τ((X∗, X)). Then for every α >
0, P o∩αBX∗∗ contains the intersection V ∩αBX∗∗ , where P 0 is the absolute polar
of P and V = V (x∗

1, . . . , x
∗
n; δ) := {x∗∗ ∈ X∗∗ : |x∗∗(x∗

i )| < δ, i = 1, . . . , n} for
some δ > 0, is a σ(X∗∗, X∗) - neighborhood of 0. It now follows that

aco(P oo ∪ (αBX∗∗)o) ⊂ aco(V o ∪ (αBX∗∗)o) ⊂ aco(V o + (αBX∗∗)o)

⊂ aco(V o + (
1

α
BX∗)) ⊂ aco([V o] +

1

α
BX∗),

where aco(A) is the absolutely closed convex hull of A ⊂ X∗ and [V o] is the linear
span of V o. Hence P ⊂ [V o] + 1

αBX∗ for all α > 0. So P ⊂
⋂

α>0([V
o] + 1

αBX∗) =
[V o]. Since [V o] is a finite dimensional subspace of X∗ and P is bounded, we get
that P is ∥ · ∥-relatively compact. So X does not contain a subspace isomorphic
to ℓ1, by Theorem 3.3. □

Corollary 3.10. Let τ = τ(X∗, X) and τ0 be as in the preceding theorem and
suppose that τ0 agrees with σ(X∗∗, X∗) on the bounded subsets of X∗∗, then τ0 =
∥ · ∥c = ∥ · ∥n, where ∥ · ∥n is the topology of uniform convergence on all norm null
sequences in X∗.

Proof. Since every norm compact subset of X∗ is τ -compact, it follows that ∥ · ∥c
is courser than τ0. But ∥ · ∥c is the finest topology on X∗∗ that agrees with
σ(X∗∗, X∗) on the bounded subsets of X∗∗, and so τ0 is courser than ∥ · ∥c. Hence
τ0 = ∥ · ∥c That the two topologies coincide with ∥ · ∥n on X∗∗ follows from
the Grothendieck compactness principle (which can be deduced from the Banach–
Dieudonné theorem) [12, Section 21.10 (3)]. □

We conclude by proving a characterization of sequentially reflexive Banach spaces
which we believe adds a new perspective and places the content of this paper in a
larger context.

Definition 3.11. Let (E, T ) be a locally convex space. Let U be the class of circled,
convex subsets of E such that each set in U absorbs every T -bounded subset of E.
By [11, Theorem 19.1, pp. 181–182], U is a local base at 0 for a topology on E called
the bound extension of T or the bound topology derived from T , and is denoted
by T b. In general, T ⊂ T b. If T = T b, then T is called a bound topology and (E, T )
is called a bound space or a bornological space. Thus T is a bound topology if and
only if every circled, convex subset A ⊂ E which absorbs every T -bounded subset
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of E is a T -neighborhood of 0. Equivalently, a bornological space is a locally convex
space on which each semi-norm that is bounded on bounded sets is continuous [17,
p. 61].

The relevant facts about the bound extension of a locally convex topology are
contained in the following theorem.

Theorem 3.12. Let T b be the bound extension of a locally convex topology T on
a linear space E. Then:

(1) T b is a bound topology and the class B of T -bounded subsets of E is identical
with the class of T b-bounded subsets of E; moreover T b is the finest topology
with the same bounded sets as T .

(ii) A family F of linear functions on E to a locally convex space H is T b-
equicontuous if and only if F is bounded relative to the topology TB of
uniform convergence on the bounded subsets of E.

In particular, a linear function from E to H is T b-continuous if and only if it
is bounded. Equivalently, a linear function f : E → H is continuous if and only if
{f(xn)} is a null sequence in H for every null sequence {xn} in E.

Proof. See [11, Theorem 19.3, p. 183] and [17, Ch. II, Theorem 8.3, p. 62]. □

Remark Theorem 3.3 allows us to deduce the following result.

Corollary 3.13. If a Banach space X does not contain an isomorphic copy of ℓ1,
then τ(X∗, X) := τ ≺ τ+ = τp = τ b (= ∥ · ∥∗). This means that τp is the bound
extension of τ = τ(X∗, X) in this case and hence τp = τ(X∗, X∗∗) = ∥ · ∥X∗ and
consequently (X∗, τp) is a bornological space.

Proof. Obviously, τ b is the norm topology ∥ · ∥∗ on X∗ (τ and ∥ · ∥∗ have the
same bounded sets and (X∗, ∥ · ∥∗) is bornological). Moreover, if A ⊂ X∗ is τ -
precompact, then it is τ -relatively compact, hence ∥ · ∥∗-relatively compact, i.e.,
∥·∥∗-precompact. We have now shown that every τ -precompact subset of X∗ is τ b-
precompact and so τ b ≺ τp by definition of τp. Since τp ≺ τ b (by Proposition 2.4)
we get that τp = τ b. □

We note that τ ̸= τ b iff X is not reflexive. This is the case, in particular, for
X = c0.

We consider yet another example.
Example: Let E = ℓ1, τ = τ(ℓ1, c0). Then τ b = τ(ℓ1, ℓ∞), the norm topology

of ℓ1. Since c0 contains no isomorphic copy of ℓ1, every τ -compact subset of ℓ1 is
norm-compact. Also, since ℓ1 is also a Schur space, every σ(ℓ1, ℓ∞)-compact set is
norm-compact. So the topologies σ(ℓ1, ℓ∞), τ(ℓ1, c0), and τ(ℓ1, ℓ∞) = ∥ · ∥ℓ1 = τ b

have the same compact sets and, in fact, coincide on each of these sets. Thus,
τ ̸= τ+ = τp = τ b = ∥ · ∥ℓ1 in this case.

IfX is a Banach space and τ = τ(X∗, X), the relations τ ≺ τ+ = τp = τ b = ∥·∥∗
hold if and only if X contains no isomorphic copy of ℓ1, by Corollary 3.12. It is
well known that X has the hereditary reciprocal Dunford–Pettis property (RDP)
if and only if X contains no copy of ℓ1 [19, Proposition 2.4]. We will now show
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that X has the RDP if τ+ = τp. Thus the gap between (X∗, τ(X∗, X)) satisfying
the condition τ+ = τp on the one hand and sequential reflexivity of X on the
other hand is, in a sense, the gap between X having the RDP and X having the
hereditary RDP. Analogously the difference between a Banach space X having
the RDP and X having the hereditary RDP is apparently the difference between
(X∗, τ(X∗, X)) satisfying the condition τ+ = τp on the one hand and the topology
τp being the bound extension of τ(X∗, X) so that τp = τ b, on the other hand. We
will now establish these remarks.

We will use the following characterization of Banach spaces with the RDP.

Theorem 3.14. If X is a Banach space, then the following statements are equiv-
alent.

(1) X has the RDP.
(2) For each Banach space Y , each bounded linear operator T : X → Y that

maps weakly compact sets onto norm-compact sets is a weakly compact
operator (T (BX) is weakly-relatively compact).

(3) For each Banach space Y , each bounded linear operator that maps σ(X,X∗)-
null sequences onto norm-null sequences is a weakly compact operator.

(4) If K ⊂ X∗ satisfies the condition

lim
n→∞

sup
x∗∈K

x∗(xn) = 0 for each weakly null sequence {xn} in X,

then K is σ(X∗, X∗∗)-relatively sequentially compact.
(5) Every τ(X∗, X)-compact subset of X∗ is σ(X∗, X∗∗)-compact.

Proof. See [13, Theorem 2.1, p. 6] for the equivalences (1)-(4), and Proposition 2.1
in [19] for (1) ⇔ (5). □

Theorem 3.15. If X is a Banach space for which (X∗, τ(X∗, X)) is angelic, then
τ+ ⪯ τp.

Proof. Let A ⊂ X∗ be a τ -precompact set. Since τ is complete, A is τ -relatively
compact. By hypothesis, A is τ -relatively sequentially compact, and hence τ+-
relatively sequentially compact. So A is τ+-relatively countably compact. Since
τ+ is complete (by Lemma 2.9), A is τ+-relatively compact, by Eberlein’s Theorem,
and hence A is τ+-precompact. Thus τ+ has the same precompact sets as τ , and
so τ+ ⪯ τp, by definition of τp. □

We now give a necessary and sufficient condition for the equation τ+ = τp to
hold.

Theorem 3.16. Let X be a Banach space. Then τ+ = τp if and only if X has the
RDP.

Proof. ⇒ Assume that τ+ = τp. Then by Propositions 2.8 and 2.10 in [21],
(X∗, τ)+ = X∗∗ and τ+ = σ(X∗, X∗∗) on every τ -precompact subset of X∗. If
A ⊂ X∗ is τ -compact, it is τp-precompact and hence τ+-precompact (by hypoth-
esis). Since A is τ -closed and τ ⪯ τ+, A is τ+-closed. So A is τ+-compact, and
hence σ(X∗, X∗∗)-compact.Thus X has RDP by Proposition 2.1 in [19].
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⇐ Assume that X has RDP . Let A ⊂ X∗ be τ -precompact. Then by Propo-
sition 2.1 in [19], A

τ
is weakly compact. Let τ+0 be the restriction to A

τ
of the

τ+-topology. Let B ⊂ A
τ
be τ+0 -closed in A

τ
and let b∗ ∈ B

w
(⊂ A

τ
). Since B is

weakly compact, it follows from the angelicity of the weak topology of a Banach
space that there is a sequence {b∗n} in B that converges weakly to b∗. {b∗n} also

converges for the weak∗-topology to b∗. Since A
τ
is τ -compact, {b∗n} converges for

τ to b∗. Thus {b∗n} converges to b∗ in the τ+ topology. Since B is τ+-closed in A,
we get that b∗ ∈ B and so B is weakly closed. Thus τ+ and the weak topology
agree on A

τ
, and hence τ+ ⪯ τp by Proposition 2.10 in [21].

It remains to show that τp ⪯ τ+. By Proposition 2.8 in [21], it suffices to show
that X∗∗ = (X∗, τ)+. It is almost trivial to prove that every f : (X∗, τ) → R
which is sequentially continuous belongs to X∗∗ (It is bounded on bounded sets in
(X∗, ∥ · ∥)). Conversely if f ∈ X∗∗, and {x∗

n} is τ -null, the set {x∗
n : n ∈ N} ∪ {0}

is τ -compact, and hence weakly compact, by Proposition 2.1 in [19]. Since {x∗
n} is

weak∗-null, it is weakly-null, so f(x∗
n) → 0, and so f ∈ (X∗, τ)+. □

We remark that a Banach space X with the RDP can contain an isomorphic
copy of ℓ1. For example, if X = C(K), the space of continuous functions on a
compact Hausdorff space K, then X has the RDP and, in the case when K is the
closed interval [0, 1] ⊂ R, X is separable and hence τ(X∗, X) is angelic (see the
remark that follows). Yet X contains a copy of ℓ1.

Remark 3.17. Corollary 3.5 can be formulated by saying that if a Banach space X
does not contain an isomorphic copy of ℓ1, then (X∗, τ(X∗, X) is angelic. In view
of Corollary 2.4 in [19], the following is an equivalent formulation: If a Banach
space X has HRDP, then (X∗, τ(X∗, X) is angelic. Actually a more general result,
which we now prove, holds.

Theorem 3.18. If a Banach space X has RDP, then (X∗, τ(X∗, X)) is angelic.

Proof. By Theorem 3.15, we have τ+ = τp and so by Proposition 2.5 in [21],
(X∗, τ+)′ = X∗∗. Thus σ(X∗, X∗∗) ≺ τ+. If A ⊂ X∗ is τ -relatively countably

compact, then by the Eberlein theorem, A is τ -relatively compact, and hence A
τ
is

τ -compact. Proposition 2.1 in [19] now gives that A
τ
is σ(X∗, X∗∗)-compact. By

Proposition 2.10 in [21] the topologies σ(X∗, X∗∗) and τ+ coincide on A
τ
. This

shows that A
τ
is τ+-compact, and so the topologies σ(X∗, X∗∗), τ and τ+ coincide

on A
τ
, Since σ(X∗, X∗∗) is angelic, given a∗ ∈ A

τ
, there is a sequence in A that

converges with respect to σ(X∗, X∗∗) to a∗. This sequence perforce converges with
respect to τ to a∗. Hence (X∗, τ(X∗, X)) is angelic. □

Remark 3.19. It follows from Theorems 15 and Theorem 16 that a Banach
space X has RDP if and only if (X∗, τ(X∗, X)) is angelic and τp ⪯ τ+.

As promised, we conclude this note by adding our results to the list of some
well-known and some not so well-known characterizations of Banach spaces which
do not contain a copy of ℓ1.
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We first note two facts: (a) A Banach space is sequentially reflexive iff τ+ = ∥·∥.
(b) Let K (respectively, P) be the family of all ∥ · ∥-compact (respectively, τ -
compact) subsets of X∗. Note that K and P are both saturated families of bounded
subsets of X∗ for the dual pair ⟨X,X∗⟩ in the sense of § 21 in [12]. Let ∥ · ∥c be
the topology on X of uniform topology on the sets in K. Then as mentioned in
Corollary 3.9, ∥ · ∥n = ∥ · ∥c by Grothendieck’s compactness principle. Observe too
that

∥ · ∥n ⪯ τn ⪯ τ0.

We now define two concepts which are mentioned in the next theorem.

Definition 3.20. A Hausdorff space X = (X, T ) is a k-space iff a set K ⊂ X is
closed iff K ∩ C is closed for each compact C ⊂ X. Equivalently, X is a k-space
iff the topology of T is the finest topology yielding the same compact sets as itself,
i.e., iff whenever T′ is another topology on X with the same compact sets as T ,
then T′ ≺ T .

Definition 3.21. A subset C of Hausdorf space X is said to be sequentially closed
iff whenever {xn} is a sequence in C converging to a point x0, we have x0 ∈ C. The
space X is said to be sequential if every sequentially closed subset of X is closed.

Theorem 3.22. Let (X, ∥ · ∥) be a Banach space, and let τ = τ(X∗, X) be the
Mackey dual topology on X∗. Then the following statements are equivalent:

(i) X does not contain an isomorphic copy of ℓ1.
(ii) X is sequentially reflexive, i.e., τ+ = ∥ · ∥ on X∗.
(iii) Every τ -compact subset of X∗ is ∥ · ∥-compact.
(iv) X has HRDP, i.e., every closed subspace of X has RDP.
(v) (BX , σ(X,X∗)) is a Fréchet–Urysohn space.
(vi) (BX , σ(X,X∗)) is a sequential space.
(vii) (BX , σ(X,X∗)) is a k-space.
(viii) For every subset K of X∗ that is both weakly compact and τ -compact, there

is a sequence {x∗
n} in X∗ that is both weakly null and τ -null such that K

is contained in the closed convex hull of {x∗
n : n ∈ N}.

(ix) τ0 = ∥ · ∥c on X.
(x) τ0|BX

= σ(X,X∗)|BX
.

Proof. (i) ⇔ (ii) was independently proved by P. Orno and M. Valdivia.
(i) ⇔ (iii) is due to G. Emmanuele.
(i) ⇔ (iv) is due to G. Schlüchtermann and R. F. Wheeler.
(i) ⇔ (v) ⇔ (vi) ⇔ (vii) is due to G. Schlüchtermann and R. F. Wheeler.
(iii) ⇔ (ix) If (iii) holds, then τ0 ⪯ ∥ · ∥c. By (i) we get (ix). Conversely, if (ix)

holds, then (iii) follows from § 21.1 (4) in [12].
(iii) ⇔ (x) is in [Köthe, 21.7 (1)] for the dual pair ⟨X,X∗⟩ and families B of all

bounded subsets of X and P of all τ -precompact subsets of X∗.
(i) ⇔ (viii) is due to P. N. Dowling and D. Mupasiri. □
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Remark. A sketch of the proof of (v) ⇒ (vi) in Theorem 3.5 was shown to the
author by Prof. Robert F. Wheeler. The implication can also be deduced from a
result proved by N. Kalton using a completely different argument.

The author wishes to thank anonymous reviewers for their constructive com-
ments on earlier drafts of the paper.
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