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THE RECONSTRUCTION PROBLEM FOR A MULTIVALUED
LINEAR OPERATOR’S PROPERTIES

NIHEL FEKI AND MAHER MNIF

ABSTRACT. The reconstruction problem for a multivalued linear operator (lin-
ear relation) 7' is viewed as the exploration of some properties of T from those
of a restriction of 7' on an invariant linear subspace.

1. INTRODUCTION

Let X be a complex Banach space, M is a subspace of X and let T be a
bounded and closed multivalued linear operator (linear relation) on X. We say
that M is T-invariant (resp., weakly invariant under T') if T(M) C M (resp.,
for all x € M, Te N M # @). The restriction Tpy of T on M is defined by
G(Tyv) = G(T) N (M x M), where G(T) stands for the graph of T. This paper
aims at exhibiting the usefulness of the restriction T, as an instrument to study
the properties of T. In this paper, the following statements will be established
under some supplementary conditions on M and T'. -

(i) Tar and Ty are invertible if and only if T is invertible, where T, stands for
the linear relation induced by T on X/M.

(ii) T and fv; are Drazin invertible if and only if 7" is Drazin invertible and
either asc(j:]\;) < 0o or des(Thr) < oo where asc(-) and des(-) stand for the ascent
and the descent, respectively.

(iii) For all A # 0, R(A — T) is closed in X if and only if R(A — T)y) is closed
in M and A — T is bounded below if and only if A — T} is bounded below, where
R(T') stands for the range of T

(iv) For A # 0, if A — T is relatively regular in X then A — T}, is relatively
regular in M and the converse is also true whenever M is dense in X. Some of
these statements extend some of the results given in [4} 9, [10] in the context of
linear operators.

The paper is organized as follows: Section 2 contains basic notions and some
auxiliary results which will be used in the following sections. Essentially, we give
some inequalities between the ascent and the descent of T as well as those of the
linear relations Ty and Ths. In Section 3, the statements (i) and (ii) are studied.
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Section 4 is devoted to prove the statements (iii). Finally, in Section 5 the statement
(iv) is proved.

2. PRELIMINARY RESULTS

We begin by recalling some basics from the theory of linear relations in normed
linear spaces. We adhere to the notations and terminology of the monograph [7].

Let X, Y and Z be complex normed linear spaces. A linear relation 7" from X to
Y is a mapping from a subspace D(T) = {x € X : Tz # 0}, called the domain of T,
into the collection of nonempty subsets of Y satistying T'(ax1+5x2) = aTx1+ 6T x2
for all non zero scalars «, 8 and vectors 1,2 € D(T'). We denote by LR(X,Y)
the class of all linear relations everywhere defined from X into Y and we write
LR(X) := LR(X, X).

If T maps the points of its domain to singletons, then T is said to be an operator,
that is equivalent to T(0) = {0}. The class of linear bounded operators is denoted
by L(X,Y) and we write L(X) := L(X, X).

A linear relation T € LR(X,Y) is uniquely determined by its graph defined by
G(T) = {(z,y) € X xY : 2 € D(T),y € Tx}. The inverse of T is the linear
relation 77! defined by G(T7!) := {(y,z) € Y x X : (x,y) € G(T)}. The linear
subspaces N(T) := T710) = {z € D(T) : 0 € Tz} and R(T) := T(D(T)) :=
{y: (z,y) € G(T) for some x € D(T)} are called the nullspace (or the kernel) and
the range space of T respectively. We say that T is injective if N(T') = {0} and
surjective (or onto) if R(T) =Y. If T is injective and surjective, then T is said to
be bijective.

For T,S € LR(X,Y) and A € C, the linear relations T 4 S, AT are respectively
defined by G(T'+ S) := {(z,y+2) € X xY : (z,y) € G(T) and (z,2) € G(S)}
and GOAT) := {(z,\y) € X xY : (z,y) € G(T)}. For T € LR(X) and A € C,
the linear relation T — AI is defined by G(T' — XI) := {(z,y — A\x) € X x X :
(x,y) € G(T)}. For T € LR(X,Y) and S € LR(Y, Z), the product linear relation
ST € LR(X, Z) is defined by G(ST) := {(z,2) € XxZ : (x,y) € G(T) and (y, 2) €
G(S) for some y € Y}. For a given closed subspace E of X, let Q% or simply Qg
denote the quotient map with domain X onto X/E. We shall denote QW by Qr

for a given linear relation T' € LR(X,Y). It is easy to see that Q7T is an operator,
and thus we can define |Tz|| = ||QrTz|, z € D(T), and |T| := ||QrT]. We
say that T is continuous if |T'|| < oo, bounded if it is continuous and everywhere
defined, open if its inverse is continuous, and bounded below if it is injective and
open. The class of bounded relations will be denoted by BR(X,Y). A linear
relation T is said to be closed if its graph is a closed subspace of X x Y. It is well
known that 771 is closed if and only if T is closed if and only if Q7T is a closed
operator and 7'(0) is a closed subspace. If T is closed, then N(T) is closed. It is
also known that if X and Y are Banach spaces and T is closed with D(T) = X,
then T is bounded. This suggests the following notation:

BCR(X,Y):={T € LR(X,Y) : T is closed and everywhere defined}.
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An everywhere defined closed linear relation in a Banach space X is said to be
invertible if T~ is a bounded operator, or equivalenty, if T is injective and onto.
Let T be a closed linear relation. The resolvent set of T is defined by

p(T) :={\ € C: T — A is injective and onto}

and o(T) = C\ p(7T) is called the spectrum of T. For T € LR(X), the kernels and
the ranges of the iterates T™, n € N, form two increasing and decreasing chains,
respectively, i.e., the chain of kernels

N(T%) = {0} c N(T) c N(T?*) C ---
and the chain of ranges
R(TY=XD>R(T)DR(T?) > ---
The ascent and the descent of T are defined, respectively, by
asc(T) := min{k € N: N(T*) = N(T*™1)},
des(T) := min{k € N: R(T*) = R(TF)}.
The singular chain manifold R.(T) of T is defined as

R(T) = (QlN(T”)> n <n©1 T"(O)).

Definition 2.1 ([I5 Section 1]). For T' € LR(X), a subspace M of X is called
weakly invariant under T if for all x € M, Tx N M # 0, and is called nontrivial if
{0} # M # X and M # T(0).

Let T be a linear relation and let M be a closed subspace of X. We say that T'
and M satisfy the condition (H) if we have

eT € BCR(X)
2 e M is a closed weakly invariant subspace under T’
(H) : satisfying the condition (¢): x € M if and only if Te N M # &,

o M + T(0) is closed.

In the rest of this section, we suppose that T' and M satisfy the condition (H).
We denote by T)s the relation defined by

G(Tym)=G(T)N (M x M). (2.1)
It is clear that Thy € BCR(M) and if, in addition, R.(T") = {0} then R.(Tas) = {0}.
Now, we denote by Ty the linear relation induced by T on X/M and defined by

Tor: X/M — X/M
- (2.2)
Tr— TyT={y:y € Tz}

The linear relation ﬁ\; is well defined. We claim that ﬁ\; is a closed relation.

Indeed, let (ZT,7n) € G(m) be such that (7, 7,) —+> (Z,7). Therefore,
n—-+oo
for all n € N, there exists ay,, 8, and ~, in M such that z, — a, —+-+ x,
n—-+oo
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Yn —Yn ——— y and y,, — By € T(xy, — ). Let z € Tz. We have, y, — 5, — 2z €

n—+oo
T(@n —an —x). So, |T(zn —an —2)|| = d(yn —fn —2,T(0 )) IT|| [Jn — an — ).
Thus, there exists «), € T'(0) such that hr—? Yn — Bn — 2z — ), = 0. Hence,
n—-+0o0

Hm yn —Yn — Yn + Bn + 2 + &), = y. Therefore, y — z = 1ir_ir_1 Brn — Y + o,
Since M + T'(0) is closed, we have y — z € M + T(0), and so y € M + Tz. Thus,
there exists m € M such that y — m € Tx. This implies that (Z,7) € G(Ty) and
TM is closed as claimed. Now, as TM is everywhere defined, it is bounded.

Remark 2.2. We note that if 7" and M satisfy the condition (c¢) then for all n > 1,
T™ and M still satisfy the same condition.

Indeed, we prove that for n > 1, T"x N M # & < x € M. Let n > 1. Suppose
that T"a N M # @ < o € M, and 1et us show that T"“xﬂM#Q(:)x e M.

For the first implication, let y € Tz N M. Then there exists z € X such that
(z,2) € G(T™) and (z,y) € G(T). We have y € Tz N M, then by the condition (c)
we get z € M. So, z € T"x N M and z € M. For the reverse implication, let
x € M. Then we have T"z N M # &. Let y € T"x N M. Thus, T"z = y + T™(0).
So, T(T"z) = Ty +T"1(0). Asy € M, we have TyN M # @, so Ty C M +T(0).
Therefore, T" 1z € M + T"1(0). Let 2 € T" 'z, Then, there exists a,, € M
and o9 € T""1(0) such that z = a,, + ap. So, apm = 2z — g € T (z) N M.
Therefore, T" 1z N M # @.

In the rest of this section, we will focus on some relations between the ascent
and the descent of T' and those of the linear relations Ty; and T)y.

Lemma 2.3. Let T and M satisfy the condition (H) and let Tiy, Thr be defined
as in (2.1) and (2.2). Then, we have
—  R(T)+M

(1) R(Th) = MO

(2) Th; = (Ta)" and R((Tar)") = % for alln > 1.

(3) N((Ta)") = N(T™) 1 M, R((Ta)") = R(T™) (M and (Tag)" = (T™) for

alln > 1.
Proof. (1) For the first inclusion, let 5 € R(m) Then there exists T € X/M
such that § € Ty (Z). Hence there exists z € X such that y =z and 2z € Tz. So
y € R(T)+ M. Thus, g € w. For the reverse inclusion, let 5 € W.
Then there exists z € R(T) and m € M such that y = 2z +m. So, there exists
x € X such that y = z+m € Te + m. Hence y —m € Tx. Thus y — m € Ty (T).
Asy—m =7, we have § € R(Ty).

(2) We proceed by induction. For n = 1 there is nothing to prove. Let n > 1
and suppose that that (T™)y = (m)” We prove that (T7+1)y = (m)”“. Let
(T,7) € G((T”“) r). Thus, = z1 + m, and y = y1 + m, with m,,m, € M and
y1 € T 1y, So there exists z € X such that (z1,2) € G(T™) and (2,v1) € G(T).
Hence, (71,%) € G((T")y) and (Z,77) € G(Tar). Then, (71,%) € G(Ty ) and
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(z,77) € G(TM) So, (Z,7) = (F1,71) € G((Tar)"+). For the reverse inclusion, let
(Z,5) € G((Tar)" ). Then, there exists 7 € X/M such that (z,%) € G((Th)") and
(z,9) € G(TM). Then, (%,%z) € G((T")np) and (Z,7) € G(TM) So, z = z1 +m.,
x = x1 + my such that m,,m, € M and 21 € T"zy and z = 2] + m), y = 1 +my
such that m/,, m, € M and y; € T2}. On the other hand, z; — 2] =m/, —m, € M.
So, z{ = z1+awitha € M and Tz] = Tz1+Ta. Asa € M, we have TaNM # &,
so Taw = m + T(0) where m € M, so Tz} = Tz, +m. Therefore, Yy —me Tz.
Thus, (z1,y1 — m) € G(T™1). Hence, (Z,7) = (T1,y1 — m) € G((T"+1) ).

The equality R((Ths)") = W follows immediately from part (1).

(3) A straightforward calculation shows that N((Ta)") = N(T™) N M and
R((Th)™) = R(T™) N M for all n > 1. To prove the last equality, using [3], 2.02],
it is sufficient to show that (7)™ C (T™) for all n > 1. To do this, it suffices to
reason by induction. O

In a similar way we show the following:

Lemma 2.4. Let T and M satisfy the condition (H) and let Thy, Tar be defined
as in (2.1) and (2.2). Then, we have

(1) N(To) = YEEN

2) N(Tan)™) = W for alln > 1.

Proposition 2 5 Let T and M satisfy the condition (H) and let Ty, T be
defined as in and (2.2 . Then

asc(Ty) < asc(T) and des(lf“\]\;)gdes(T).

Proof. Let n > asc(T). We prove that N((Th)" ") = N((Ta)"). Let x €
N((Ta)™). Then part (3) of Lemma [2.3 implies that z € N(T"*1) N M. Since
n > asc(T) and z € N(T"*1), we have z € N(T"). Therefore z € N(T"™)N M. By
part (3) of Lemma 2.3 we get © € N((Tas)™). This proves that asc(Ty) < asc(T).

Let n > des(T). We claim that R((Th)" ™) = R((Tar)"). Let 7 € R((Tar)™).

w Since n > des(T'), we have

Then part (2) of Lemma [2.3|implies that 7 €
R(T™1) = R(T"). Thus, j € W Using the part (2) of Lemma H we
get 7 € R((Th)™1).

Therefore, des(Th) < des(T). O

Proposition 2 6 Let T and M satisfy the condition (H) and let Ty, Tar be
defined as in and ([2.2) . Then,

(1) asc(T) < asc(TM) + aSC(TM),

(2) des(T) < des(Tay) + des(Thy).
Proof. (1) Let n > asc(Tw) + asc(ﬁv;). We have that n > asc(Ty) and n >
asc(Tyr). So, N((Tar)™) = N((Tar)" 1) and N((Thr)") = N((Tar)™*?). Hence, by
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Lemmasand 2.4y N(T™)NM = N(T"*+")N M and N(T;\"/I)+M _ N(T”;HM_ We
claim that N(T™"") = N(T™). Suppose, on the contrary, that N(T™) ¢ N(T™+1).

Then, there exists x € N(T™*!) such that z ¢ N(T™). On the other hand, we have
T Ec N(T”;HM = NIEM g, there exists 2/ € N(T™) + M such that T = 2.
Thus z — 2’ € M and hence © € N(T™) 4+ M. Therefore, there exists « € N(T™) C
N(T™*1) such that z—a € M. Hence z—a € N(T™ )N M. Therefore, x € N(T™)
which is absurd. Thus, N(T"+!) = N(T™) and so asc(T) < asc(Tar) + asc(Tar).
(2) The result can be proved by similar arguments. O

3. RECONSTRUCTION OF THE INVERTIBILITY AND THE DRAZIN INVERTIBILITY
PROPERTIES

The main intent of this section is to provide proofs of the statements (i) and
(ii) announced in Section 1. To do this, we begin by recalling some definitions and
properties of Drazin invertible linear relations.

Definition 3.1 ([I2]). Let T € BCR(X). T is said to be Drazin invertible of
degree k € N if there exists a bounded operator TP € L(X) such that
(i) TTP = TPT + T(0);
(i) TPTT? =TP; and
(iii) TFHTP = T* + TH+1(0).

TP is called the Drazin inverse of T.

Notice that if R.(T") = {0}, then T is Drazin invertible of degree 0 if and only
if T is invertible.

Lemma 3.2 ([12, Lemma 3.2]). Let T € BCR(X) be Drazin invertible and T be
a Drazin inverse of T. Then

(i) TPT is an operator.

(ii) For allk € N, (TP)*T* = TPT = (TPT)*.
Lemma 3.3 ([I2, Theorem 3.3)). Let T € BCR(X) be such that p(T) # &. The
following statements are equivalent:

(i) T is Drazin invertible;
(ii) asc(T) and des(T') are finite;
(iii) There exist two closed subspaces M and N of X such that X = M & N
and T = Ty © Ty where Ty is an invertible linear relation and T is a
bounded nilpotent operator.

Definition 3.4 ([14, Definition 2, Lemma 3]). Let T' € BCR(X). We say that T
is a generalized Drazin invertible linear relation if there exists B € L(X) such that

TB=BT+T(0), BTB=B, T-TBT=N,+T(0),

with 72(0) € N(N;) and N; being a bounded quasinilpotent operator. We say
that B is a generalized Drazin inverse of T

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)



RECONSTRUCTION PROBLEM FOR A MULTIVALUED LINEAR OPERATOR 151

Proposition 3.5 ([14, Theorem 19]). Let T € BCR(X) be such that R.(T) = {0}.
Then T is generalized Drazin invertible if and only if 0 is an isolated point of the
spectrum of T'.

The following theorem provides the equivalence between the invertibilities of T
and those of Ty and Thy;.

Theorem 3.6. Let T and M satisfy the condition (H) and let Ty and 1’“\]\; be
defined as in (2.1) and (2.2). Then, we have

Ty and E are invertible <= T is invertible.

Proof. For the direct implication, assume that T and E are invertible. First, we
prove that T" is surjective. Let y € X. Since T is surjective, there exists € X
such that 7 € Ty/ZT. Hence, there exists z € X such that ¥ =z and z € Tz. So,
y—2z € M. Then, y = z + m for some m € M. Hence, y € Tx + m. Since m € M
and Ty is surjective, there exists 2’ € M C X such that m € Ta’. Therefore,
yeTe+Tr =T(x+2').

Next assume that 0 € Txz. Then, 0 € i\;f Since E is injective, we have T = 0.
Then x € M. Since Ty, is invertible and 0 € Ty;x, we have x = 0. This proves
that T is invertible.

The reverse implication follows immediately from Lemmas [2:3] and 2:4] O

As a consequence of Theorem [3.6] we get the following lemma.
Lemma 3.7. Let T and M satisfy the condition (H). Then we have:
(i) o(T) C o(Tn) Yo (Tar);
(ii) o(Tm) C o(T) Vo (Tnr);
(iif) o(Th) C o(T)Uo(Th).
Remark 3.8. By Lemma we deduce that o(T) = (o(Ths) U (Tar)) \ V where
V C O'(TM) N J(TM)

Corollary 3.9. Let T and M satisfy the condition (H). Then the following prop-
erties hold:

(i) If A € (o(Tar) Ua(Tar)) \ o(T), then X € o(Tnr) N o (Thr);
(ii) If X € (a(TYUa(Tam)) \ o(Thr), then A € o(T)No(Ta);
(iii) If X € (o(TYUo(Ta)) \ o(Ta), then X € o(T)No(Tar).
We now give the first theorem connecting the Drazin invertibility of 7" with that
of Ty (resp., TM) in the case where TM (resp., Ths) is invertible.

Theorem 3.10. Let T and M satisfy the condition (H) and let Ty and Tar be
defined as in and , Ifﬁ\; (resp., Thy) is invertible, then
(i) asc(Th) = asc(T) and des(Ta;) = des(T) (resp., asc(Tar) = asc(T) and
des(Thy) = des(T)).
(ii) If moreover p(T) # @ then T is Drazin invertible if and only if Tar (resp.,
T\A;) is Drazin invertible.
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Proof. (i) Consider the case where Ty is an invertible relation. Then, asc(m) =
des(m) = 0 and by Propositions and we have asc(T) = asc(Ty) and
des(T') < des(Tw).

Now, let n > des(T). We prove that R((Ta)") = R((Ta)"*1). Let y €
R((Ta)™), then y € R(T™) N M. Since n > des(T), we get R(T™) = R(T™1).
Therefore, y € R(T"1) N M. Hence, by part (3) of Lemma we have y €
R((Tp)™*1).

Next, we consider the case where Ty, is an invertible relation. Then, asc(Ths) =
des(Tys) = 0 and by Propositions and we have des(T) = des(Ty;) and
asc(T) < asc(Ty).

Now, let n > asc(T). Pick T € N((Ta)"*!). Then T € W Since
n > asc(T), we get N(T™) = N(T™"!). Therefore, T € W = N((Tar)").
This shows that asc(m) < asc(T).

(ii) This is immediate from part (i) and Lemma O

Definition 3.11 ([5, Definition 2.1]). A closed subspace M of X is said to be
strongly invariant under a relation T' € BCR(X) with nonempty resolvent set p(7T')
if for all A € p(T') we have (A —T)~}(M) C M.

Remark 3.12 ([5]). Note that if M is a closed subspace of X that is strongly
invariant under 7' € BCR(X), then it is also weakly invariant under 7. The
converse is not always true even for bounded operators.

Remark 3.13. If M is a closed subspace of X strongly invariant under T €
BCR(X), then for all A € p(T") we have that (A—T") and M satisfy the condition (c).
That is, for A € p(T), we have

rEM<—= AN-T)xNM# 2.

Notation. Let T and M satisfy the condition (H). If M is strongly invariant
under T, then we say that T and M satisfy the condition (#').

Example 3.14. As an example, we can see that if T € BCR(X) is semi regular
(that is, R(T) is closed and for all n, m € N, we have N(T™) C R(T™), see [1])

and M = R*(T) := ey R(T"), then T and M satisfy the condition (H').

Lemma 3.15. Let T and M satisfy the condition (H'). Then, for all X € C we
have

A=T)y=A—Ty and (A—T),; = A—Tay.
Proof. We have
G(AN—"T)m)=GA—=T)Nn (M x M)
={(z, Az —y): (z,y) € G(T)N (M x M)}
=G\ —=Tuy).
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We claim that (m)M = A — Ty Indeed, let (7,9) € G(()\/—\EM). Thus,
x =21 +my and y = y1 + my with my,my, € M and y; € (A — T)xy. There-
fore, (z1,—y1 + Ax1) € G(T). Hence, (T,—y + \x) = (T1, —y1 + A\x1) € G(E)
Therefore, (Z,7) € G(A — Tar).

For the reverse inclusion, let (Z,7) € G(\ — TE) Then, y € (A — m)f So,
—-y+ AT € mf Hence, there exists z € X such that —y + Az = 7z and z € Tz.
Thus, z = —y + Az + m with m € M. Therefore, y + m € (A — T)x. Hence,

P

@,9) = (@y+m) € G(A=T)um)- =
Lemma 3.16. Let T and M satisfy the condition (H'). Then,

p(T) C p(Tar) N p(Tar)-
Proof. Tt readily follows from Theorem [3.6] and Lemma [3.15) O

Lemma 3.17. Let T and M satisfy the condition (H'). Then,

(i) If 0 ¢ acco(Ta) Uacco(T) then 0 & acco(Tr);
(ii) If 0 ¢ acco(Th) Uacco(T) then 0 ¢ acco(Thy).

Proof. (i) If we suppose that 0 € acc J(T\]\;), then by Lemma (i) we get that

0 € o(T)Uo(Tar). Therefore, there exists a sequence (A, )nen C o(T)Uo(Tar) such

that A\, # A, for all n # n’ and A, R 0. Thus, A={neN:\, € o(T)} or
n o0

B={neN:\, €0(Ty)} is infinite. If we suppose that A is infinite then, we can

extract a subsequence p;(n) such that (A, (n))nen € 0(T) 1 Ay (n) # Apy(nry for all

n #n' and A, (n) —+> 0. Therefore, 0 € acco(T). However, this contradicts
n—-+0o0

the fact that 0 ¢ acco(T). If we suppose that B is infinite then, in a similar way
we show that 0 € acco(Th). However this contradicts the fact that 0 ¢ acco(Tay).

So 0 ¢ acco(Th)
(ii) The result can be proved by similar arguments. O

Remark 3.18. Let T and M satisfy the condition (H’). Then,
o(T) = o(Tas) U (Tar).

Indeed, by Lemma p(T) C p(Tar) O p(Tar). Hence o(Tar) U o(Tar) C o(T).
On the other hand, by Lemma o(T) Co(Ty)Uo(Th).

In the folflgzving theorem we characterize the Drazin invertibility of 7" using those
of TM and TM.

Theorem 3.19. Let T and M satisfy the condition (H') and p(T) # &. Then,
the following assertions are equivalent:

(1) T and 1’“\]\; are Drazin invertible;
(2) T is Drazin invertible and des(Ths) < oo;

(3) T is Drazin invertible and asc(Thr) < oo.
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Proof. Assume that (1) holds. Then, by Lemmas and we have that
asc(Tyr), asc(Thar), des(Tar) and des(Ty) are all finite. By Propositionsand
it follows that asc(T") and des(T') are finite. Furthermore, from the hypothesis
p(T) # @ and Lemma it follows that 7" is Drazin invertible. This verifies that
(1) = (2) and (1) = (3).

(2) = (3): We need to show that asc(]f“;\;) < oo. By Proposition ﬁ we have
asc(Thr) < oo. Then, asc(Tys) and des(Tys) are both finite. On the other hand,
since p(T) # &, by Lemma we get p(Th) # @. It follows from Lemma
that Ths is Drazin invertible. On the other hand, by [6] Lemma 2.6] we have
R.(Tn) = {0}. Then using Proposition 3.5/ we get that 0 ¢ acc O'(TM Uacco(T).
So, by Lemma [3.17} 0 ¢ acc U(TM) Then it follows by Proposition [3.5] that Thy
is generalized Drazm invertible. We claim that Ty, is Drazin 1nvert1ble Indeed,
as Thy is generalized Drazin invertible, by [14, Theorem 28], there exist two closed
subspaces M; and My of X/M such that X/M = M; & M, and ﬁ\; = ﬁ\;l @EQ
where ﬁl is an invertible linear relation and ﬂQ is a bounded quasinilpotent
operator. On the other hand, we have des(Ths) < des(T) < oo. Therefore,
des(Th;) = des(Tyo) < oo. Using [I6], we get that Thzo is a bounded nilpo-
tent operator. Then, it follows from Lemma that JA“]V; is Dragzin invertible and
therefore, asc(ﬁ;) < 00.

(3) = (1): Since p(T') # @ and T is Drazin invertible, by Lemma asc(T)
and des(T") are both finite. Suppose that asc(]f“\]\;) < oo. This, taken together
with the fact that des(ﬁ\;) < des(T) < oo, and the use of Lemma and
Lemma implies that m is Drazin invertible. On the other hand, we infer from
[6, Lemma 2.6] and Proposition [3.5| that 0 ¢ acc o(m). So, 0 ¢ acco(Ths). Then,
it follows from Proposition [3.5] that Ty is generalized Drazin invertible. Now, in a

similar way as in the proof of the precedent implication we show that T, is Drazin
invertible. u

4. RECONSTRUCTION OF THE CLOSED RANGE PROPERTY

We need a larger class of invariant subspaces than that of closed subspaces.
Specially, we consider throughout this section the class of those subspaces which
are paraclosed. Fundamental results concerning paraclosed subspaces can be found
n [2, B, 11].

Definition 4.1 ([2, Definition 3.1]). Let X be a Banach space. A subspace M
of X is said to be paraclosed if M has a structure of its own, which makes the
inclusion of M — X a continuous mapping.

Clearly, every closed subspace is paraclosed, but the class of paraclosed subspaces
is strictly larger.

Remark 4.2. A subspace M of X is paraclosed if and only if there is a Banach
space norm || - ||as and a constant k& > 0 such that |m| x < k|m/|a for all m € M.
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We gather in the following lemma some useful results that are a direct conse-
quence of [8] Proposition 3.9].

Lemma 4.3. Let X be a Banach space and let M be a paraclosed subspace of X.
Let also N be a closed subspace of X. Then,

(i) M NN is a closed subspace of M ;
(ii) if moreover N C M, then M /N is a paraclosed subspace of X/N.

Let T € BCR(X) and let M be a paraclosed subspace of X. We say that M is
T-invariant if T(M) C M. Denote by Tis the restriction of T' to M. This section
explores the questions:

e If the range of T is closed in X, then under what conditions it the same
for Ty in M7

e If the range of Ty is closed in M, then under what conditions it the same
for T in X7

Proposition 4.4. Let S € BCR(X) and let M be an S-invariant paraclosed sub-
space of X. The following statements are equivalent:

(a) S~Y M) =M + N(S);

(b) R(Sm) = R(S)N M.
When (b) holds and R(S) is closed, we also get that R(Syr) is closed in M.

Proof. Suppose that (a) holds. The inclusion R(Sys) C R(S)N M always holds (as
long as M is S-invariant). For the reverse inclusion, suppose that y € R(S) N M.
So, there exists an element € X such that y € Sz. Then z € S™'(M). The
statement (a) implies that, © = z; + 2o where 21 € M and 2z € N(S). Then
y € Sz1, so y € R(Sy). Now suppose that (b) holds. Let y € S71(M). Then,
there exists m; € M such that my € Sy. So my € R(S)N M. Then, m; € Smay
where mo € M. Then Sy = my + S(0) = Smsy. Therefore, y = ms + (y — mg) with
(y —ms) € N(S). On the other hand, it is clear that M + N(S) C S~'(M). Thus,
(a) holds.

Assume now that (b) holds and that R(S) is closed. Then, by Lemma
R(S)N M = R(Sy) is closed in M. O

Let n € N*. We denote in the remainder of this paper:

P, ={(M,T): T € BCR(X), T?(0) = T(0), M is a paraclosed subspace of X,
M is T-invariant, and 7"z C M for all z € X}

and

Proposition 4.5. Let (M,T) € P. Fixn > 1, such that (M,T) € P,. Then for
all X #0, A=T)"Y(M) = M. Moreover, we have:

for all X #0, if R(A—T) is closed in X then R(A —Tar) is closed in M. (4.1)

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)



156 NIHEL FEKI AND MAHER MNIF

Proof. Fix A\ # 0. Let m € M. Since M is T-invariant, there exists y € M such
that y € Tm. Then, dom —y € (A\—T)m. Som € (A —T)"'(Am — y). Hence,
m € (A\=T)~*(M). For the reverse inclusion, set S = \~!'T. Let y € (I—-S)~}(M).
Thus, (I — S)y € M. Now as by [7] and [3, Theorem 2.3] we have (I — S™) =
(I-S)I+S+--+8" ) weget (I -S")y=T+S+--+8"H{I - Sy C
(I+8S+--+S"1)(M)cC M. Since S"y C M, we get y € M. This proves that
(\—T)1(M) = (I — 8) (M) = M.

Let # € N(A—T). Then, z € T and for n we have € 5 (T"z). This
implies that © € M. So N(A—=T) C M. Therefore, the assertion follows from
Proposition 1.4} O

Proposition 4.6. Let (M,S) € P1. If X # 0 and R(A — Syr) is closed in M, then
R(\—S) is closed in X.

Proof. We may assume that A = 1, so our hypothesis is that Z = R(I — Su)
is closed in M. For convenience, set N = N(I — Sy;) and also we note that
N = N(I —S) (this follows from the fact that, for all z € X, Sz C M).

Now we complete the proof that R(I — S) is closed by showing that the linear
map

Yv:R(I—-95)— X/N
yr—{z:2¢€ (I -5y}

is continuous and closed.

We have ¢(0) = {Z: z € (I — S)~'0} = {0}. Therefore, 1 is a linear operator.

Let y, € R(I—2S) such that y, — X 0. We claim that VYn XN LG Indeed,
n—+00 n——+o00

let z, € (I — S)"'y,. We have vy, = Z,. Let t,, € Sz, N M. Then, there exists
ay, € S(0) such that z, —y, = t, + .
Therefore,

VYn =Zn = 2n —tn — Qp +tn +an =Yp + 1, + .

We have |7 || x/n = d(yn, N) < [|[ynllx. Hence, lim ||7,]x/n = 0.
n—-+4o0o

We claim that t,, + a, ~X—/Jiv—+ 0. Indeed, we have t,, + a,, € Sz, +5(0) = Sz,.
n——+0oo

Now, let us define the relation
I—Sy:M/N—Z
by
(I = Sar)(m+N) = (I — Sy )m for all m € M.

It is clear that ITS\M is bijective. On the other hand, as I — S is a bounded
relation, for all m € M and @ € N we have

I =S|z = (I = S)(m+a)| <L =) [Im+al < [T =9 [l
So, ITS\M is a bounded and closed invertible linear relation. We have

I = Sp(EnFan) = (I — Sa)(tn + om) € (I = Spr)Szn € S(I — S)zn C Syn.
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Let 8, € Iwa(tn + ) C Syn. So,
1T = Sas(Fn T an)llz = dz(Bn, S(0)) = inf |8, — a2
aeS(0)
= dx (B, S(0)) = 1Syl < [IS1] ]l ——— 0.

n—-+

On the other hand, t,, + a,, = (Iigz\/[)fl(ff?M)(tn + ay). Then,

_—— -1
(=5 |
B(Z,M/N)

Thus, ||t + x| a/n — 0 and therefore, by Lemma (ii)7 also in X/N. So, 1 is
continuous.

On the other hand, we note that for all x € X, (I — S)x = Z. Let us consider
the bounded quotient map operator @ : X — X/N defined by Qx = T. We have
(I —S) = Q. Hence, ¢ = Q(I —S)~1. As S € BOR(X), we have that [ — S is
closed, and then (I —S)~" is also closed. Thus, Q(I —S)™! = Q(_g)-1(0)(I—S5)!
is closed. Then, v is closed. As v is continuous and closed, R(I — S) is closed. [

Lemma 4.7. Let T € BCR(X) be such that T?(0) = T'(0) and let M be a para-
closed T-invariant subspace of X. Set V.= T~Y(M), so M CV C X. Define a
norm on V by

—— 0.

Z m——+oo

| =S @

|[En + a”HM/N <

lollv = llolx + | Tollar  forveV,
where T : (V, || - [|x) = (M, || - ||am) is the linear relation induced by T and

ITwllar = dar(y, T(0)); for some y € Tv

= i f — = Nj:‘ :
oy 17 ellar =19l

Then, we have:
(a) V is a T-invariant subspace and T(V) C M;
(b) || - lv is a complete norm on V;
(¢c) M is paraclosed in' V', and V is paraclosed in X .

Proof. (a) Let x € V. Then z € T~ 'm for some m € M. So Tz C M. Thus,
T(V) C M CV. Therefore, V is a T-invariant subspace and T'(V) C M.

(b) First, by Lemma M/T(0) is complete. Now, let {v,} C V be a Cauchy
sequence in the norm || - [|y. Then, for all € > 0, there exists ng € N such that for
all n,m > ng we have

||vn - 'Um”V = ||Un - Um”X + ||Q%Tvn - Q%’Tvm”M/T(O) e

So, {v,} is Cauchy in || - ||x and {QzTv,} is Cauchy in | - ||ar/7 (o). Then, there
exists vg € X and wyg € M such that ||v, — vollx —+> 0 and HQfvavn —
n——+00

Q%U}OHM/T(O) m) 0. Thus, Q%TUO = Q%Two. In addition,
[vn = vollv = llvn — vollx + Q7T vn — QzTwolla1/7(0)

= [Jvn — vollx + [|Q7FT v — Qzwo | ar/7(0) o 0.
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) Il x /70
As v, M vp, we have QrTv, T, QrTvy. On the other hand, we have
n—-+o0o n——+oo

1l az /7 (0)

thf’l}n Q%wo.

-l x /70
Hence QrTv, /1O
oo

(c) Tt is clear that there exist k1 > 0 and ko > 0 such that |m||y < kyi||m/|ar for

all m € M and |jv||x < k||v||v for all v € V. Then, by Definition [£.1] we have the
desired result. O

Theorem 4.8. Let n € N* and (M,T) € P,,. Then, for all A # 0,
(1) RIA—=T) is closed in X if and only if R(A —Tr) is closed in M;
(2) NA=T) =N\ —=Ty);
(3) A =T is bounded below if and only if A — Thr is bounded below.

Qrwo. Therefore, ||v, — v,y —— 0.
n—+oo

Proof. (1) For convenience, set Vo = M, V,, = X and ||m|lo = ||m| s for m € M.
Let Vi = T~(M) be equipped with the complete norm ||v||; = ||[v||x + ||Tv/lo. By
Lemma we have M C V; C X, the embeddings are continuous, and 7'(V;) C V.

Continuing inductively in this fashion, using Lemma [47) construct Vi, 1 < k <
n — 1, with norm ||v||x = ||v||x + ||Tv||x—1, having the properties:

(a) T(Vi) C Vi—q for 1 < k < n;

(b) (Vi, ||v]|x) is a Banach space, 1 <k <n—1;

(c) M=V CV1 CVhC... CV,1 CV, =X, and each of the embeddings

are continuous.

Let T}, be the restriction of T to Vi, 0 < k < n. It is clear that (Vii1,Tk) € P
for all k € {0,...,n—1}. It follows from Propositions[1.5]and [4.6] that for all A # 0
and 1 < k < n, R(A—Tk_1) is closed if and only if R(\ — T}) is closed. Therefore,
R(\—T) is closed if and only if R(A — Thy) is closed. This proves (1).

(2) First note that N(A — Tpy) € N(A —T). Now suppose that A # 0 and let
€ N(A=T). Then, z € ;Tx, and for n we have x € 5L (T"x). This implies that
x € M. Therefore, N(A—T) = N\ —Tu).

(3) Follows from (1) and (2). O

5. RECONSTRUCTION OF THE RELATIVE REGULARITY PROPERTY

This section will shed light on some definitions, auxiliary results and properties
of relatively regular linear relations that will be needed in the what follows.

Definition 5.1. A bounded linear operator S will be called a pseudo inverse of
T € BCR(X) or gy-inverse of T if

TST =T and T(0)C N(S).
We then say that T is a relatively regular linear relation.

Remark 5.2 ([13, Remark 1.1]). Let T'€ BCR(X). If T(0) is topologically com-
plemented, then it is sufficient to verify that there exists S € L(X) such that
TST =T to prove that T is a relatively regular linear relation.

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)



RECONSTRUCTION PROBLEM FOR A MULTIVALUED LINEAR OPERATOR 159

Proposition 5.3 ([I3, Theorem 2.2]). Let T € BCR(X) be such that T(0) is
topologically complemented. Then T has a gy-inverse if and only if both the null
space N(T) and the range space R(T) are topologically complemented in X .

Definition 5.4 ([7, Definition I.5.1]). Let T' € BCR(X) and A € L(X). Ais called
a selection (or single valued part) of T if

T=A4+T-T.

If A is a selection of T, then we have, for all x € X, Te = Az + T(0). So
R(T) = R(A) 4+ T(0).

Proposition 5.5 ([7, Proposition 1.5.2]). Let T € BCR(X) be such that T(0) is
topologically complemented. If P is a bounded linear projection with kernel T(0)
then PT is a selection of T. Conversely, if A is a selection of T and A(X)NT(0) =
{0}, then any bounded linear projection P defined on X with kernel T(0) and such
that A(X) C P(X), satisfies A= PT.

Lemma 5.6. Let T € BCR(X) be such that T?(0) = T(0) and T(0) is topologically
complemented and P be a bounded projection with kernel T(0). Assume that Go
is a gr-inverse of I — T. Let A be the selection of T given by A = PT. Let
G1 =P+ A+ AGyT. Then Gy is a g1-inverse of I —T.

Proof. To begin the proof, we note that TA = AT 4+ T'(0). Introduce the following
equation

(I—T)G\(I-T)
—(I-T)(P+A+AGoT)(I—-T)
— (I —T)(P+A)I~T)+ (I —T)AGo(I — T)T
= (I-T)(P—A)+ (I -T)A(I - T) + A(I — T)Go(I — T)T + T(0)

=P—-A-TP+TA+A—~TA— AT +TAT + AT — AT? + T(0)
=P TP+ AT? — AT? + T(0).
Now, as T%(0) = T(0) and A = PT, we have AT? — AT? = 0. So, (I -T)G1(I —
T)= (I —T)P =1-T. On the other hand, it is easy to see that T'(0) C N(G1)

and using [7, Corollary 11.3.13] we get that AGyT is bounded. Therefore, G, is a
gi-inverse of I — T O

Proposition 5.7. Let T € BCOR(X) be such that T?(0) = T(0) and T(0) is topo-
logically complemented and P be a bounded projection with kernel T'(0). Assume
that Go is a g1-tnverse of I —T. Let A be the selection of T given by A = PT.
Then for each integer m > 1, there exists a polynomial p,, with p,(0) = 0 such
that

G =P+ pn(A)+ A"GeT™ is a g1-inverse of I — T.

Also, form 20, Gpy1 = P+ A+ AG,,T.

Proof. Let pi(x) = x. Then Gy = P + p1(A) + AGoT is a g-inverse for [ — T
by Lemma [5.6 Now assume that for some m > 1, p,, is a polynomial with
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the properties in the statement of the proposition, and that G,, = P + p,,(A) +
A™GyT™ is a gj-inverse of I —T. Computing, we get
P+ A+ AG,T =P+ A+ AP+ pn(A)+ A"GyT™T
=P+ A+ A%+ A%, (A) + ATHIG T
=P+ ppi1(A) + A"TGT™

where py11(z) = 2 + 2% + 22py(2). Let Grp1 = P+ pms1(A) + AMTIGTmHL
Since G, is a gi-inverse of (I — T'), we have that G,,41 = P+ A+ AG,,T is a
gi-inverse of I — T by Lemma [5.6 O

Remark 5.8. Let T and R € BCR(X) be such that Tpy = Rj; where M is a

dense subspace of X invariant under T' and R. Then, T = R on X. Indeed, let

x € X. Then, there exists (zn)ney € M such that (x,) Pl We have
n—-+0oo

Tyvixn, = Ry, then Tx, = Rx,. Hence, Q7Tz,, = QrRx,. On the other hand,

as Ty = Ry, we get T(0) = R(0). Therefore, QrTx, = QrRx,. Since QrT and

QgrR are bounded operators, and x,, —+> x, we have QrTr = QrRx = QrRx.
n—-+0oo

Therefore, Q7 (Tx — Rz) = 0. Then, Tx — Rz C T(0). Thus, Tz = Rz.
We state now the main theorem of this section.

Theorem 5.9. Let (M,T) € P be such that T(0) is topologically complemented
and P be a bounded projection with kernel T(0). Set A= PT. For N\#0, if \—T
has a g1-inverse in L(X), then A\ — Ty has a gr-inverse in L(M). Conversely, if
M is dense in X and A—Tys has a gy -inverse in L(M), then A\—T has a gy -inverse
in L(X).

Proof. First, we verify that it suffices to prove the result when A = 1. Note that
for A # 0, \™1T € P, and that (I — A~'T) has a g;-inverse G, so

(I-X"'TYG(I-A"'T) = (I-A7'T) if and only if A-T)A'G)A=T) = (A\-T).

Now, fix m > 1 such that T™x C M for all z € X. Assume that I — T has a
g1-inverse G in L(X). From Propositionit follows that there exists a polynomial
Pm such that F = P + p,,(A) + A™GT™ is a gp-inverse of I — T. We have
T(M) C M and T2 C M for all z € X. We claim that A(M) C M. Indeed,
A(M) = PT(M) C P(M). On the other hand, X = T(0) ® R(P), where T(0) =
N(P). Let © € M. Then, x = zo + x1 with o € T(0) and z; € R(P). Then,
P(z) =x1 =2 —x9 € M. Hence A(M) C M. Furtheremore, A"x € T"x C M
for all € X. Hence F(M) C M.

Conversely, assume that M is dense in X and A — T); has a gi-inverse G in
L(M).

First of all, we need to verify that Ths is in BCR(M). To do this, as Th
is everywhere defined in M, by the closed graph theorem [7, Theorem III.4.2] it
is enough to prove that G(T) is closed in M. Let (z,,yn) € G(Tnm) be such

X

that (2, Yn) ;M—M> (z,y). Thus, (z,y) € M and [[(zn,yn) — (z,y)l|xxx <

—+o0
M|(2n,ya) = (@.9) a2 ———> 0. Thus, (2a,ya) = (2,y). Now, as G(T)
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is closed in X x X, we have (z,y) € G(T'). Hence, G(Ths) is closed in M x M.
On the other hand, we have M = (T'(0) ® R(P))NM =T(0) & R(P)Nn M. We
note that T(0) and R(P) N M are closed in M. Let P, be the bounded projection
in M with kernel T'(0) and range R(P1) = R(P) N M. We note that P; = Py.
Let Ay = P;T);. Then by Proposition there exists a polynomial p,, such that
F =P +pn(A1) + AT"GTyp € L(M) is a gy-inverse of I — Ty.

Let F = P+ p,,(A) + AmGT™. We claim that F € L(X). We have P € L(X),
pm(A) € L(X) and we claim that T € BR(X, M). Indeed, as T™ is everywhere
defined and Tz C M for all x € X, to conclude that T™ € BCR(X, M) it suffices
to notice that G(T™) is closed in X x M. Thus, AGT™ € B(X,M). Then, as
M is continuously embedded in X, AmGT™ € L(X). So F € L(X). Also, we have
F = F ;. Hence F is an extension of F.

Note that since M is dense in X and (I — Ty )F(I —Ty) = (I —Tag) on M, it
follows by Remark [5.8| that (I — T)F(I —T) = (I —T) on X. O
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